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Abstract. In this paper, we propose an adaptive Krylov subspace method for solving large-scale discrete

ill-posed problems in image deblurring. By integrating Tikhonov regularization with the global GMRES

algorithm, our approach automatically selects the regularization parameter via the generalized cross-

validation (GCV) criterion. Unlike standard approaches using a fixed Krylov subspace dimension, the

proposed algorithm dynamically identifies an optimal dimension by monitoring the peak signal-to-noise

ratio (PSNR) across iterations. The process terminates when successive PSNR improvements become

negligible, ensuring an efficient balance between reconstruction quality and computational overhead.

Experimental results demonstrate that this adaptive strategy outperforms fixed-dimension methods in

both restoration quality and computational efficiency.
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1. Introduction

Consider the linear least-squares problem

min
x∈Rn

∥Ax− b∥2 (1.1)

whereA ∈ Rm×n,m ≥ n, is large-scale and severely ill-conditioned, and the right-hand side b = ˆ︁b+η ∈

Rm is contaminated by additive white Gaussian noise η. Problems of this form typically arise from the

discretization of ill-posed Fredholm integral equations of the first kind with compact kernel [1, 3, 4],

and are particularly prevalent in image deblurring, where A represents the blurring operator, x the

unknown original image, and b the observed degraded image [3–5, 7]. Because A is ill-conditioned
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and b is noisy, a naive solution of (1.1) is dominated by noise amplification, this simultaneous ill-

conditioning and contamination calls for regularization, while the large scale of A rules out direct

factorization methods in favor of iterative Krylov subspace techniques, in which (1.1) is projected onto

a low-dimensional subspace generated by an Arnoldi-type process. Representative methods of this

class include Global-GMRES [6]. Among regularization strategies, Tikhonov regularization is one of

the most widely used. It replaces (1.1) by the penalized problem

min
x∈Rn

(︁
∥Ax− b∥22 + λ2∥Lx∥22

)︁
, (1.2)

where L ∈ Rp×n is a regularization operator commonly the identity or a discrete first or second-order

derivative operator and λ > 0 is a regularization parameter that controls the trade-off between fidelity

to the data and smoothness (or magnitude) of the solution. Popular strategies for choosing λ include

Generalized Cross-Validation (GCV) [15] and the L-curve criterion [16,17]. In two-dimensional image

deblurring, problem (1.1) is more naturally expressed in matrix form, since the unknown x = vec(X)

actually represents an image X ∈ Rn1×n2 stored column-wise, and the operator A itself has separable

(Kronecker) structure,A = A2 ⊗A1, induced by the horizontal and vertical blurring operators A1 and

A2. Using the Kronecker product identity

vec(A1XAT
2 ) = (A2 ⊗A1) vec(X), (1.3)

the corresponding degradation model is given by:

B = A1XAT
2 +N (1.4)

which can be equivalently represented in vector form by setting

A = A2 ⊗A1, x = vec(X), b = vec(B), n = vec(N)

whereX denotes the unknown true image,B is the observed blurred and noisy image andN represents

the additive noise. Recovering X is then equivalent to solving the matrix least-squares problem

min
X

∥A1XAT
2 −B∥2F , (1.5)

Its Tikhonov-regularized formulation is,

min
X

(︁
∥A1XAT

2 −B∥2F + λ2∥LX∥2F
)︁
. (1.6)

As is common practice, the regularization operator L in (1.6) is taken as the identity, L = I . Setting the

gradient of (1.6) with respect to X to zero yields the generalized Sylvester equation

AT
2 A2XAT

1 A1 + λ2X = AT
2 BA1, (1.7)

which is generally too large to be solved directly. This motivates the use of Krylov subspace projection

methods, which have proven effective for computing accurate approximate solutions of (1.7) at low
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computational cost [2,11].Building on this framework, we propose an adaptive hybrid Global-GMRES

method for image deblurring, in which the Krylov subspace dimensionm is selected automatically.

Specifically:

1. equation (1.7) is projected, via the Global-Arnoldi process, onto a Krylov subspace of increasing

dimensionm

2. at each step, the regularization parameter λ is chosen by minimizing the GCV function on the

projected problem, and the corresponding approximate solution Xk is computed

3. the reconstruction quality is monitored through the Peak Signal-to-Noise Ratio (PSNR), andm

is increased until the change in PSNR between two consecutive values falls below a prescribed

tolerance.

