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AsstrACT. In this article, by measure theory, we introduce and study the concept of u-Stepanov like
functions. We present new result on composition theorem for the space of such functions. As applications,
we establish some sufficient criteria for the existence and uniqueness of pseudo almost automorphic mild
solutions to two-term fractional differential equations, under the assumption that the forcing terms of the
equation are p-Stepanov like pseudo almost automorphic function. The working tools are an operator
theoretical approach based on certain families of strongly continuous operators Definition 2.1, Banach
fixed point theorem and Leray-Shauder alternative theorem. An example is given for illustration.

2020 Mathematics Subject Classification. 34A08; 43A60.

Key words and phrases. Measure theory; p-Stepanov-like pseudo almost automorphic function; Two-
term fractional order differential equations; Sectorial operator; Fixed point theorem and Leray-Shauder

alternative theorem.

1. INTRODUCTION

The concept of almost automorphic functions was first introduced in the literature by Bochner [13]
in relation to some aspects of differential geometry, it is a natural generalization of almost periodicity
[12], [13], for more details about this topic we refer the reader to the book [29] where the author gave
an important overview about the theory of almost automorphic functions and their applications to
differential equations.

The generalizations of almost automorphy follow a historical developpment (see Table 1 and the
references cited therein for more details). The relationship between the various almost automorphy is

depicted in Fig. 1, where M PAASP is the class of functions to be explored in this paper.
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In the last two decade, many authors have produced extensive literature on the theory of almost
automorphy, pseudo almost automorphy and weighted pseudo almost automorphy due to its signifi-
cance and applications in physics, mechanics, control theoy and mathematical biology. The existence of
almost automorphic solutions and its generalizations is among the most attractive topics in qualitative
theory of differential equations, one can see [ [10], [15], [44], [37]] for more details.

The concept of Stepanov-like pseudo almost automorphic functions was first studied in [16], it
generalizes the Bochner almost automorphy in a natural way. N'Guérékata and Pankov [30] introduced
the concept of Stepanov-like pseudo almost automorphy and applied this notion to study the existence
and uniqueness of an almost automorphic solution to the autonomous semilinear equation. Mophou
[41] studied the existence and uniqueness of a weighted pseudo almost automorphic mild solution
to a semilinear differential equation. Moreover, Chang, Zhang and N’'Guérékata [46] established
some properties, new composition theorems of Stepanov-like weighted pseudo almost automorphic
functions. Recently, Blot et al. [8] introduced the concept of y-pseudo almost automorphic functions
which is more general than the class of weighted pseudo almost automorphic functions. N’Guérékata
et all [17] studied the existence and uniqueness of p-pseudo almost automorphic mild solutions to
nonautonomous evolution equation. Baroun et al [6], studied the existence and uniqueness of y-pseudo
almost automorphic mild solutions to semilinear parabolic evolution equation.

Fractional differential equations have gained considerable importance due to their applications in
various fields of the science, such as physics, mechanics, chemistry engineering, etc. We refer to the
monographs of Kibas and al. [35,36], Diethelm [25] and the papers of Agarwal and al. [2], Benchohra
and al [1,7], Mophou and al [40], N'guerekata [31]. In particular, the study of abstract semilinear
fractional differential equation is one of the great interests. Many works have been done to prove
existence, uniqueness of the mild solutions with a prescribed qualitative property. Almost automorphy
of semilinear fractional differential equations was initiated by Araya and Lizama [4]. Zhang, Chang
and N'Guérékata [ 18] studied weighted pseudo almost automorphic mild solutions to semilinear
fractional differential equations. Therefore, many authors have made important contributions on
these topics [3,19,34,41,43]. However, the study of u-pseudo almost automorphic mild solutions for
two-term fractional differential equations with the forcing terms of the equation are p-Stepanov like
pseudo almost automorphic function remains open.

The objective of this paper is to present new result on composition theorem of ;1 —Stepanov like
pseudo almost automorphic functions Theorem 3.2. We establish sufficient conditions ensuring the
existence and uniqueness of —pseudo almost automorphic mild solutions for two-term fractional

differential equations in the form:

D¢ (t) + yDPu(t) = Au(t) + DY f(t,u(t), teR, 0<a< B <1, v>0, (1)
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where A is a sectorial operator of angle 3 7, the fractional derivative is understood in the Weyl sense
and the forcing term f of the equation is ;i-Stepanov-like pseudo almost automorphic. X is a Banach
space and BC(R, X) denotes the Banach space of bounded continuous functions from R to X, equipped

with the supremum norm || f||oc = sup || f(¢)]].
teR

TabLE 1. Historical development of almost periodicity and almost automorphy

Function Original reference
Almost periodic (AP) Bochner (1927) [11]
Asymptotic almost periodic (AAP) Fréchet (1941) [27]
Pseudo almost periodic (PAP) Zhang (1992) [45]
Pseudo almost periodic with measure (M PAP) Blot and al. (2011) [9]
Stepanov-like almost periodic (APSP) Stepanov (1925) [42]
Stepanov-like pseudo almost periodic (PAPSP) Diagana (2007) [20]
Almost automorphic (AA) Bochner (1955) [14]
Asymptotic almost automorphic (AAA) N’Guérékata (1981) [28]
Pseudo almost automorphic (PAA) Xiao and al. (2008) [44]
Stepanov-like almost automorphic (AASP) Casarino (2000) [16]

Stepanov-like pseudo almost automorphic (PAASP) Diagana (2009) [23]
Stepanov-like pseudo almost automorphic with K.Ezzinbi (2016) [26]
measure (M PAASP)

AP ——————» AAp ———» PAP » MPAP
Aps? > papsF » NPAPSE
AASE PAASY — APAAST
¥ / v v / v
AL —————» AAA ————— PAA » MPAL

Ficure 1. Relationship between almost periodic or automorphic functions and their

extensions, where ” — 7 denotes subset relation” C ”.

The organization of this work is as follows: In Section 2, we recall some definitions, theorems on

fractional derivative, almost automorphic functions, p-pseudo almost automorphic functions and
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p-Stepanov-like pseudo almost automorphic functions. In Section 3, we give our main results, we prove
the composition result of Stepanov p-pseudo almost automorphic functions with few assumptions and
we prove the existence and uniqueness of a pi-pseudo almost automorphic mild solution to the two-term
fractional order differential equation (1) when the forcing term f is p-Stepanov-like pseudo almost
automorphic and Lipschitz continuous Theorem 3.6 and 3.7 and not Lipschitz continuous Theorem 3.8
and 3.9 using nonlinear Leray-Schauder alternative theorem. An application is given in Section 4, to
illustrate the results obtained. An historical development of almost periodicity and almost automorphy

is given in the end of the article.

2. PRELIMINARIES

In what follows we recall some definitions, notations and some basic results of almost automorphy
and its extensions that we need in the sequel. First, we introduce some classical notations.

Let (X, [|.|I), (Y, ||.|ly) be two Banach spaces, C(R,X) (resp. C(R x X,Y)) stands of the set of con-
tinuous functions from R to X (resp. from R x X to Y), BC(R, X) (resp. BC(R x X, Y)) denotes the
Banach space of bounded continuous functions from R to X (resp. from R x X to Y), equipped with

the supremum norm || f{|oc = sup || f(¢)]|
teR

ta—l
2.1. Fractional derivative. Let o > 0 be given, we denote g, (t) = m, t > 0, where I is the Gamma
@

function. Given a vector-valued function u : R — X, the Weyl fractional integral of order a@ > 0 is
defined by

D; %u(t) = / ga(t — s)u(s)ds, t € R,

—0o0

when the integral is convergent.

The Weyl fractional derivative Df*u of order o > 0 is defined by

d*  _(n—a
Dfu(t) = %Dt ( )u(t), t € R, wheren = [o] + 1.

Itis known that Df* D; “u(t) = u(t) for any o > 0. One can see Miller and Ross [39] for more information

and further details.

