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AsstrAcT. This paper introduces and studies the notions of the length and the mean of a hyperstructure in
Hilbert algebras. By employing these notions, we define the concepts of length fuzzy subalgebras and mean
fuzzy subalgebras of Hilbert algebras and investigate their fundamental properties. Several characterization
theorems are established, describing the necessary and sufficient conditions for a hyperstructure to form a
length (resp., mean) k-fuzzy subalgebra for k € {1, 2, 3, 4}. Relationships between length (resp., mean)
fuzzy subalgebras and hyperfuzzy subalgebras are examined in detail. Furthermore, we provide results
connecting these classes of fuzzy subalgebras with their upper-, lower-, and equal-level subsets, and
demonstrate that particular combinations of constant and fuzzy structures naturally lead to length- or
mean-type fuzzy subalgebras. Illustrative examples and counterexamples are presented to support the
main results.
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1. INTRODUCTION

Hyperstructure theory, introduced by Marty [17] in 1934, provides a natural generalization of
ordinary algebraic operations and has grown into an active area with applications in several branches
of mathematics and computer science [5,6]. Corsini [4] discussed historical developments and broader
research perspectives on hyperstructures. A further historical survey, with particular attention to
the role of hyperstructures in algebra and logic, was later presented by Golzio [12]. Together, these
works show that hyperstructure theory has developed into a useful framework for extending classical

algebraic ideas in several directions.
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Hilbert algebras arise from the algebraic study of implication-type logical systems. The subject goes
back to the work of Henkin [ 13] and was later developed systematically by Diego [7], who showed
that Hilbert algebras form a locally finite variety. Subsequent studies by Busneag [1,2] and Jun [15]
examined important structural properties and deductive systems of Hilbert algebras, while Chajda and
Halas [3] investigated congruences and ideals in this setting. From the fuzzy point of view, Dudek
and related works contributed to the development of fuzzification and fuzzy ideals in Hilbert algebras,
which now provide a useful background for further investigations in this direction [8-10].

The combination of hyperstructures and fuzzy methods is mathematically meaningful, since hyper-
structures describe multivalued behavior, while fuzzy sets capture graded membership. Therefore,
hyperfuzzy models offer a convenient framework for studying algebraic phenomena under uncertainty.
However, quantitative features of a hyperstructure, especially its length and mean, have not yet been
systematically studied in the context of Hilbert algebras, to the best of our knowledge.

Some recent works indicate that quantitative measures such as length and mean can yield meaningful
algebraic results in fuzzy settings. Tacha et al. [20] introduced length and mean fuzzy UP-subalgebras
in UP-algebras. Rajesh et al. [ 19] later studied length and mean fuzzy ideals in Sheffer stroke Hilbert
algebras. In a related direction, lampan et al. [ 14] established characterizations of length and mean-
fuzzy ideals in Hilbert algebras over hyperstructures, while Rajesh et al. [ 18] investigated length and
mean-fuzzy subalgebras in Sheffer stroke Hilbert algebras. These studies further show that length- and
mean-based approaches provide a useful way to examine fuzzy algebraic structures in different logical
and hyperstructural settings. Motivated by these developments, in the present paper, we consider
the notions of length and mean for hyperstructures over Hilbert algebras, with emphasis on fuzzy
subalgebras.

In this paper, we define the length and the mean of a hyperstructure over a Hilbert algebra and
use these notions to introduce length fuzzy subalgebras and mean fuzzy subalgebras. After recalling
the notion of k-fuzzy subalgebras for k € {1, 2, 3,4}, we establish characterization results for the corre-
sponding length and mean cases. We also investigate their relationships with hyperfuzzy subalgebras
and describe them in terms of upper-, lower-, and equal-level subsets. In addition, we show that certain
combinations involving constant lower or upper fuzzy structures naturally produce length-type or
mean-type fuzzy subalgebras. Several examples and counterexamples are included to illustrate the

scope of the results.

2. PRELIMINARIES

In this section, we recall the basic notions and notation needed in the sequel. These concepts will be
used in the study of k-fuzzy subalgebras and in the formulations of length and mean fuzzy subalgebras

over hyperstructures in Hilbert algebras.
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Definition 2.1 ( [7]). A Hilbert algebra is an algebra of the form X = (X, *, 1), where X is a non-empty set, %

is a binary operation on X, and 1 € X, satisfying the following axioms:

(Ve ye X)(z# (y=x) = 1),

(Vx,y,zeX)((:v*(y*z))*((m*y)*(w*z)) = 1),

(Vo,ye X)(zxy=landy+z=1=z =y).

The following basic properties are standard and will be used repeatedly.

Lemma 2.1 ( [8]). Let X = (X, *, 1) be a Hilbert algebra. Then:

(1) Ve X)(zxzx=1
(2) VeeX)(lxx=x
3) VreX)(x*x1=1);
) (
) (

);
).

4

(4
(5

Ve,y,ze X)(x* (y*2) =y=* (z*2));
Vx,y,zEX)((x*z)*((z*y)*(:z*y)) =1).

For a Hilbert algebra X = (X, *, 1), define a binary relation < on X by

(Ve,ye X)(z <y < zxy=1).

Then < is a partial order on X, and 1 is the greatest element of X.

(2.1)
(2.2)

(2.3)

Definition 2.2 ( [16]). Let X = (X, , 1) be a Hilbert algebra. A non-empty subset S of X is called a subalgebra

of X if
(Vx,ye S)(x =y e S).

Definition 2.3 ( [21]). A fuzzy set in a non-empty set X is a mapping p : X — [0, 1].

Definition 2.4 ( [11]). Let X be a non-empty set. A mapping f : X — P([0,1]) is called a hyperfuzzy set
over X, where P([0, 1]) denotes the family of all non-empty subsets of [0, 1]. The ordered pair (X, f) is called a

hyperstructure over X.

Definition 2.5. Let (X, f) bea hyperstructure over a non-empty set X. We associate with f two ordinary fuzzy

sets, denoted by ﬁnf and fsup, defined by
fur: X = [0,1],  fuus(w) = inf f(2),
and

foup : X = [0,1],  faup(x) = sup f(a),

forall x € X.
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3. ON k-Fuzzy SUBALGEBRAS

In this section, we introduce the notion of k-fuzzy subalgebras in Hilbert algebras for k € {1, 2, 3,4}.
These four types will be used throughout the paper as the basic framework for studying length fuzzy
subalgebras and mean fuzzy subalgebras. We also record some simple but useful relations among

them that will be used in the later sections.

Definition 3.1. Let X = (X, , 1) be a Hilbert algebra, and let f : X — [0, 1] be a fuzzy set on X. Then (X, f)

is called a

(1) 1-fuzzy subalgebra of X if

(Vo,y € X)(f(z *y) = min{f(z), f()}); (3.1)
(2) 2-fuzzy subalgebra of X if

(V,y € X)(f(z*y) <min{f(z), f(y)}); (3.2)
(3) 3-fuzzy subalgebra of X if

(Va,y € X)(f(z +y) = max{f(z), f()}); (3.3)
(4) 4-fuzzy subalgebra of X if

(Va,y € X)(f(z+y) < max{f(z), f(y)})- (3.4)

Proposition 3.1. Let (X, f) be a k-fuzzy subalgebra of a Hilbert algebra X = (X, ,1).
(1) Ifk € {1,3}, then

(2) Ifk € {2,4}, then
(Ve X)(f(1) < f(z)).

Proof. If (X, f) is a 1-fuzzy subalgebra, then for every z € X,

(1) = f(z = z) = min{f(z), f(z)} = f(z),
since z =z = 1. If (X, f) is a 3-fuzzy subalgebra, then

(1) = f(z = 2) = max{f(z), f(2)} = f(z).

