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1. INTRODUCTION

Modeling and analyzing survival data are crucial in applied fields such as medicine, engineering,
and finance, where selecting an appropriate probability model is vital for reliable statistical inference.
Over the years, numerous lifetime distributions have been proposed; however, empirical data often
exhibit features such as heavy tails, skewness, or complex hazard rate shapes that classical models fail to
adequately capture. This gap has motivated the development of flexible distribution families and robust
statistical methodologies. For more details about new statistical models, see a new asymmetric modified
Topp-Leone distribution [ 13], the new hybrid Weibull-inverse Weibull distribution [10], power Lambert
uniform distribution [32], truncated inverse power Lindley distribution [14], odd reparameterized
exponential transformed-X family of distributions [30], a new extended Fréchet model [15], the
new version of Gompertz distribution [12], novel Kumaraswamy power Fréchet distribution [29],
new heavy-tailed statistical model [40], an extended Rayleigh Weibull distribution [11], generalized
linear model [27], hyperbolic sine-Rayleigh distribution [25], inverse power and truncated inverse
power Ailamujia distributions [31], and heavy tailed power XLindley distribution [6]. Among these
developments, beta-generalized distributions have emerged as a powerful and adaptable framework
for enhancing baseline models. By embedding a given cumulative distribution function (CDF) into
the beta distribution, one obtains models that can represent a wide variety of shapes for both the
distribution and the hazard rate. Applications span reliability analysis, environmental science, and
biomedical research. Examples include the beta-normal [&], beta-Fréchet [16], beta-Gumbel [17], beta-
exponential [43], beta-generalized half-normal [20], beta-generalized Rayleigh [5], beta-generalized
exponential [2], and beta Lindley [1]. These works demonstrate the beta family’s ability to generalize
standard models while retaining their tractable properties. Before introducing our proposed extension,
it is essential to recall the XLindley distribution (XL), originally proposed by Chouia and Zeghdoudi [3]
due to its properties and practical applications. The XLindley provides greater flexibility in hazard
shapes compared to the Lindley. The density function of the XLindley is given by:

92(2+9+x) b

0
1+0) e 7, x>0,60>0,

fxo(x:0) = (1)

0, otherwise.

Its recent extensions, including;:

e a transmutation-based variant (e.g., the transmuted Lindley distribution [33]),
e odd log-logistic type extension [36],
e Marshall-Olkin family inspired variant [37].

The new XLindley distribution (NXLD) [18] refines the XLindley by modifying its CDF and PDF

to better capture diverse hazard structures, and has demonstrated superior performance compared
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to well-known lifetime models such as Weibull, gamma, exponential, Zeghdoudi [42], Akash [21],

Lindley [9], Chris-Jerry [19], and Xgamma [44]. The CDF and PDF of the NXLD are:

0 6
Fnxp(z,0) =1- (562 + 1) exp(=a),  fnxip(e,0) =5 (1+a0)exp(~af), 2,0>0.  (2)
with the PDF interpretable as an equal-weight mixture of Exp(#) and Gamma(2, #) distributions. In
this paper, we propose the beta-new XLindley (BNXL) distribution, a three-parameter extension of the
NXLD based on the beta-generalization scheme. Compared with other XLindley extensions, the BNXL

uniquely combines:

e Enhanced flexibility: two additional shape parameters allow for modeling a wide spectrum
of hazard rate behaviors, from increasing/decreasing to bathtub- and upside-down bathtub-
shaped.

e Mathematical tractability: closed-form expressions for moments, entropy, and reliability mea-
sures remain available.

e Interpretability: the model preserves the intuitive structure of the NXLD while expanding its
applicability.

e Practical performance: the linear-form representation of the PDF facilitates parameter estima-
tion and application to both small and large datasets.

The remainder of this paper is organized as follows: Section 2 formally defines the BNXL distribution.
Section 3 investigates its main distributional properties. Section 4 describes parameter estimation
methods. Section 5 presents simulation results. Section 6 demonstrates applications to two real datasets.

Section 7 concludes with remarks and future research directions.

2. Bera New XLINDLEY DIsTRIBUTION (BNXL)

Let F'(z) be the CDF of a random variable X. Eugene et al. [8] introduced a generalized class of

distributions by applying the inverse CDF transformation to a beta-distributed random variable. The

resulting CDF is
Gla)= - " " 1—t)'dt, 0<a,b 3
(l‘)— B(a,b)/o ( - ) ) < a,b < 4o0. ( )
The corresponding PDF is
o) = 5oy @F @)L= P (4)

We now define the three-parameter beta-new XLindley (BNXL) distribution by taking Gy xr(x) as
the CDF of Fiyx1(z,0) (2). The BNXL CDF is

1 Foxe@®) b—1
GBNXL({B) = IFNXL(I79)($) = ,B(CLb)/O t (1 — t) dt

1 /1—(”629+1)exp(—19)

71—t tae (5)

B B(aa b) 0
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This CDF can also be expressed in terms of the hypergeometric function (see Cordeiro and Nadara-

jah [4]) as

1 FRyxp(z,0)
= I’ 1-— 1, F
Gpnxr(x) 3(aD) . 2F1 (a,1 =b,a+ 1, Fnxr(z,0)), (6)
where i
> 1 — b FNXL(.T,H))
oF1 (a,1 = b,a+ 1, Fyxp(z,0)) Z Ko+ 1) ; )

=0
and (a), is the ascending factorial

(a)p =ala+1)(a+2)---(a+k—1), (a)=1. (8)

For b real and non-integer, the series expansion

o (D)
_Zikll“(b—k)z’ |z <1, b >0, (9)
k=0
leads to
a+b > FNXL(ac 0)]a+k
GpnxL(z) kz k' (a+ k)b — k) . (10)
=0

Thus, for b > k,

I'(a +b) io: (—D*1 — (%9 + 1) exp(—z0)]ot*

Gonxr(e) = ey = Kl (a+ k)D(b— k)
T(a+b)[1 — (% +1) exp(—26)]* & FI1— (2 + 1) exp(—a0))*
= I (a) 2; HathTo—k D
The PDF of the BNXL distribution is
_ (3)'ora+?) i (2 ]
gnNxL(z) = W(me—l—l) (:L'9—|-2)b ! [1— <2—|—1> e 0:| e b, (12)

Remark 1. Ifa = b =1, Eq. (12) reduces to the PDF of the new XLindley distribution with parameter 6.

Proposition 1. Let gpnx () denote the PDF given in Eq. (12). Then:

(1) If0 < a <1landb > 1, the PDF is monotonically decreasing.
(2) Ifa=1and 0 < b < 1, the PDF is unimodal, with mode

1/vb—1
mm:T.

(3) Ifa > 1, the PDF is increasing near the origin and decreasing for sufficiently large x; hence, it possesses

at least one interior mode.

Proof. Differentiating Eq. (12) with respect to « yields

dgpnxr(x) 5 <1>a+b efbxGQQF(aij) (1‘9+2)b—2
dx 2 L(a)L'(b) (20 4 zhe—0 — 2)*

X (2 — zhe 0 — 2e_$6)a L(x), (13)
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where
L(z) = Py(z) + P, (:c)e_me, (14)

with

Py(z) = 2 — 2b — 4bxf) — 20226, (15)
Pi(z) = (2a + 2b — 4) + (5a + 5b — 6)0z + (4a + 4b — 4)0%z?

+(a+b— 1633 (16)

All factors in Eq. (13), except L(z), are positive for « > 0; therefore, the sign of g5y (%) is determined
by L(z).

Equivalently, logarithmic differentiation gives

9N x () 1 b—1 (1 —1—930)6*9“3

=0 —b -1 ,
9BNxL(7) 116z 2162 (a )2 [1— (1+ %) e02]

If 0 < a <1andb > 1, both the contribution associated with a — 1 and the remaining part are
non-positive, so g5y 7 (z) < 0 for z > 0.

For a = 1, the derivative simplifies to

InxL(®) _ 9 1 —b(1 + 0z)°
9BNxL(T) (1—1—9.%)(24—9%)'

Hence, for 0 < b < 1, the derivative changes sign exactly once at

1/vVb—1
fUm:T,

which proves unimodality.

Finally, if a > 1, then g’z x; (z) > 0 for sufficiently small = > 0, whereas

IpnxL(T)

— —bh < 0, T — 00.
gBNxL(T

Thus, the density has at least one interior mode. 0
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FiGure 1. Shapes of the PDF and hazard rate function (hrf) of the BNXL distribution.

The green PDF curve decreases for a < 1, whereas others are unimodal for a > 1.

Proposition 2. The BNXL PDF can be expressed in the linear form

gBNXL(x) = Z Z Z Z Wj,i,r,s (9IS+1 + IS) exp{—x@(r + 1)}, (17)
7=0 =0 r=0 s=0
where
1 s+1 . —1)Jtitrr AT
Wjirszi Q " ! ( ) : .(b.+]) (CL) . (18)
o B(a,b) \ 2 s)\r)ilT(b+j5—14)j'T(a—j)
Proof. From Eq. (12), using the generalized binomial expansion
1 = (—1)T(a)
1—z2)0 = (,7,29, zl <1, 19
-7 =Y Sy (19)

and applying the corresponding binomial expansions to the remaining terms, the BNXL density can be written as

9BNxL(T) = B(clz,b) iiii <z>s+1 (;) <i>

7=0 ¢=0 r=0 s=0
(=170 + j)T (a) s+1 | s\ —z0(r+1)
“ATG T 0T T E)e ' (20)

Defining W ; s as in Eq. (18) immediately gives Eq. (17).
3. STATISTICAL PROPERTIES

This section presents some important statistical properties of the BNXL distribution, including the

reliability and hazard rate functions, moments, moment generating function, Rényi entropy, stress—

strength reliability, and order statistics.



Asia Pac. J. Math. 2026 13:155 7 of 25

3.1. Reliability and hazard rate functions. The reliability function is defined by
R(t)=1—-GpnxL(t).

Let

Then

B a+b )k
R{t) =1- Z il a+k: . (21)

The hazard rate function is defined by

_gsnxc(t)  gBnxL(t)
M= R0 T T Ganxn@)
Therefore,
(1) 60 (a +b)(t0 + 1)(t0 + 2)0 () e
W) = =2 ()T (5) R(2) ‘ (22)

The hazard rate describes the instantaneous risk of failure at time ¢, conditional on survival up to
that time. As illustrated in Figure 1, different hazard-rate shapes can be obtained for suitable parameter

values.
3.2. Moments.