2.2. Sectorial operators and their properties. In this section, we introduce definitions, notations,
lemmas and preliminary facts which are used throughout this work.
First, let us recall that a closed and densely defined linear operator A is said to be w-sectorial if there

exist @ € [0, 5[, M > 0and w € R such that its resolvent exists in the sector

wtSp={wtA:AeC, |arg(\)] <g—|—0}\{w},
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and
M

—_ A<
=47 < 2

, A E w4+ Sy

Let .Z(X) be the space of bounded linear maps from the Banach space X into itself.

Definition 2.1. [33] Let v > 0and 0 < «, 8 < 1 be given. Let A be a closed linear operator with domain
D(A) defined on a Banach space X. We call A the generator of an (cv, 3)-reqularized family if there exist w > 0
and a strongly continuous function S, 5 : RY — L(X) such that {\**! + )\ : ReX > w} C p(A) and

HNz =X\t )\ — A le = / exp(—At)Sq g(t)xdt, ReA > w, z € X.
0

Lemma 2.2. [33] Let « > 0,8 < 1,y > 0. There exists Laplace transformable functions
aap € CLRT) and K, g € C*(RT) such that

dK A

) 1
G (N) = Sz ns M Kas(N) = S5

From the above lemma, note that a, 3 = go * K, . Moreover K, 3(0) = 1 and K, g is differentiable,

for an explicit representation see [33].

Proposition 2.3. [33] Let 0 < o, 8 < land v > 0. Let S, g(t) be an (o, 5),-regularized family on X with
generator A. Then the following assertions hold true:
(i) Sa,p(t) is strongly continuous and S, g(0) = I.
(ii) Forallx € D(A)andt > 0, we have S, g(t)x € D(A) and AS, g(t)x = Sq 5(t)Ax.
(iii) Let x € Xandt > 0. Then /Ot a,3(t — 5)Sa,p(s)xds € D(A) and

¢
Sas(t)r = Kap(t)z + A / (g * Koo )t — )5 p(s)eds.
0
(iv) Forall x € D(A) we have S, 5(.)z € C*(RT; X).

Theorem 2.4. [33]Let0<a < B <1, vy>0andw < 0. Assume that A is an w-sectorial operator of angle
B%, then A generates an (c, 8)~-regularized family S, p(t) satisfying the estimate

C

S, 5] < ,t>0,

for some constant C' > 0 depending only on «, B.

Lemma 2.5. [18] Let {S(t)}+>0 C B(X) be a strongly continuous family of bounded and linear operators such
that ||S(t)|| < w(t), t € RT, where w € LY(R™) is nonincreasing. Then, for each f € AASP(R,X),

/ t S(t — s)f(s)ds € AA(R, X).
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2.3. Almost automorphic functions.

Definition 2.6. [30](Bochner). A continuous function f : R — X is said to be almost automorphic if for every

sequence of real numbers (s),)nen there exists a subsequence (sy,)nen Such that:

g(t) = lim f(t+ sy) is well defined for each t € R and

n—oo

lim g(t — s,) = f(t) foreach t € R.

n—o0

The collection of all such functions will be denoted by AA(R, X).

Remark 2.7. Note that in the above limits the function g is just measurable. If the convergence in both limits
is uniform in t € R, then f is almost periodic. The concept of almost automorphy is then larger than almost

periodicity. If f is almost automorphic, then its range is relatively compact, thus bounded in norm.
Example 2.8. Let K : R — R be such that
1

K(t) = sin ort € R.
®) <2+cost+cosﬁt> f

Then K is almost automorphic, but it is not uniformly continuous on R. Therefore, it is not almost periodic.

Proposition 2.9. [29] Let fi, f2, f € AA(R,X) and X € R. Then, the following are true:
(i) M1+ fo € AAR,X).
(ii) The set {f(t) : t € R} is relatively compact in X.
(iii) The space AA(R,X) is translation invariant, i.e., forall T € R, f € AA(R,X) implies f(. + 1) €
AAR,X).
(iv) The space AA(R,X) equipped with the supnorm is a Banach space.
(v) fisboundedi.e., igﬂg lf @O < oo.

Definition 2.10. [27] A continuous function f : R x X — Xis called almost automorphic in t € R uniformly
in x € B where B C X is any bounded subset, if for every sequence of real numbers (s, )nen there exists a

subsequence (S, )nen such that

g(t,x) = Um f(t+ sp,x) is well defined for each t € R and

n—o0

lim g(t — sn,x) = f(t,x) for each t € R uniformly in x € B.

n—oo

The collection of those almost automorphic functions is denoted by AA(R x X, X).

Theorem 2.11. [22] Let f : R x X — X be an almost automorphic function. Suppose that f is Lipschitzian in
t € R, that is, there exists L > 0 such that

1t x) = f(t )l < Lllz —yll, forall (z,y) € X x Xand t € R.
If p € AA(R, X)), then F : R — X defined by F'(.) = f(.,¢(.)) belongs to AA(R, X).
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2.4. p-pseudo almost automorphic functions.

Definition 2.12. [38]

(i) A bounded continuous function with vanishing mean value can be defined as

T
AAR,X) = {f € BC(R,X) : lim 1/ | f(o)|ldo = 0}.
T—o0 2T -T
(i) Wealso define AAy(R x X, X)) to be the collection of all functions
f:t— f(t,z) € BC(R x X, X) satisfying

1 T
lim / 1f (o, 2)|ldo =0,
o T

uniformly for any bounded subset of X.

Definition 2.13. [38] A continuous function f : R — X (R x X — X)) is said to be pseudo-almost
automorphic if it can be decomposed as f = g + ¢, where g € AA(R,X) (AA(R x X, X)) and ¢ € AAy(R,X)
(p € AA)(R x X, X)).

Denote by PAA(R,X) (PAA(R x X, X)) the set of all such functions.
The space PAA(R, X) (PAA(R x X, X)) is a Banach space.

Theorem 2.14. [3/] Let f = g+ ¢ € PAA(R x X, X) with g(t,z) € AAR x X, X)),
o(t,z) € AAo(R x X, X). Assume:
(i) g(t, z) is uniformly continuous on any bounded subset uniformly for t € R.

(ii) There exists a nonnegative function € LP(R), (1 < p < oo) such that
|f(t,z) — f(t,y)|| < p@)||z—yl, forall z,y € Xand t € R.

Ifz(t) € PAA(R,X), then f(.,z(.)) € PAA(R,X).

In the following we denote by B the Lebesgue o-field of R and by M the set of all positive measures
p on B satisfying p(R) = 400 and p([a, b]) < +oo, forall a,b € R (a < b).

Definition 2.15. [8] Let n € M. A bounded continuous function f : R — X is said to be p-ergodic if

im0 dutt) =0,

rotoo (u[=r,7r]) J-

We denote the space of all such functions by M AAy(R, X, ).

MAAY(R, X, 1) = {f € BC(R,X) : lim 1])/_ £ (&) ldu(t) = 0}.

e [

Definition 2.16. [8] Let 1 € M. A continuous function f : R — X is said to be p-pseudo almost automorphic
if f is written in the form f = g + ¢, where g € AA(R,X) and ¢ € MAA(R, X, p).
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We denote the space of all such functions by M PAA(R, X, 11). Thus we have
AA(R,X) Cc PAAR,X) C MPAAR, X, ) C BC(R,X).

Definition 2.17. [8] A continuous function f : R x X — Y is said to be almost automorphic in t uniformly

with respect to x in X if the following two conditions are hold

(i) Forallz € X, f(.,z) € AAR,Y).
(ii) f is uniformly continuous on each compact set K in X with respect to the second variable x, namely, for

each compact set K in X, for all ¢ > 0, there exists § > 0 such that for all x1,x2 € K, one has

|21 — 22 [< 0 = sup||f(t,21) — f(t, z2)|| <e.
teR
Denote by AAU (R x X,Y) the set of all such functions.