Hence, f(1) > f(z) forall z € X.
Similarly, if (X, f) is a 2-fuzzy subalgebra, then

f(1) = fzxx) < min{f(z), f(z)} = f(z),
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and if (X, f) is a 4-fuzzy subalgebra, then

f(1) = f(zxx) < max{f(z), f(x)} = f(x).

Thus f(1) < f(z) forallz € X. O
Theorem 3.1. Every 3-fuzzy subalgebra of a Hilbert algebra is a 1-fuzzy subalgebra.
Proof. Let (X, f) be a 3-fuzzy subalgebra of a Hilbert algebra X = (X, «,1). Then, forall z,y € X,

f(z*y) = max{f(z), f(y)} = min{f(z), f(y)}

Therefore, (X, f) is a 1-fuzzy subalgebra of X. O

Example 3.1. Let X = {0,1,2,3,4,5,6,7} be a set equipped with the binary operation = given by

*(0 1 2 3 45 6 7
0j|0 1 2 3 4 5 6 7
10 0 00 00 07
2|01 0 3 4 5 6 7
3]0 1. 00 4 5 6 7
410 1. 0 0 0 5 6 7
5(0 1.0 0 0 0 6 7
6/0 1. 0 00 0O0 7
710 1.0 0 0 0 6 O

Then X is a Hilbert algebra. Define a fuzzy set f on X by

;- 01 2 3 4 5 6 7
- \0.7050104050.10402)"

Omne can verify that f is a 1-fuzzy subalgebra of X. However,

f(O=4) = f(4) =0.5 < 0.7 =max{f(0), f(4)},

so f is not a 3-fuzzy subalgebra of X.
Theorem 3.2. Every 2-fuzzy subalgebra of a Hilbert algebra is a 4-fuzzy subalgebra.
Proof. Let (X, f) be a 2-fuzzy subalgebra of a Hilbert algebra X = (X, ,1). Then, forall z,y € X,

f(z+y) < min{f(z), f(y)} < max{f(z), f(y)}.

Hence, (X, f) is a 4-fuzzy subalgebra of X. O
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Example 3.2. Let X = {0,1,2,3,4,5,6,7} be a set equipped with the binary operation = given by

*

O ©o © o o o o oo
AR O O O R~ oA O A |he

1
1
0
1
1
1
1
0
1

N O Ot e W N = O

o O O O O O O NN
o O O O O W o w|w
o O O ot ot ot O Ut | ot
= O o O O O N OO
SO O N N N N NN 399

Then X is a Hilbert algebra. Define a fuzzy set f on X by

;o 01 2 3 4 5 6 7
- \0.1050.1020.1050.606)"

Then f is a 4-fuzzy subalgebra of X. On the other hand,

F(5%7) = £(T) = 0.6 > 0.5 = min{f(5), £(7)},

and therefore f is not a 2-fuzzy subalgebra of X.

Theorem 3.3. A fuzzy set (X, f) in a Hilbert algebra X = (X, *, 1) is a 2-fuzzy subalgebra of X if and only if

f is constant.

Proof. Assume that (X, f) is a 2-fuzzy subalgebra of X. By Proposition 3.1, we have f(1) < f(x) for all
x € X. Also, by Lemma 2.1(2),

f(z) = f(1#z) < min{f(1), f(z)} = f(1)

for every x € X. Thus f(x) = f(1) for all x € X, so f is constant.
Conversely, if f is constant, then condition (3.2) holds trivially. Hence, (X, f) is a 2-fuzzy subalgebra
of X. O

Theorem 3.4. A fuzzy set (X, f) in a Hilbert algebra X = (X, *, 1) is a 3-fuzzy subalgebra of X if and only if

f is constant.

Proof. Assume that (X, f) is a 3-fuzzy subalgebra of X. By Proposition 3.1, we have f(1) > f(x) for all
x € X. Using Lemma 2.1(2), we obtain

f(x) = (L) = max{f(1), f(z)} = f(1)

for all x € X. Hence, f(x) = f(1) for every z € X, and so f is constant.
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Conversely, every constant fuzzy set satisfies (3.3) immediately. Therefore, (X, f) is a 3-fuzzy

subalgebra of X. O

As an immediate consequence of Theorems 3.3 and 3.4, the classes of 2-fuzzy subalgebras, 3-fuzzy

subalgebras, and constant fuzzy sets on a Hilbert algebra are the same.

4. LeNGTH OF A HYPERSTRUCTURE IN HILBERT ALGEBRAS

In this section, we study the length of a hyperstructure over a Hilbert algebra and use it to define
several classes of length fuzzy subalgebras. Our aim is to describe how the induced fuzzy set fi behaves
with respect to the binary operation of a Hilbert algebra, and to identify conditions under which it
becomes a k-fuzzy subalgebra for k € {1,2, 3,4}. We also examine its connections with upper-, lower-,
and equal-level subsets, together with some relations to hyperfuzzy subalgebras. These results will be

used later in the study of mean fuzzy subalgebras.
Definition 4.1. Let (X, f) be a hyperstructure over a non-empty set X. We define a fuzzy set (X, f;) on X by
f:X —1001], 2 fap(®) — f(@).

The fuzzy set Juis called the length of 7.

~ ~

Definition 4.2. Let (X, f) be a hyperstructure over a Hilbert algebra X = (X, *,1). Then (X, f) is called a
length 1-fuzzy (resp., length 2-fuzzy, length 3-fuzzy, length 4-fuzzy) subalgebra of X if (X, f)isa 1-fuzzy
(resp., 2-fuzzy, 3-fuzzy, 4-fuzzy) subalgebra of X.

~

Proposition 4.1. If (X, f) is a length k-fuzzy subalgebra of a Hilbert algebra X = (X, *,1) for k = 1,3, then
(Vz e X)(fi(1) = fi(2)). (4.1)
Proof. It follows directly from Proposition 3.1. 0

~

Proposition 4.2. If (X, f) is a length k-fuzzy subalgebra of a Hilbert algebra X = (X, *,1) for k = 2,4, then
(Ve € X)(f(1) < fi(z)). (42)
Proof. It follows directly from Proposition 3.1. O

Theorem 4.1. Every length 3-fuzzy subalgebra of a Hilbert algebra X = (X, %, 1) is a length 1-fuzzy subalgebra
of X.

Proof. This is a direct consequence of Theorem 3.1. 0
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Example 4.1. Let X = {0,1,2,3,4,5,6,7} be a set with a binary operation * defined by the following Cayley
table:

*

N O Ot ke W NN = O

o O O o o o o o | o
| e T e S S S s B e
o O O O O O O NN
o O O O O w o w | w
o O O O B o~ O |k
o o O ot ot ot O Ot | ot
S O O O O O O O | O
SO O N N N N O NN

Then X is a Hilbert algebra. Let (X, f) be a hyperstructure over X given by

(0,0.9) ifz =0,
[0.3,0.5) U[0.6,0.7] ifz =1,
[0.1,0.9] ifz =2,
Fox o B, aeod 03U =3,
(0.5,0.9] ifx = 4,
(0.2,0.8) ifz = 5,
0.4, 0.9] ifx = 6,
(0.2,0.4) U (0.4,0.6) ifz="T.

Hence, the length of f is

(01234567
'~ 10,904 0807040605 0.4

Then fis a 1-fuzzy subalgebra of X, and therefore (X, fisa length 1-fuzzy subalgebra of X. On the other hand,

fi(5%6) = fi(6) = 0.5 < 0.6 = max{ fi(5), fi(6)}.
Thus, fi is not a 3-fuzzy subalgebra of X, and so (X, f) is not a length 3-fuzzy subalgebra of X.

Theorem 4.2. Every length 2-fuzzy subalgebra of a Hilbert algebra X = (X, , 1) is a length 4-fuzzy subalgebra
of X.

