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1. INTRODUCTION

The concept on star—induced geodetic numbers of graphs follows from the definition of geodetic
numbers of graphs introduced by Buckley and Harary [3] and its application to game theory [4].

In this paper, the concept of star—induced geodetic sets is introduced and its properties are investi-
gated. The authors determine the star-induced geodetic numbers of some common graphs including
graphs resulting from some binary operations. Moreover, this study will show that the star—induced
geodetic set is isomorphic to the star-induced closed geodetic set.

The concept of closed geodetic numbers of graphs evolves from the graphical games called the
achievement and avoidance games [3]. This paper introduces new concept called the star-induced
geodesic that can also be employed as additional rule in playing the achievement and avoidance games
to make it more interesting and challenging. For every two vertices u and v of G, the symbol I¢; [u, v] is
used to denote the set of vertices lying on any of the u-v geodesics. If S C V(G), we define the geodetic
closure of S to be the set I [S] given by I [S] = U{lc [u,v] : u,v € S}. The two players select vertices
of G sequentially as follows: Player A selects v; € V(G) and let S; = {v;}. Player B selects a vertex
vg # v and let Sy = {v1, v2} and determines I [Ss]. If I¢[S2] # V(G), then Player A selects another
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vertex vz ¢ I[S2] and let S3 = {v1, v2,v3} and determines I[S3]. If I[S3] = V(G) then player A wins
in the achievement game but loses in the avoidance game. Generally, the two players alternately select a
vertex in this manner. That is, a player selects v; ¢ I¢[S(;—1)] and let S; = {v1,va,...,v;} and determine
if I¢[S;) = V(G).

The graphs considered in this paper are undirected simple connected graphs. Readers are referred
to [5], [8] for elementary graph theoretic concepts.

A spanning subgraph is a subgraph containing all the vertices of G. For any set .S of vertices of G, the
induced subgraph (S) is the maximal subgraph of G with vertex set S. The removal of a vertex v from
a graph G results in the subgraph G\v with V(G\v) = V(G)\{v} and E(G\v) = {uw € E(G) : u #
vand w # v}. A vertex = of a graph G is called a cut-vertex if the removal of = increases the number of
components of the graph G. We will use w(G) to denote the number of components a graph G has.

Let G be a connected graph and S C V(G). Then the 2-path closure P»[S]q of S is the set P;[S]¢ =
SU{w € Iglu,v] for some u,v € S with dg(u,v) = 2}. Then set S is called the 2-path closure absorbing
set of G if P[S|g = V(G). Aset S C V(G) is called a geodetic set if I [S] = V(G). The number gn(G)
given by gn(G) = min{|S| : I¢ [S] = V(G)} is called the geodetic number of G. A geodetic set S of G for
which |S| = gn(G) is called the minimum geodetic set of G or a geodetic basis of G. Given a connected
graph G and S C V(G), the set S is a closed geodetic cover of G if S = {v1, ve, ..., v; } and is obtained by
choosing the vertices vy, v9, ..., vi such that the following hold:

(i) v1 # v2;
(ii) v; ¢ I [Si—1] for3 <i <k ;and

(iii) I [Sk] = V(G),
where S; = {vi,v9,....,v;} foralli = 1,2,..,k. If S C V(G) and S satisfies (1) and (2), then S is a
closed geodetic subset of V(G). We denote by C*(G) the collection of all closed geodetic covers of G.
Henceforth, S € C*(G) means S is in a canonical form, that is, it is obtained as the set S. The closed
geodetic number of G, is given by cgn(G) = min{|S| : S € C*(G)}. A set S € C*(G) with |S| = cgn(Q)
is called a closed geodetic basis of G. A geodetic set S C V(G) is called a star-induced geodetic set (sig-set)
of a graph G if the set S will induce a star subgraph of G. The minimum cardinality of a star-induced
geodetic set is called star-induced geodetic number of G, denoted by sign(G). A star-induced geodetic set

S with | S| = sign(G) is referred to as sign-set of G.