Definition 2.18. [5] Let u € M. A continuous function f : R x X — Y is said to be pi-ergodic in t uniformly

with respect to x in X if the following two conditions are true:

(i) Forallz € X, f(.,z) € MAA(R,Y, p).

(ii) f is uniformly continuous on each compact set K in X with respect to the second variable x.
Denote by M AA U (R x X, Y, uu) the set of all such functions.

Definition 2.19. [&] Let p € M. A continuous function f : R x X — Y is said to be u-pseudo almost
automorphic in t uniformly with respect to x in X if f is written in the form: f = g+, where g € AAU (RxX,Y)
and p € MAAU (R x X, Y, p).

MPAAU R x X,Y, ) denotes the set of all such functions.

We have the following inclusion:
AAUR x X,Y) € MPAAU R x X, Y, ).
As a consequence of definitions 2.17, 2.18 and 2.19 , we deduce the following result.

Proposition 2.20. [8] Let p € Mand f : R x X — Y be u-pseudo almost automorphic in t uniformly with

respect to x in X. Then
(i) Forallz € X, f(.,z) € MPAA(R,Y, ).
(ii) f is uniformly continuous on each compact set K in X with respect to the second variable x.

Remark 2.21. [&]

(i) Without assumption on the measure 1, decomposition of the corresponding pi-pseudo almost automorphic

function is not unique.
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(ii) The p-weighted pseudo almost automorphic function is p-pseudo almost automorphic, where the measure
w is absolutely continuous with respect to the Lebesgue measure and its Radon-Nikodym derivative is p:
dp(t)

i p(t).

For 1 € M and 7 € R, we denote /i, the positive measure on (R, B) defined by
pr(A) =p({a+7:a€ A}) for A € B.

From 1 € M, we formulate the following hypothesis.
(C) For all 7 € R, there exist # > 0 and a bounded interval I such that

pr(A) < Bu(A), when A € B satisfies AN T = ().

Theorem 2.22. [&] Let n € M satisfies (C). Then M AAy(R,X, p) is translation invariant, therefore
MPAA(R, X, p) is also translation invariant.

Denote by L!(R,.#(X)) the Lebesgue space with respect to the Lebesgue measure on R.

Theorem 2.23. [5] Let u € M satisfies (C). If f € MPAA(R,X,pn) and G € LY (R, £ (X)), then the
convolution product f = G defined by

(f*xG)(t) = /00 G(s)f(t — s)ds fort € R,

is also p-pseudo almost automorphic. In fact if f € AAR,X), then f+ G € AAR,X) and if f €
MAAGR,X, ), then f G € MAAGR, X, o).

Theorem 2.24. [8] Let p € M, f € MPAAUR x X,Y, pu) and x € MPAA(R, X, u). Assume that the
following hypothesis holds.

(H) For all bounded subset B of X, f is bounded on R x B.

Then [t — f(t,x(t))] € MPAA(R,Y, u).

Corollary 2.25. [8] Let p € Mand ¢ € C(X,Y) be bounded namely 1 takes bounded sets in bounded sets. If
x € MPAAR, X, ), then [t — (x(t))] € MPAA(R,Y, ).

2.5. Stepanov-like p-pseudo-almost automorphic functions. Let LP(R, X) denote the space of all
classes of equivalence (with respect to the equality almost everywhere on R) of measurable functions

f: R — Xsuch that || f|| € LP(R,R). Let L?

oe(R, X) stand for the space of all classes of equivalence of

measurable functions f : R — X such that the restriction of f to every bounded subinterval of R is in

LP(R, X).

Definition 2.26. [24](Bochner transform) The Bochner transform f°(t,s) with t € R, s € [0, 1] of a function
f: R — Xis defined by f°(t,s) = f(t + s).
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Remark 2.27. [24]
(i) Afunctioni(t,s), t € R, s € [0, 1], is the Bochner transform of a certain function f,(t, s) = f°(t, s),
ifand only if (t + 1,5 — 1) = P(s,t) forallt e R, s € [0,1] and 7 € [s — 1, 5].
(ii) Note that if f = h + ¢, then f® = h? + . Moreover, (\f)® = \f° for each scalar \.

Definition 2.28. [24] The Bochner transform f°(t,s,u) witht € R, s € [0,1], u € X of a function
f R x X — Xis defined by f°(t,s,u) = f(t + s,u) for each u € X.

Definition 2.29. [24] Let p € [1,00). The space BSP(R, X) of all Stepanov bounded functions, with exponent
p, consists of all measurable functions f : R — X such that f® € L>(R, L?(0, 1;X)). This is a Banach space

with the norm
\ t41 -
[ fllse = [1£°l| oo (&, Lr) = sup </ If(T)deT>
teR \J¢

Remark 2.30. Let 1 < p < oo. A function f € L} (R,X) is said to be bounded in the sense of Stepanov if
| f||s» is finite, where

t41 i 1 L
1l :sup(/ ||f(5)||”d8) sup( / If(t+8)|”d8> — sup (¢ + Loy
t teR 0 teR

tER

The following inclusions hold: BC(R,X) C BSP(R,X) c L} (R,X).

loc

Remark 2.31. [20] Functions of BSP(R, X) may not be bounded. For example, let p > 1 and f be the function
defined by
Eok<t<k+ - withk e N,
£(t) = b
0  otherwise.

Then, f is not bounded ; however, f € BSP(R,X) , in fact
t+1 [t]+2
| e < /[ s

[t]+1

- / I lPds =2,

k=]t]
Definition 2.32. [30] The space AASP(R, X) of Stepanov-like almost automorphic (or SP-almost automorphic)
functions consists of all f € BSP(R,X) such that f® € AA(R, L?(0,1;X)).

In other words, a function f € LY (R,X) is said to be SP-almost automorphic if its Bochner transform

loc
f2 R — LP(0,1;X) is almost automorphic in the sense that for every sequence of real numbers (s},)nen there

P (R, X) such that
hm (/ | f(t+sn+s)—g(t+ s)des> "~ 0and

exists a subsequence (s )nen and a functzon geL

1 :
lim (/ llg(t — sp + ) —f(t+s)des> =0,
0

n—oo

pointwise on R.
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Remark 2.33. [30] It is clear that if 1 < p < q < oo and f € L} (R,X) is S9-almost automorphic, then f is

loc

SP-almost automorphic. Also if f € AA(R,X), then f is SP-almost automorphic for any 1 < p < oo.
Theorem 2.34. [30] Forall 1 < p < oo, (AASP(R,X), ||.||sr) is a Banach space.

Definition 2.35. [?1] A function f : R x X — X given by (t,u) — f(t,u) with f(.,u) € LP(R,X) for each
u € X, is said to be SP-almost automorphic in t € R uniformly in v € X ift — f(t,u) is SP-almost automorphic
for each w € X. That means, for every sequence of real numbers (s),)nen there exists a subsequence (sy)pen and

a function g(.,u) € LP(R,X) such that

n—oo

1
) 1
lim </ | f(t+ sn+s,u) —g(t—i—s,u)\pds)p = 0and
0

1
) 1
lim (/ llg(t — sn + s,u) —f(t—i—s,u)\pds)p =0,
0

n—oo

pointwise on R and for each v € X.
We denote by AASP(R x X, X) the set of all such functions.

Lemma 2.36. [0] Let1 < p < +ooand f : R x X — Y be a function such that f(.,z) € L} (R,Y) for each
xz € X. Then, f € AASPU (R x X,Y) if and only if the following hold:

(i) Foreachx € X, f(.,z) € AASP(R,Y).

(ii) f is SP-uniformly continuous with respect to the second argument on each compact subset K in X,

namely: for all € > O there exists d i . such that for all x1,xo € K, we have

1
t+1 »
|lz1 — x| < 0k = (/ | f(s,21) — f(s,@)]@ds) ’ Leforallt e R.
t

Theorem 2.37. [0]
Let 1 <p < +ooand f € AASPU(R x X,Y). Assume that uw € AA(R, X). Then,
f(,u(.) € AASP(R,Y).