Proof. This is a direct consequence of Theorem 3.2. 0
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Example 4.2. Let X = {0,1,2,3,4,5,6,7} be a set with a binary operation * defined by the following Cayley
table:

*

B O O O A~ A O B |lae

1
1
0
1
1
1
1
0
1

N O O O O O O NN

o O O o o o o o | o
w O O O O w o w|w

N O Ot e W N = O

o O O ot Ut ot O Ot | ot
O O O O O N OO
[ R T N B B B

~

Then X is a Hilbert algebra. Let (X, f) be a hyperstructure over X given by

-

(0.8,0.9) ifz =0,
[0.4,0.6) ifo =1,
(0.7,1] ifr=2,
[0.1,0.5] ifz =3,
(0.5,0.6] U[0.8,1) ifx =4,
0.3,0.4) U (0.4,0.9] ifz = 5,
(0,0.1) U[0.7,0.8)  ifz =6,
(0.2,04] v (0.5,1]  ifx=T.

\

Hence, the length of fis

7= 01 2 3 4 5 6 7
'~ 10102030405060808)/"

Then fy is a A-fuzzy subalgebra of X, and therefore (X, f) is a length 4-fuzzy subalgebra of X. However,

fl(0%3) = fi(3) = 0.4 > 0.1 = min{f(0), i(3)}.

Thus, fi is not a 2-fuzzy subalgebra of X, and so (X, f)is nota length 2-fuzzy subalgebra of X.

~

Theorem 4.3. For a hyperstructure (X, f) over a Hilbert algebra X = (X, =, 1), the following statements are

equivalent:

(1) (X, f) is a length 2-fuzzy subalgebra of X ;

(2) (X, f) is alength 3-fuzzy subalgebra of X;
(3) ﬁ is constant on X.

Proof. This follows directly from Theorems 3.3 and 3.4, applied to the fuzzy set fi. 0
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Theorem 4.4. Given a subalgebra S of a Hilbert algebra X = (X, *,1) and By, By € P([0,1]), let (X, fbea

hyperstructure over X defined by

. . {32 ifres,
f:X—P(0,1]), =z~

Then:
(1) if By < By, then (
(2) if By < By, then (

X, f)isa length 1-fuzzy subalgebra of X;
X, f)isa length 4-fuzzy subalgebra of X.

~

Proof. If x € S, then f(x) = By and hence

~

fi(z) = sup By — inf By.

If 2 ¢ S, then f(z) = B and hence

~

fi(z) = sup By — inf Bj.

(1) Assume that B; < By. Then
sup By — inf By > sup By — inf Bj.

Letx,ye X.

If z,y € S, then x * y € S because S is a subalgebra, and so

f[(x #y) = sup By — inf By = min{ﬁ(x), f;(y)}

If at least one of z, y does not belong to .S, then

min{ fi(x), fi(y)} = sup By — inf By,

while ﬁ(:p x y) is either sup By — inf B; or sup By — inf By, and hence

fi(z xy) = sup By — inf By = min{ fi(x), fi(y)}-

Therefore, f[ is a 1-fuzzy subalgebra of X.
(2) Assume that By < B;. Then
sup By — inf By < sup By — inf Bj.

Letx,ye X.
Ifx,ye S,thenz+ye S, so
]?[(x % y) = sup By —inf By = max{f[(az), ﬁ(y)}

If at least one of z, y does not belong to .S, then

max{fi(z), fi(y)} = sup By — inf By,
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while f[(:x x y) is either sup By — inf B; or sup By — inf By, and hence
f[(a: % y) < sup By —inf B] = max{f[(a:), ﬁ(y)}

Therefore, f; is a 4-fuzzy subalgebra of X. O

Definition 4.3. Let (X, f) be a fuzzy structure in a non-empty set X. For any t € [0, 1], define
Uft) ={z e X | f(z) = t},

L(ft) ={ze X | f(z) <t}
and
E(fit) ={re X | fz) =1}
These are called the upper t-level subset, the lower t-level subset, and the equal t-level subset of f, respectively.

~

Theorem 4.5. A hyperstructure (X, f) over a Hilbert algebra X = (X, =, 1) is a length 1-fuzzy subalgebra of
X if and only if the set U(fi, t) is a subalgebra of X for all t € [0, 1] with U(fi,t) # .

Proof. Assume that (X, f) is a length 1-fuzzy subalgebra of X. Let t € [0, 1] with U(f,t) # &, and let
2,y € U(fi, t). Then

f[(SU) =1 and f[(y) = 1.
Since fi is a 1-fuzzy subalgebra,

file +y) = min{fi(z), fily)} > t.

Thus, z =y € U(fi, 1), soU(fi,t) is a subalgebra of X.
Conversely, assume that U/(f;, t) is a subalgebra of X for every ¢ € [0,1] with U(f;,t) # . Let
z,y € X, and put

t = min{ fi(x), fi(y)}.
Then z,y € Z/{(f[,t) # (J,80T *Y € U(f[, t). Hence,

filw xy) = t = min{fi(x), i(y)}.

Therefore, fi is a 1-fuzzy subalgebra of X. O

Corollary 4.1. If (X, ) is a length 3-fuzzy subalgebra of a Hilbert algebra X = (X, *,1), then the set U( f, 1)
is a subalgebra of X for all t € [0, 1] with U(fi,t) # &.

Proof. It follows from Theorems 4.1 and 4.5. O

The following example shows that the converse of Corollary 4.1 does not hold in general.

Example 4.3. Let X = {1,z,y, 2,0} be a Hilbert algebra with the binary operation * given in Table 1.
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TasLE 1. Cayley table for the binary operation * on X = {1,z,y, 2,0}

* 1 z y 2 0

111 =z y 2 O

z|1 1 y 2 O

yl1 11 20

z|1 1 1 1 0

0/1 1 111

Let (X, f) be a hyperstructure over (X, *, 1) defined by

([ [0.2,0.3] U [0.4,0.8) ifu =1,
(0.4,0.7] ifu=u,
f:X —P(0,1]), u~—< [0.1,0.6] ifu=1y,
[0.3,0.5) U (0.5,0.7) ifu = =z,
| (0.6,09] ifu=0.

Then the length of fis given by Table 2.

~

TasLe 2. The length of (X, f)

X| 1 |xz|y | z]0

fi106]03]05(04]0.3

Hence,

-

& ift € (0.6,1],

(1} ift € (0.5,0.6],
U(fut) =13 {Ly}  ifte(0.4,0.5],

{1,y,2} ifte (0.3,04],
X if t € [0,0.3].

Thus, U(fi, t) is a subalgebra of (X, =, 1) for every t € [0, 1] with U(fi, t) # &. However,

fill x2) = fi(z) = 0.3 < 0.6 = max{fi(1), fi(z)}.

~

Therefore, (X, f) is not a length 3-fuzzy subalgebra of (X, *,1).

~

Theorem 4.6. A hyperstructure (X, f) over a Hilbert algebra X = (X, =, 1) is a length 4-fuzzy subalgebra of
X if and only if the set L(fi,t) is a subalgebra of X for all t € [0,1] with L(fi,t) # &.

Proof. Assume that (X, fisa length 4-fuzzy subalgebra of X. Let ¢ € [0, 1] with L(fi,t) # &, and let
X,y € E(]?[, t). Then
f@y<t and iy <t
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Since f;is a 4-fuzzy subalgebra,

file = y) < max{fi(x), fily)} <.

Thus, % y € £(fi,t), so L(fi,t) is a subalgebra of X.
Conversely, assume that £(f;,t) is a subalgebra of X for every ¢ € [0,1] with £(fi,t) # . Let
z,y € X, and put

t = max{fi(z), i(y)}.
Then z,y € E(ﬁ,t) # &, 50z xy e L(fi,t). Hence,
filz + y) <t = max{fi(x), fi(y)}

Therefore, fi is a 4-fuzzy subalgebra of X. O

Corollary 4.2. If (X, f) is a length 2-fuzzy subalgebra of a Hilbert algebra X = (X, %, 1), then the set L(fi,t)
is a subalgebra of X for all t € [0, 1] with L(fi,t) # &.