This adaptive stopping criterion removes the need to fix m in advance, and provides an effective

compromise between restoration quality and computational cost. The remainder of the paper is

organized as follows. Section 2 recalls preliminaries on Tikhonov regularization and the Global-Arnoldi

process. Section 3 formulates the image deblurring problem within the Global-GMRES framework.

Section 4 presents the proposed adaptive algorithm. Section 5 reports numerical experiments, and

Section 6 concludes the paper.

2. Preliminaries and definitions

2.1. Kronecker tensor product of matrices.

Definition 1. LetM and N be two real matrices defined by:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
M = (mij), Where 1 ≤ i ≤ p, and 1 ≤ j ≤ q

and

N = (nij), Where 1 ≤ i ≤ r, and 1 ≤ j ≤ s

The kronnecker tensor product of the matricesM and N is defined as follows:

M ⊗N = K where K is of size pr × qs and K = (mijN)
1 ≤ i ≤ p

1 ≤ j ≤ q

2.2. Kronecker tensor product properties. LetM,N,P and Q be a matrices, we have the following

properties

1. (M ⊗N)(P ⊗Q) = (MP )⊗ (NQ)

2. (M ⊗N)−1 = (M)−1 ⊗ (N)−1 (ifM and N are square and invertible matrices)

3. (M ⊗N)T = (M)T ⊗ (N)T

4. Vect(MXN) = (NT ⊗M)Vect(X), where X is a matrix of size q × r
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5. ifM,N and P are matrices of sizes p× q, q × r and r × s respectively, then

tr(MNP ) = (Vect(MT ))T (Iq ⊗N)Vect(P )

Where Vect is an operator which transforms the matrix to a vector by concatenating the columns of the

matrix.

2.3. Frobeinus inner product. The F-inner product of the matrices A and B is given by the folowing

formula

⟨A,B⟩F = tr(ATB), where tr(C) denotes the trace of the square matrix C

The Frobeinus norm denoted by ||.||F is given by: ||A||F = (⟨A,A⟩F )
1
2 .

The set of matrices of order n × p is said to be F-orthogonal if it is orthogonal with respect to the

Frobeinus inner product ⟨. , . ⟩F
In the context of image restoration process, we can factored the blurring matrix A defined in (1,1) as a

kronecker product A = A1 ⊗A2 of a suitable sizes.

2.4. Tikhonov regularizationmethod. As shown in [8,9], the Tikhonov regularization technique relies

on the equivalence between problem (1.1) and the penalized problem (1.2). The following proposition

illustrates how to transform the penalized problem (1.2) into a generalized Sylvester matrix equation.

Proposition 1. Solving the Tikhonov regularization problem (1.2) is equivalent to solving a generalized Sylvester

matrix equation of the form:

MXN + SXT = E

Proof.

min
x

(||Ax− b||22 + λ2||Lx||22) ⇐⇒ x̂ = argmin
x

⃓⃓⃓⃓
⃓⃓
⃓⃓⃓⃓
⃓⃓
⎡⎣ A

λL

⎤⎦x−

⎡⎣ b

0

⎤⎦⃓⃓⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓
2

2

(2.1)

The minimizer solution of (2.1) is calculated as follows:

▽⟨

⎛⎝ A

λL

⎞⎠x−

⎛⎝ b

0

⎞⎠ ,

⎛⎝ A

λL

⎞⎠x−

⎛⎝ b

0

⎞⎠⟩ = 0

=⇒ (ATA+ λ2LTL)x = AT b (2.2)

⇐⇒ Aλx = AT b, where Aλ = ATA+ λ2LTL

Now we consider the Kronecker product factorization of the matrices A and L as:

A = A1 ⊗A2 and L = L1 ⊗ L2, where A1 and L1 are two squares matrices of size n× n, A2 and L2 are

two squares matrices of sizes p× p then the problem (2.2) becomes(︁
(A1 ⊗A2)

T (A1 ⊗A2) + λ2(L1 ⊗ L2)
T (L1 ⊗ L2)

)︁
X = (A1 ⊗A2)

T b
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using the Kronecker property, we obtain

(AT
1 ⊗AT

2 )(A1 ⊗A2)x+ λ2(LT
1 ⊗ LT

2 )(L1 ⊗ L2)x = (AT
1 ⊗AT

2 )b

⇐⇒ (AT
1 A1 ⊗AT

2 A2)x+ λ2(LT
1 L1 ⊗ LT

2 L2)x = (AT
1 ⊗AT

2 )b (2.3)

⇐⇒ (AT
2 A2XAT

1 A1) + λ2(LT
2 L2XLT

1 L1) = (AT
2 BA1)

Where vec(B) = b and vec(X) = x.

