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AsstrRACT. Direct and inverse are fundamental theorems in approximation theory, explaining the relation-
ship between the smoothness of a function and the accuracy of its approximation in functional spaces. In
this study, multi-channel convolution and the tensor product with the adaptive piecewise linear activation
(APL) are used to build the neural network. On the other hand, B-spline functions are important both
as activation functions and as fundamental elements of the hidden layer in neural network construction.
They provide the model with flexibility in controlling the degree of smoothness across the spline order
while ensuring the regularity of the derivatives up to a certain order is maintained. This strikes a balance
between power and generalization, providing a flexible and numerically stable approximation basis for
the neural network. Therefore, the concept of generalized B—spline APL neural networks is introduced,
relying on the APL and B-spline functions. Finally, this study proves the direct and inverse theorems,
thus providing a mathematical explanation for the efficiency and capability of neural networks within
approximation theory, thereby the proof revealing the link between functional analysis and contemporary
neural network architecture.
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1. INTRODUCTION

Approximation spaces are important for neural networks because they provide a fundamental
mathematical framework that helps us to understand the theoretical basis of their design. They help
demonstrate the ability of neural networks (NNs) to represent complex functions and operate with high
efficiency and accuracy. With the rapid development of applied mathematics, these spaces have been
studied in numerous fields. Researchers are continuing to develop new approaches to understanding
NNs through functional approximation, both theoretically and practically. The concept of NNss first

emerged in the 1940s as an attempt to mimic how the human brain works. In 1943, McCulloch and
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Pitts presented a simplified mathematical model of a biological neuron within the context of artificial
intelligence. They demonstrated that NNs can calculate any logical function [1]. This work formed
the starting point for subsequent research aimed at establishing the theoretical principles underlying
the approximation capabilities of these networks. In the framework of developing approximation
theory, Pietsch introduced the concept of approximation number in 1981 and discussed mechanisms
for including approximation spaces within larger Banach spaces. This expanded the mathematical
framework associated with approximation operations [2]. In 1993, DeVore and Lorentz presented a
constructivist approach to approximation, focusing on functions with one real variable and achieving
notable results by studying approximation classes and their properties [3]. The most significant shift in
linking approximation theory to NNs occurred in 1988, when Cybenko introduced the main Universal
Approximation Theorem (UAT), which demonstrates the ability of NNs to approximate a wide range
of functions under specific conditions [4]. In 1989, Funahashi validated the continuous function ap-
proximation realization theorem of Rumelhart Hinton-Williams using multilayer NNs with a sigmoidal
activation function. The Kolmogorov-Arnold-Speizer theorem was also used to demonstrate the case of
two hidden layers [5]. In 1995, the research of Ditzian, Hristov, and Ivanov was considered an important
study in approximation theory, because it addressed the relationship between modules of smoothness
and K-functionals within L, spaces when 0 < p < 1, which is a more complex mathematical case than
the traditional case of p > 1 [6].The direct theorem and its inverse are fundamental mathematical
results in approximation theory. These theories are important because they demonstrate of the ap-
proximation capabilities of NNs and provide a theoretical framework for estimating the efficiency and
complexity of models. This helps us to understand how many parameters are required to achieve a
specific level of accuracy, thus supporting the optimal design of NNs architectures and the analysis of
their performance. George A. Anastassiou has focused on this subject since 1997. The convergence rate
of a NN was measured by its operators, namely the squashing and Cardaliaguet operators. The value
of the Jackson inequality is often equivalent to the modulus of continuity in most of his researches,
as in [7]. Splines are considered an alternative to traditional approximation methods where it is
particularly important in practical image processing applications. In 1999, Michael Unser presented
a study on splines, demonstrating the fundamental properties that make them suitable for reducing
computational complexity and facilitating their application in image processing [8].In 2003, Almira
and Uwe presented a study on generalized approximation spaces and their applications, focusing
on extending classical theory to include broader spaces defined by the best degree of approximation.
These spaces were then generalized to describe relatively compact sets within Banach spaces [9]. In
2014, Chenglong, et al. conducted an approximation analysis of convolutional NNs, emphasizing the