Now, we give the definitions and important properties of i-SP-pseudo almost automorphic functions.

Definition 2.38. [26] Let i € M. A function f € BSP(R,X) is said to be p-ergodic in the sense of Stepanov

The space of all such functions is denoted by M AA,SP(R, X, p).

(or pu-SP-ergodic) if

T—00 [4 —r

P — P . imé ' . S p s % _
MAAGS (R,X,u)_{feBS R,X): 1 ([_r’r])/ </t 1) d> du(t)—O}.

Remark 2.39. [5] Using the above definition, we obtain that, f € M AASP(R,X, ) if and only if f* €
MAA)(R, LP(0, 1;X), p).
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Theorem 2.40. [20] Let p satisfy (C) and f € MAAs(R, X, p). Then, f € M AA SP(R, X, p) forall p > 1.

Definition 2.41. [5] Let p € M. A function f : R x X — Y such that f(.,x) € BSP(R,Y) for each x € X
is said to be j1-SP-ergodic in t with respect to x in X if the two following hold

(i) Forallz € X, f(.,z) € MAA)SP(R, Y, ),

(ii) f is SP-uniformly continuous with respect to the second argument on each compact subset K in X in

the following sense: for all € > 0 there exists 0 . such that for all x1,x2 € K one has

1
t+1 »
lz1 — 22|l < 0k e = </ | f(s,x1) — f(s,xg)H%’{ds) ’ <eforallt € R.
t
Denote by M AA SPU (R x X, Y) the set of all such functions.

Corollary 2.42. [0] Let u € M satisfies (C). Assume that uw € AA(R, X) and
f e MAAGSPU R x X, Y, u). Then f(.,u(.)) € MAAGSP(R,Y, u).

Definition 2.43. [1/] Let » € M. A function f € BSP(R,X) is said to be u-Stepanov-like pseudo almost
automorphic (or p-SP-pseudo almost automorphic) if it can be expressed as
f =g+ where g € AASP(R,X) and ¢* € M AAy(R, LP(0, 1;X), p).

In other words, a function f € LY (R,X) is said to be y-Stepanov-like pseudo almost automorphic relatively
to the measure p, if its Bochner transform
fo i R — LP(0,1;X) is u pseudo almost automorphic in the sense that there exist two functions g, ¢ :

R — X such that f = g+ o, where g € AASP(R,X) and ©* € MAAy(R, LP(0,1;X), ), that is o° €

BC(R, LP(0,1;X), u) and
r t+1 %
i [ ([ et dut <o

Denote by M PAASP(R, X, 1) the set of all such functions.

Definition 2.44. [1/] Let € M. A function f : R x X =Y, (¢t,u) — f(t,u) with
f(,u) € LY

loc

(R,Y) for each u € X, is said to be p-Stepanov-like pseudo almost automorphic (or u-SP-
pseudo almost automorphic) if it can be expressed as f = g + ¢, where g € AASP(R x X,Y) and ¢ €
MAAO(Ra Lp(07 17 Y)a :u)

We denote by M PAAST (R x X, Y, i) the set of all such functions.

Theorem 2.45. [17] Let i € M satisfies (C). If f € MPAA(R, X, u) then f € MPAAST (R, X, u) for each
1 < p < oco. In other words, MPAA(R, X, u) € MPAASTY (R, X, ).

Theorem 2.46. [1/] Let u € M satisfies (C). Then M AAo(R, LP(0, 1; X), w) is translation invariant, therefore
MPAAST (R, X, u) is also translation invariant.
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Theorem 2.47. [17] Let 4 € M. Assume that MPAAST (R, X, u) is translation invariant. Then
(MPAAST (R, X, ), ||.||s») is a Banach space.

Proposition 2.48. [0] Let p € M and f € MPAASPU(R x X, Y, p), for 1 < p < +o0. Then, the following
holds:

(i) Foreachx € X, f(.,x) € MPAASP(R,Y, p).
(ii) f is SP-uniformly continuous with respect to the second argument on each compact subset K in X in

the following sense: for all € > 0 there exists 0 . such that for all x1,x2 € K, one has:

1
t+1 P
|lz1 — 22| < 0k = (/ | f(s,21) — f(s,m)@ds) <eg, forallt € R.
t

Theorem 2.49. [17] Let u € M. Suppose that f = g+p € MPAASY (RxX, X, p) withg € AASP(RxX, X),
b € MAANX, LP(0,1;X), u) which satisfies the following assumption: There exists a constant L > 0 such
that for all u,v € Xandt € R,

1f(t,w) = f(&0)|| < Lflu = vl

Ifu = a+f3 € MPAASP(R,X, p) with « € AASP(R,X), B € MAAG(LP(0,1;X), 1) and K, =
{a(t),t € R} is compact. Then f(.,u(.)) € MPAASP(R, X, u).

Theorem 2.50. [6] Let yu € M satisfies (C) and f : R x X — Y. Assume that:
(i) f=g+pc MPAASTUR x X, Y, ) with g € AASPU(R x X, Y) and
€ MAASPU (R x X, Y, p).
(ii) u = +uy € MPAAR,X, p1), where u; € AA(R,X) and uy € MAAR, X, p).
(iii) For every bounded subset B C X the set A := {f(.,x),x € B} is bounded in BSP(R, X).

Then f(.,u(.)) € MPAAST (R, Y, u).

2.6. Compactness criterion. We recall a useful compactness criterion. Let 4 : R — R be a continuous

function such that A(t) > 1 forallt € Rand lim h(t) = co.

[t| =00
We consider the space C,(X) := {u € C(R,X), | l‘im ZEZ = 0}. Then, C(X) is a Banach space en-
t|—o0
dowed with the norm ||ul|;, = sup [u(o)l .
ter  N(t)

Lemma 2.51. [37]

A subset K C C,(X) is relatively compact set if K verifies the following conditions:
(i) Theset K(t) = {u(t) : u € K} is relatively compact in X for each t € R.
(ii) The set K is equicontinuous.

(iii) For each € > 0 there exists L > 0 such that ||u(t)| < eh(t) forallu € K and all |t| > L.
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Theorem 2.52. [32] (Leray-Schauder Alternative Theorem). Let D be a closed convex subset of a Ba-
nach space X such that 0 € D. Let F' : D — D be a completely continuous map. Then the set
{r € D:xz=pF(z), 0<p <1} isunbounded or the map F has a fixed point in D.

3. MAIN RESULTS

In this section, we prove the existence and uniqueness of -S?- pseudo almost automorphic mild
solutions to the two-term fractional order differential equation. Firstly, we establish a new composition

result of 1-SP-pseudo almost automorphic functions.

3.1. Composition result of ;1S” pseudo almost automorphic functions. Let
f=g9g+¢pe€ MPAASP(R x X, Y, u), where g € AASP(R x X,Y) and p € MAAGSP(R x X, Y, ).
In the basis of Remark 3.1 below, we introduce the following hypothesis:

(HO0) For all p > 1, there exists a nonnegative function Lf(.) € BSP(R, R) such that:

[f(t2) = f(ty)lly < Lp(t)||lz -yl forallz,y € Xand t € R.

Remark 3.1.
(a) Note that under the condition (HO) the function f(.,z(.)) € BSP(R,Y).
(b) The hypothesis (HO) implies the statement Lemma 2.36-(ii). Indeed, for all compact subset K of X and

€ > 0 there exists ¢ = such that for all x1,x9 € K, one has ||z1 — x2|| < 0k implies

€
L+ [ LyllBse

(" st - g<5,$2)ugds)’l’

N

I Lsllsel|z1 — 22|
< [Lyllspdre

< g forallt € R

(c) Assume that (HO) is satisfied, then the following are true
(i) For all function g : R x X — Y such that g(.,z) € L} (R,Y) for each x € X which satisfies
Lemma 2.36-(1) and by the above Remark (b). Then g € AASPU (R x X,Y).