(2.3) is the linear matrix problem, wich represent the generalized Sylvester matrix equation.

also, we rewritten it as:

MXN + SXT = E (2.4)

WhereM = AT
2 A2,N = AT

1 A1, S = λ2LT
2 L2, T = LT

1 L1, and E = AT
2 BA1 □

The next theorem ensures the existence and uniqueness of a solution to the generalized Sylvester

matrix equation (2.4)

Theorem 1. Assume (M − λS) and (N − λT ) are two regular matrix pencils of order n and p, respectively.

We denote by L(M,S) and L(N,T ) the sets of generalized eigenvalues corresponding to the pairs (M,S) and

(N,T ), respectively. If L(M,S) ∩ L(N,T ) = ∅, then equation (2.4) has a unique solution. For all details

concerning the proof of this theorem, see [14].

2.5. Arnoldi Krylov subspace. Constructing a Krylov subspace is a crucial step in building an approx-

imate solution for the Sylvester matrix equation problem (2.4). In this subsection, we first present the

definition of the Krylov subspace and in the second part, we introduce an algorithm for constructing a

basis that generates the Krylov subspace.

Definition 2. Let A : Rn×p −→ Rn×p be an operator, and let b ∈ Rn×p be a matrix. The Krylov subspace

generated by the pair (A, b) is defined by:

Kk(A, b) = span
{︂
b,Ab, ....,Ak−1b

}︂
⊂ Rn×p (2.5)

WhereKk =
[︁
b,Ab, ....,Ak−1b

]︁
is called Krylov matrix

To determine its basis, we use the Arnoldi process [1], shown below, as a tool for constructing an

orthonormal basis {ω1, ω2, ...., ωk}

i.e ⟨ωi, ωj⟩ = δij (δij represents the Kronecker symbol).
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Algorithm 1Modified Global Arnoldi Algorithm
1: Inputs: An operator A, b a matrix of size n× p and an integer k.

2: Step 0 : ω1 =
b

||b||F
;

3: Step 1 :

4: for j=1,...,k do

5: ω = Aωj ;

6: for i=1,...,j do

7: hi,j = ⟨ωi, ω⟩F ;

8: ω = ω − hi,jωi;

9: end for

10: hj+1,j = ||ω||F ;

11: ωj+1 =
ω

hj+1,j
;

12: end for

Remark 1. The outputs of the previous Arnoldi Algorithm are the following matrices:

Wk = [ω1, ω2, ...., ωk] and ωk+1 ∈ Rn×p

˜︁Hk =

⎡⎢⎢⎢⎣
Hk

hk+1,ke
T
k

⎤⎥⎥⎥⎦

Where Hk =

⎡⎢⎢⎢⎣
h11 · · · h1k
... . . . ...

hk1 · · · hkk

⎤⎥⎥⎥⎦, ek is the k-th unit vector of the Rn canonical basis and the matrices

Wk, ˜︁Hk verify:

[A(ω1),A(ω2), ....,A(ωk)] = Wk+1

(︂ ˜︁Hk ⊗ Ip

)︂
= Wk (Hk ⊗ Ip) + ωke

T
k (2.6)

Where: Wk+1 = [ω1, ω2, ..., ωk+1]

3. Deblurring process using Global-GMRES method

The Global Generalized Minimum Residual method (Global-GMRES) for solving the Sylvester

matrix equation plays a fundamental role in image deblurring. In this section, we outline the various

steps involved in this method, and some necessary theoretical tools.
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3.1. Global-GMRES method for solving generalized Sylvester matrix equation. The generlized

Sylvester matrix equation is in the form (2.4) i.e.