Proof. It follows from Theorems 4.2 and 4.6. O

The following example shows that the converse of Corollary 4.2 does not hold in general.

Example 4.4. Let X = {1,z,y, 2,0} be a Hilbert algebra with the binary operation = given in Table 1. Let

(X, f) be a hyperstructure over (X, *, 1) defined by

[ [0.4,0.5) U (0.5,0.8) ifu =1,

(0.2,0.7] ifu=uz,

F:X - P(0,1]), w1 [0.3,0.8] ifu=y,
[0.1,0.5) U (0.5,0.8) ifu = z,

| (0.15,09] ifu=0.

Then the length of fis given by Table 3.

~

TasLE 3. The length of (X, f)
X| 1|z |y | = 0

~

fi104]05]05]0.7]0.75

Hence,
( 6] ifte[0,0.4),
(1 ift € [0.4,0.5),
L(ft) =3 {La,yt  ifte[05,0.7),
{1,z,y,2} ifte[0.7,0.75),
[

X ift € [0.75,1].

\
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Thus, L(fi,t) is a subalgebra of X for every t € [0, 1] with L(fi,t) # &. However,
filxz) = fi(xr) = 0.5 > 0.4 = min{fi(1), fi(2)}.
Therefore, fiis nota 2-fuzzy subalgebra of X. Consequently, (X, f)isnota length 2-fuzzy subalgebra of X.

Theorem 4.7. A hyperstructure (X, f) over a Hilbert algebra X = (X, *,1) is a length 2(3)-fuzzy subalgebra
of X if and only if
(f L fil ) =

Proof. Assume that (X, f) is a length 2-fuzzy or length 3-fuzzy subalgebra of X. Then f; is a 2-fuzzy or
3-fuzzy subalgebra of X. By Theorems 3.3 and 3.4, f[ is constant. Hence,

filz) = fi(1) forall x € X,

s0 &(fi, (1)) = X.
Conversely, if £ (fi, fi(1)) = X, then f; is constant on X. By Theorems 3.3 and 3.4, fiisboth a 2-fuzzy
and a 3-fuzzy subalgebra of X. Therefore, (X, f) is a length 2(3)-fuzzy subalgebra of X. O

Theorem 4.8. If (X, fisa hyperstructure over a Hilbert algebra X = (X, *,1) in which (X, fint) is constant
and (X, fuup) is a 1-fuzzy subalgebra of X, then (X, f) is a length 1-fuzzy subalgebra of X.

Proof. Let z,y € X. Since (X, finf) is constant, we have
Fini(®) = fins(1)  forallz e X.
Since (X, fsup) is a 1-fuzzy subalgebra of X,

Foup(@ # y) = min frup (2), foup(¥)}-

Therefore,
flwxy) = Jap(xy) = fut(x xy)
= Joap(z*y) = fit(1)
> min{foup(@), foup(¥)} — (1)
= min{fup(@) — finr(1); frup(¥) = fine (1)}
= min{faup(®) — fint(2), fup(v) — Fins(v)}
= min{fi(z), fi(y)}-
Hence, (X, fi) is a 1-fuzzy subalgebra of X. a

Corollary 4.3. If (X, f) is a hyperstructure over a Hilbert algebra X = (X, *,1) in which (X, fing) is constant
and (X, fsup) is a 3-fuzzy subalgebra of X, then (X, f) is a length 1-fuzzy subalgebra of X.

Proof. 1t follows from Theorems 3.1 and 4.8. O
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Corollary 4.4. For j € {1, 3}, every (2(3), j)-hyperfuzzy subalgebra of a Hilbert algebra X = (X,*,1)isa
length 1-fuzzy subalgebra of X.

Proof. It follows from Theorem 4.8 and Corollary 4.3. O

Theorem 4.9. If (X, fisa hyperstructure over a Hilbert algebra X = (X, *,1) in which (X, fin) is constant
and (X, fsup) is a A-fuzzy subalgebra of X, then (X, f) is a length 4-fuzzy subalgebra of X.

Proof. Let z,y € X. Since (X, fine) is constant, we have
fint(2) = fine (1) forall z € X.
Since (X, fsup) is a 4-fuzzy subalgebra of X,

Foup(x # y) < max{ foup(2), faup (v)}.

Therefore,
flwsy) = Jap(x*y) = fus(z = y)
= Jow(@xy) = finr(1)
< max{fuup(@), fup(®)} — fint(1)
= max{foup(@) = finr(1), foup(¥) = i (1))
= max{fuup(@) — fior (@), Frup(y) = Fint ()}
= max{fi(x), fiy)}.
Hence, (X, fi) is a 4-fuzzy subalgebra of X. O

Corollary 4.5. If (X, fisa hyperstructure over a Hilbert algebra X = (X, =, 1) in which (X, fint) is constant
and (X, faup) is a 2-fuzzy subalgebra of X, then (X, f) is a length 4-fuzzy subalgebra of X.

Proof. It follows from Theorems 3.2 and 4.9. O

Corollary 4.6. For j € {2,4}, every (2(3), j)-hyperfuzzy subalgebra of a Hilbert algebra X = (X,*,1) isa
length 4-fuzzy subalgebra of X.

Proof. 1t follows from Theorem 4.9 and Corollary 4.5. O

Theorem 4.10. If (X, fisa hyperstructure over a Hilbert algebra X = (X, *,1) in which (X, fsup) is constant
and (X, fing) is a A-fuzzy subalgebra of X, then (X, f) is a length 1-fuzzy subalgebra of X.

Proof. Let z,y € X. Since (X, fsup) is constant, we have

J?sup(it) = J?sup(l) forall z € X.

Since (X, fin¢) is a 4-fuzzy subalgebra of X,

Fint (% y) < max{ fint (), fint (¥)}-
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Therefore,
flwsy) = fap(@xy) = fur(z*y)
= Joup(1) = funt( 1)
> faup(1) = max{ finr(z), ()}
= min{fup(1) = fiur(@), faup(1) = fine ()}
= min{foup(@) ~ fur(@), Foup () = Fur ()}
= min{fi(z), fi(y)}-
Hence, (X, fi) isa 1-fuzzy subalgebra of X. O

Corollary 4.7. If (X, fisa hyperstructure over a Hilbert algebra X = (X, *, 1) in which (X, fsup) is constant
and (X, fing) is a 2-fuzzy subalgebra of X, then (X, f) is a length 1-fuzzy subalgebra of X.

Proof. It follows from Theorems 3.2 and 4.10. O

Corollary 4.8. For i € {2,4}, every (i, 2(3))-hyperfuzzy subalgebra of a Hilbert algebra X = (X,*,1)isa
length 1-fuzzy subalgebra of X.

Proof. It follows from Theorem 4.10 and Corollary 4.7. O

Theorem 4.11. If (X, f ) is a hyperstructure over a Hilbert algebra X = (X, *, 1) in which (X, fsup) is constant
and (X, funt) is a 1-fuzzy subalgebra of X, then (X, fisa length 4-fuzzy subalgebra of X.