(ii) For all function ¢ : R x X — Y such that ¢(.,z) € BSP(R,Y) for each = € X which satisfies
Definition 2.41-(i) and by the above Remark (b). Then

€ MAASPUR x X, Y, p).

Now, we present and prove a new composition theorem for yi-SP-pseudo almost automorphic functions

under few conditions.
Theorem 3.2. Let u € M satisfies (C), f : R x X — Y be a function such that
f=9g+pe MPAASP(R x X, Y, p) satisfying:

(i) Foreachx € X, g(.,x) € AASP(R,Y) and ¢(.,x) € MAA)SP(R,Y, p).
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(i) u=1wu1 +us € MPAA(R, X, ) where u; € AAR,X) and us € MAAN(R, X, p).
(iii) f satisfies the hypothesis (HO).
Then f(.,u(.)) € MPAAST (R, Y, u).

Proof. Let f =g+ ¢ € MPAASP(R x X,Y, i), where g € AASP(R x X,Y),
e MAASP(R xX,Y, ). Then, g € AASPU(R x X,Y) (resp. ¢ € MAA SPUR x X, Y, 1)), by using
the above Remark 3.1-(c)-() (resp. (¢)-(ii)). Then, we have the following decomposition

ftut) = g(t,ua (@) + [F(tut) = F(tu(E)] + ot u (1))

Define G(t) = g(t, u1(t)), F(t) = f(t, u(t)) — f(t,ur(t), A(t) = @(t, ur(t)).

Since g € AASPU(R x X,Y) and u; € AA(R, X), it follows from Theorem 2.37 that

G(.) € AASP(R,Y). Since p € MAA(SP(R x X, Y, p) and u; € AA(R, X), by using Corollary 2.42, we
deduce that A(.) € MAASP(R,Y, p).

To show that f(.,u(.)) € MPAASP(R,Y, u), it is sufficient to prove that F'(t) € M AA)SP(R,Y, ).
Indeed, in view of the hypothesis 1(HO), we claim for > 0 large enough, that

/ ( ||u<>—u1<s>||pds> an(t)

- = [ et >||pds)’l’du<t>

_ / < (Lt + 5)] Hw(t—i—s)des);du(t)

-l

supyep |LY (0,1

_ Ll 7y
- N([—T,r])/_T” 2(t)[ldp(t)

Since uy € M AA(R, X, ) and by using Theorem 2.40, we deduce that us € M AA)SP(R, X, p).

N

dp(t)

Ol

Lr(0,1;R)

Therefore, the right hand side in the last inequality goes to 0 as 7 — +o00. Consequently,

Jim e | ( / - IIF(S)III{gdS);dM(t) 0. .

3.2. Existence of ;-pseudo-almost automorphic mild solution with Lipschitz condition. We consider

the two-term fractional order linear differential equation
D8 u(t) +yDlu(t) = Au(t) + DR f(t), te R, 0<a< B <1, y=0. (2)

The following theorem established in [3] guarantees the existence of mild solutions of equation (2).
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Theorem 3.3. Let A be a generator of the («, 3)-regularized family {Sq 5(t)}i=0. Then, equation (2) admits a

mild solution given by .

u(t) = / Sap(t —s)f(s)ds, t € R,
provided that {S, g(t) }+>0 exists and integrcfbﬁ.

The following Definition is inspired by the above representation of mild solutions for the problem

(2) establish by Alvarez-Pardo and Lizama in [3].

Definition 3.4. [3] Assume that A generates an integrable (o, 3)-regularized family { S, 5(t) }+>0. A function
u : R — X satisfying the integral equation

u(t) :/_ Sug(t — ) f(s,u(s))ds, ¢ € R,

is called a mild solution on R to the problem (1).

We suppose the following:

(H1) Ais asectorial operator of angle 37.

(H2) fis Lipschitz in z € X uniformly in ¢ € R, namely, there exists a constant L > 0 such that:

|f(t,z) — f(t,y)|| < L||z —y||, forallz,y € Xand t € R.

Lemma 3.5. Let u € M satisfies (C). If f = g+ ¢ € MPAASP(R, X, ) with g € AASP(R,X) and
b € MAA(R, LP(0,1;X), u). Then

¢

V(t) = / Sap(t —s)f(s)ds € MPAA(R, X, p).

Proof. Let f = g+ ¢ with g € AASP(R,X) and ® € M AAG(R, LP(0,1;X), u).
V() = / Sa,p(t —s)f(s)ds

= / Sa,p(t = s)[g(s) + o(s)]ds

t
= / Sa,p(t —s)g(s)ds + / Sa.p(t — 5)p(s)ds

= )+ (1),
where G(t / Sa,g(t —s)g(s)ds and ®(t) = /t Sa,a(t — 5)p(s)ds.
It is sufficient to show that G(¢) € AA(R, X) and (ID_(?S € MAALR, X, ).
First, we prove that G(t) € AA(R, X). Since A is an w- sectorial operator of angle 57, then by Theorem
2.4 we have C
1Sa,s®)] < fort >0,

L+ ol (o)
for some constant C' > 0 depending only on a an
C

1+ |w|(tet! 4+ 4t8)

Since 0 < a < B < 1 we deduce that w(t) = € L'(R™) and is non-increasing.

Indeed, for 0 < ¢t < y we have
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C C
L+ |wl(tt T+ 4t8) 1+ |w|(yot! +4yP)
1+ |wl (! +99°) — 1 — Jw| @ +1tP)
(L4 |w| (gt +4yP)) (1 + |w| (¢t 4 42P))
ot — et 4y (yf —1F)
(14 Jwl|(yett +yyP)) (14 |w|(toFL +417))

w(t) -~ w(y) =

= Clv]

which gives that w(t) > @w(y). Then w(t) is non-increasing and since g(t) € AASP(R,X) it follows
from Lemma 2.5 that G(t) € AA(R, X).
Now, we prove that ®(t) € M AA(R, X, p1). Define

t—n
By (1) = /t Saplt = 0)plo)do. forn = 0,1,2.3..

Then,

|20 < / _”1|rsa,g<t—a>mso<a>uda

—_n—

n+1
- / 15as(0) |l 0(t — o)lldo

n+1 C
< t— d
| o lett - oo

n+1 C
< t—o)|d
| e et -l

C n+1 » %
e e ore)

Therefore, for r > 0

1 T C
s | Il < e

(] "t - a>||pda);du<t>.

Using the fact that the space M AA(SP(R, LP(0, 1;X), p1) is translation invariant, it follows that ¢(t —
o) € MAA)SP(R, LP(0, 1;X), i), the above inequality leads to ®,,(t) € M AA(R, X, i) for each n =

C

1L+ |w|(n*t! +ynf)
Since0 < a < < 1,thenl <1+ a < 2 and therefore

e 1
1,5 = d 3
B /0 1—|—|w\(sa+1—|—’ysﬁ) s (3)

The above inequality leads also to ||®,,(t)| < llo|lsp-

is convergent on R. Since

) C oo n+1 C
< C d
nz:%l+]w|(na“+7n5) +nz::1/” 1+ |w|(soH! 4 ysP) §

o0 C
< C+ d
/0 1+ [w|(s+ 4+ 7s%) ™

= C(l +Iaﬁ) < 0.
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[e.e]
It follows from the Weierstrass test that the series Z ®,,(t) is uniformly convergent on R and ®(¢) =

n=0

t 00
/ Sa,p(t —s)p(s)ds = Z D, (t).
o n=0
Applying ®,,(t) € MAA(R, X, ;1) and the inequality

1 r 1 r
(o) [ Iewiane < (o) /.

n

w3 s [ ol
k=0 ’ -

We deduce that the uniformly limit ®(¢) = Z D, (t) € MAANR, X, ).
n=0

Therefore V (t) = G(t) + ®(¢) is u-pseudo almost automorphic. O

Theorem 3.6. Let ;o € M satisfies (C). Suppose that f : R x X — X be a function such that f =
g+ ¢ € MPAASP(R x X, X, p) with g € AASP(R x X,X) and o® € MAA(X, LP(0,1;X), 1) and
(H1), (H2) holds. Then, the equation (1) has a unique mild solution in M PAA(R,X, u) provided that

LC|w| 7 < (a+ 1) sin(z25).