MXN + SXT = E

Where: M,S ∈ Rn×n, N,T ∈ Rp×p, and X ∈ Rn×p. This kind of equations occur in different numerical

approaches [12,13,19] such as: boundary value problems, reduction methods for large scale dynamical

systems and large eigenvalue problems. Among the best-known methods for solving this type of

equation is the Global-GMRES method [6,18]. It is founded on the following steps:

1. We construct an F-orthonormal basis {ω1, ω2, ...., ωk} of the Krylov subspace associated to the

pair (A, ω),Kk(A, ω) = span
[︁
ω,A(ω), ....,Ak−1(ω)

]︁
using modified global Arnoldi algorithm

such that: A(X) = MXN + SXT

2. Starting from an initial vector X0 ∈ Rn×p, the corresponding residual R0 = E −A(X0).

3. At iteration k, the approximate solution of the generlized Sylvester matrix equation (2.4) is

defined by:

Xk = X0 + Fk, where Fk ∈ Kk(A, R0) (3.1)

and

Rk = E −A(Xk) ⊥F Kk(A,A(R0)) (3.2)

The key to the G-GMRES method resides in reducing the problem’s size. The next theorem illustrates

how to achieve this reduction in dimensionality.

Theorem 2. At the iteration number k, the approximate solution to the problem (2.4) is given by:

Xk = X0 +Wk(yk ⊗ Ip) (3.3)

Such that: yk represents the solution of the following reduced problem

min
y∈Rk

⃓⃓⃓⃓⃓⃓
||R0||F e1 − ˜︁Hky

⃓⃓⃓⃓⃓⃓
2

(3.4)

Where e1 is the first vector of the canonical basis for Rk+1.

Proof. Our proof consists of two steps

Step 01:(The proof of (3.4))

According to the Global-GMRES method we have:

Xk = X0 + Fk/Fk ∈ Kk (A, R0)

= X0 +
k∑︂

i=1

yki ωi
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Where {ω1, ω2, ..., ωk} is the obtained orthonormal basis forKk (A, R0) using Arnoldi algorithm

=⇒ Xk = X0 + [ω1, ω2, ..., ωk] (yk ⊗ Ip)

= X0 +Wk (yk ⊗ Ip)

st: yk =
(︁
yk1 , y

k
2 , ..., y

k
k

)︁T
Step 02: (The proof of (3.5))

We have Rk = E −A(Xk) such that: Xk = X0 + Fk/Fk ∈ Kk (A, R0) then:

E −A(Xk) = E −A(X0)−
k∑︂

i=1

yki ωi

= R0 −A(Wk) (yk ⊗ Ip)

= ||R0||F ω1 −A (Wk) (yk ⊗ Ip)

= ||R0||F Wk+1 (e1 ⊗ Ip)−Wk+1

(︂ ˜︁Hk ⊗ Ip

)︂
(yk ⊗ Ip)

= ||R0||F Wk+1 (e1 ⊗ Ip)−Wk+1

(︂ ˜︁Hkyk ⊗ Ip

)︂
= Wk+1

(︂
||R0||F (e1 ⊗ Ip)−

(︂ ˜︁Hkyk ⊗ Ip

)︂)︂
= Wk+1

(︂
||R0||F e1 − ˜︁Hkyk

)︂
⊗ Ip

=⇒ ||E −A(Xk)||F =
⃓⃓⃓⃓⃓⃓
Wk+1

(︂
||R0||F e1 − ˜︁Hkyk

)︂
⊗ Ip

⃓⃓⃓⃓⃓⃓
F

= ||Wk+1||F
⃓⃓⃓⃓⃓⃓(︂

||R0||F e1 − ˜︁Hkyk

)︂
⊗ Ip

⃓⃓⃓⃓⃓⃓
F

=
⃓⃓⃓⃓⃓⃓(︂

||R0||F e1 − ˜︁Hkyk

)︂
⊗ Ip

⃓⃓⃓⃓⃓⃓
F
, (BecauseWk+1 is a unitary matrix)

On the other hand, we have: for any vector V ; ||V ⊗ Ip||F =
√
p ||V ||2, where Ip is the p × p identity

matrix.