Theorem 1. If X ~ BN X L(a,b,0), then the kth raw moment is given by

’ T(k+s+2)
ky __ j,'L,rs
E(XT) = Z Z Z Ghts+1(p + 1)k+stl [ 1 +T(k+ s+ 1)] : (23)

7=0 i=0 r=0 s=0

Proof. Using Proposition 2, we obtain

E(Xk) = / :L’kgBNXL(l’) dx
0

ZZZW7ZTS/ < k+s+1+xk+s) o~ 20(r+1) . (24)

7=0 t=0 r=0 s=0

Using
< 'v+1)
v, —AT _
/0' €T e dr = W, A > 0,

gives

S S A OT(k+s+2) Dk+s+1)

’LT‘S ) 2
Z Z W [[G(T + D]Est2 T [A(r + 1))k H (25)

7=0 i=0 r=0 s=

which reduces to Eq. (23).
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Remark 2. The first four raw moments follow directly from Eq. (23) by taking k = 1,2, 3, and 4. In particular,

[T(s+3)
754,78
=3 g e e 2],

J1,%,7,8 - -

[T'(s+4)
754,78
298+37«+1s+3 r+1 +F(S+3) ’

758,78 L i

[T'(s+5)
7,8,7,8
ng+4r+1s+4 T+1 +F(S+4) ’

758,17, L i

[T'(s+6)
7,4,7,8
ng+5r+1s+5 ’I“+1 +F(S+5) )

758,17, - -

where
oo 00 7 r
jirs  §=0i=0 r=0 s=0

3.3. Moment generating function. The moment generating function of X is defined by
MX(t) :E(etX) = / etngNXL(CE) dx.
0

Using Proposition 2, term-by-term integration gives

' (s +2) T(s+1)
ZZZZWJ”S[ +1)—t]5+2+[0(r+1)—t]3+1]’

7=0 i=0 r=0 s=0

for values of ¢ for which the above series converges.

3.4. Rényi entropy. The Rényi entropy of order ¢ > 0, ¢ # 1, is defined by
1 o0
Ir(q) = 1—_log {/ 9nx (%) da?} :
—4q 0

(26)

(27)

For a positive integer ¢ > 2, the same expansion technique used in Proposition 2 gives the following

representation.

Proposition 3. For an integer ¢ > 2,
- (9)
—z0
Z Wj,(lz',r,l,m(ex)m+le T (T+q)’

where

= st (1) () (1) (3)

(=1 T((b =g+ 5+ Dl((a —1)g + 1)
T(b—1)q+j+1—i)j'T((a—Dg+1—j)

(28)

(29)

Proof. The result follows by applying the generalized binomial expansion successively to the factors in g2\ 1 (),

in the same manner as in Proposition 2.
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Theorem 2. For an integer q > 2, the Rényi entropy of the BNXL distribution is

. j’LT m (m+l+ )
L STy sy it ) &

7=0 i=0 r=0 [=0 m=0

Ir(q) =

Proof. From Proposition 3,

/OOO 9pnxp () de = ZZ

Taking v = z6(r + q) gives

q o0
Swi / ()™ H e+ gy (31)
LA A ) 0

o N F(m+1+1)
m+l —z0(r+q) _
/0 (fz)™ e dx 80 + Qe

Substitution into Eq. (27) yields Eq. (30).

For noninteger values of ¢, the defining integral in Eq. (27) can be evaluated numerically.

3.5. Stress—strength reliability. The stress—strength reliability measures the probability that a compo-

nent with random strength X withstands a random stress Y. It is defined by
Rgs =P (Y < X )

If X and Y are independent BNXL random variables with parameters (a1, b1,601) and (a2, b2, 62),

respectively, then
Rss = / g9BNxL(7;a1,01,01)GNnxL(T;az, b, 02) dx. (32)
0
3.6. Order statistics. Let X1, ..., X,, be a random sample from the BNXL distribution, and let
Xy =Xy s <Xm
denote the corresponding order statistics. The PDF of the jth order statistic is

9x (5 (2) = G- 1)7(!71 — j)!gBNXL(a?) [Genxr(@)P ' 1= Gnxe(@)]"™,  j=1,...,n.  (33)

Using the BNXL PDF and CDF, we obtain

n! (
950\ = D=1 | B

%) ) (0 + 1)(x0 + 2)blz(a:)alezb9]

[(a+b)z(x (z)* s
8 I'(a) Zk'a+k k)]

y -1 ~ Dla+b)z(z)" > (—1)kz(z)* n
Pla) & HRa+ho—k)|

(34)

where

Az)=1— (‘”29 +1>
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4. EstimaTION OF THE BN XL DISTRIBUTION PARAMETERS

Several estimation techniques for the Beta New XLindley (BNXL) distribution’s parameters are
presented in this section. We start with the maximum likelihood estimation (MLE), which under
regularity conditions offers effective and asymptotically unbiased estimators. Alternative methods,
including least squares, Anderson-Darling, Cramér—von Mises, maximum product spacings, and other
variants, are then covered. These approaches help when MLE is sensitive to data features or difficult to
estimate. Every method is developed in terms of its goal function, which helps to estimate parameters

by numerical optimization. For more details, see [34,35].

4.1. Maximum likelihood estimation (MLE). This section will focus on estimating the proposed
model parameter using the maximum likelihood method, MLEs, of the parameters that are inherent
within the beta-new XLindley distribution function is obtained as follows. The likelihood function of

the observed sample = = {1, ..., x, } of size n,is defined as

=1

- ﬁ (5)° (20 + 1) (20 +2)" 1 [1 - (“0 +1) exp(—6)]"" " exp(—;b0)
=1 B(a, b) ' ' 2 Z Z
(3)" 0" S

= e o [+ @27 1= O 1) explrio)

=1 =1

The corresponding log-likelihood function is given by

bn n n

" .

I(z,a,b,0) = log { [59() — exp( b9§ :xl [T (@0 + 1) (260 +2)"" [1 - (‘%9 + 1)exp(—zi9)]“1}
= =1

= —bnlog(2) + nlog(h) — nlog [B(a,b)] — bb Z T + zn: log (0 + 1)

+(b—1)log (z;0 +2) + (a — 1) Zlog[l - (%0 + 1) exp(—z;0)]
i=1
=n|[—blog(2) + log(#) + log'(a + b) — logI'(a) — log I'(b)] — b0 i x;

+ Zlog (i@ + 1)+ (b—1)log (z;0 + 2)
i=1

) exp(—;0)]

Now, setting

8[(9_5,@, b,0) 8[(9_3,@, b,0) 6l(§,a, b,0)

o0 gy and 00
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we get the following nonlinear system of equations

Ol(z,a,b,0) n

—5— =20 = ny(a+b) —ny(a) + ;log[l — (%0 + 1) exp(—z;0)] =0

Al(z,a,b,0) " n n

—— =0 & —nlog(2)+n¢(a+b)*ml)(b)*@;xiJrglog($i9+2):0
Al(z,a,b,) o exp;xie)(ﬁ(971)+l)
—r — =0& 50 Z i+ Z w1 T O Ve (@=L e ~ O

where 7(.) is digamma function. The MLEs A= (&7 b, é) of A = (a, b, ), respectively, are obtained by
solving this nonlinear system of equations. To numerically maximize the sample likelihood function
given in the likelihood function, it is usually more convenient to use nonlinear optimization algorithms
such as the quasi-Newton algorithm.

For interval estimation and tests of hypotheses on the parameters in A\, we require the 3 x 3 unit

expected information matrix, that is

3?l(z,a,b,0) 03l(x,a,b,0) 02%l(z,a,b,0)

, Oa? ) dadb ) dadl
0%l(z,a,b,0) 0%l(z,a,b,0) 0%l(x,a,b,0)
I()\) = — — - )
0boa ob? 0boo
82l(§,a,b,9) 82l(§,a,b,9) 82l(§,a,b,9)
000a 0600b 062
where
82l(§,a,b,9) , ,
—gaz— = ) (a+b) —ny (a)
82l(§,a,b,9) 82l(§,a,b,9) ,
9adb _ — _Obda ny (a + b)
821(§,a,b,9) le(f,a,bﬁ) N oox ( i(6— 1)+1)
dadd  — = 00da ; +1)exp(_$19)]
621(§,a,b,9) ,
—— = (a+b) —ny (b)
9%1(x,a,b,0) 92%1(x,a,b,0) n
- — - - _ . T
o0 — — o00h  — Z Ti + 21 )
1=
82l(m,a,b,9) n
- _n _ _
092 62 E (z 0+1 + (0 1)( e+2)2 (a—1)

i exp —1’19)( -3 9_1>X[1_(T+1) exp(—wﬂ)]—(exp(—x,ﬂ)(%(9—1)+1))2
= [1—(%°+1) exp(—;0)]
Under condltlons that are fulfilled for parameters in the interior of the parameter space but not
p p p

on the boundary, the asymptotic distribution of v/n(A — A) is N'(0, I~ 1(\)).The estimated asymptotic
multivariate normal N (0, 17! (A)) distribution of \ can be used to construct approximate confidence
intervals for the parameters and the hazard rate and survival functions. An asymptotic confidence

interval with significance level « for each parameter)\;, for k = 1,2, 3 is given by:
ACTLgo(1—a) = [5\1{ + zg fkk()\)]

Where I;,()\) is the kth diagonal element of 17 ~1(\) estimated at \ for k = 1,2,3, and zg is the

quantile 1 — § of the standard normal distribution. Using R software, we can easily compute the
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Hessian matrix (information matrix) and its inverse and hence the standard errors and asymptotic
confidence intervals.

To test some BNXL sub-models, we can compute the likelihood ratio (LR) test statistic by maximizing
unrestricted and restricted log-likelihood functions. For example, we can use the LR test statistic to
check whether the BNXL distribution is statistically superior to the new XLindley distribution for a

given data set.

4.2. Least square estimation (LSE). The least-square estimation is an alternative to maximum likeli-
hood estimation. For the BNXL model, the least square estimates (LSEs), a,b and 6 of a, b and 6 are
defined as those arguments that minimize the objective function:

& Tla+ )1 — (29 4 1) exp(—an)]* SN (—1DFL — (290 4 1) exp(—z®)]F i |
Qab.0)=> { 2I‘(a) 2 k!(a iu k)T (b — k) I

=1

k=0
where z ;) is a possible outcome of the ith order statistic based on a n-points random sample obtained
from X ~ BNXL(a,b,0).
The minimum point @, b, can also be given as a solution of the following system of non-linear
equations:
dQ (a,b,0) diQ(a,b,0) dQ(a,b,0)

da db =—a v

4.3. Anderson-Darling estimation (ADE). Suppose we have an ordered random sample of size n
givenby X1, Xo, ..., X,,, where each X; is distributed according to a BNXL distribution with parameters
a, b, 0. To estimate the BNXL distribution coefficients using the Anderson-Darling estimation approach,

we must calculate the minimization of the following equation

n

A= n— 37 (20— 1) log (Cnx () + log (R (x2)].

i=1
4.4. Cramér-Von Mises estimation (CVME). To estimate the BNXL distribution coefficients using the

Cramér-von Mises estimation approach, we must calculate the minimization of the following equation

1

& 2 — 112
Cz—i—i-z GBNXL(II%)_ .
=1

2n

12n

4.5. Spacings estimation (MPSE). In order to estimate the BNXL distribution coefficients using the

spacings estimation approach, we must calculate the maximum of the following equation

1 n+1
T = Ton glogMi where M; = GenxL (ZL'(Z-)) — GBNXL ($(z‘—1)) .