2. KnownN Resutrrs

In this section, we review several established results that serve as fundamental tools in proving the

main theorems regarding the star-induced geodetic number of a graph.

Theorem 2.1. [1] Let G = K,y ,, where m,n > 2, and let U and W be the partite sets of G. Let S C V(G).
Then S € C*(QG) if and only if S is any of the following:



Asia Pac. J. Math. 2026 13:150 3o0f12

(1) S

(i2) S
(i) S=UU {w}for any w € W;
(iv) S =W U{u} foranyu e U.

Corollary 2.2. [1]Ifm,n > 2, cgn(Ky, ) = min{m,n}.
Lemma 2.3. [8] Every geodetic cover of a connected graph G contains all its extreme vertices.

Theorem 2.4. [1] Let H be a connected noncomplete graph and G = H + K. If S is a closed geodetic basis of
G, then S C V(H) and S is a 2-path closure absorbing set in H.

In the succeeding sections, we present and prove results concerning the star-induced geodetic

numbers of several well-known classes of graphs.

3. STAR-INDUCED GEODETIC NUMBERS OF SOME GRAPHS

Theorem 3.1. Let G be a connected graph on n > 2 vertices. Then G admits a star-induced geodetic set if and

only if G has a star-induced closed geodetic set. In this case, sicgn(G) = sign(G).

Proof: Suppose G admits a star-induced geodetic set. Clearly, G has a star-induced closed geodetic
set.

For the converse, suppose G has a star-induced closed geodetic set S. Then (S) = K, for some
1 < r < n—1. Let vy be the central vertex of (S) and let S = {vg,v1,v2,...,v,}. Let Sy = {vo}
and set S; = {vp,v1,...,v5}, for 1 < j < r. Since (S) is a star, (S \ S;) N I¢[Sj+1] = @. Hence,
S = Sr+1 = {vo,v1, ..., v, } is a closed geodetic set of G. Since (S) is a star, Sp, is a star-induced closed

geodetic set of G. O

Proposition 3.2. Let G be a connected graph on n > 2 vertices and suppose that G admits a star-induced
geodetic set. Then every star-induced geodetic set of G is a 2-path closure absorbing set. If, in addition, G # K»
and S is a star-induced geodetic set with central vertex v, then S \ {v} is a 2-path closure absorbing set that

induces a non-trivial empty graph.

Proof: Suppose S is a star-induced geodetic set of G. If S = V(G), then we are done. So suppose
S # V(G). Let z € S be the central vertex of (S) and let v € V(G) \ S. Since S is a geodetic set, there
exist a,b € S such that v € Ig[a,b]. Clearly, a # v and b # v. Hence, since () is a star, dg(a,b) = 2.
Therefore, S is a 2-path closure aborbing set of G. Suppose G # Ks. Then |S| > 3. Clearly, if v is a

central vertex of G, S'\ {v} is a 2-path closure absorbing set that induces a non-trivial empty graph. [

Theorem 3.3. Let G be connected graph on n > 2 vertices and suppose that G admits a star-induced geodetic

set. Then 2 < sign(G) < n. Moreover,
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(4)
(i)

(i)

sign(G) = 2 ifand only if G = Ky;

sign(G) = 3 if and only if there exists a subgraph H of G of order n — 3 and v € V(G) \ V(H) such
that G is obtained from (v + K3) U H by adding the edges of Ko + H and (V(H) U {v});

sign(G) = nifand only if G = Ky 1.

Proof: Since every geodetic set in a non-trivial connected graph has at least two elements, it follows

that 2 < sign(G) < n.

(4)

(iid)

Suppose that sign(G) = 2, say S = {z,y} is a star-induced geodetic set of G. Since (5) is a star,
it follows that (S) = K». Since I¢[z,y| = {z,y}, G = K».