Proof. Let the nonlinear operator /' : M PAA(R, X, u) - MPAA(R, X, 1) defined by

(Fu)(t) = / Sa,p(t —s)f(s,u(s))ds, t € R.

First, we show that F(M PAA(R, X, u)) C MPAAR, X, u).
Letu € MPAA(R, X, p1). By using the fact that the range of an almost automorphic function is relatively
compact, with Theorem 2.45 and Theorem 2.49 one can see that
f(,u()) € MPAAST (R, X, p).
It follows from the preceding Theorem that (Fu)(.) € MPAA(R, X, ).
From [19], note that:

—1
o0 1 ati
/ Tdt = Ll _WW yfor0<a <1
0 |wltet (a+1)sm(a—+1)
We have:
R 1 & 1
ds < ——ds.
/o 1+ wl(s2+ T 4 4%) /0 1+ fw]so 1™
Then

|

a+1)sin( )

Ia,,B < (
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Now, let u,v € MPAA(R, X, ). Then

|(Fu)(t) - (Fo)(t)oo = H/ Sup(t — 5)(F(s.u(s)) — F(5,0(s)))ds

o0

Ams@ﬂﬁﬁﬁ—sw@—s»—f@—&v@—ﬁhw

= sup
teR
o
< Lsup/ 150,8(8) [[oollu(t — 5) — v(t — s)]|ds
teR Jo
o© 1
< Lllu — v||eC ds
H loo /0 1+ |w|(s@H 4 vsP)
—1
‘w|a7+177
< LC - U —v
(a—|—1)81n(ai_~_1)H loo
< = vfo.

Then, we deduce that F' is a contraction, so by the Banach Fixed Point Theorem F has a unique fixed

point. O

Theorem 3.7. Let ;i € M satisfies (C). Suppose that f : R x X — X be a function such that f = g+ ¢ €
MPAASP(R x X, X, u) with g € AASP(R x X, X) and ¢® € M AA(X, LP(0,1;X), 1) satisfying

(i) Foreachx € X, g(.,x) € AASP(R,Y) and ¢(.,x) € MAA)SP(R,Y, p).

(i) f satisfies the hypothesis (HO0), (H1).

Then the equation (1) has a unique mild solution in M PAA(R, X, p1) provided that

—1
|
CHL ||Sp 1+ - < 1.
! (a—i—l)sm(aiﬂ)

Proof. Let the nonlinear operator F' : M PAA(R, X, u) - MPAA(R, X, ) defined by

(Pu)(t) = / L Suslt— ) f(s,u(s))ds, t € R
First, let us prove that F(MPAA(R, X, u)) C MPAA(R,X, ).
Indeed, let w € MPAA(R, X, 11), since f satisfies the hypothesis (i) and (ii), it follows from the above
Theorem 3.2 that f(.,u(.)) € MPAAST(R,X, 1) and by using Lemma 3.5, we have that (Fu)(.) €
MPAA(R,X, p).
Next, we prove that the operator F' has a unique fixed point in M PAA(R, X, p).
Indeed, foreach ¢t € R, u,v € MPAA(R, X, u), we have

(P - E] = | Sualt=9lsu(s) — 0t

< / 15,50t — )11 (5, u(s)) — £(5, 0(s)l|ds

' C
s /Oo T Il(( = 5)o T 0 = 5)p) -/ (lluls) = vls)llds
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t 1
C”“‘””*/ T Il( = 5o 70— 9Py

N

s)ds

1
— - oo L
Cllu — || 2/ L TF (= )T 7 —5)P) #(s)ds

N

1
Cllu— ””“ZO / T ey L s

i 1 ntl
< Clu-o]a / Lyt — s)ds
+1 B8
2 T (et 1) J,
o 1 t—n %
< Cllu—v| (/ I (s)des)
2 T Tl 4 ) oy 11

o0

1
Cllu — L
|u —v|ool fHS” 7;) 1+ |w|(not! + fynﬁ)

N

N

Cllu = vlloo|[Lflls2 (1 + La,p)-

Therefore
|w|

H(Fu)_(FU)HOO < CHLf”Sp (1 ( +1) Sln(a+1)> HU_UHOO

This proves that I is a contraction. By the Banach Fixed Point Theorem, we deduce that F' has a unique

fixed point. O

3.3. Existence of pi-pseudo-almost automorphic solution without Lipschitz perturbation. We study
the existence of p-pseudo almost automorphic mild solution of equation (1) when the perturbation f
is not Lipschitz continuous.

To establish our next result, we consider functions f that satisfy the following boundness conditions.

(H3) For every bounded subset B C X the set { f(.,z),z € B} is bounded in BSP(R, X).

(H4) There exists a continuous nondecreasing function W : R, — R such that
| f(t,z)|| < W(|lz|) forallt € Rand z € X.

The following existence result is based upon nonlinear Leray-Shauder alternative theorem.

Theorem 3.8. Let ;1 € M satisfies (C). Assume that 0 < a < f<1,v>0andw <0. Let f :Rx X — X
be a function such that f = g+ ¢ € MPAASPU(R x X, X, p) with g € AASPU(R x X, X) and ¢ €
MAA)SPU (R x X, X, ) which satisfies the assumptions (H1), (H3), (H4) and the following additional

conditions:

. Lo Wr(h(s)) _
@) Forenchr >0, i o | = e =
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where h is a function given in lemma 2.51. We set
' W(r(h(s)))
Q(r)=C
=\ [ s e e
(ii) Foreach e > 0 there is § > 0 such that for every u,v € Cp(X), |[u — v||p, < & implies that

b fsu(e) = fsvs))] e
/_Oo 1+ |w|((t = s)otT +~(t — s)ﬁ)ds S @ forallt € R.

h

ey e '3

iii) 1 f —=—>1
(i) lminf &

(iv) Foralla,b e R, a < bandr >0, theset { f(s,h(s)z) : a < s < b,z € Cp(X), ||z||n < r} is relatively

compact in X.

Then the equation (1) has a p-pseudo almost automorphic solution.

Proof. We define the nonlinear operator F' : Cj,(X) — C,(X) by
(Fu)(t / Sa,p(t —s)f(s,u(s))ds, t € R.

We will show that F' has a fixed point in M PAA(R, X, 1t). For the sake of convenience, we divide the
proof into several steps.

Step 1: The nonlinear operator F is well defined. Indeed, for u € C}(X), we have that

Hu;zg)u)n < h(lt) / _N1Sap(t =)l (s, u(s)llds

¢ [ 1/ (s, u(s))
N0 /_oo TH l((t— )+t —))

c [t (lu(s)I)
N0 /_oo Tl — )™ + 3= 5)7)

Ay (s
h(t) J oo 1+ |w|((t = 5)*F! +y(t = 5)P)
It follows from condition (i) that F' is well defined.
Step 2: The operator F' is continuous. In fact, for any ¢ > 0, we take § > 0 involved in condition (7). If

u,v € Cp(X) and ||u — v, < 0, then

1(Fu)(t) — (Fo)(t)]| < 0/ : +”|£S “_)))QH f’;’(f)_)[)ﬂ)ds <ceforallt € R,

which shows the assertion.
Step 3: We will show that the operator F' is completely continuous. We set B, (Z) the closed ball with
center at 0 and radius r in the space Z. Let V = F(B,(Cy(X))) and v = F(u) for u € B,(Cp(X)). Itis

sufficient to prove that the following statements are true.
(i) V(t) is a relatively compact subset in X for each ¢t € R.
(ii) V is equicontinuous.