important of convolutional structures in enhancing the representational capacity of networks [10]. In
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2014, Agostinelli, et al. introduced a new methodology for improving the performance of NNs by learn-
ing activation functions rather than pre-fixing them. Their study relied on developing adaptive sectoral
linear activation functions that are independently trained using a downward gradient algorithm. This
allowed for the replacement of traditional functions like ReLU with more flexible ones, contributing
to improved efficiency and performance of deep models [11]. In 2020, Gribonval et al. presented a
conceptualization of approximation spaces in deep NNs. They constructed an approximation space
based on clusters of networks, taking into account the complexity of connections and neurons [12].
In 2021 DeVore, et al. studied the approximation properties of NNs outputs. They highlighted fea-
tures that are not found in traditional numerical analysis approximation methods, particularly when
using the ReLU activation function. This function produces multi-defined linear functions on complex
partitions [ 13]. Also in the same year, Zuwei Chen, et al. investigated the approximation capability
of NN, demonstrating that the presence of three hidden layers can suffice to achieve highly efficient
approximation [14]. Again, in the same year, Elbrdchter, Dennis, et al. developed fundamental limits
for deep NN learning by defining what can be achieved if no constraints are imposed on the learning
algorithms or training data size [ 15]. In 2021, Adcock and Dexter discussed the discrepancy between
theoretical underpinnings and practical applications of function approximation using deep NNs, draw-
ing attention to a significant discrepancy between theoretical results and the actual performance of
these models [16]. The following year, Dmitry presented a study on the global approximation of
static maps using NNs, proposing generalizations of global approximation theory to encompass static
or equal representations of linear sets [17]. In 2025, George A. Anastassiou presented research on
Banach space-valued NNs focusing on the approximating continuous univariate functions quantitively
on the whole real line using quasi-interpolation operators. A single hidden layer is included to link
Banach space-valued feed-forward NNs [18]. The approximation abilities of NNs with this activation
function have been studied by many researchers, for example [19-22]. In 2026, Nejm and Almurieb
defined the APL-tensor product neural networks with multichannel convolution. A generalization by
using a quasi-Banach space was given to define approximation spaces for neural networks based on
connection and neuronal complexities [23]. This study aims to construct a mathematical framework
for a generalized B-spline APL NNs based on tensor multiplication and multi-channel convolution. It
also introduces the concept of approximation spaces in terms of connection complexity and neuronal
complexity. Direct and inverse theorems have been reformulated to show the approximation rate of a
NN is related to the smoothness of the function. This provides a mathematical explanation for the
efficiency and capability of NNs within approximation theory. The outline of this research paper is
structured as follows. Section 2 introduces the fundamental concepts upon which the concept of NNs

is built. Section 3 reviews the concept of approximation spaces, focusing on approximation spaces for
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NNs within quasi-Banach spaces. This is followed by Section 4, which focuses on direct and its inverse

theorems via generalized B-spline APL NNs. Finally, Section 5 presents the conclusions.

2. PRELIMINARIES

Definition 2.1 (Convolution). [9]

o Letu € R", v € R¥, the cyclic convolution x : Rk — R™ is given by

,
(u* v); = Z Wiek Vi,
k=1

where i © k = (i — k) mod n.

o Let U € R,V € R¥*S the multi-channel convolution ® : R™*$ x R¥*s — R™ is given by

UsV :iUi*Vi-
i=1

Definition 2.2 (Adaptive Piecewise Linear)). [10] Let N € N, be a prior set of hyper parameters, that
refers to the number of hinges, for each uniti =1,...,N ,g; : R — R be an Adaptive Piecewise Linear (APL)
activation function. It is defined as follows

N
Gi (x) = max (0,2) + Z a; jmax (0, —z + b; ;).
j=1

o Note that a; j variables control the slopes of the linear segments
o Note that b; j variables determine the hinges’ locations.

o Note that when N = 0, then APL ; is the standard ReLU denoted by o.

Definition 2.3 (APL Tensor Product). Let N € N, then the APL tensor product of the collection of function
(" R — R} | is define by

=1

NM
® (#(Xij):xll X. .. X XNy = Y11 X ... xYNN,

1=1

with

XH XlN §{L (XH) C{L (XIN)
. NN .

XNI XNN CJI\L[ (XNl) §]’L\Lf (XNN)

Definition 2.4 (APL Neural Networks (APL NNs)). Let £ € N, and let {Nu}izo C N. An APL NNs with

activation function ¢! is a tuple

N=((Thab). - (Thchokcd) (T I ) )
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where the functions T : R¥u-1®u-1 — R¥Nu gre affine linear maps, 1 < p < ELand of : R¥ N —

R¥«>Rugre given by

forl < p < L.

Definition 2.5 (APL Generalized Neural Networks (APL GNNs)). An APL NNs is called generalized if

the linear maps Tt (x) is given by
T(z) =<' (Alz® K+ b)),
so that

N
Tﬁ‘($) = max(O,A?a} ® K + bf) + ZaiJ max ((0, —Aﬁjx ® K+ sz>)7
=1

where the matrices Al € RRu—=1Xu=1 gre the weight matrices, the kernel K € RY*®n and the vectors

b € R®  are the bias vectors.