For the converse, suppose G = P». Clearly, sign(G) = 2.

Suppose sign(G) = 3 and let S be a star-induced geodetic set of G. Then (S) = K; 2. Letv
be the central vertex of (S) and let z,y € S\ {v}. Then ({z,y}) = Ko. Let H = (V(G) \ S).
Let z € V(H). Since S is a 2-path closure absorbing set (Proposition 3.2), zz,zy € E(G).
Hence, K> + H is a subgraph of G. Thus, G is the graph with V(G) = {v} UV (K2 + H) and
E(G)=FE(w+ K3)UE(Ks+ H)UE(({(V(H)U{v})), as described.

For the converse, suppose that G is the graph described. Let S = V(v + K3). Then (S) =
K2 = P3.Since V(H) C I5[5], S is a star-induced geodetic set of G. By (i), n > 4, sign(G) =
|S] = 3.

Suppose that sign(G) = n. Then the star-induced geodetic set of G is the vertex set of G, that
is, S = {v1, v2, ..., v} = V(G). It follows that (S) = K ,,—;. Thus, G = K 1.

For the converse, suppose that G = K ,_1. Let vy be the central vertex of G and let S be a
star-induced closed geodetic set of G. Let S = {v1,va, ..., v} be a canonical form of S as an
element of C*(G). Since (S) is a tree, it follows that v = vy. Suppose k < n, thatis, S # V(G),
say z € V(G) \ S. Then dg(z,v1) = 1 and dg(z,v;) = 2 forall j € {2,3,4,5, ..., k}. It follows
that « ¢ I¢(vs, v;) for any two distinct vertices v;, v; € {v2,vs, ..., v, }. Consequently, S is not a

geodetic set of G, a contradiction. Therefore, S = V(G) and sign(G) = n. O

The next result follows from Theorem 3.1

Corollary 3.4. Let n be a positive integer. Then each of the following statements holds:

(1)
(i)
(iid)

Forn > 2, P, admits a star-induced geodetic set if and only if n = 2 orn = 3.
Forn > 3, Cy, admits a star-induced geodetic set if and only if n = 4.

K, does not admit a star-induced geodetic set for all n > 3.

Proposition 3.5. Let T be a tree on n > 2. Then T admits a star-induced geodetic set if and only if T is a star.

Proof: Suppose T is tree that admits a star-induced geodetic set. If n € {2,3}, then T' € { P, Ps}.
Suppose n > 4 and suppose sign(T) < n. Let S be a sig-setof T. Then S # V(T). Letx € V(T') \ S.
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Since S is a geodetic set, there exists a,b € S such that dg(a,b) = 2 and = € Ig[a, b]. If v is the central
vertex of (S), then ({v,a,b,z}) = Cj, contrary to the fact that 7" is a tree. Thus, sign(T) = n. By
Theorem 4.4, T is a star.

For the converse, suppose T is a star. Then, by Theorem 3.2, sign(1") = n. This implies that 7" admits

a star-induced geodetic set. O

Remark 3.6. Let G be a connected graph.

(1) Every star-induced geodetic set of G contains its extreme vertices.

(i7) Every end-vertex belongs to every star-induced geodetic set of G.

Lemma 3.7. Let G be a connected graph with a cut-vertex. If S C V(G) is a star-induced geodetic set of G and

x is a cut-vertex of G, then every component of G \ x contains a vertex in S.

Proof: Let S be a star-induced geodetic set of a connected graph G and = € V(G) be a cut-vertex of
G. Suppose that C1, Cs, ..., C), are the components of G — z. It remains to show that every component
in G — z contains an element in S. Assume that there exists a component, say C;, of G — x such that
(7 does not contain a vertex of S. Let zg € V(C). Since S is a geodetic set and =y ¢ S, there exist
u,v € S such that z( lies in some u-v geodesic. This is impossible because u,v ¢ V(C;). Hence, C;

must contain a vertex in S. O

Example 3.8. Consider the graph G shown in Figure 1. Let S = {v1, v2, v3, v5}. Then S is a star-induced

closed geodetic set of G. Moreover, every component of G — v, contains at least one vertex of S.