4.6. Right tail Anderson-Darling estimation (RTADE). In order to estimate the BNXL distribu-
tion coefficients using the right-tail Anderson-Darling estimation approach, we must calculate the

minimization of the following equation

n

n 1 4
RL =3 =2 ; Gpnxr (zi) — ; (2i — 1) log (R (zn41-i)) -
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4.7. Weighted least-squares estimation (WLSE. To estimate the BNXL distribution coefficients using
the weighted least-squares estimation approach, we must calculate the minimization of the following

equation

(n+1)%(n+2) i 17
W= Z i(n—i+1) [GBNXL(%)_TL—}—I].

4.8. The minimum spacing absolute distance estimation (MSADE). In order to estimate the BNXL
distribution coefficients using the minimum spacing absolute distance estimation approach, we must

calculate the minimization of the following equation

n+1

0% (CCZ) :Z M,

7
=1

1
n+1|

4.9. The minimum spacing absolute-log distance estimation (MSALDE). To estimate the BNXL
distribution coefficients using the minimum spacing absolute-log distance estimation approach, we

must calculate the minimization of the following equation

n+1

w2 (l’l) = z

=1

log M; — log

n—l—l"

Remark 3. The adaptability of the BNXL distribution is a strength; however, it may result in overfitting when
utilized with small datasets. This study primarily focused on model formulation and initial empirical evaluation;
however, the incorporation of cross-validation and robustness checks is an essential subsequent measure to evaluate
and mitigate over fitting.

5. SiMULATION STUDY

The goal of the simulation experiment is to see how well different estimation methods work at finding
the parameters of the BNXL distribution. We performed a comprehensive simulation experiment in
this section to assess different estimation methods, such as MLE, ADE, CVME, MPSE, LSE, RTADE,
WLSE, MSADE, and MSALDE. We created sample sizes of 35, 100, 250, 400, and 600 from a pool of
1000 Monte Carlo samples for this experiment. Tables 1 to 6 show the bias (BIAS), mean square error
(MSE), mean residual error (MRE), and rank values for each method of estimation. These calculations

were made using the following formulas

e BIAS: The bias is calculated as the average difference between the estimated parameter (6;)
and the true parameter (¢). B = + Efil(éz —0).
e MSE: The MSE is the average of the squared differences between the estimated parameter (6;)
and the true parameter (0). MSE = % Ef\il(@ —0)%.
e MRE: The MRE is the average of the absolute differences between the estimated parameter (6;)
and the true parameter (6). M RE = % sz\il 0; — 6],
where N is the number of simulated data sets, 6; is the estimated parameter in the ith data set, and @ is

the actual value of the parameter. A noticeable pattern can be seen in these tables, showing that Bias,
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MSE, and MRE all slowly move closer to zero as the sample size gets bigger. This result confirms the
consistent estimability of parameters defining the BNXL distribution.

The simulation results were obtained by using R Programming software, and these results are
presented in Tables 1-6, which indicate that all estimators exhibit consistency, with BIAS, MSE, and MRE
diminishing as n increases. The overall rankings (Table 6) demonstrate that CVME achieves superior
performance on average, closely followed by MSALDE and WLSE. In small samples (n < 100), WLSE
and MSALDE typically produce the lowest errors, while CVME remains competitive. For moderate
sample sizes (100 < n < 400), CVME and WLSE are excellent options, with MSALDE frequently close
behind. In large samples (n > 400), CVME prevails, and MLE approaches optimal efficiency. Overall,
WLSE and MSALDE are advantageous for small datasets, CVME for large datasets, and MLE is efficient
when n is substantial. This provides a practical guideline for analysts: for small-scale biomedical
studies (n < 100), the WLSE method is preferable, whereas for large epidemiological datasets, CVME

should be the estimator of choice.
6. APPLICATIONS

In this section, the practical performance of the beta-new XLindley (BNXL) distribution is ex-
amined using two real data sets. The BNXL model is compared with several well-known lifetime
distributions, namely the exponential, Lindley [41], XLindley [3], new XLindley [18], Xgamma [44],
Zeghdoudi [42], two-parameter Lindley I [25], two-parameter Lindley II [26], gamma Lindley [23],
new quasi-Lindley [24], beta-Lindley [ 1], beta-exponential [43], and Chen [22] distributions.

The competing models are fitted by maximum likelihood estimation. Model comparison is based
on the Akaike information criterion (AIC), Bayesian information criterion (BIC), minus twice the
maximized log-likelihood (—2¢), and the corrected Akaike information criterion (AICc). These criteria
are defined as

AIC = =20 + 2k, BIC = -2/ + klogn,

and

2k(k +1)

n—k—1

where k denotes the number of estimated parameters and n is the sample size. Smaller values indicate

AICc = AIC +

a better trade-off between goodness of fit and model complexity.

Data set 1. The first data set consists of 48 measurements of luteinizing hormone (LH) concentrations
obtained from blood samples collected at 10-minute intervals from a healthy adult woman. The data
were originally reported by Diggle [7] and have been widely used in biomedical statistical studies.
Although the observations were collected sequentially in time, the present analysis concerns the
marginal distribution of the observed LH concentrations rather than their temporal dependence or