Proof. Let z,y € X. Since (X, fsup) is constant, we have

f:up(l’) = fsup(]-) fOI‘ all T € X

Since (X, ﬁnf) is a 1-fuzzy subalgebra of X,

Fnt (z % y) = min{ finr (z), finr(v)}-

Therefore,
flwxy) = fap(@sy) = fus(z = y)
= Jap(1) = fint(x %)
< fap(1) = min{ fins (), Finr ()}
= max{fap(1) - fmf<:c>7 Feup(1) = Fune ()}
= max{faup(2) — Fiut(2). Faup(v) — Font (4)}
= max{fi(z), f[(y)}-
Hence, (X, fi) is a 4-fuzzy subalgebra of X. a

Corollary 4.9. If (X, fisa hyperstructure over a Hilbert algebra X = (X, =, 1) in which (X, fsup) is constant
and (X, fint) is a 3-fuzzy subalgebra of X, then (X, f) is a length 4-fuzzy subalgebra of X.
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Proof. It follows from Theorems 3.1 and 4.11. O

Corollary 4.10. For i € {1, 3}, every (i, 2(3))-hyperfuzzy subalgebra of a Hilbert algebra X = (X, *,1) isa
length 4-fuzzy subalgebra of X.

Proof. It follows from Theorem 4.11 and Corollary 4.9. O

~

Theorem 4.12. If (X, f) is a length 1-fuzzy subalgebra of a Hilbert algebra X = (X, *,1) in which Fint i
s a (k, 1)-hyperfuzzy subalgebra of X for k € {1,2,3,4}.

~

constant, then (X, f) is

Proof. Assume that (X, fisa length 1-fuzzy subalgebra of X and that fint is constant. By Theorems
3.1,3.2,3.3, and 3.4, the fuzzy set fint is @ k-fuzzy subalgebra of X for every k € {1, 2, 3,4}. Also,

Fut(@) = fur(1)  forallz e X.

For z,y € X, we have
J?I(fc *y) = f~sup($ *Y) — finf(l)7

SO

~

fap(xxy) = Fila*y)+ fue(D)
min{ fi(z f( )} + finr(1)
+
+ fi

\%

);
min{fi(z) + fint (1), fi(y) + finr(1)}

min{ fi(2) + finr(@), fi(y) + finr(y))

= min{fup(2), fsup( )}

Hence, (X, fsup) is a 1-fuzzy subalgebra of X. Therefore, (X, fisa (k,1)- hyperfuzzy subalgebra of
X. U

Corollary 4.11. If (X, f) is a length 3-fuzzy subalgebra of a Hilbert algebra X = (X, *,1) in which fu is
constant, then (X, f) is a (k, 1)-hyperfuzzy subalgebra of X for k € {1,2,3,4}.

Proof. It follows from Theorems 4.1 and 4.12. O

Theorem 4.13. If (X, f) is a length 4-fuzzy subalgebra of a Hilbert algebra X = (X, x,1) in which Fint i

~

constant, then (X, f) is a (k,4)-hyperfuzzy subalgebra of X for k € {1,2, 3,4}.

Proof. Assume that (X, fisa length 4-fuzzy subalgebra of X and that fint is constant. By Theorems
3.1,3.2,3.3, and 3.4, the fuzzy set finf is a k-fuzzy subalgebra of X for every k € {1,2, 3, 4}. Also,

fint(2) = fine (1) forall z € X.

For z,y € X, we have

f[(x xy) = fsup@ *y) — finf(l)7
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SO

Il
=
~—~

8
*
S
Khz
=
g
/-\

f;up (.7} * y)

< max{f[(x) f( )} +f1nf( )

= max{fi(z) + fie(1), iy) + finr(1)}

= max{f[(:v) +f t(z), f[( )+]?inf(y)}
(

= max{fsup ), fsup( )}

Hence, (X, fsup) is a 4-fuzzy subalgebra of X. Therefore, (X, fisa (k, 4)-hyperfuzzy subalgebra of
X. U

Corollary 4.12. If (X, f) is a length 2-fuzzy subalgebra of a Hilbert algebra X = (X, *,1) in which fug is
constant, then (X, f) is a (k, 4)-hyperfuzzy subalgebra of X for k € {1,2,3,4}.

Proof. 1t follows from Theorems 4.2 and 4.13. O

~

Theorem 4.14. If (X, f) is a length 1-fuzzy subalgebra of a Hilbert algebra X = (X, =, 1) in which fsup is
sa

constant, then (X, f) is a (4, k)-hyperfuzzy subalgebra of X for k € {1,2,3,4}.

Proof. Assume that (X, fisa length 1-fuzzy subalgebra of X and that J?Sup is constant. By Theorems
3.1,3.2,3.3, and 3.4, the fuzzy set fsup is a k-fuzzy subalgebra of X for every k € {1,2,3,4}. Also,

]?sup($) = Jzup(l) forall x € X.

For z,y € X, we have
filw»y) = fap(1) = fur(z * y),

SO

Foup(1) = filw = )
foup(1) — min{ fi(x), fi(y)}
max{fsup( ) — ( ) foup(1) — J?(Z/)}
max{ foup () — fi(2), Foup(¥) — Ji(y)}
= max{fiur(2), fint (v)}.
Hence, (X, finf) is a 4-fuzzy subalgebra of X. Therefore, (X, ) is a (4, k)-hyperfuzzy subalgebra of
X. -

ﬁnf (CU * y)

A

fou
fau

I

~

Corollary 4.13. If (X, f) i
constant, then (X, f) is a (4,

is a length 3-fuzzy subalgebra of a Hilbert algebra X = (X, =, 1) in which fsup is
4, k)-hyperfuzzy subalgebra of X for k € {1, 2, 3,4}.

Proof. It follows from Theorems 4.1 and 4.14. O

~

Theorem 4.15. If (X, f) is a length 4-fuzzy subalgebra of a Hilbert algebra X = (X, *,1) in which fsup is
sa (1, k)-hyperfuzzy subalgebra of X for k € {1,2,3,4}.

~

constant, then (X, f) i
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Proof. Assume that (X, fisa length 4-fuzzy subalgebra of X and that fsup is constant. By Theorems
3.1,3.2,3.3, and 3.4, the fuzzy set fsup is a k-fuzzy subalgebra of X for every k € {1,2, 3, 4}. Also,

J?Sup(x) = f:up(l) forall xz € X.

For x,y € X, we have
fla*y) = faup(1) = Fint(w % ),

SO

~

finf(x*y) = J?sup(l)_fl(ﬁ*y)

> faup(1) — max{fi(z), fi(y)}
= min{foup(1) — fi(z), foup(1) — fi(y)}
= min{ foup(2) — fil2), foup(y) — fily)}

= min{.]?inf<m)7finf y)}
Hence, (X, fin¢) is a 1-fuzzy subalgebra of X. Therefore, (X, f) is a (1, k)-hyperfuzzy subalgebra of
X. O

~

Corollary 4.14. If (X, f) i
constant, then (X, f) is a

) is a length 2-fuzzy subalgebra of a Hilbert algebra X = (X, =, 1) in which fsup is
(1, k)-hyperfuzzy subalgebra of X for k € {1,2,3,4}.

Proof. 1t follows from Theorems 4.2 and 4.15. O

5. MEeaN OF A HYPERSTRUCTURE IN HILBERT ALGEBRAS

In this section, we study the mean associated with a hyperstructure over a Hilbert algebra and use it
to define several classes of mean fuzzy subalgebras. Our aim is to describe how the induced fuzzy set
fm behaves under the binary operation of a Hilbert algebra, and to identify conditions under which it
becomes a k-fuzzy subalgebra for k € {1,2,3,4}. We also characterize mean fuzzy subalgebras in terms
of upper-, lower-, and equal-level subsets, and examine their relations with hyperfuzzy subalgebras

under suitable assumptions on fi,f and foup.

Definition 5.1. Let (X, f) be a hyperstructure over a non-empty set X. We define a fuzzy set (X, fn) on X by

Foup(@) + fint(2)
. .

me:XH[O>1]a T =
The fuzzy set fy is called the mean of f.