U3

U3
G: &— G—vy: ®
U1 U2 U4 U1 vy
Us

Us

Ficure 1. A graph G with a cut-vertex v, and the graph G—vsy. Theset S = {v1, v2,v3,v5}
is a star-induced closed geodetic set of G, and every component of G — v, contains a

vertex of S
Theorem 3.9. Let G be a connected graph that admits a star-induced geodetic set. If x is a cut-vertex and S is a
star-induced geodetic set of G, then x € S. Moreover, x is the central vertex of (S).

Proof: Let Cy, Cy, C3, Cy, ..., C,, be the components of G \ z. By Lemma 3.7, V(C;) NS # & for each
j€{1,2,...,k}. Since (S) is connected, = € S. Next, let v be the central vertex of (S). If G = K ,,, then
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x = v. Suppose G # K , and suppose x # v. Then dg(x,v) = 1. Let C = C; be a component of G \ x.
Lety € V(C)N Ng(z). If y = v, then v € V(C). Suppose y # v. Since z # vand dg(z,y) =1,y ¢ S.
By Theorem 3.2, there exist z € V(C) N S such that y € I(x, 2) where dg(z, z) = 2. This implies that
z # v. Hence, dg(z,v) = 1. Therefore, v € V(C) (since C is connected). Since C' was arbitrary chosen,
it follows that v € }(k]l C;, a contradiction. Therefore, x = v. O

Corollary 3.10. If G admits a star-induced geodetic set, then G contains at most a single cut-vertex.

Proof: Suppose G has a cut-vertex. Suppose = and y are cut-vertices of G and let S be a star-induced
closed geodetic set. By Theorem 3.9, z,y € S and each of x and y is the central vertex of (S). It follows
thatx = y. O

Example 3.11. Consider the graph G in Figure 2, where z and y are the two cut-vertices of G. Then G

has no star-induced closed geodetic set.

FiGure 2. A graph without a sicg-set

Theorem 3.12. Let G = K, ,, where m,n > 3, and let X and Y be the partite sets of V(G). Let S C V(G).
Then S is a star-induced geodetic set of G if and only if S is one of the following:

(1) S=XU{y}foranyyeY;

(i) S=Y U{x} foranyz € X.

Proof: Let G = Ky, ,, where m,n > 3, and let X and Y be the partite sets of V' (G). Suppose that S is
a star-induced closed geodetic set of G. Then, S € C*(G). By Theorem 2.1, S = X U{y} foranyy € Y
orS=Y U{z}forany z € X.

For the converse, suppose first that S = X U {y} for some y € Y. Then (S) = K, x|. Clearly,
Y C I¢[S]. Hence, S is a star-induced geodetic set. Similarly, Y U {x} is a star-induced geodetic set of
G. O

Corollary 3.13. For m,n > 3, sign(Ky, ) = min{m,n} + 1.

Proof: The proof follows immediately from Theorem 3.12 and Corollary 2.2. O
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4. STAR-INDUCED GEODETIC NUMBER OF THE JOIN OF GRAPHS

Theorem 4.1. Let H be a connected noncomplete graph and G = H + K,,. Then S is a star-induced geodetic
set of G if and ony if
(1) S is star-induced geodetic set of H; or
(i) S ={z} U SH, for some x € V(K,,) and Sy is a 2-path closure absorbing set of H with (Sg) is an
empty graph.