autocorrelation structure.
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Table 1: Simulation values of BIAS, MSE and MRE for (a = 1.5, b = 0.5, 6 = 0.25).
n Est.  Est. Par. MLE ADE CVME MPSE LSE RTADE WLSE MSADE  MSALDE
35  BIAS a  0.3890717} 0.3886916} 0.4041919} 0.3984618} 0.38188{3} 0.384414} (.3811112} 0.38495(5} 0.368991!}
b 0.1743415) 0.1749616} 0.1712413} 0.17247{4} 0.1781918} 0.16978{2% 0.16929{!} 0.18243{9} 0.17517{7}
6  0.0906519Y 0.0875214} 0.0867413} 0.0884116} 0.08914{7} 0.08669{2} 0.08785{5} 0.0900418} 0.08591{1}
MSE a  0.2623517 0.2569615} 0.28022{9} 0.2751(8} 0.25209{4} 0.25197(3} 0.24924{2} 0.25908{6} (.2380411}
b 0.0429615 0.04435{7% 0.042{3} 0.0420614} 0.0451618} 0.04135{2} 0.04097{1} 0.04681{9} 0.04379{6}
6 0012588} 0.01199%5} 0.01172{2} 0.01211{6} 0.01246{7} 0.01179{3} 0.01194{4} 0.01261{%} 0.01152{1}
MRE a  0.2593817} 0.25913(6} 0.2694619} 0.2656418} 0.25459{3} 0.25627{4} 0.25407{2} 0.25664{5} 0.24599{1}
b 0.3486715} 0.34992{6} 0.34248{3} 0.34494{4} 0.35639{8} 0.33957{2} 0.33858{1} 0.36487{9} 0.35033{7}
6 0.36261197 0.35008{4} 0.3469413} 0.3536616} 0.35657{7} 0.34675{2} 0.35138{5} 0.36015{8} 0.34365(!}
S Ranks 6218} 4915} 44143 5416} 5517} 2412} 2311} 68193 2613}
100  BIAS a  0.2360315} 0.24925{8} 0.2301311} 0.25015(9} 0.23532{3} 0.2448916} (.24638{7} 0.2352512} 0.23591{4}
b 0.1706415} 0.17119{6} 0.1695413} 0.17018{4} 0.17338{8} 0.16793{1} 0.16804{2} 0.17716{9} 0.17192{7}
6  0.0866518} 0.0849414} 0.08412} 0.085515} 0.08375{1} 0.0857216} 0.08613{7} 0.0873419} 0.08472{3}
MSE a  0.1041715} 0.1121{7F 0.0942312} 0.1207219} 0.0939{1} 0.11008(6} 0.11709{8} 0.1015213} 0.10368{4}
b 0.0406613} 0.04153{5} 0.0408814} 0.0415716} 0.04258(8} 0.04049{2} 0.039561} 0.0439519% 0.04225{7}
6  0.01198(8} 0.01126%3} 0.01115{2} 0.01151{6} 0.01086%} 0.01174{7} 0.01131{4-5} 0.012{9} 0.01131{4-5}
MRE a4  0.1573615} 0.1661618} 0.15342{1} 0.166761°} 0.15688{3} 0.1632616} 0.1642617} 0.15683{2} 0.1572714}
b 0.3412715) 0.34238{6} 0.3390813} 0.3403614} 0.3467618} 0.33586{1} 0.33607{2} 0.35433{9% 0.34384{7}
6  0.3466118Y 0.3397614} 0.3359912} 0.3419915} 0.33501{1} 0.34289{6} 0.34453{7} 0.3493619% 0.3389{3}
S Ranks 52{7} 5116} 20{1} 57{8} 3412} 4113} 45.5(5} 6119} 43.514}
250  BIAS a4  0.1487316} 0.14257(3} 0.14935{7} 0.1476315} 0.15409{9} 0.14308{4} 0.1360611} 0.15046{8} 0.1367212}
b 0.1692{7} 0.16925(8} 0.1678615} 0.16733(3} 0.17181{9} 0.16242{2} 0.16168{1} 0.16818(6} 0.16734{4}
0 0.082815} 0.0837819} 0.0812113} 0.08293{6} 0.08311{7} 0.07999{2} 0.08128{4} 0.08341{8} 0.07887{1}
MSE a  0.03809%5} 0.03538(3} 0.03982{7} 0.0389116} 0.04138{9} 0.03545{4} 0.03151{1} 0.03997{8} 0.03212{2}
b 0.0404616} 0.04094{8} 0.03967{3} 0.04014{4} 0.04235(97 0.03806{2} 0.03745{1} 0.04045{5} 0.04082{7}
6 0.0107616} 0.01101{8} 0.01032{2} 0.0108{7} 0.01072{4} 0.01033{3} 0.01075(5} 0.01113{9% 0.01013(%}
MRE a  0.0991516} 0.0950513} 0.0995617} 0.09842{5} 0.1027219} 0.0953814} 0.09071{1} 0.10031{8} 0.09115{2}
b 0.3383917} 0.33849{8} 0.33572{5} 0.33465{3} 0.34363{97 0.32484{2} 0.32335{1} 0.33637{6} 0.33468{4}
6  0.3311915} 0.3351119} 0.32484{3} 0.33172{6} 0.33245{7} 0.31996{2} 0.32512{4} 0.33364{8} 0.31547{1}
3" Ranks 5316} 5917} 42{4} 4515} 7219} 2513} 1911} 6618} 2412}
400 BIAS a  0.1161713} 0.1178916} 0.1133511} 0.11635{4 0.1191{8} 0.11909{7} 0.11553{2} 0.1172215} 0.11991{9}
b 0.1594211} 0.1643{7} 0.1636116} 0.1597412} 0.1682419% 0.1616414} 0.160613} 0.16255(5} 0.1664618}
6  0.0762312} 0.0795918} 0.0768913} 0.0745811} 0.08148{9% 0.0794616} 0.0777814} 0.07955{7F 0.07842{5}
MSE a  0.0235713} 0.02392(5} 0.02171{1} 0.0248417} 0.02491{8} 0.02466(6} 0.02273{2} 0.02371{4} 0.0257619}
b 0.0370911} 0.0395518} 0.0387816} 0.037715} 0.0398819% 0.03767{4} 0.03712{2} 0.03732{3} 0.0393{7}
6 0.0092512  0.0116}  0.0094113} 0.00902{1} 0.01033{°} 0.01008{7} 0.00972{5} 0.01009{8} 0.00957{4}
MRE a  0.0774413} 0.0785916} 0.0755611} 0.0775614} 0.0794{7-5} 0.079417-5} 0.07702{2} 0.07815(5} 0.0799419}
b 0.3188511) 0.3286117F 0.3272216} 0.31947{2} 0.3364819% 0.32328{4} 0.3211913} 0.3251{5} 0.33292{8}
6  0.3049312} 0.31838{8} 0.3075813} 0.29833{1} 0.32592{9% 0.31782{6} 0.311114} 0.31819{7} 0.31367{5}
S Ranks 1811} 61{7} 30{4} 27{2:5} 77.519} 51.5(6} 27{2:5} 4915} 6418}
600  BIAS a4  0.0943814} 0.09615(7F  0.095(5} 0.0886611} 0.09705{8} 0.09405(3} 0.093552} 0.09754{9% 0.0958{6}
b 0.1518411} 0.1562{6} 0.15355%3} 0.15428{4} 0.15885{8} 0.15216{2% 0.1544{5} 0.15812{"} 0.16051{%}
6 0.0707811} 0.07612{9} 0.07233{4} 0.07129{2} 0.0752{7} 0.07199{3} 0.07275{5} 0.07605{8} 0.07341(6}
MSE a  0.0150912} 0.0155716} 0.0154915} 0.0135{11} 0.0170119} 0.0152414} 0.01523{3} 0.01605(8} 0.01579{7}
b 0.0342612} 0.03556{5} 0.03505{3} 0.03529{4} 0.03649{8} 0.03397{1} 0.03565{6} 0.03623{7} 0.03727{9}
6 0.00834{2} 0.00929(%} 0.00855(5} 0.00814{1} 0.00899{7} 0.00835{3} 0.00846{4} 0.00912{8} 0.00859(6}
MRE 4 0.0629214} 0.064117 0.0633415} 0.0591111} 0.064718}  0.062713}  0.06237{2} 0.06503{°} 0.0638716}
b 0.3036811} 0.3124116} 0.3071{3} 0.30857{4} 0.3176918} 0.30432{2} 0.3088{5} 0.31624{7} 0.32103{%}
6 0.2831411} 0.3044719} 0.2893114} 0.2851512} 0.3008{7} 0.28798(3} 0.290995} 0.3042{8} 0.29365{6}
3" Ranks 18{1} 6416-5r  g7{4.5} 2012} 7018} 2413} 37{4.5} 7119} 64165}
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TasLE 2. Simulation values of BIAS, MSE and MRE for (a = 2.5, b = 0.75, § = 1.5).
n Est. Est. Par.  MLE ADE CVME MPSE LSE RTADE WLSE MSADE  MSALDE
35 BIAS a 0.7183617F  0.6894125}  0.7091616}  0.7015(3}  0.6894{25}  0.7232519F  0.7192018} 0.6987214  0.6817{1}
b 0.2631212F  0.2706217F  0.2698115  0.2668914  0.2700516  0.2709318F  0.275919  0.26641%3}  0.26285(1}
0 0.5491914} 05748919 0.5622617  0.5514616}  0.53477{2}  0.5745418}  0.55145(5)  0.5307811}  0.53609(3}
MSE a 0.87217H 0.791212}  0.843416}  0.8329315r  0.797513F  0.908191°F  0.8763118} 0.831681*F  0.78701{1}
b 0.0948612F  0.0993947H  0.0972513}  0.0977314  0.008331°  0.10028}  0.10267¢%F  0.098416}  0.09441{1}
0 0.47229%6F 050846197 0.48132{7r  0.4667515}  0.44206{2}  0.504978}  0.4620114  0.4366811F  0.446413}
MRE a 0.2873417F  0.27576125  0.2836616r  0.28061%  0.27576125F  0.289319r  0.2877218} 0.2794914}  0.27268{1}
b 0.3508312F  0.3608217F  0.3597515}  0.3558614  0.3600716}  0.3612418}  0.367871%} 0.3552213}  0.3504611}
0 0.366131F  0.38326%°r  0.3748417t  0.3676416r  0.3565112}  0.383021%7  0.36763%°} 0.3538511}  0.3573913}
S° Ranks 4114 5517} 52{6} 4415} 3113} 7519} 6518} 27{2} 151
100  BIAS a 0.4792214F  0.47765%2F  0.4823516r  0.4836817H  0.4799415  0.4938518F  0.4777213}  0.504741%F  0.4730411}
b 0.2609714}  0.2633516}  0.2655218}  0.2613415}  0.25625{2}  0.26618197  0.26439{7} 0.2587213}  0.25467(1}
0 0.5231F  0.53008{7  0.5174213}  0.51902{4  0.503091F  0.5345418}  0.53465{% 0.51944{%  0.50557{%
MSE a 0.4354747F 0.42411%20 0.432551  0.4350316}  0.4337715}  0.4495618F  0.4180111 0.4716419  0.42616(3}
b 0.0922514  0.0946617F  0.0966518}  0.0941916}  0.08997{1}  0.0972197  0.09316%5}  0.09043%3}  0.09019{2}
0 0.4267116}  0.4442{8}  0.41432133  0.4242515} 04066112 0.4455119%  0.44065{7  0.4194914}  0.39631{1}
MRE a 0.1916914}  0.19106%2}  0.1929416}  0.19347{7}  0.19198(5}  0.1975418}  0.19109%3} 0.201891%}  0.18922{1}
b 0.34796147  0.35114%6}  0.3540318}  0.3484515}  0.3416612}  0.354919}  0.35252{7F 0.34497%3}  0.3395611}
0 0.34867(6}  0.3533817}  0.34495(3} 0.34601{11  0.3353911}  0.35636(8} 0.356431%} 0.3462915}  0.33705(%}
" Ranks 4513} 474} 49155} 49155} 2412} 7619} 5118} 5017} 1441}
250  BIAS a 0.3311%F  0.3090613  0.3185216}  0.308(2}  0.3127714  0.3236718}  0.30532{"} 0.32252{7}  0.31452{%}
b 0.2450716F  0.24212%2F  0.24959190  0.2437915}  0.2368911  0.24924{7-5}  0.2428913}  0.2434414F  (.24924175}
0 0.4547811  0.4432211  0.4595418)  0.44714} 04451912 0.4590517  0.4458313}  0.45604(6}  0.4622919}
MSE a 0.204581%F  0.18174%5F  0.1892(6}  0.18108{4}  0.1794803}  0.201118}  0.1725911}  0.1911817F  0.17752(2}
b 0.0873617F  0.08369%3}  0.0880118}  0.08531%  0.0780411}  0.0860816}  0.08264%2} 0.084851*F  0.088561%
0 0.3373418}  0.3138111}  0.3335915}  0.3242{4} 03177312 0.33605(7F  0.3215713}  0.3338616}  0.34121{%}
MRE a 0.132419%  0.1236313}  0.1274116}  0.1232{2}  0.1251114 0.12947(8}  0.1221311F 0.1290117F  0.1258115}
b 0.3267516F  0.32283%2F  0.3327919  0.325061°}  0.31585{1  0.3323117F  0.32386%3} 0.3245914F  0.33232{8}
0 0.3031815F  0.2954811F  0.3063618r  0.29814}  0.20679{2}  0.3060417F  0.2972213}  0.3040316F  0.3082{%
" Ranks 6417} 2113} 6518} 3514} 20115} 65.519% 20115} 5115} 63.516}
400  BIAS a 0.2318(1  0.24528{5}  0.24575{7  0.24802{8}  0.2396813}  0.2492619}  0.2385(2}  0.2454916}  0.24525{4}
b 0.22414 02380718 0.2239813} 0.23248{7}  0.2216211}  0.23842(9}  0.2232{2} 0.23112{6} (.22725(5}
0 0.38425151  0.4001318}  0.3758513}  0.3942{7  0.373812}  0.4104219} 0.3725311} 0.3898316}  0.37917{4}
MSE a 0.1011280  0.108915}  0.1102216} 0.1076114  0.1071813  0.1138418}  0.10652{2 0.11144{(7F  0.11483{%}
b 0.0748812}  0.0835519  0.075951  0.07915{6}  0.0752313}  0.08237(8}  0.074011} 0.07965{7}  0.07785(5}
0 0.241915  0.254818%  0.23013{% 0.2461916}  0.2348413}  0.2679419}  0.22588{1 0.24709{7}  0.23965{4}
MRE a 0.0927211F  0.09811%5F  0.0983{7  0.0992118}  0.0058713}  0.099711%F  0.095412}  0.098216}  0.0981{4}
b 0.2986714F  0.3174218F 02986413} 0.3099817F  0.2954911F  0.31791%F  0.2976{2}  0.3081616}  0.303{%}
0 0.256171F  0.26675% 02505713t 0.262817  0.249212F  0.2736219F  0.2483511} 0.2598916F  0.25278{4}
" Ranks 2813} 6418} 384} 6017} 2112} 7919} 1411} 5716} 4415}
600  BIAS a 0.19689%F  0.19976%5r  0.1933912}  0.2031818}  0.20538(9  0.1936513F  0.20026%6} 0.1874811F  0.20144{7}
b 0.2103314}  0.2128618}  0.2061412}  0.21246{77  0.21493{9  0.2099913}  0.20072(1}  0.2110915}  0.2122916}
0 0.3347316F  0.3322315}  0.330811}  0.3434418}  0.3551%} 0.32483(2}  0.3176411}  0.3291413}  0.33812{7}
MSE a 0.07173%5F  0.07335%6r  0.0701714 0.0768818}  0.0787819  0.0665712F  0.069373  0.0640211F  0.07595{7
b 0.06891  0.0685611  0.06588(%  0.07092{%  0.0707518  0.06843  0.06245("F  0.06953{6}  0.06972{7}
0 0.18464%61  0.1739213}  0.18068%15}  0.1921518  0.2042197  0.1665212 0.1638611F 0.1779914}  0.187{7
MRE a 0.0787614r  0.079915}  0.07736{2}  0.0812718}  0.08215{%  0.0774613}  0.0801{6}  0.074991"}  0.08058{7
b 0.2804414F  0.28382181  0.2748612} 0.2832817F  0.2865719  0.27999%13}  0.2676311} 0.2814515F  0.2830616}
0 0.2231516}  0.22149%5)  0.22053{4  0.2289618}  0.236661%  0.2165512}  0.2117611}  0.2194313}  0.22541(7}
3" Ranks 4415} 4916} 2713} 7118} 8019} 2312} 2111} 2914} 6117
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TaBLE 3. Simulation values of BIAS, MSE and MRE for (a = 2.0, b = 1.5, § = 0.5).
n  Bst  Est Par  MLE ADE CVME MPSE LSE RTADE ~ WLSE  MSADE  MSALDE