Definition 2.6 (APL Strict Neural Networks (APL SNN)). An APL NN is called APL SNN, if and only if
=90Vl < p < tbandl <i<N.

Definition 2.7 (Realization of APL Neural Networks). Let N; be an APL NNs as Definition 2.4. Then
R, : R¥ x R¥ — R is called the realization of N and is defined by

RN =Ti®aoy '@T_|® - ®a; ®T},

wherefor 1 < p < £,T!: RRu-1 x R¥—1 — R¥ x R¥ and

@y RNt 5 RVt ¢ RBu-1Rum1 R,
Definition 2.8 (Classes of APL NNis). Let Xo, N € N, let W, N, £ € N J{oc}. Then

dinN = Vg X Ng, doyt N = Ny,
W(N) < W,L(N) <L

O NN = { Nisan APLNN -

ST RN = {N € U MM Nisan APL NN},

i, NoxNg,R . i, NoxRo,R
NNy L:{Bi(N)-NEU;V,L,(J)VX 0 L},

Eid]

and

SN Ny 7ot = {Ri(I_\l) :Ne¢ SU%ﬁ%No,Nt} .
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Definition 2.9 (B-splines [8,11]). Let n € Ny, the B-spline of degree 0 is given by ﬁﬁ’) = x[0,1) The B-spline
of degree n is given by the n + 1 fold convolution of ﬁf), that is

Now the Irwin-Hall distribution concept is introduced due to its importance in proving the direct

theory.

Definition 2.10 (Irwin-Hall Distribution [8,11]). Let n,n € Ny, and let ﬁg_”*l) be a B-spline of degree n.

Then 65[’1_1) € SNN;'(’;;:S’; 1 and it can be decomposed as

_ 1« (1 _ nh
U ) = 3 (1) 0 o (o= ).
k=0

Definition 2.11 (Generalized B-spline APL Neural Networks). An APL NN is called generalized if the
linear maps %Z—l, N 1s given by
_ k
%l_ntl,N (f,z) =<k <5Srn 1)f <n> Az ® K + b“N> )

so that

- k
Sy_1,n (f, 7) = max (0,/33? i <n> Afe ® K + b’fv>

N
_ k
+) an;max (0, —gle g <n> Ay r® K+ b‘jw> ,

j=1
wherel < u < tand 0 < k < n.

3. APPROXIMATION SPACES

This section discusses the most important basic concepts related to approximation spaces in terms of
the degree of approximation and approximation classes. It also introduces the concepts of approxima-

tion spaces for NNs related to connection complexity and the neuron complexity.

Definition 3.1 (The Degree of Best Approximation [12]). Let X be a quasi-Banach space with the quasi-norm
IIl - Let f € X and let ) C X be non-empty. The degree of best approximation of f from ) is given by

E ( : ) — inf |f =g«
f Z x glélz 1f—allx
Definition 3.2 (Approximation Classes). Let X be a quasi-Banach space with the quasi-norm ||-|| i, and let

X ={f=(fr,--- . fa): fie X},

andletfc X ¢ a € (0, co)and q € (0, o). Define the approximation class by

A2 (dez> - {fe x4, 1 ag (xn3) < oo},
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and the associated norm is given by

d _ Z?:I (Zqozo1rll(”a'E(fi,Zn_l)X)q);, if0<qg<oo
Al g (X aZ) SUD )< i< nen (na CE(f;, Zn—l)x) 7 if g = oo

Definition 3.3 (Continuous Embedding [12]). Let X, Xy be quasi-Banach spaces, under quasi-norms
Il x, and [|-|| x,, respectively. Then Xy < Xs denotes a continuous embedding between X, and X, that is
there exist some C € R : X1 C Xoand Cl|z ||, > [ly || x,- Moreover, X1 is said to be continuously embedded
in Xo.

Lemma 3.4. [11] Let X be a quasi-Banach space, let ), C X and n € Ny, then the axioms are given by
1) 2o = {0}
ZZ) En - En—i—l .
iii) >, =C.>,,VC e R/{0}.

iU) HC € N2n+2ng20n

V) Yo isdensein X, where Y is given by > =, en, Do -

In the following proposition, we show that the classes of Approximation Spaces are quasi-Banach
spaces satisfying that the continuous embedding in another spaces. The proof is omitted since it is

similar to proof in Proposition VI.7 in [11].

Proposition 3.5 (A% (X 4,3")is an Approximation Spaces). Assume that the properties (i)-(v) of Lemma 3.4

hold, then the spaces (Ag‘ (X430, ”’HAa(Xd Z)) are quasi-Banach spaces that satisfy AY (X%,3) — X<
q k)

Moreover, if « = Band q < sorif a > §, then AZ (X, 37) < AP (X4, 3).