Proof: Suppose G admits a star-induced geodetic set, say S. If S C V(H), then (5) is a star-induced
subgraph of H. Since S is a geodetic set in G, it is a geodetic set in H. Thus, H admits a star-induced
geodetic set. Next, suppose that S NV (K,,) # @. Since S is a geodetic set, Sy = SNV (H) # @.
Moreover, since (S) is a star, |S NV (K,,)| = 1,say SNV (K,,) = {v}. Thus, Sy = S\ {v} and (Sg) is
an empty graph. Now, let z € V(H) \ Sg. Since S is geodetic set in G, there exist a,b € Sy such that
dp(a,b) =2 and x € Igla,b]. This implies that Sy is a 2-path closure absorbing set in H.

For the converse, suppose that H admits a star-induced geodetic set, say S*. Pick any z,y € S*
such that dy(z,y) = dg(x,y) = 2. Thenv € Ig[z,y]. Hence, S* is a star-induced geodetic set in G.
Next, suppose that H has a 2-path closure absorbing set S = {z1, x2, ..., x; } such that (S) is an empty
graph. Choose any v € V(K,,) and let Sy = {v} and S; = {v,x1,...,2;} for each j = {1,2,...,k}.
Then D = {v, 21,2, ..., x} is a geodetic set in G and (D) is a star. Thus, in either case, G admits a

star-induced geodetic set. a

Corollary 4.2. Let H be a connected noncomplete graph and let n be a positive integer. Suppose G = H + K,
admits a star-induced geodetic set. Then S is a star-induced geodetic set of G if and ony if

(A) S is a star-induced geodetic set of H; or
(B) S ={v}USH, for some v € V(K,,) and Sy is a 2-path closure absorbing set of H with (Sy) is an
empty graph.
Moreover, if G admits a star-induced geodetic set, then
(1) sign(G) = sign(H) if a set of type (B) does not exist and
(ii) sign(G) = pS (H) + 1 if a set of type (B) exists.

Proof: The first part is immediate from Theorem 4.1. Clearly, (i) holds. Suppose a set of type
(B) exists. The result is clear if a set of type (A) does not exist. So suppose a set of type (A) also
exists. Let S be a star-induced geodetic set of H and let v be the central vertex of (S). Note that since
H # Ky, Sy = S\ {v} is a 2-path closure absorbing set of H that induces a non-trivial empty graph
by Proposition 3.2. Hence, p§ (H) < |Su| = sign(H) — 1, that is, p5 (H) + 1 < sign(H). Therefore,
sign(G) = p (H) + 1. O

Corollary 4.3. Let n and m be positive integers. Then each of the following holds:
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(1) Ky + Cy, admits a star-induced geodetic set if and only if m is even and m > 4. Moreover, if it does
admit a star-induced geodetic set, then sign(K, + Cp,) = 3 + 1.

(17) Ky + Py, admits a star-induced geodetic set if and only if m = n = 1 or m is odd and m > 3. If it
admits a star-induced geodetic set, then sign(IK, + Pp) = [%] + 1.

Proof: Let n and m be positive integers.

(1) If m = 3, then K, + C3 = K,,;3. Since it is complete graph different from K5, it does not admit
a star-induced geodetic set. Suppose m > 4. If m is odd, then C,,, does not have any 2-path
closure absorbing set that induces an empty graph. By Proposition 3.2, C,, also does not admit
a star-induced geodetic set. Hence, K, + C,,, admits a star-induced geodetic set if and only if
m is odd. Since pg (Cp,) = %, it follows that sicgn(K,, + Cp,) = % + 1 = sign(K, + Cy,).

(t7) If m = 1and n > 2 or m = 2, then K,, + P, is a complete graph different from K. Hence,
K, + P, does not admit a star-induced geodetic set. Suppose m > 3. If m is even, then P, does
not have any 2-path closure absorbing set that induces an empty graph. therefore, K,, + P,
admits a star-induced geodetic if and only if n = m = 1 or m is odd and m > 3. Moreover,

since p5 (Pp,) = [%], sicgn(Kyn + Pp) = [5] + 1 = sign(Ky, + Pp,). O

Theorem 4.4. Let G and H be any two non-complete graphs. Then G + H admits a star-induced geodetic set if
and only if one of the following holds:

(1) G admits a star-induced geodetic set.