35 BIAS a 0.4040113}  0.4161318}  0.40746{4}  0.421011%  0.41133(6}  0.409515}  0.41215{7  0.38922{'}  0.40114{2}
b 0.659188}  0.632041%  0.6299913}  0.642416}  0.626911} 0.6712419F  0.63971%  0.64671{7F  0.62763(2}

0 0.1908416}  0.18732{2}  0.18861{4}  0.194641% 0.1932918}  0.19308{" 0.19066{} 0.18753(3}  0.1860811}

MSE a 0.29097{7}  0.28955(6}  0.28345{4}  0.20418}  0.289091%}  0.282313}  0.29702{9} 0.2505711}  0.27034(2}

b 0.6043218}  0.5571514  0.5507513}  0.5672216}  0.549991%  0.616161% 0.56437{% 0.57933{7}  0.54763{1}

7 0.05281  0.0512413}  0.0515311  0.054631%F  0.0543318}  0.0528516}  0.0531{7F  0.0501111F  0.0502512

MRE a 0.20201%3}  0.20807(8}  0.2037314  0.210511°7  0.2056716} 0.204751°  0.20608{7} 0.1946111}  0.20057(2}

b 0.4394518}  0.42136{4} 0.4213} 0.4282616  0.4179411  0.4474919  0.42647{5} 0.43114{(7}  0.41842{%}

0 0.3816916r  0.3746412}  0.3772214  0.3892819F 0.3865718} 0.3861617F 0.3813215} 0.3750613%  0.3721511F

S° Ranks 5416} 414 3313} 7119} 4515} 6018} 55(7} 31{2} 1511

100  BIAS a 0.25095(6}  0.25828{8}  0.24918(5}  0.2521{7}  0.24613}  0.2468614} 0.26275(9} 0.24382{1}  0.24454(2}
b 0.6003319}  0.5794111}  0.5816512)  0.586113}  0.59578{6} 0.5878415} 0.59725(7}  0.599818}  0.5875914}

0 0.1837216}  0.1805713}  0.179411}  0.1883219% 0.1882118} 0.1838417F 0.18342{5} 0.17991{2  0.1808814}

MSE a 0.1085416}  0.1142918}  0.10736(°}  0.1107617F 0.1010111 0.1037613}  0.11643197 0.1029812}  0.1039814}

b 0.49408(7r  0.4729612}  0.47462(3}  0.4748814}  0.480691°F 0.48248(6} 0.50212{% 0.50111{8}  0.47245{1}

0 0.0507415r  0.0514 0.0497613}  0.0534619r  0.05228{8}  0.0512717F  0.0508516} 0.04861{1}  0.04914{2}

MRE a 0.12548(6}  0.1291418}  0.12459(5}  0.12605(7F  0.12303}  0.1234314}  0.13138(9 0.12191{"}  0.12227{2}

b 0.4002219r  0.3862711}  0.38777{2}  0.3907313}  0.3971916}  0.3918915} 0.39817{7F  0.3998618}  0.3917214}

0 0.3674416}  0.3611313}  0.358811}  0.376641% 0.37643(8} 0.36769{" 0.36683{5} 0.35981{2}  0.36177{4}

3 Ranks 6018} 38{4} 27{1-5} 58{7H 48{5-5} 48{5-5} 661} 33(3} 27{1-5}

250  BIAS a 0.1527312} 0.1610518}  0.15399(5}  0.1552316}  0.15792{7  0.1636519r 0.1527913} 0.1478211}  0.1537614
b 0.5915%Y 05656711 0.5743314  0.5752515F  0.5733512F  0.5860817F  0.596461%F 0.5736113F  0.5850716}

0 0.1808616}  0.1793515}  0.1785413}  0.17898{*} 0.1840419% 0.1814617 0.18311{8} 0.17773{2}  0.1773411}

MSE a 0.0391413}  0.0432918}  0.039644}  0.0411416}  0.04135{7F  0.04485(% 0.03781{2} 0.03601{"}  0.03991{5}

b 0.4855519  0.4476811}  0.4606315}  0.4591711}  0.4480712} 0.4684816} (.48047{8} 0.4512613}  0.47114(7}

17 0.04999{7  0.0491415}  0.04912{4}  0.048613}  0.051719F  0.0495616} 0.050148} 0.04832{2}  0.04763{1}

MRE a 0.0763712}  0.0805318r  0.07715}  0.0776116}  0.0789617F  0.081831%} 0.0763913 0.07391{1F  0.0768811*

b 0.3943318}  0.3771111  0.38289141  0.383515F  0.3822312}  0.39072{"} 0.397641%  0.382413}  0.3900516}

0 0.3617216r  0.3587115}  0.3570913}  0.3579711F  0.368071% 0.36293{7F 0.3662218 0.3554612  0.3546811F

" Ranks 5116} 4214} 3713} 4315} 5417} 6719 5818} 1811} 3512}
0.1241833}  0.1242814}  0.1318119F  0.1260717F  0.1260316}  0.124915}  0.12286{2} 0.11795(1}  0.1311318}

400  BIAS a
b 0.5505814  0.54638111  0.5499913}  0.5624%1%F  0.567931% 0.5483512 0.55737{7  0.55088{%  0.556516
0 0.1715911 017212 0.172473}  0.17767(8}  0.17932(%  0.17362{6} 0.1730114} 0.17611{7}  0.17317{5}
MSE a 0.02463{2}  0.02572{4  0.02864185}  0.0257815}  0.0271417F  0.02603{6} 0.0247303}  0.0235511}  0.0286418-5}
b 0.4188613}  0.4132911}  0.42355(5}  0.43577(8}  0.4413119  0.4210314}  0.42946(6} 0.41516{2}  0.43299{7}
0 0.0445411 0.0458713}  0.046411°  0.0477718}  0.049081%F  0.0473916}  0.0459714  0.04751{7F  0.0458312}
MRE a 0.0620913  0.0621414  0.06591°F  0.06303{7F  0.0630116}  0.062451°  0.06143{2}  0.05898{"  0.0655718}
b 0.3670514  0.3642611  0.36666131  0.37493{8}  0.37862{% 0.36557{2 0.37158{7 0.36725(%r  0.371{6}
0 0.3431911 0.3439912}  0.3449313}  0.3553418}  0.358651% 0.3472416} 0.3460314  0.35223{7  0.3463415}

" Ranks 22{1.5} 22{1.5} 48.516} 6718} 7319} 4215} 3914} 3613} 55.5{7}

600  BIAS a 0.10053{2}  0.1026415}  0.1033416}  0.1001911}  0.1007614  0.1041818} 0.1005513}  0.10592{97  0.10414(7}
b 0.542418} 05284413} 05302214 0.5372{6}  0.5347915}  0.5236{2}  0.551491°F  0.5413{7}  0.5224811}

0 0.16705(77  0.162123}  0.1689918}  0.1635715}  0.163916}  0.15908{1} 0.17071{9} 0.16339{4}  0.16174(2}

MSE a 0.0169%}  0.016931  0.0176%%}  0.0168213F  0.0166412F  0.0176617F  0.0165711F  0.018081%F  0.0178918}

b 0.4180718}  0.3960211  0.3922612}  0.4077516}  0.400411°}  0.3947613}  0.42006(% 0.40783{7}  0.38721{1}

0 0.04359{7r  0.04127(3}  0.0442418}  0.04155(%  0.0417718}  0.03953{1}  0.044489} 0.0416315}  0.04121{2}

MRE a 0.0502612}  0.0513215}  0.05167{6}  0.050111}  0.05038(4}  0.05209(8} 0.05028(3}  0.05296{%  0.05207{7}

b 0.3616%%F  0.3522913}  0.3534814  0.3581316} 0.356531%F  0.3490612}  0.367661°F 0.36087{7F  0.3483211}

0 0.3340917}  0.3242413}  0.33798{8}  0.3271315}  0.327816}  0.31816{1} 0.34141{% 0.32678{4}  0.32348{2}