=⇒ ||E −A(Xk)||F =
√
p
⃓⃓⃓⃓⃓⃓
||R0||F e1 − ˜︁Hkyk

⃓⃓⃓⃓⃓⃓
2

=⇒ min
X∈X0+Kk(A,R0)

||E −A(Xk)||F = min
y∈Rk

⃓⃓⃓⃓⃓⃓
||R0||F e1 − ˜︁Hky

⃓⃓⃓⃓⃓⃓
2

□

Remark 2. The problem (3.4) is equivalent to the following problem

˜︂R′
ky = ||R0||F ˜︂Q′T

k e1 (3.5)

Where ˜︁Hk = ˜︁Qk
˜︁Rk (represents the QR factorization of ˜︁Hk. ˜︂R′

k is the square matrix obtained from ˜︁Rk by

removing its last row, while ˜︂Q′
k is similarly obtained from ˜︁Qk by removing its last row ). For more details,

see [1].



Asia Pac. J. Math. 2026 13:147 9 of 16

Theorem 3. Let Rk be a residual obtained by the global-GMRES method at step k for solving generalized

Sylvester matrix equation (2.4), then Rk satifies the following properties:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Rk = αk+1Wk+1

(︂ ˜︁Qkek+1 ⊗ Ip

)︂
and

||Rk||F =
√
p |αk+1|

(3.6)

where αk+1 is the last component of the vector ||R0||F ˜︁QT
k e1, and eTk+1 = (0, 0, ..., 0, 1) ∈ Rk+1.

Proof.

1. We have: Rk = E −A(Xk)/ Xk = X0 +Wk (yk ⊗ Ip)

=⇒ Rk = E −A(X0)−AWk (yk ⊗ Ip)

According to Remark 1, we have: AWk = Wk+1

(︂ ˜︁Hk ⊗ Ip

)︂
=⇒ Rk = ||R0||F Wk+1 (e1 ⊗ Ip)−Wk+1

(︂ ˜︁Hk ⊗ Ip

)︂
(yk ⊗ Ip)

= Wk+1

[︂(︂
||R0||F e1 − ˜︁Hkyk

)︂
⊗ Ip

]︂
Using QR factorization of the matrix ˜︁Hk, we obtain:

Rk = Wk+1

(︂ ˜︁Qk ⊗ Ip

)︂ [︂(︂
||R0||F ˜︁QT

k e1 − ˜︁Rkyk

)︂
⊗ Ip

]︂
Let Vk = ||R0||F ˜︁QT

k e1 = (α1, α2, ..., αk+1)
T

Such that: (α1, α2, ..., αk+1)
T is the first column of ||R0||F ˜︁QT

k . On the other hand we have, yk is

the solution of the system: ˜︂R′
ky = ||R0||F ˜︂Q′T

k e1 = (α1, α2, ..., αk)
T .

So, ˜︁Rkyk = (α1, α2, ..., αk, 0)
T

=⇒ Rk = Wk+1

(︂ ˜︁Qk ⊗ Ip

)︂ [︂(︂
(α1, α2, ..., αk+1)

T − (α1, α2, ..., αk, 0)
T
)︂
⊗ Ip

]︂
= Wk+1

(︂ ˜︁Qk ⊗ Ip

)︂
[αk+1ek+1 ⊗ Ip] / ek+1 = (0, 0, ..., 1)T ∈ Rk+1

finally,

Rk = αk+1Wk+1

(︂ ˜︁Qkek+1 ⊗ Ip

)︂
2. we have Rk = αk+1Wk+1

(︂ ˜︁Qkek+1 ⊗ Ip

)︂
then:

||Rk||2F = Tr
(︂
αk+1Wk+1

(︂ ˜︁Qkek+1 ⊗ Ip

)︂)︂T (︂
αk+1Wk+1

(︂ ˜︁Qkek+1 ⊗ Ip

)︂)︂
= α2

k+1Tr
(︂
eTk+1

˜︁QT
k
˜︁Qkek+1 ⊗ Ip

)︂
on the other hand we have: ˜︁QT

k
˜︁Qk = Ik+1(˜︂Qkis a unitary matrix) and (eTk+1ek+1 = 1)

=⇒ ||Rk||2F = α2
k+1Tr (Ip) = α2

k+1p
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=⇒ ||Rk||F =
√
p |αk+1|

□

Algorithm 2 Global-GMRES for generlized Sylvester matrix equation
1: Choose X0, a tolerance ε,m is the Krylov subspace dimension and set k = 0.

2: Compute R0 = E − (MX0N + SX0T ), set β = ||R0||F and ω1 = R0/β.