(13) H admits a star-induced geodetic set.
(t4i) G has a 2-path closure absorbing set that induces an empty graph.
(iv) H has a 2-path closure absorbing set that induces an empty graph.

Proof: Suppose G + H admits a star-induced geodetic set, say S is a star-induced geodetic set of
G+ H. If S C V(G), then S is a star-induced geodetic set of G. Similarly, if S C V(H), then S is
star-induced geodetic set of H. Thus, (i) or (ii) holds. Next, suppose that S¢ = V(G) N S # @ and
Sy =V (H)NS # @. Let v be the central vertex of (S). Suppose that v € S¢. Since Sy # @ and (S)
is a tree, | S| = 1, that is, S = {v}. Furthermore, because Sy = S \ {v} and H is a non-trivial, (Sg)
is a non-trivial empty graph. Now, let w € V(H) \ Sg. Since S is a 2-path closure absorbing set of
G + H, there exist a,b € S such that dg+p(a,b) = 2and w € Ig[a,b]. Hence, a,b € Sy, dg(a,b) = 2,
and w € Iy (a,b). This shows that Sy is a 2-path closure absorbing set of H. Similarly, if v € V(H),
then G has a 2-path closure absorbing set that induces an empty graph. This shows that (4ii) and (iv)
also holds.

For the converse, suppose that (i) holds, that is., G admits a star-induced geodetic set, say D. Since
G # Ky, |D| > 3 by Theorem 3.3(7). Pick any distinct vertices x,y € D with dg(z,y) = dg+u(z,y) = 2.
Then V(H) C Ig[x,y]. This implies that D is a star-induced geodetic set of G + H. Similarly, G + H
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admits a star-induced geodetic set if (ii) holds. Next, suppose that G has a 2-path closure absorbing
set D' = {x1, 9, ...,z } such that (D’) is an empty graph. Since H is a non-complete graph, |D’| > 2.
Let p,q € D' with p # ¢q. Then V(K,,) C Iz(p,q). This implies that D’ is a geodetic set of G. Pick
any vy € V(K,) and set Dy = {vo} and D; = {vg,z1,...,x;} for j € {1,2,...,r}. Then S’ = Dy is
star-induced geodetic set of G, showing that G’ admits a star-induced geodetic set. Similarly, G admits

a star-induced geodetic set if (iv) holds. O

Corollary 4.5. Let G and H be non-complete graphs and suppose G + H admits a star-induced geodetic set.
Then S is a star-induced geodetic set of G if and only if it is one of the following sets:

(A) S is a star-induced geodetic set of G,
(B) S is a star-induced cgeodetic set of H,
(C) S ={v}USg for some v € V(H) and 2-path closure absorbing set S of G that induces an empty
graph, or
(D) S = {v} U Sy for some v € V(G) and 2-path closure absorbing set Sy of H that induces an empty
graph,
Moreover, if G + H admits a star-induced geodetic set, then
(1) sign(G + H) = sign(Q) (respectively sign(H)) if a set of type (A) (respectively type (B)) exists
and the sets of type (B), type (C), and type (D) (respectively type (A), type (C), and type (D)) do
not exist. If set of type (A) and type (B) exist and sets of type (C') and type (D) do not exist, then
sign(G + H) = min{sign(G), sign(H)};
(ii) sign(G + H) = min{p5 (G) + 1, sign(H)} if sets of type (B) and type (C) exist but set of type (D)
does not exist;
(iii) sign(G + H) = min{p§ (H) + 1, sign(G)} if sets of type (A) and type (D) exist but set of type (C)
does not exist;
(iv) sign(G + H) = pS(G) + 1 if a set of type (C) exists but sets of type (B) and (D) do not exist;
(v) sign(G + H) = p§ (H) + 1 if a set of type (D) exists but sets of type (A) and (C) do not exist.
(vi) sign(G + H) = min{p5 (G) + 1, p5 (H) + 1} if sets of type (C) and type (D) both exist.