S" Ranks 5317} 3413} 5216} 374} 4315} 332} 61185} 61185} 311}




Asia Pac. J. Math. 2026 13:155 18 of 25
TaBLE 4. Simulation values of BIAS, MSE and MRE for (a = 3.5, b= 0.2, § = 0.9).
n Est. Est. Par. MLE ADE CVME MPSE LSE RTADE WLSE MSADE  MSALDE
35 BIAS a 1.11231(7  1.08021{2F  1.096613} 1.1179180 11114815 111157160 114508190 1.02864{1F  1.1016714
b 0.0706%  0.06965t  0.0698515}  0.06985157F  0.0678811F  0.072051%  0.06942%3  0.07013{7F  0.068391%
0 0.2333814)  0.24155(7  0.23727(5}  0.24464(8}  0.22009(2}  0.245181%}  0.2266411}  0.238541{6}  0.2299413}
MSE a 19727817 1.8650112}  1.9236815}  1.96395(6}  1.922961%}  1.99038{8}  2.0297719}  1.74002{1} 1.8759713}
b 0.0075%}  0.00738%51  0.0072313}  0.0073714  0.00702{"F  0.00771%  0.007416}  0.0074817F  0.00711{2
o 0.0869914F  0.09258{7F  0.0851613F  0.094419F  0.0844712}  0.0931218F  0.0822811F  0.0924916}  0.08719%5}
MRE a 0.317817F  0.30863121  0.31331130  0.3194%8}  0.317573F 0.3175916F  0.327179F  0.293911F  0.314761%
b 0.35318} 0.3482514  0.34924(55  0.34924(55}  0.33942{1}  0.360251%%  0.34709%3}  0.3506617F  0.34194{2}
0 0.2593114  0.2683917  0.26363(5  0.2718218}  0.25455{2}  0.2724219%  0.25182{1}  0.2650416}  0.25549(3}
3" Ranks 5717 4014 3813} 6218} 2311} 7319} 42155} 42155} 2812}
100  BIAS a 0.9510913F  0.9881819F  0.95322{4F  0.9466412F  0.9749115F  0.922611F  0.9818116F  0.98367{7F  0.9863318}
b 0.06252{5} 0.0631{7} 0.0661%} 0.06383(8}  0.06146{2  0.0627518}  0.06215(3  0.0608111}  0.0623114}
o 0.2245813F  0.2384519F  0.23456187  0.2252905%  0.22616}  0.2229611F  0.2249814F  0.22868{7F  0.2240912}
MSE a 1.573681  1.659619  1.5449113)  1.52937{2  1.6033915}  1.44943{1}  1.64625%8} 1.63772(7F  1.6115816
b 0.00604143}  0.00605%  0.00671%  0.0063218}  0.0059612}  0.00611{7  0.00601{3  0.0057(1}  0.00604{45}
0 0.0795915F  0.088941%F  0.08302{6}  0.0774311F  0.08395{F  0.07913}  0.0792414F  0.0841218}  0.078171%}
MRE a 0.2717413Y  0.2823419F  0.2723514}  0.27047{2}  0.27855(5  0.26361"}  0.28052{6}  0.28105{7}  0.2818118}
b 0.31262157  0.31501{7F  0.330021F  0.319138 0307312 0.313751F  0.3107713F  0.30407{1  0.3115314
0 0.249533} 0.2649419Y  0.26063(8}  0.25032(5}  0.2511116}  0.2477311  0.2499814}  0.25409{7F  0.2489912}
S° Ranks 35.512 7419} 6018} 41155} 4013} 27i1} 41155} 4617 40544
250  BIAS a 0.7861112}  0.8031613  0.7680311}  0.8211915}  0.82709{7}  0.8231316}  0.86141{%  0.8040414} 0.82822{8}
b 0.0548816F  0.055318F  0.05237{1F  0.0549{7F  0.0543415  0.0540314F  0.0532813}  0.056241%  0.0528212}
6 0.2012617F  0.1998214}  0.1879711}  0.2005416}  0.19727{Z}  0.2002615%  0.19946(3}  0.2012918}  0.20318(}
MSE a 1.14053120  1.1456113)  1.0542611F  1.2305{6} 12289315}  1.24908{7  1.33801{% 1.146691%  1.26124{8}
b 0.0047114  0.0049218F  0.0045413  0.00479{7  0.00475%%  0.0047616F  0.004441F  0.005041%  0.00449%2
o 0.06512187  0.0617412}  0.05579{1F  0.06371{7F  0.0624913}  0.0634415}  0.0630214}  0.06347{6}  0.0667(%}
MRE a 0.224612}  0.2204783  0.21944{1% 02346215} 0.23631{7F  0.2351816}  0.24612{97  0.22973{4}  0.236648}
b 0.2743816} 02765180 0.2618311}  0.2744917F  0.271715%  0.2701714  0.26642(3}  0.2812219F  0.26412(2}
o 0.22362{7F  0.2220314F  0.20885{1F  0.22282{6}  0.219192}  0.2225115F  0.2216213F  0.22365{8}  0.2257519}
3" Ranks 44145} 4313} 1141} 5617 4112 4816} 44145} 6119} 5718}
400  BIAS a 0.72511187  0.691831F  0.72313{7F  0.6850412F  0.7291819  0.7177816}  0.66407{}  0.6860313}  0.6872514}
b 0.0500518F  0.050271%F  0.04861*  0.048283F  0.0496716}  0.0495%3r  0.0500117F  0.0481212  0.0468{1}
0 0.1830319F  0.1792416}  0.1779615%  0.1749314}  0.17927(7F  0.1793418}  0.1741313  0.17355{2  0.1700311}
MSE a 0.9364716F  0.896781F  0.97761%F  0.8604612F  0.9893119  0.9757817F  0.7878511F  0.87924}  0.8761613}
b 0.00386}  0.004191°}  0.0038514  0.00377¢2}  0.004{6}  0.00403(8}  0.0040117}  0.0038413}  0.00356{1}
0 0.05084187  0.05081{7F  0.0494715}  0.0491414F  0.0502716  0.052451°F  0.047312}  0.0481713}  0.0450111}
MRE a 0.2071718  0.197661°F  0.2066117F  0.19573{3F  0.208341%  0.2050816F  0.1897311F  0.1960113}  0.1963614
b 0.25025187  0.2513719F  0.24302(4)  0.241413}  0.24833(6  0.2474815}  0.25003{7F  0.240612F  0.234{1}
0 0.203361°7  0.1991516}  0.197735}  0.194371% 0.19919{7}  0.1992618}  0.19347{3}  0.1928412}  0.18892{1}
3" Ranks 6919} 6116} 4915} 2613} 6518} 6217 3214} 2412} 17{1}
600  BIAS a 0.5917617F  0.585861°F  0.5849114F  0.60071{8  0.5595111  0.5899116F  0.601981%F  0.577811%  0.5839113}
b 0.0416418)  0.04162(7F  0.04131{6}  0.04292{%  0.0403(3}  0.040961*}  0.0402512}  0.03995{1}  0.0412615}
6 0.1524818}  0.15082{6}  0.14843{(4}  0.154061°} 0.14766{2} 0.1512117F  0.1478613}  0.1476511  0.14985(5}
MSE a 0.6599416}  0.6387314}  0.641131F  0.6720818F  0.5847911}  0.696611°F  0.67053{7F  0.6167312  0.6232213}
b 0.0028818F  0.0028616-5r  0.00282{5F  0.003061°F  0.00266{%  0.00272{3-3}  0.0027235}  0.00263{1F  0.0028616-5}
0 0.0375218F  0.0363614F  0.0354130  0.038171F  0.03495{%  0.0370617F  0.036461>°F  0.0347611F  0.03646155}
MRE a 0.16907{7F  0.1673915F  0.1671214F  0.171638  0.1598611F  0.1685516F  0.171991%F  0.16509{2  0.1668313}
b 0.2082118  0.2081117  0.20656{6}  0.214591%}  0.20148(3}  0.2047914F  0.20125{2  0.1997311  0.2063115}
o 0.16942187  0.167581}  0.164924}  0.17118(%  0.16407(2  0.1680117}  0.1642913}  0.16405{"F  0.1665(%}
3" Ranks 6818} 50.516} 41135} 7819} 17(2%} 53.517 4415} 1211} 41135}
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TaBLE 5. Simulation values of BIAS, MSE and MRE for (a = 3.0, b = 0.9, § = 0.2).
n Est. Est. Par. MLE ADE CVME MPSE LSE RTADE WLSE MSADE MSALDE
35 BIAS a 0.8410614}  0.8657918}  0.8338113}  0.8268312} 0.82575{1}  0.8417615} 0.8904119} 0.86449{™ 0.8538316}
b 0.3294711 0.330161°  0.3231712}  0.3265713  0.3359616}  0.3431519  0.321541F  0.34172{8} (.33788{7}
o 0.735513}  0.7564217F  0.7530215}  0.7301812}  0.7365914}  0.7922119} 0.72242{1} 0.7820318} 0.75503{6}
MSE a 1.1890913}  1.2531618%  1.1971{4  1.16063{1} 1.16591{2} 1.2234116} 1.2958819} 1.21723{5} 1.2239{7}
b 0.1445713} 0.14553150  0.1380411}  0.14467(%  0.1484416} 0.1551719}  0.139512}  0.15272{8} 0.1520717}
0 0.8355613}  0.865916}  0.861071°  0.8455711  0.83488{2}  0.9298419} 0.80528{1} 0.91477{8} 0.86743{7}
MRE a 0.2803514}  0.288618}  0.2779413}  0.2756112} 0.2752511F  0.2805915}  0.296819  0.2881617F 0.2846116}
b 0.3660811}  0.366841°F  0.3590812}  0.3628513} 0.3732016} (.3812819} 0.35722{1} 0.3796918} 0.37542{7}
0 0.3677513  0.3782117F  0.376511°F  0.3650912}  0.3682914  0.39611°F  0.36121{"F  0.3910118} 0.3775116}
™ Ranks 3113} 5916:5} 3012} 23{1} 324} 7019} 3415} 6718} 59165}
100  BIAS a 0.592791°}  0.6182518  0.59097{2}  0.6028917} 0.58279{1} 0.6244819 0.59122{3} 0.600161} 0.5923414}
b 0.313312}  0.3198916}  0.3074511F  0.3213617F  0.326071%F  0.324618}  0.31613}  0.3175115}  0.316811%}
0 0.6770512}  0.7173219  0.671691"  0.6999415} 0.70508{6} 0.71555(8 0.71066{7 0.6814113} 0.6843414}
MSE a 0.6573514  0.7224719  0.6618216}  0.69203{7}  0.6259811}  0.7143318} 0.6494313} 0.6463112 0.659281%}
b 0.1326512}  0.1414617F  0.13124{"F  0.1409516} 0.1453619 0.14172{8} 0.13432(3} 0.1365415} 0.13457{4}
0 0.7111811  0.8085719  0.71727{2}  0.757611° 0.7721916} 0.8016618} 0.78422{7}  0.730413}  0.7383514}
MRE a 0.197615}  0.206088}  0.1969912}  0.2009617F  0.1942611F  0.208161%F  0.1970713}  0.2000516}  0.19745{4}
b 0.3481112}  0.3554316}  0.34161{"  0.35707{7}  0.3623%1°F  0.3606718 0.3511113} 0.3527915}  (.35201{4}
0 0.33853{2}  0.3586619} 0.3358511}  0.3499715} 0.3525416} 0.35777(8} 0.35533{7}  0.340713} 0.34217{4}
™ Ranks 2512} 7118} 17{t} 5617 4816} 7419} 3915} 384} 373}
250  BIAS a 0.3966212}  0.405116}  0.39933{3}  0.42327(8} 0.4045115} 0.3993714}  0.41941{7} 0.38515{1} (.4285319}
b 0.2942118}  0.2909615}  0.29122{6}  0.2992819} (.28822{4} (.28672{3} 0.28541{2} 0.27759{1} 0.29164{7}
0 0.5704713}  0.573614F  0.5791516}  0.5931818 0.576071° 0.5621112} 0.58368{™  0.5598911}  0.595561%}
MSE a 0.3022112}  0.3055114  0.3031113}  0.3515419  0.31591{6}  0.30607{5} 0.33139{7} 0.27854{1} (.34993{8}
b 0.1253718}  0.12205{7}  0.12146{6}  0.1263197  0.119791} 0.11895{4} 0.11488{2} 0.11025(1 0.11808%3}
0 0.5349713}  0.53952{4}  0.54302(5}  0.564071%} 0.55325(7  0.5168611} 0.5519816} 0.51757{2} 0.5622918}
MRE a 0.1322112} 0.13503{6}  0.13311{3}  0.1410918} 0.1348415} 0.13312{4}  0.1398{7}  0.12838{1} (.1428419}
b 0.326918}  0.3232015}  0.3235716}  0.3325319F  0.3202514  0.3185813}  0.3171212}  0.308441}  0.3240517}
0 0.2852413}  0.286811}  0.2895816}  0.2965918} 0.288031°F 0.28105{2} 0.29184{7 0.27995{1} (.29778{%}
" Ranks 3913} 4515} 4414} 779 4616} 2812} 4747 1011} 6918}
400  BIAS a 0.3022212}  0.3302219  0.3121516} 0.3051613 0.310411°F  0.30617{4  0.31526{7  0.29711{1}  (.32329{8}
b 0.2748817F 0.2676914  0.269061°F  0.2620511  0.2765119  0.2733716} 0.26712{3}  0.263912}  0.27532{8}
o 0.49448™}  0.5070618}  0.496515}  0.4884713}  0.4978416} 0.4844912}  0.5015(7F  0.46853{1} 0.514611%}
MSE a 0.1700212}  0.2046119%  0.1849416}  0.171813}  0.182081° 0.17697{4} 0.19295{8} 0.16879{1} 0.19085{7}
b 0.112618}  0.1031{2}  0.1076615} 0.10205t1F  0.113651°F  0.1123617F  0.1041513}  0.1055414}  0.109216}
0 0.3973311}  0.40919{7  0.4005516}  0.3891513 0.39882{5} 0.38375{2} 0.4129418} 0.36142{"} 0.424181%}
MRE a 0.1007412}  0.1100719}  0.1040516}  0.1017213}  0.103471°  0.1020614  0.10509{7  0.09904{1}  0.1077618}
b 0.30542{7F  0.2974314}  0.29895(5}  0.2911611  0.3072419 0.3037416} 0.2967913} 0.29322{2} 0.30592{8}
0 0.2472411}  0.2535318}  0.24825{5}  0.2442313}  0.2489216} 0.2422412} 0.25075{7} 0.2342611}  0.2573{9}
S Ranks 404} 6018} 4915} 2112} 5917} 3713} 5316} 1411} 7219}
600  BIAS a 0.2466612  0.2530319}  0.24706{3} 0.2452511} 0.2510518  0.25007{5}  0.2501516}  0.247114}  0.2502717}
b 0.2530318}  0.249316}  0.25202{7} 0.2482213}  0.247712}  0.24892{5} (.2488414} 0.24761}  0.256391%}
2 0.4238916}  0.421831}  0.4272618} 0.41651117  0.4262{77  0.41882{2} 0.4237115} 0.42089(3} (.4337119}
MSE a 0.1133817 0.1211519  0.1093811F  0.1099212}  0.112561% 0.1159318} 0.11162{3} 0.11312{6}  0.1129{5}
b 0.102118F  0.0981617F  0.09746%6}  0.0954414F  0.0932911F  0.09714%5F  0.094613}  0.0941812}  0.102921%}
0 0.2925818}  0.288161°  0.2867614  0.2779911  0.2905{7F  0.2812812}  0.289216}  (.2830813} (.297951%}
MRE a 0.0822212}  0.0843419  0.0823513  0.08175{1} 0.08368{8} 0.083361°} 0.08338{6} (.08237{4} (.08342{7}
b 0.2811418  0.277{6}  0.28002{7}  0.275813} 0.2752212} 0.27658{5} 0.276491% 0.27511{11} (.2848819}
o 0.2119416}  0.2109114}  0.2136318} 0.2082611}  0.213117F  0.2094112} 0.2118515}  0.2104413}  0.216851%}
S Ranks 5517 5918} 4716} 17} 4615} 3913} 4214} 27{2} 7319}
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TaBLE 6. Partial and overall ranks of all estimation methods of PXL distribution.