Definition 5.2. Let (X, f) be a hyperstructure over a Hilbert algebra X = (X, *,1). Then (X, f) is called a
mean 1-fuzzy (resp., mean 2-fuzzy, mean 3-fuzzy, mean A-fuzzy) subalgebra of X if (X, fu) is a 1-fuzzy (resp.,
2-fuzzy, 3-fuzzy, 4-fuzzy) subalgebra of X.
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~

Proposition 5.1. If (X, f) is a mean k-fuzzy subalgebra of a Hilbert algebra X = (X, *,1) for k = 1,3, then
(V2 € X)(fu(1) = ful@)).

Proof. It follows directly from Proposition 3.1. O

~

Proposition 5.2. If (X, f) is a mean k-fuzzy subalgebra of a Hilbert algebra X = (X, *,1) for k = 2,4, then
(V2 € X) (Ju(1) < Fu(2)).
Proof. It follows directly from Proposition 3.1. O

Theorem 5.1. Every mean 3-fuzzy subalgebra of a Hilbert algebra X = (X, *,1) is a mean 1-fuzzy subalgebra
of X.

Proof. This is a direct consequence of Theorem 3.1. O

Example 5.1. Let X = {0,1,2,3,4,5,6,7} be the Hilbert algebra given in Example 3.1, and let f : X — [0, 1]

be the fuzzy set defined there. Define a hyperstructure (X, f) by

f@)={f(zx)} forallze X.

Then fo = f. Since f is a 1-fuzzy subalgebra of X but not a 3-fuzzy subalgebra of X, it follows that (X, f) is a
mean 1-fuzzy subalgebra of X but not a mean 3-fuzzy subalgebra of X. Hence, the converse of Theorem 5.1 does

not hold in general.

Theorem 5.2. Every mean 2-fuzzy subalgebra of a Hilbert algebra X = (X, *,1) is a mean 4-fuzzy subalgebra
of X.

Proof. This is a direct consequence of Theorem 3.2. O

Example 5.2. Let X = {0,1,2,3,4,5,6, 7} be the Hilbert algebra given in Example 3.2, and let f : X — [0, 1]

be the fuzzy set defined there. Define a hyperstructure (X, f) by

fl@)={f(z)} forallze X.

Then fo = f. Since f isa 4-fuzzy subalgebra of X but not a 2-fuzzy subalgebra of X, it follows that (X, fHisa
mean 4-fuzzy subalgebra of X but not a mean 2-fuzzy subalgebra of X. Hence, the converse of Theorem 5.2 does

not hold in general.

~

Theorem 5.3. For a hyperstructure (X, f) over a Hilbert algebra X = (X, =, 1), the following statements are

equivalent:
(1) (X, f) is a mean 2-fuzzy subalgebra of X;
(2) (X, f) is a mean 3-fuzzy subalgebra of X;
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(3) fm is constant on X.
g

Proof. This follows directly from Theorems 3.3 and 3.4, applied to the fuzzy set fn

Theorem 5.4. Given a subalgebra S of a Hilbert algebra X = (X, *,1) and By, By € P([0,1]), let (X, f)bea

hyperstructure over X defined by
By leU € S,

f:X - P([0,1]), T
B ifz¢s.

Then:

(1) ifsup By >
(2) ifsup By < sup By and inf By <

) is a mean 1-fuzzy subalgebra of X;
) is a mean 4-fuzzy subalgebra of X.

kﬁz

sup By and inf By > inf By, then (X,
< inf By, then (X,

2

\

Proof. If x € S, then
sup By + inf By

m(l’) = 2 )
while for x ¢ S,

~ sup By +inf B

fm(ﬂﬂ) _ p D1 5 1.

sup B and inf By > inf By. Then

(1) Assume that sup By >
sup By + inf By _ Sup B +inf By

2 - 2
Ifx,ye S, thenz+ye S, and so
~ sup By + inf B L~ ~
fw s y) = == = min{fu(2), fu(v)}-

If at least one of x, y does not belong to .S, then
sup By + inf By

min{fm(‘r)v ]?m(y)} = 9 )
~ By +inf B By + inf B
while fi(z * y) is either i et ;— T o P22 ;r kel Hence,

ful(@ = y) > min{ fun(2), ()}

Therefore, fp, is a 1-fuzzy subalgebra of X.

sup B; and inf By < inf By. Then

sup By + inf By _ sup B + inf By
2 h 2 ‘

(2) Assume that sup By <

Ifz,ye S, thenx*yeS,and so

N inf - N
Tl y) = PP ot 7o), )

If at least one of x, y does not belong to .S, then
sup By + inf By

max{fm(x):fm(y)} = 2 ’




Asia Pac. J. Math. 2026 13:144 22 of 31

sup By + inf By or sup By + inf By
2 2

fm($ #y) < max{fm(:v), J?m(y)}

. Hence,

while fu (2 * y) is either

Therefore, fy, is a 4-fuzzy subalgebra of X. O

~

Theorem 5.5. A hyperstructure (X, f) over a Hilbert algebra X = (X, «, 1) is a mean 1-fuzzy subalgebra of X
if and only if the set U(fu,t)isa subalgebra of X for all t € [0, 1] with U(fumrt) # O

Proof. Assume that (X, ) is a mean 1-fuzzy subalgebra of X. Let ¢ € [0, 1] with &/ (fmst) # &, and let
2,y € U(fam,t). Then

fm(x) >t and fa(y) =t
Since fm is a 1-fuzzy subalgebra,
J?m(x * y) = min{fm(x)v fm(y)} = 1.

Thus, z*y € Z/{(fm, t), so Z/{(fm, t) is a subalgebra of X.
Conversely, assume that Z/( fu,t)is a subalgebra of X for every ¢ € [0, 1] with &/ (furt) # . Let
z,y € X, and put

t= min{fm(l% J?m(y)}
Then 2,y € U(fm,t) # &, 50 x # y € U(fm, ). Hence,
fm(fﬁ xy) =t = min{fm(x),fm(y)}.
Therefore, fy is a 1-fuzzy subalgebra of X. O
Corollary 5.1. If (X, f) is a mean 3-fuzzy subalgebra of a Hilbert algebra X = (X, , 1), then the set U(fu, t)
is a subalgebra of X for all t € [0, 1] with U(furt) # &.
Proof. It follows from Theorems 5.1 and 5.5. O
The following example shows that the converse of Corollary 5.1 does not hold in general.

Example 5.3. Let X = {1,z,y, z,0} be a Hilbert algebra with the binary operation = given in Table 1. Define a
fuzzy set g on X by

g(1) = 0.6, g(x) = 0.3, g(y) = 0.5, g(z) =04, g(0) = 0.3.

~

Let (X, f) be the singleton hyperstructure over (X, =, 1) given by

flw) ={gw)}  (ueX).
Then

finf:gy fsup:gu
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and hence

Moreover,
%) ift e (0.6,1],
{1} ift € (0.5,0.6],
U(furt) =4 {1y} ifte (0.4,0.5],
{1,y,2} ifte(0.3,04],
X ifte0,0.3].

Thus, U( fm, t) is a subalgebra of X for every t € [0, 1] withU(fu,t) # &. However,

fu(1%2) = fu(z) = 0.3 < 0.6 = max{fun(1), fu(z)}.

~

Therefore, (X, f) is not a mean 3-fuzzy subalgebra of X.

~

Theorem 5.6. A hyperstructure (X, f) over a Hilbert algebra X = (X, *, 1) is a mean 4-fuzzy subalgebra of X
if and only if the set L(fu,t) is a subalgebra of X for all t € [0, 1] with L(fm,t) # .

Proof. Assume that (X, f) is a mean 4-fuzzy subalgebra of X. Let ¢ € [0, 1] with £( fart) # &, and let
T,y € E(fm,t). Then

Since fy, is a 4-fuzzy subalgebra,

Fulz +y) < max{fu(@), fu(y)} <t.