Definition 3.6 (Modulus of Smoothness). [6] Modulus of Smoothness(MS), is one of the best measures of
the approximation rate. This is because it evaluates how accurately the approximation reflects the function. Let X

be a quasi-Banach space, and let f € X . The norm is defined by

S

W) =3 (52 (2 (5.5, ), )') 0 <<

i=1

The nth MS is given by

“ulf, 9 = sup 1AL (xa.z)-
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Also, the n th symmetric difference is as follows

Ay (f,z) = { (Z) (—1)* " f <3: - % + k:h) } :

form—%el.

Definition 3.7 (Approximation Spaces for APL GNNSs). Let n € Ny, define the approximation spaces

associated with the quasi-norms
o d o d
i () = 3 (x4 5).
and
|"||an(Xd’§i,L) = ||'HAqa(Xd7z) ’

with Y, = W (X%, G, L) . Similarly, define

N (Xd,§i7£> =Ag <Xd72) )
and
H'HN(;’(Xd,Ci,L) - ”'HAg(Xd:Z) ’

with Y, = N& (X4, ¢, L) .
The space W (X%, <, L) is known as the approximation space equipped with the complexity of connection.

Similarly, N& (X, ;, L) is known as the approximation space equipped with the complexity of neurons.

Definition 3.8 (Approximation Space for APL SNNs). Let n € Ny, define the approximation spaces

associated with the quasi-norms
sWe (Xq,k) = A5 (X430,
and
I lswe (xagr) = Il ag (o3
with 3>, = SW, (X4, L). Similarly, define
SN (Xd,gz-,L> — A0 (Xd, Z) ,
and
s 0.2 = IMlLag (05

with Y, = SN, (X%,6,L).
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4. Direct AND INVERSE THEOREMS via GENERALIZED B-SPLINE APL NEURAL NETWORKS

This section includes proof of the direct and inverse theorems based on the B-Spline within quasi-

Banach spaces.

Theorem 4.1. Let X be a quasi-Banach space, and for f € X, then there isann € N, with (n LNy €
01,1
SNNy(, oy 0o that satisfies
Ey (f) <wn (f,0)x
Proof. Let S(u—1,n) € SNN. gz;}fz) o mi2" For f € X, then there is some n € N, that satisfies
smtir= 6l =Sl -l
—i—’\s(n 1N)(fac) f:cH
+ -+ “S(n 1,N) (fa l‘) - %(13__117]\[) (f7 I)HX
Since
_ n—1 k _ _
”%%n L (F2) =S Ny (fvm)HX < ’CN ( ey <n> ANl @ K+ by 1)

Lemma4.2. Let ] =UlL,,m=1,2,...,

- (6?% <f1> A @ K+ bﬁvl) |,
<o (B) e m ey
+H5 f( >Af;v s Ko
(1) ¢ ( )A‘](, 'z @ K + by
+H5 f( >Af;v s Kb

nh

< n1)<x—2+kh>HA’](,_1x®K+b’;VX

1
1’_1

IN

L e (£,6) HAf;V— c@® K+ b“NHX

< Cpunwn (f,6).

n where I, be a partition of [ with |I,| ~ % Then

S By < CBW(P)

m=1
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Lemma 4.3. For f € X, then for S’(‘R_LN) (f, z), we have
n (i) () €Sy ()]
Proof.
Wn (%1(11_171,1\/)( 737)> = gz% <55rn_1)f <Z>> HX
< C‘Bf_l)f <f1> Al @ K + bl .
#8701 (£) thw 0 k]
< O||Shi ) (i) Ao K+ b
< O[S ()
O
Theorem 4.4. Let X be a quasi-Banach space, then for f € X, get that
wy (f,6) < Ey(f).
Proof. Let m < n, assume that
[ 1 o) = Sty (10|, < OB,
then by Lemma 4.2, Lemma 4.3 and by Theorem 4.1, get that
wa (f,0) < C (wn (Sho1n (£,0) = f(2)) + wa (Sh1 v (£,0)))
<C<H\9n 1,N — f(z “X+Em(f)>
< CEq(f)-
O

5. CoNCLUSIONS

This paper discusses approximation spaces of neural networks by constructing a generalized B-spline

APL neural network. The direct and inverse theorems for estimating the approximation are also proven

by fundamental mathematical properties of B-spline and APL activation function are investigated

to obtain an approximation equivalent to the smoothness coefficient, with upper and lower limits

approaching zero, due to their relationship to the smoothness coefficient.
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