Parameter n MLE ADE CVME MPSE LSE RTADE WLSE MSADE MSALDE
a=15b=0.5,0=025 35 8.0 5.0 4.0 6.0 7.0 2.0 1.0 9.0 3.0
100 7.0 6.0 1.0 8.0 2.0 3.0 5.0 9.0 4.0
250 6.0 7.0 4.0 5.0 9.0 3.0 1.0 8.0 2.0
400 1.0 7.0 4.0 2.5 9.0 6.0 2.5 5.0 8.0
600 1.0 6.5 4.5 2.0 8.0 3.0 4.5 9.0 6.5
a=25b=0.7560=15 35 4.0 7.0 6.0 5.0 3.0 9.0 8.0 2.0 1.0
100 3.0 4.0 5.5 5.5 2.0 9.0 8.0 7.0 1.0
250 7.0 3.0 8.0 4.0 1.5 9.0 1.5 5.0 6.0
400 3.0 8.0 4.0 7.0 2.0 9.0 1.0 6.0 5.0
600 5.0 6.0 3.0 8.0 9.0 2.0 1.0 4.0 7.0
a=20b=15,0=05 35 6.0 4.0 3.0 9.0 5.0 8.0 7.0 2.0 1.0
100 8.0 4.0 1.5 7.0 5.5 5.5 9.0 3.0 1.5
250 6.0 4.0 3.0 5.0 7.0 9.0 8.0 1.0 2.0
400 1.5 1.5 6.0 8.0 9.0 5.0 4.0 3.0 7.0
600 7.0 3.0 6.0 4.0 5.0 2.0 8.5 8.5 1.0
a=35b=0260=09 35 70 4.0 3.0 8.0 1.0 9.0 5.5 5.5 2.0
100 2.0 9.0 8.0 5.5 3.0 1.0 5.5 7.0 4.0
250 4.5 3.0 1.0 7.0 2.0 6.0 4.5 9.0 8.0
400 9.0 6.0 5.0 3.0 8.0 7.0 4.0 2.0 1.0
600 8.0 6.0 35 9.0 2.0 7.0 5.0 1.0 3.5
a=30b=09,606=02 35 30 6.5 2.0 1.0 4.0 9.0 5.0 8.0 6.5
100 20 8.0 1.0 7.0 6.0 9.0 5.0 4.0 3.0
250 3.0 5.0 4.0 9.0 6.0 2.0 7.0 1.0 8.0
400 4.0 8.0 5.0 2.0 7.0 3.0 6.0 1.0 9.0
600 7.0 80 6.0 1.0 5.0 3.0 4.0 2.0 9.0
>~ Ranks 123.0 1395 1020 1385 128.0 140.5 121.5 122.0 110.0
Overall Rank 5 8 1 7 6 9 3 4 2
For the BNXL model, the maximum likelihood estimates are
a=16.68304,  b=7.036943, 6 =0.8074539.
The estimated variance—covariance matrix is
141.64163 —399.45164  27.74016
Var(A) = | —399.45164 1256.84388 —86.16419
27.74016 —86.16419  5.916374
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The corresponding estimated standard errors are
SE(a) =11.9013,  SE(b) =35.4520,  SE(0) = 2.4324.

The relatively large standard errors, particularly for a and b, suggest that the individual shape parameters
are estimated with considerable uncertainty for this data set.

Table 7 presents the maximum likelihood estimates and goodness-of-fit criteria for the competing
distributions. The BNXL distribution attains the smallest AIC, BIC, —2¢, and AICc values. However,
its values are very close to those of the beta-exponential and beta-Lindley models. Thus, the results
indicate that the BNXL distribution provides the best fit according to the reported criteria, while these

beta-generated alternatives remain highly competitive.

TaBLE 7. Maximum likelihood estimates and goodness-of-fit criteria for data set 1.

Model a b 0 v AIC BIC -2/ AlCc
Exponential - - 0.4166675 | - 182.045 | 183.9162 | 180.045 | 182.132
Lindley - - 0.6666664 | — 166.2406 | 168.1118 | 164.2406 | 166.3275
XLindley - - 0.5772491 | - 174.4943 | 176.3655 | 172.4943 | 174.5812
New XLindley - - 0.670488 - 170.271 | 172.1422 | 168.271 | 170.3579
Xgamma - - 0.9279678 | - 169.8614 | 171.7326 | 167.8614 | 169.9484
Zeghdoudi - - 1.101979 - 138.8313 | 140.7025 | 136.8313 | 138.9182
Two-parameter Lindley I | - - 0.8546036 | 8.38814e-05 | 149.545 | 153.2874 | 145.545 | 149.8117
Gamma Lindley - - 0.8314911 | 42.62868 149.9641 | 153.7065 | 145.9641 | 150.2308
New quasi-Lindley - - 0.8248596 | 34.76987 150.3554 | 154.0978 | 146.3554 | 150.6221
Two-parameter Lindley II | - - 0.8281973 | 42.72697 150.345 | 154.0874 | 146.345 | 150.6116
Power XLindley - - 1.599186 0.4308425 | 291.5391 | 295.2815 | 287.5391 | 291.8058
Beta-Lindley 18.89298 | 4.256092 | 1.08148 - 82.8295 | 88.44311 | 76.8295 | 83.37496
Beta-exponential 25.13779 | 5.168618 | 0.7716722 | - 82.82384 | 88.43744 | 76.82384 | 83.3693
Chen - - 0.02940777 | 1.288413 91.30852 | 95.05093 | 87.30852 | 91.57519
Beta-New XLindley 16.68304 | 7.036943 | 0.8074539 | - 82.77138 | 88.38499 | 76.77138 | 83.31684

Data set 2. The second data set consists of the recovery durations, measured in weeks, of 74 individuals
affected by Marburg virus disease in Angola. The data provide an example of positive and right-skewed
duration measurements and are therefore useful for assessing the ability of lifetime distributions to
model heterogeneous recovery times. Additional epidemiological information on Marburg virus
disease is available from the World Health Organization (https://www.who.int/).