(iii) For each e > 0 there exists L > 0 such that ||v(¢)|| < eh(t) forallv € V and all |¢| > L.
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First, we will prove that V' (t) is a relatively compact subset of X for each ¢ € R. Since h(t) — oo as

t — o0, it follows from condition (7) that for ¢ > 0, we can choose a > 0 such that

W(rh(t —s))
<e. 4
C/ 1+ |w|( 3a+1+,ysﬁ)d € (4)

t
Orult) = (Fu)(®) = [ Suplt~ 9)f(s,u(s))ds

—00

= /000 Sa,p(8)f(t —s,u(t —s))ds

= /CL Sa,p(s)f(t —s,u(t —s))ds + /OO Sa,5(s)f(t —s,u(t —s))ds.
0 a

Since

0,8(8)f(t — s,u(t — s))ds

N

/OO [Sas()HLf(E = s,u(t - s))l|ds

W (llu(t — s)|)
<
= C/ 1+ Jw|((s*tt 4+ 'ysﬁ)ds

W(l[lullnh(t —s))
1+ |w|(s2H 4 vsB)
W(rh(t —s))
<
h C/ 1+ Jwl( saH—i-'ysﬂ)

< C

From inequality (4), we conclude that

a,8(8)f(t —s,u(t —s))ds|| <e.

We get v(t) € a Cy(K) + B:(X), where Cy(K') denotes the convex hull of K and

K = {Sas(s) F(Eh(©)a) :0< s <at—a <€ <t ally <7}

Using the strong continuity of S, g and the property (iv), we deduce that K is a relatively compact set,
and V (t) C a Cy(K) + B:(X).

Second, we will show that the set V' is equicontinuous. In fact, we can decompose
t+s t
v(t+s)—o(t) = Sa,p(t +s5—y)f(y,u(y))dy — / Sa,s(t —y) f(y, u(y))dy

—00

_ /t [Sa,p(t+5—1y) = Sap(t —y)|f(y, u(y))dy

t+s
+ Sa,p(t+s—y)f(y,uly))dy

t
= Sa,B (t+s—y,u(t+s—y))dy
0
+ / Sy +5) = Sa s F(t -y ult — y))dy

= Sozﬁ +S_y7 (t+3_y))dy
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[ 18usly+9) = Sus WIS~ yoult — )iy
0

[ sl + )~ Saaul = y.ult— )iy

For each € > 0, we can choose a > 0 and §; > 0 such that

OS ws T+ s =guttts =y + [ [Susly+9) — Saal)l 1t~ poult - y))dyH

S W(rh(t+s—1y)) /OO W(rh(t —y)) )
< C dy +2 d
< o T+ |wl(et + ) B R T S Ve Rt

< g, for s < §; and small enough.

Moreover, since {f(t — y,u(t —y)) : 0 < y < a,u € B.(Cy(X))} is a relatively compact set and S,, 3 is
strongly continuous, we can choose d2 > 0 such that

1Sap(y +5) = Sas@IF(t — v, ult - )] < £ for s < 6.

Combining these estimates, we have that Hv(t + s) — v(t)|| < € for s small enough and independent of

u € Ch(X).

Finally,
it W ([l h(s)) i
h(t) ~ h(t) Jooo T+ [w[((t = s)oT +4(t = 5)7)
From the condition (i), we conclude that Hzg | — 0 as [t| = oo and this convergence is independent

of u € B, (Cp(X)).
Hence, by Lemma 2.51 we have that V' is relatively compact set in C,(X).
Step 4: We will show that {u* : v = X\ F(u}), 0 < A < 1} is bounded. Indeed, assume that v*(.) is a

solution of the equation u* = X\ F(u) for some 0 < A < 1. We can estimate
| = H/ St = 5) (s, (5))ds

Wl lnh(s))
< of e

< () (kM n).

ds

Hence, we get N
M _

Q(][uln)

and combining with (i), we conclude that the set {u* : «* = X\ F(u?), 0 < A < 1} is bounded.

Step 5: It follows from Theorem 2.50 that the function t — f(¢,u(t)) belongs to M PAASP(R, X, p).

Consider the map F' : MPAAR,X,u) — MPAAR,X,p). From Lemma 3.5 we infer that

F(MPAAR,X,p)) C MPAA(R, X, pu). Since MPAA(R, X, 1) is a closed subspace of C},(X), it follows

from the previous steps of this proof that F' is completely continuous map. Then, by the Leray-Schauder

Alternative Theorem we have that F' has a fixed point u € M PAA(R, X, ). O
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In what follows, we will give the existence and uniqueness of nonlinear Leray-Schauder’s theorem

with fewer assumptions.

Theorem 3.9. Let ;1 € M satisfies (C). Assume that 0 < a < f<1,v>0andw < 0. Let f : Rx X — X
be a function such that f = g+ ¢ € MPAASPU(R x X, X, p) with g € AASPU(R x X,X) and ¢ €
MAAGSPU(R x X, X, p) which satisfies the assumptions (H1), (H3) and the following additional conditions:
(i) (Sa,(t))i>0 is compact for t > 0.
(ii) Foreach r > 0, we set k := sup sup ||f(t,z)| < +oc.
teR |lzfl<r
(iii) For each e > 0 thereis § > 0 such that for every u,v € Ch(X),
|lu —vl||n < d implies that

[ Sl D,

oo LA |w[((t = s)oFt 4 y(t = 5)F)

< %,forallt eR.

Then, the equation (1) has a pu-pseudo almost automorphic solution.
Proof. We define the nonlinear operator F' : Cp,(X) — C,(X) by

(Fu)(t / Sa,p(t —s)f(s,u(s))ds, t € R.

We will show that F' has a fixed point in M PAA(R, X, it). For the sake of convenience, we divide the
proof of several steps.

Step 1: The nonlinear operator F is well defined. Indeed, for u € C}(X), we have that

[(Fu)®)] < / Sa,8(t = 8)II[1f (s, u(s))llds

' [1f (s, u(s))l
s C/oo T+ l((t— 9o + (=99 ™

It follows from condition (i7) that:

[(Fu)@®)|| _ kC 1
h(t) h(t) /0 1+ |w|(yo+? +7y5)dy'

& 1
Using the fact that lim h(t) = oo and / dy is convergent on
& jt] =00 )= o 14wyt +y7) &
R for 0 < a < B8 < 1, it follows that ‘ 1|1 W = 0, then F' is well defined.
t|—o0

Step 2: We will show that the operator F' is continuous. In fact, for any ¢ > 0, we take § > 0 involved in

condition (#ii). If u,v € C,(X) and ||u — v||, < 0, then

1(Fu)(t) — (Fo)(t)] < c/ : +”|i:5 t“_ l))aﬂ (ﬂ((t )_)|L)ﬁ)ds <e, forallt € R.

Which shows the assertion.

Step 3: We will show that F is completely continuous. We set B(0, r) the closed ball with center at 0
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and radius r in the space Cj,(X). Let V = F(B(0,r)) in the space Cy(X) and v = F(u) for u € B(0,r)
in the space C,(X).
First, we will prove that V'(¢) is a relatively compact subset of X for each ¢ € R. We have that

ot) = (F®) = [ Suplt = )f(s,u(s)ds
= /000 Sa,g(8)f(t —s,u(t —s))ds
= /‘E Sa,p(8)f(t —s,u(t —s))ds+ /00 Sa,p(8)f(t —s,u(t —s))ds
0 a

+ / Sa,8(8)f(t — s,u(t —s))ds fora,e > 0.
£
Here v(t) is the sum of three terms. For the first term

/OE Sa,p(s)f(t —s,u(t —s))ds

< / Ck ds
T Jo T+ |wl(s2F + ysP)
€ Ck
< | —2F g =6(e).
/0 1+ |w|sot! 5 1)

Hence /06 Sa5(8)f(t — s,u(t — s))ds € B(0,81(¢)).