3: if β < ε then

4: Stop

5: else

6: Set X0 = Xk

7: k = k + 1

8: ComputeW (m+1)
k ,W

(m)
k and ˜︁Hm

k applying Algorithm 1 to the pair (A, ω1).

9: Perform the QR factorization: ˜︁Hm
k = ˜︁Q(m)

k
˜︁R(m)
k

10: Determine yk as the solution of (3.5), and compute Xk = X0 +W
(m)
k (yk ⊗ Ip)

11: Using (3.6), compute Rk and β = ||Rk||F
12: Set ω1 = Rk/β

13: Go to 3.

14: end if

4. Proposed method

The deblurring problem involves estimating x̂, which is the solution of the following minimization

problem:

min
x∈Rnp

∥Ax− b∥

Here, A represents the blurring matrix, b = V ect(B) such that: B is the blurred image corrupted by a

Gaussian noise and x = V ect(X)where X is the deblured image. Applying Tikhonov regularization

technique we obtain the penalized problem in the following form:

min
x∈Rnp

(︁
∥Ax− b∥22 + λ2∥Lx∥22

)︁
In our case, the regularization matrix L is chosen to be the identity matrix Inp. Based on Proposition 1

in Section 2, we obtain an equivalent formulation of the penalized problem in the form of a Generalized

Sylvester matrix equation which is defined as follows:

AT
2 A2XAT

1 A1 + λ2X = AT
2 BA1/ A = A1 ⊗A2 (4.1)
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4.1. Parameter selection. As shown in various research studies on applied mathematics, which are

based on the Tikhonov regularization method, the selection of the regularization parameter λ is

determined through the minimization of the well-known GCV function [20–22] as follows:

GCV (λ) =
||Axλ − b||22[︁

tr
(︁
I −AA−1

λ AT
)︁]︁2 =

⃓⃓⃓⃓(︁
I −AA−1

λ AT
)︁
b
⃓⃓⃓⃓2
2[︁

tr
(︁
I −AA−1

λ AT
)︁]︁2 (4.2)

Where Aλ = ATA + λ2LTL (Aλ is an invertible matrix because it is positive definite) and xλ is the

solution of the system Aλx = AT b.

Theorem 4. If we assume the Generalized Singular Value Decomposition (GSVD) of the matrix pair ( ˜︁Hk, L)

in the following form: ⎧⎪⎨⎪⎩
˜︁Hk = UΣ ˜︁Hk

Z−1

L = V ΣLZ
−1

Where U, V are two unitary matrices, Σ ˜︁Hk
=

⎡⎣D ˜︁Hk

0TRk

⎤⎦ ,ΣL =

⎡⎣DL

0TRk

⎤⎦ and Z ∈ Rk×k is an invertible matrix.

(Note that D ˜︁Hk
= diag (σ1, σ2, · · · , σk) and DL = diag (l1, l2, · · · , lk)), then the GCV (λ) function can be

expressed by the following formula:

GCV (λ) =

k∑︂
i=1

(︄
b̃il

2
i

σ2
i + λ2l2i

)︄2

[︄
k∑︂

i=1

(︃
l2i

σ2
i + λ2l2i

)︃]︄2 / ˜︁b = UT b (4.3)

For more details see [?]. In our case L = Inp then the GCV formula can be expressed as follows:

GCV (λ) =

k∑︂
i=1

(︄
b̃i

σ2
i + λ2

)︄2

[︄
k∑︂

i=1

(︃
1

σ2
i + λ2

)︃]︄2 / ˜︁b = UT b (4.4)

4.2. Proposed algorithm. In this subsection, we will detail the steps involved in our proposed deblur-

ring method. In the field of image processing, the quality of the restored image is widely regarded

as a crucial indicator of a restoration technique’s effectiveness. Consequently, our method is built

around a trade-off between selecting the Krylov subspace dimension to reduce computational cost and

maintaining the quality of the reconstructed image, as measured by the PSNR which is defined by: The

following algorithm outlines the different steps of our approach.



Asia Pac. J. Math. 2026 13:147 12 of 16

Algorithm 3 Proposed deblurring method
1: Setm = 2 is the Krylov subspace dimension and PSNRm−1 = P0 a chosen value

2: Choose X0, a tolerance ε, λ > 0 and set k = 0.