Thus, z % y € L£(fm, 1), 50 L(fm,t) is a subalgebra of X.
Conversely, assume that £( fm ) isa subalgebra of X for every ¢ € [0, 1] with £( fu,t) # . Let
z,y € X, and put

t = max{fu(z), fu(y)}-

Then z,y € L(fm, t) # J,sox*ye€ C(fm, t). Hence,
]?m(x *y) St = max{fm(x), fm(y)}
Therefore, fn is a 4-fuzzy subalgebra of X. O

Corollary 5.2. If (X, f) is a mean 2-fuzzy subalgebra of a Hilbert algebra X = (X, #,1), then the set L£( fn, 1)
is a subalgebra of X for all t € [0, 1] with E(fm, t) # .

Proof. 1t follows from Theorems 5.2 and 5.6. O

The following example shows that the converse of Corollary 5.2 does not hold in general.
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Example 5.4. Let X = {1,z,y, z,0} be a Hilbert algebra with the binary operation = given in Table 1. Define a
fuzzy set h on X by

h(1) =04,  h(z) =05,  h(y)=05  h(z)=0.7,  h(0)=0.75.

~

Let (X, f) be the singleton hyperstructure over (X, =, 1) given by

flu) = {h(w)}  (ueX).

Then
fint = h, ]?Sup = h,
and hence
f = h.
Moreover,

-

%] ift€[0,0.4),
(1} if t € [0.4,0.5),
L(fort) =13 {Lay} ifte[0.5,0.7),
(1,2,y,2} ifte[0.7,0.75),
X ift € [0.75,1].

\

Thus, L£(fu,t) isa subalgebra of X for every t € [0, 1] with L(fm,t) # &. However,

Fu(1%2) = fu(z) = 0.5 > 0.4 = min{ fu(1), fu(z)}.

~

Therefore, (X, f) is not a mean 2-fuzzy subalgebra of X.

~

Theorem 5.7. A hyperstructure (X, f) over a Hilbert algebra X = (X, *,1) is a mean 2(3)-fuzzy subalgebra of
X if and only if
g(]?nh J?m(l)) =X

Proof. Assume that (X, f) is a mean 2-fuzzy or mean 3-fuzzy subalgebra of X. Then f,, is a 2-fuzzy or

3-fuzzy subalgebra of X. By Theorems 3.3 and 3.4, fm is constant. Hence,

~

fu(@) = fu(1) forall z € X,

50 &(fm, fn(1)) = X.
Conversely, if £( Jus fm(1)) = X, then fy, is constant on X. By Theorems 3.3 and 3.4, fum is both a

~

2-fuzzy and a 3-fuzzy subalgebra of X. Therefore, (X, f) is a mean 2(3)-fuzzy subalgebra of X. [

Theorem 5.8. If (X, fisa hyperstructure over a Hilbert algebra X = (X, %, 1) in which (X, fing) is constant
and (X, fsup) is a 1-fuzzy subalgebra of X, then (X, f) is a mean 1-fuzzy subalgebra of X.
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Proof. Let ¢ = fine(1). Since (X, fint) is constant, we have
fmi(z) =c  forallze X.

Let z,y € X. Since (X, j:up) is a 1-fuzzy subalgebra of X,

fsup(l‘ *Y) = min{j:up(x), fsup(y)}-

Therefore,

fu(zxy) = foupl 2 y) ; fing(z % y)
M
,\/2 ~
min{fsup(.%’), fsup(y)} +e
2

= min{fs‘m(x) e J?Sup(y) +C}

9 ’ 2
min{fm(fﬁ),fm(y)}-

Hence, (X, fu) is a 1-fuzzy subalgebra of X. O

Corollary 5.3. If (X, fisa hyperstructure over a Hilbert algebra X = (X, *,1) in which (X, fint) is constant
and (X, fsup) is a 3-fuzzy subalgebra of X, then (X, f) is a mean 1-fuzzy subalgebra of X.

Proof. It follows from Theorems 3.1 and 5.8. O

Corollary 5.4. For j € {1, 3}, every (2(3), j)-hyperfuzzy subalgebra of a Hilbert algebra X = (X,*,1)isa
mean 1-fuzzy subalgebra of X.

Proof. It follows from Theorem 5.8 and Corollary 5.3. O

Theorem 5.9. If (X, fisa hyperstructure over a Hilbert algebra X = (X, , 1) in which (X, fint) is constant
and (X, fsup) is a A-fuzzy subalgebra of X, then (X, f) is a mean A-fuzzy subalgebra of X.

Proof. Let ¢ = fine(1). Since (X, fint) is constant, we have
fmi(z) =c  forallze X.

Let z,y € X. Since (X, j:up) is a 4-fuzzy subalgebra of X,

J?sup(x *y) < max{fsup(a:), J?sup(y)}-
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Therefore, ) )
Julzsy) = Fsup(2 * y) 2+ Jint(x * )
Fap(@ 2 y) +c
~2 ~
max{fsup('z)a fsup(y)} +c
2

= max { J?S“p(:r) tc J?Sup(y) + C}

2 ’ 2
= max{fn(z), fm()}
Hence, (X, fn) is a 4-fuzzy subalgebra of X. O

Corollary 5.5. If (X, f) is a hyperstructure over a Hilbert algebra X = (X, *,1) in which (X, fing) is constant
and (X, fsup) is a 2-fuzzy subalgebra of X, then (X, f) is a mean 4-fuzzy subalgebra of X.

Proof. It follows from Theorems 3.2 and 5.9. O

Corollary 5.6. For j € {2,4}, every (2(3), j)-hyperfuzzy subalgebra of a Hilbert algebra X = (X, *,1)isa
mean 4-fuzzy subalgebra of X.

Proof. It follows from Theorem 5.9 and Corollary 5.5. O

Theorem 5.10. If (X, f) is a hyperstructure over a Hilbert algebra X = (X, ,1) in which (X, fsup) is constant
and (X, fint) is a A-fuzzy subalgebra of X, then (X, f) is a mean 4-fuzzy subalgebra of X.

Proof. Letc = fsup(l). Since (X, f~sup) is constant, we have
fsup(l') =c forallz € X.

Let 2,y € X. Since (X, finr) is a 4-fuzzy subalgebra of X,

Fint (z # y) < max{ fint (), fint(v)}-

Therefore,
fm(ﬂf*y) _ fsup(x*y);_finf(x*y)

c+ ﬁnf(x % 1))

2 ~ ~
c+ max{finf(w)a finf(y)}

2
A { c+ f;nf(x) c + f;nf(y) }
= max{fu(z), fu(®)}-

Hence, (X, fm) is a 4-fuzzy subalgebra of X. a
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Corollary 5.7. If (X, f) is a hyperstructure over a Hilbert algebra X = (X, *, 1) in which (X, faup) is constant
and (X, fin) is a 2-fuzzy subalgebra of X, then (X, f) is a mean 4-fuzzy subalgebra of X.

Proof. It follows from Theorems 3.2 and 5.10. O

Corollary 5.8. For i € {2,4}, every (i, 2(3))-hyperfuzzy subalgebra of a Hilbert algebra X = (X,*,1)isa
mean 4-fuzzy subalgebra of X.

Proof. It follows from Theorem 5.10 and Corollary 5.7. O

Theorem 5.11. If (X, fisa hyperstructure over a Hilbert algebra X = (X, *,1) in which (X, fsup) is constant
and (X, fing) is a 1-fuzzy subalgebra of X, then (X, f) is a mean 1-fuzzy subalgebra of X.

Proof. Letc = .fsup(l)~ Since (X, stuP) is constant, we have
fsup(x) =c forall z € X.