For the second term

/OO Sa,p(s)f(t —s,u(t—s))ds

< /OO [Sas (LSt = s, ut —s))l|ds

o0 Ck
< ds.
/a 1+ [w](s2HT + %) "

. *° Ck * Ck _
Slnce/a T+ Wl T ysﬁ)ds < /a st = d(a), it follows that

Sap(s)f(t —s,u(t —s))ds € B(0,5(a)).
aFinally, for the last term, we have that the set {S, g(s)f(t — s, u(t — s)),e < s < a} is relatively

compact in X, since the operator S, g(t) is compact for t > 0 and sup sup || f(t,z)| < +oo, we deduce
teR |jz||<r

the existence of a compact subset K of X such that
V(t) C K + B(0,6(a)) + B(0,61(€)). (5)

For the sequel, we introduce the Kuratowski measure of non compactness «(.) of bounded subsets B

in the Banach space X defined by
a(B) = inf{e > 0: B has a finite cover of balls of diameter < &}

The Kuratowski measure of noncompactness verifies the two following properties:
(X(Bl + Bg) < Ct(Bl) + Oz(BQ),

a(B) = 0 & B is relatively compact in X.
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From the inclusion (5), we obtain the inequality
a(V(t) < a(K) + a(B(0,6(a))) + a(B(0, 61(2))).
Since a(B(0,4(a))) < 26(a), a(B(0,81(€))) < 201(¢) and K is a compact subset of X, it follows that
a(V (1) < 2(8(a) + 61 (¢)).

Since li_>m d(a) =0and liII(l) d1(e) = 0 then (V' (¢)) = 0. From properties of the Kuratowski measure of
a—00 E—
noncompactness, it follows that V'(¢) is relatively compact in X.
Second, we will show that the set V' is equicontinuous. In fact, we can decompose
t+s t
v(t+s)—v(t) = Sap(t+s—2)f(z,u(z))dz — / Sa,p(t —2)f(z,u(z))dz

—00

- / [Says(t+ 5 — 2) = Sas(t — 2)]f (2, u(z))dz

t+s
+ Sapt+s—2z)f(z,u(z))dz

)

Il
c\gﬂ

Sa,p(y+8) = Sap)f(t —y,ult —y))dy
+ Sa@ ft+s—y,ult+s—y))dy
Sas(y+5) = SapsW)]f(t —y,u(t —y))dy

Sa,p(y+8) = Sap)f(t —y,ult —y))dy

|
\No

+ /Sﬁ fEt+s—y,ult+s—y))dy.

For each ¢ > 0, we can choose a > 0 and §; > 0 such that

[ 10y +9) = Saalf(e — yutt — )y + / T Sus ()4 s —yoult +s y))dyH
1

o0 2 S
< Ck / dy+/ dy)
< o 1 |wl(yott +~y8) o 1+ |wl(yott +~y5)

< %, for s small enough and s < 4.

Moreover, we can choose d2 > 0 such that ||[Sa,5(y + 5) — Sa,s(¥)]f(t =y, u(t — y))|| < 5 for s small

enough and s < d; since S, (t) is compact for ¢ > 0 and sup sup || f(¢,x)| is convergent on R for all
teR ||z||<r

r > 0.

Consequently |[v(t + s) — v(t)| < ¢ for s small enough and independent of u € B(0,r) in the space
Ch(X).
lo@®)| _ Ck / 1
< .
S T T AN P (e e o
t

' 1
Since ht) » 038 ]+ o and | e

ds < —+o00, we conclude that
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lv@)
h(?)
Hence by Lemma 2.51 we have that V is relatively compact set in C},(X).

Step 4: We will show that {u* : v = X\ F(u}), 0 < X\ < 1} is bounded. Indeed , assume that u*(.) is a

— 0 as |t| — oo and this convergence is independent of u € B(0, r) in the space Cj,(X).

solution of the equation u* = X\ F(u*) for some \ € (0, 1). Then

= A [  Sualt = ) s))ds

N

t
Ak H/ Sa,p(t —s)ds

N

t
1
ACk d
/oo T+ l((E =)™ T+ —5)7)

“+o00 1
= MNCEk ds.
/o 1+ [w](s2HT +~57) "

+oo 1
Since I, 3 = / ds is convergent on R, then we obtain
Ty Tl ) ®

[uM < AC kI p < co.

Consequently {u* : u* = X\ F(u"), 0 < \ < 1} is bounded.

Step 5: It follows from Theorem 2.50 that the function t — f(¢,u(t)) belongs to M PAASP(R, X, p).
Consider the map F' : MPAAR,X,u) — MPAAR,X,p). From Lemma 3.5 we infer that
F(MPAAR,X,p)) C MPAA(R, X, pu). Since MPAA(R, X, 1) is a closed subspace of C},(X), it follows
from the previous steps of this proof that F' is completely continuous map. Then, by the Leray-Schauder

Alternative Theorem we have that F' has a fixed point u € M PAA(R, X, ). O

4. EXAMPLE

To illustrate the result in Theorem 3.7, we consider the following fractional differential equation
82
DYt l(t, x) + yDtﬂu(t, x) = @u(t, x) + nu(t, )

+ D& [h(t)u(t, z) + h(t) exp(—7t) sin(u(t, z))], (6)
u(t,0) =u(t,m) =0, fort e R, x € [0,7], 0<a<B<1,n<0,v>0andT >0,

where

1
sin( >, n—50<t<n—|—€0,0<60<%,withneZ,

h(t) = 2+ cosn 4+ cosmn

0 otherwise.

Let (X, ||.|lx) = (L2([0,7]), ||.]|z2)- Define the operator A : D(A) C X — X by

{ D(A) := {u € L2([0,7]) : w(0) = u(x) = 0}

Au = aa—;u + nu.
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A is w-sectorial with w = 7 < 0 and angle 7.

Let us consider the nonlinearity
f(t.o(s)) = h(t)é(s) + h(t) exp(—7t)sin(¢(s))
= g(t,0)(s) + @(t,9)(s), forall p € X, t € R, s € [0,7].

Then the equation (6) takes the abstract form (1).

h(t) € AAS?*(R,R) but h(t) ¢ AA(R,R) (see [30],Example 2.3), then g(t, ¢) € AAS*(R x X, X).

Let h1(t) = h(t) exp(—7t), the function h; is not continuous in R, which implies that

hi ¢ MAAG(R,R, 11), then o(t,¢) ¢ MAAG(R x X, X, 1), but p(t, ¢) € MAAS*(R x X, X, i) where p

is the measure and its Radon-Nikodym derivative p is given by:

exp(vt) ift<0, with0 <7 <v,
p(t) = ,
1 ift>0

Consequently f € MPAAS?*(R x X, X, u).
For eacht € R and ¢, 1 € X we have:

5o - sl < ([ o) <>w<s>r2ds)5

N

</O7T |h(t) exp(—7t) sin(¢(s)) — h(t) exp(—Tt) sin(w(s))2d5>
< 2[h@®)[llo = ¥l e

t+1
Since [|h()|s1 —sup/ Ih(s)|ds < 2 &, then
teR Ji
] 71 ] 71
7'(77 a+ 7'(77 a+
C||L 11+ = 2C ||h(. 11+
H fHS ( ( +1)Sln(a+1)> H ()HS ( (Oé+].)811’1(a+1)>
|| &1

< 4C 1+ .

60( (04+1)81n(a+1)>

, then by Theorem 3.7, the Equation (1) has a

(o + 1) sin(;57)
4C ((a + 1) sin(34) + ‘ |7T_1H>
77 [e3
unique mild solution in M PAA(R, X, ).

Assume that g <
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