3: Compute R0 = AT
2 BA1 −AT

2 A2X0A
T
1 A1, set β = ||R0||F and ω1 =

R0

β
4: if β < ε then

5: Stop

6: else

7: k = k + 1

8: ComputeW (m+1)
k ,W

(m)
k and ˜︁Hm

k applying Algorithm 1 to the pair (A, ω1).

9: Perform the QR factorization: ˜︁Hm
k = ˜︁Q(m)

k
˜︁R(m)
k and the (SVD) of the matrix H̃m

k

10: Find λopt as a solution minimizing the GCV function in (4.4).

11: Determine yk as the solution of (3.5), and compute Xk = X0 +W
(m)
k (yk ⊗ Ip)

12: Compute Rk = AT
2 BA1 −AT

2 A2XkA
T
1 A1 − λ2

optXk, set β = ||Rk||F and ω1 =
Rk

β
13: Go to 4

14: end if

15: Compute PSNRm

16: if |PSNRm − PSNRm−1| < ϵ then

17: Stop

18: else

19: m = m+ 1 and X0 = Xk

20: Go to 3

21: end if

5. Experimental results

This section presents some numerical examples concerning the restoration of blurred images. De-

blurring images is regarded as a highly significant field in image processing, where the resolution

of linear discrete ill-posed problems (1.1) is frequently encountered. In our case, the linear discrete

ill-posed problem (1.1) is considered in the following form: We denote by Xorg the original image,

and x = Vect(Xorg), where Xorg is a 256× 256 matrix of integer values in the range [0, 255]. The vector

b = Ax+η represents the noisy and blurred image, where η denotes the noise vector, whose components

distribution follows the normal distribution N(0, σ2), where σ is chosen to be a small positive value. A

is considered a blurring matrix, which is defined in the following manner: A = A1 ⊗A2 ∈ R2562×2562 ,
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where A1 = A2 = (aij) is the Toeplitz matrix defined by:

aij =

⎧⎪⎨⎪⎩
1

σ′
√
2π

exp
(︂
− (i−j)2

σ′2

)︂
, |i− j| ≤ r

0 otherwise
or aij =

⎧⎪⎨⎪⎩
1

2r − 1
, |i− j| ≤ r

0 otherwise

In our case, we use the PSNR to evaluate the quality of the restored image, which is defined by:

PSNR = 10 log10

(︃
2552

MSE

)︃
(5.1)

Following the simulation of our algorithm, we obtained the results presented below:

Figure 1. Mandril image(left) and Lena image (right)

Figure 2. cameraman image



Asia Pac. J. Math. 2026 13:147 14 of 16

Image Blurred and Noised image PSNR Restored image PSNR

Krylov

Subspace

Dimension

Mandril(Gaussian blur σ = 5, r = 35) 12,3425 dB 28,3472 dB k=3

Lena (uniform blur r = 35) 12,6431 dB 29,4211 dB k=3

Cameraman (Gaussian blur σ = 5, r = 35) 12,8645 dB 29,6120 dB k=3

Table 1. Exemple simple de tableau

Table 1 presents the PSNR values for three standard test images (Mandril, Lena, and Cameraman),

both before and after the restoration process, along with the dimension of the Krylov subspace used.

• The initial values of PSNR (for blurred and noisy images) are relatively low, around 12-13 dB,

reflecting a high degree of image degradation due to blur and noise.

• After restoration, the PSNR increases significantly, reaching values of between 28 and 30 dB,

indicating a marked improvement in image quality.

• During our simulations, we observed that a Krylov subspace dimension of k=3 is optimal for all

images, indicating that even a reduced dimension can be sufficient to achieve good restoration

quality.

6. Conclusion

In this paper, we propose an improved iterativemethod for solving large-scale discrete ill-posed linear

problems, by adopting an optimal basis selection strategy within the Krylov subspace framework, based

on Arnoldi’s procedure. The proposed approach has been successfully applied to image deblurring

tasks, demonstrating its practical effectiveness. The experimental results confirm the method’s ability

to improve the visual quality of the restored images while significantly reducing execution time thanks

to the optimized reduction of the Krylov subspace basis dimension. These interesting results indicate

that the proposed technique could be a valuable tool for other inverse problems in the field of image

processing and related areas.
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