Let z,y € X. Since (X, ﬁnf) is a 1-fuzzy subalgebra of X,

ﬁnf(x * y) = min{fNinf(x>7 .]?;nf(y)}

Therefore, - ~
~ sup (L * =+ Jinf (2T *
fm(az*y) = /! p( y)g ! f( y)
_ et fur@xy)
2 ~ ~
< c+ min{finf(37)7 finf(y)}
- 2
- { t us(@) e+ ﬁnf@)}
2 2
Hence, (X, fm) is a 1-fuzzy subalgebra of X. -

Corollary 5.9. If (X, fisa hyperstructure over a Hilbert algebra X = (X, *,1) in which (X, fsup) is constant
and (X, fin) is a 3-fuzzy subalgebra of X, then (X, f) is a mean 1-fuzzy subalgebra of X.

Proof. It follows from Theorems 3.1 and 5.11. O

Corollary 5.10. For i € {1, 3}, every (i, 2(3))-hyperfuzzy subalgebra of a Hilbert algebra X = (X, *,1)isa
mean 1-fuzzy subalgebra of X.

Proof. It follows from Theorem 5.11 and Corollary 5.9. O

Theorem 5.12. If (X, f) is a mean 1-fuzzy subalgebra of a Hilbert algebra X = (X, *,1) in which fis is

~

constant, then (X, f) is a (k, 1)-hyperfuzzy subalgebra of X for k € {1,2,3,4}.
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Proof. Assume that (X, /) is a mean 1-fuzzy subalgebra of X and that fint is constant. By Theorems 3.1,
3.2,3.3, and 3.4, the fuzzy set finf is a k-fuzzy subalgebra of X for every k € {1, 2, 3,4}. Also,

]?inf(x) = finf(l) forall z € X.

For x,y € X, we have

i wy) = Tl 220 Jarll),

SO
fap(zxy) = 2fum(z*y) = finr(1)

> 2min{fu(@), fu(y)} — fine(1)
= min{Qfm(w) — ﬁnf(l)a 2fm(y) - ﬁnf(l)}
= min{2fm(az) — ﬁnf(l‘)v Qfm(?/) - fmf(y)}

= min{]?sup(:v), J?sup(y)}-
Hence, (X, fuup) is a 1-fuzzy subalgebra of X. Therefore, (X, f) is a (k, 1)-hyperfuzzy subalgebra of
X. g

Corollary 5.11. If (X, f) is a mean 3-fuzzy subalgebra of a Hilbert algebra X = (X, ,1) in which fis is

constant, then (X, f) is a (k, 1)-hyperfuzzy subalgebra of X for k € {1, 2, 3,4}.
Proof. It follows from Theorems 5.1 and 5.12. O

Theorem 5.13. If (X, f) is a mean 4-fuzzy subalgebra of a Hilbert algebra X = (X, #,1) in which fiy is

constant, then (X, f) is a (k,4)-hyperfuzzy subalgebra of X for k € {1, 2, 3,4}.

Proof. Assume that (X, /) is a mean 4-fuzzy subalgebra of X and that fint is constant. By Theorems 3.1,
3.2,3.3, and 3.4, the fuzzy set finf is a k-fuzzy subalgebra of X for every k € {1,2,3,4}. Also,

J?inf(x) = ﬁnf(l) forall z € X.

For x,y € X, we have

i #y) = Toel 220 Jurll),

SO
fsup($ #y) = 2fu(r*y) — finr(1)

< 2max{fu(@), fu(y)} — finr(1)

= max{2fu(®) = fiur(1); 2fm(y) = finr(1)}
= max{2fu(@) = fut(2), 2/n(y) — finr (1)}
= max{faup(@), foup ()}



Asia Pac. J. Math. 2026 13:144 29 of 31

Hence, (X, fuup) is a 4-fuzzy subalgebra of X. Therefore, (X, f) is a (k, 4)-hyperfuzzy subalgebra of
X. g

Corollary 5.12. If (X  f) is a mean 2- -fuzzy subalgebra of a Hilbert algebra X = (X, =, 1) in which Fiu i
constant, then (X, f) is a (k, 4)-hyperfuzzy subalgebra of X for k € {1,2,3,4}.

Proof. It follows from Theorems 5.2 and 5.13. O

~

Theorem 5.14. If (X, f) is a mean 4-fuzzy subalgebra of a Hilbert algebra X = (X, *,1) in which fsup is
s a (4, k)-hyperfuzzy subalgebra of X for k € {1,2,3,4}.

~

constant, then (X, f) i

Proof. Assume that (X, /) is a mean 4-fuzzy subalgebra of X and that fsup is constant. By Theorems
3.1,3.2,3.3, and 3.4, the fuzzy set j:up is a k-fuzzy subalgebra of X for every k € {1,2,3,4}. Also,

J?Sup(x) = f:up(l) forall xz € X.

For x,y € X, we have

Falz *y) = fup (1 )+2finf(“y)7

SO

Fut@+y) = 2fa(z*y) — fap(1)
< 2max{fu(@), fu(®)} — foup(1)
= max{2fu(z) — foup(1), 2/m(y) = foup(1)}
= max{2fu(®) — fap(@), 2fn(y) = Faup(v)}
= max{fint(2), fint (y)}-

Hence, (X, fir) is a 4-fuzzy subalgebra of X. Therefore, (X, f) is a (4, k)-hyperfuzzy subalgebra of
X. g

Corollary 5.13. If (X, f) is a mean 2- -fuzzy subalgebra of a Hilbert algebra X = (X, =, 1) in which fsup is
constant, then (X, f) is a (4, k)-hyperfuzzy subalgebra of X for k € {1,2,3,4}.

Proof. 1t follows from Theorems 5.2 and 5.14. O

~

Theorem 5.15. If (X, f) is a mean 1-fuzzy subalgebra of a Hilbert algebra X = (X, *,1) in which jN’,sup is
sa (1, k)-hyperfuzzy subalgebra of X for k € {1,2,3,4}.

~

constant, then (X, f) i

Proof. Assume that (X, /) is a mean 1-fuzzy subalgebra of X and that j:up is constant. By Theorems
3.1,3.2,3.3, and 3.4, the fuzzy set fsup is a k-fuzzy subalgebra of X for every k € {1,2, 3, 4}. Also,

fsup(x) = J?sup(l) forall x € X.
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For x,y € X, we have

Jala wy) = Lol F Jurlz2y)
SO N N N
Furasn) = 2fulevs) ~ Fupl)

= Qmin{fm(x)7fm(y)} _J?SHPO)
= min{Qfm(:L‘) - ]?sup(l), 2]?m(y) - fNSup(l)}
= min{me(l‘) - ]?sup(l'), 2]?m(y) - fsup(y)}

= min{ finr(2), finr(v)}-
Hence, (X, finf) is a 1-fuzzy subalgebra of X. Therefore, (X, f) is a (1, k)-hyperfuzzy subalgebra of
X. U

Corollary 5.14. If (X, f) is a mean 3-fuzzy subalgebra of a Hilbert algebra X = (X, *,1) in which f~Sup is

constant, then (X, f) is a (1, k)-hyperfuzzy subalgebra of X for k € {1,2,3,4}.
Proof. It follows from Theorems 5.1 and 5.15. O

6. CONCLUSION

This paper introduced the length and the mean of a hyperstructure over a Hilbert algebra and used
them to define the corresponding notions of length and mean fuzzy subalgebras. Several characteriza-
tion results were established for these classes in the setting of k-fuzzy subalgebras, where k € {1, 2, 3,4},
together with their basic relations to upper-, lower-, and equal-level subsets.

We also obtained links between these new fuzzy subalgebras and hyperfuzzy subalgebras under
suitable conditions on the associated lower and upper fuzzy structures. The examples and counterex-
amples given in the paper support the main results and clarify the limitations of the converse statements.
Hence, the results provide a workable framework for studying quantitative hyperfuzzy behavior in

Hilbert algebras and may be useful for further investigations in related algebraic systems.
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