Proof: One of (A), (B), (C), and (D) holds by Theorem 4.4. Next suppose that G + H admits a
star-induced geodetic set. Clearly, (i) holds. Suppose sets of type (B) and type (C) exist but set of type
(D) does not exist. If a set of type (A) exists, say D is a star-induced geodetic set of G and v is the central
vertex of (D), then D\ {v} is a 2-path closure absorbing set in G and (D \ {v}) is an empty graph. Thus,
p5(G) < |D\ {v}| = sign(G) — 1. Hence, by assumption, sign(G + H) = min{p§ (G) + 1, sign(H)}
that is, (¢7) holds. Similarly, (¢ii) holds. Next, suppose that a set of type (C) exists but sets of type
(B) and type (D) do not exist. Again, if a set of type (A) exists, then pZ (G) + 1 < sign(G). Therefore,
(iv) holds. Similarly, (v) holds. Finally, suppose that sets of type (C') and type (D) both exist. the
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result holds if sets of type (A) and type (B) do not exist. If they do exist, p5 (G) + 1 < sign(G) and
ps (H) +1 < sign(H). Thus, (vi) holds. O

5. StAR-INDUCED GEODETIC NUMBER OF THE CORONA OF GRAPHS

This section discusses the star-induced geodetic number of the corona of two graphs G and H. The
corona of graphs G and H denoted by G o H, is the graph obtained by taking one copy of G and |V (G)|
copies of H and then joining the ith vertex of G to every vertex of the ith copy of H.

Theorem 5.1. Let G be a connected graph and let H be any graph. Then G o H admits a star-induced geodetic
set if and only if G = K; and
(i) H admits a star-induced geodetic set; or

(13) H has a 2-path closure absorbing set that induces an empty graph.

Proof: Suppose G o H admits a star-induced geodetic set, say S. Suppose that G # K. Let v be
the central vertex of (S). Since G # Ki, v € V(G). Pick any w € Ng[v] and let p € V(H"). Since
daor(v,p) = 2and (S) isastar, p ¢ S. Clearly, p ¢ Igom[a,b] forall a,b € S, contrary to the assumption
that S is a star-induced geodetic set. Thus, G = K; and G o H = K; o H. Moreover, if G o H admits a
star-induced geodetic set, then H admits a star-induced geodetic set or H has a 2-path closure absorbing
set that induces an empty graph.

For the converse, suppose that G = K. Then G o H = K; + H. Hence, G o H admits a star-induced
geodetic set by Theorem 4.1. O

Example 5.2. Consider the graphs P3, I, and P3 o P in Figure 3.

P;: e ® ® P —o

Pg ] PQZ

Ficure 3. Corona of P30 P,

The graphs P; and P, admit a star-induced closed geodetic set. Now, observe that the
({4,1,2), (15,1,2)), ({1,2,6,3}), ({1,2,7,3}) , ({8,3,2}), and ({9,3,2}) are star-induced subgraph
of P3 o P, but none of these sets is a closed geodetic set. Thus, P3 o P, does not admit a star-induced

closed geodetic set.
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Corollary 5.3. Let G be a connected graph and let H be any graph. Then G o H admits a star-induced geodetic
set if and only if G = K, and

(1) H admits a star-induced geodetic set; or

(#3.) H has a 2-path closure absorbing set that induces an empty graph.

Then sign(G o H) = sign(K; + H).

6. CoNCLUSION

This work establishes the basic theory of the star-induced geodetic number by investigating its
properties, determining its values for several common graph classes, and characterizing graphs that
admit a star-induced geodetic set. These results enrich the study of geodetic parameters and provide a

foundation for further research on star-induced geodetic concepts in graph theory.
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