For the BNXL distribution, the maximum likelihood estimates are

a = 99.46829, b = 0.08597327, 0 = 3.779259.


https://www.who.int/
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The estimated variance—covariance matrix is

6426.206462 —1.010469 42.351445
\7a\r(5\) = —1.010469  0.0003792497 —0.0101268704
42.351445 —0.0101268704 0.37801906

The corresponding estimated standard errors are
SE(a) =80.1636,  SE(b) =0.01947,  SE(f) = 0.61483.

Table 8 shows that the BNXL distribution again produces the smallest AIC, BIC, —2¢, and AICc
values among the fitted models. In particular, its AIC value is 340.5521, compared with 341.4334 for
the beta-exponential distribution and 342.4860 for the beta-Lindley distribution. These relatively small
differences indicate that the three beta-generated models provide competitive fits, with the BNXL

distribution having the lowest values of the reported criteria.

TaBLE 8. Maximum likelihood estimates and goodness-of-fit criteria for data set 2.

Model a b 0 0 AIC BIC -2 AlCc
Exponential - - 0.1989245 | - 388.9947 | 391.2987 | 386.9947 | 389.0502
Lindley - - 0.3466344 | - 367.9865 | 370.2906 | 365.9865 | 368.0421
XLindley - - 0.3128214 | - 374.8971 | 377.2012 | 372.8971 | 374.9527
New XLindley - - 0.311163 | - 377.825 | 380.129 | 375.825 | 377.8805
Xgamma - - 0.4833675 | - 370.3286 | 372.6327 | 368.3286 | 370.3841
Zeghdoudi - - 0.5536467 | - 351.3284 | 353.6325 | 349.3284 | 351.384
Two-parameter Lindley I | — - 0.3961074 | 0.000256688 | 358.5446 | 363.1527 | 354.5446 | 358.7136
Gamma Lindley - - 0.3965907 | 58.91614 358.7517 | 363.3598 | 354.7517 | 358.9207
New quasi-Lindley - - 0.3966442 | 46.35307 358.688 | 363.2962 | 354.688 | 358.8571
Two-parameter Lindley II | - - 0.3963045 | 67.04979 358.7988 | 363.4069 | 354.7988 | 358.9678
Power XLindley - - 1.413932 | 0.3184585 576.7272 | 581.3353 | 572.7272 | 576.8962
Beta-Lindley 55.89799 | 0.1041794 | 3.051239 | - 342.486 | 349.3982 | 336.486 | 342.8289
Beta-exponential 121.4675 | 0.101828 3.009173 | - 341.4334 | 348.3456 | 335.4334 | 341.7763
Chen - - 0.0439729 | 0.6392914 357.2962 | 361.9043 | 353.2962 | 357.4652
Beta-New XLindley 99.46829 | 0.08597327 | 3.779259 | - 340.5521 | 347.4643 | 334.5521 | 340.895

Likelihood ratio test. Since the new XLindley distribution is obtained from the BNXL model by setting
a = b =1, a likelihood ratio (LR) test can be used to assess whether the two additional beta-generated

shape parameters provide a significant improvement in fit. We consider
Hy:a=0=1 versus Hiy : (a,b) #(1,1).

The LR statistic is
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where © and @ denote the MLEs under the unrestricted BNXL model and the restricted new XLindley
model, respectively. Under H, A is asymptotically distributed as a chi-square random variable with
two degrees of freedom.

For data sets 1 and 2, the LR statistics are 91.49962 and 41.27290, respectively, with corresponding
p-values

1.35 x 10720 and 1.09 x 1077,

Thus, Hj is strongly rejected for both data sets, providing statistical evidence that the additional
shape parameters of the BNXL distribution significantly improve the fit relative to the new XLindley

distribution.

7. CONCLUSION

We have introduced a more versatile three-parameter extension of the XLindley distribution, termed
the beta-new XLindley (BNXL). The BNXL model encompasses several significant mathematical
attributes, including reliability and hazard rate functions, moments, the moment-generating function,
entropy, stress—strength reliability, and order statistics. We obtained the anticipated information
matrix via comprehensive parameter analysis employing various established estimation methods. Two
disparate real data sets were employed with the BNXL distribution to evaluate its efficacy. Even though
the BNXL often fits perfectly, it is important to remember that this can lead to unstable parameter
estimates and lower performance. When there aren’t many samples, the model’s flexibility could lead
to unstable parameter estimates and less reliable predictions. When datasets have very skewed or
heavy tails that go beyond what BNXL can represent, other models may work better. So, it is best to do

thorough preliminary model diagnostics and goodness-of-fit tests before putting them into action.

Acknowledgments: The authors extend their appreciation to Umm Al-Qura University, Saudi Arabia

for funding this research work through grant number: 26UQU4310268GSSR04.

Funding: This research work was funded by Umm Al-Qura University, Saudi Arabia under grant

number: 26UQU4310268GSSR04.
Authors Contributions: All authors have worked equally to write and review the manuscript.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the publication

of this paper.

REFERENCES

[1] F. Merovci, V.K. Sharma, The Beta-Lindley Distribution: Properties and Applications, J. Appl. Math. 2014 (2014), 1-10.
https://doi.org/10.1155/2014/198951.

[2] W. Barreto-Souza, A.H.S. Santos, G.M. Cordeiro, The Beta Generalized Exponential Distribution, J. Stat. Comput. Simul.
80 (2010), 159-172. https://doi.org/10.1080/00949650802552402.


https://doi.org/10.1155/2014/198951
https://doi.org/10.1080/00949650802552402

Asia Pac. J. Math. 2026 13:155 24 of 25

[3] S. Chouia, H. Zeghdoudi, The XLindley Distribution: Properties and Application, J. Stat. Theory Appl. 20 (2021),
318-327. https://doi.org/10.2991/jsta.d.210607.001.

[4] G.M. Cordeiro, S. Nadarajah, Closed-Form Expressions for Moments of a Class of Beta Generalized Distributions, Braz.
J. Probab. Stat. 25 (2011), 14-33. https://doi.org/10.1214/09-bjps109.

[5] GM. Cordeiro, C.T. Cristino, E.M. Hashimoto, EEM.M. Ortega, The Beta Generalized Rayleigh Distribution with
Applications to Lifetime Data, Stat. Pap. 54 (2013), 133-161. https://doi.org/10.1007/s00362-011-0415-0.

[6] M. Elgarhy, A.S. Hassan, N. Alsadat, O.S. Balogun, A.W. Shawki, et al., A Heavy Tailed Model Based on Power
XLindley Distribution with Actuarial Data Applications, Comput. Model. Eng. Sci. 142 (2025), 2547-2583. https:
//doi.org/10.32604/cmes.2025.058362.

[7] PJ. Diggle, Time Series: A Biostatistical Introduction, Oxford University Press, Oxford, 1990.

[8] N.Eugene, C. Lee, F. Famoye, Beta-Normal Distribution and Its Applications, Commun. Stat. Theory Methods 31 (2002),
497-512. https://doi.org/10.1081/sta-120003130.

[9] M.E. Ghitany, B. Atieh, S. Nadarajah, Lindley Distribution and Its Application, Math. Comput. Simul. 78 (2008), 493-506.
https://doi.org/10.1016/j.matcom.2007.06.007.

[10] N.A. Noori, K.N. Abdullah, M.A. Khaleel, Development and Applications of a New Hybrid Weibull-Inverse Weibull
Distribution, Mod. J. Stat. 1 (2025), 80-103. https://doi.org/10.64389/mjs.2025.01112.

[11] M. Elgarhy, A. Johannssen, M. Kayid, An Extended Rayleigh Weibull Model with Actuarial Measures and Applications,
Heliyon 10 (2024), e32143. https://doi.org/10.1016/j.heliyon.2024.e32143.

[12] L.P. Sapkota, V. Kumar, G. Tekle, H. Alrweili, M.S. Mustafa, et al., Fitting Real Data Sets by a New Version of Gompertz
Distribution, Mod. J. Stat. 1 (2025), 25-48. https://doi.org/10.64389/mjs.2025.01109.

[13] M. Elgarhy, N. Alsadat, A.S. Hassan, C. Chesneau, A.H. Abdel-Hamid, A New Asymmetric Modified Topp-Leone
Distribution: Classical and Bayesian Estimations under Progressive Type-II Censored Data with Applications, Symmetry
15 (2023), 1396. https://doi.org/10.3390/sym15071396.

[14] M. Elgarhy, A. Al Mutairi, A.S. Hassan, C. Chesneau, A.H. Abdel-Hamid, Bayesian and Non-Bayesian Estimations of
Truncated Inverse Power Lindley Distribution under Progressively Type-II Censored Data with Applications, AIP Adv.
13 (2023), 095130. https://doi.org/10.1063/5.0172632.

[15] M. Elgarhy, M. Kayid, I. Elbatal, M. Muhammad, A New Extended Fréchet Model with Different Estimation Methods
and Applications, Heliyon 10 (2024), e36348. https://doi.org/10.1016/j.heliyon.2024.e36348.

[16] S.Nadarajah, A.K. Gupta, The Beta Fréchet Distribution, Far East J. Theor. Stat. 14 (2004), 15-24. https://zbmath.org/
2204323.

[17] S. Nadarajah, S. Kotz, The Beta Gumbel Distribution, Math. Probl. Eng. 2004 (2004), 323-332. https://doi.org/10.
1155/51024123x04403068.

[18] N. Khodja, A.M. Gemeay, H. Zeghdoudi, K. Karakaya, A.M. Alshangiti, et al., Modeling Voltage Real Data Set by a
New Version of Lindley Distribution, IEEE Access 11 (2023), 67220-67229. https://doi.org/10.1109/access.2023.
3287926.

[19] C.K. Onyekwere, O.J. Obulezi, Chris-Jerry Distribution and Its Applications, Asian J. Probab. Stat. 20 (2022), 16-30.
https://doi.org/10.9734/ajpas/2022/v201130480.

[20] R.R. Pescim, C.G.B. Demétrio, G.M. Cordeiro, EM.M. Ortega, M.R. Urbano, The Beta Generalized Half-Normal Distri-
bution, Comput. Stat. Data Anal. 54 (2010), 945-957. https://doi.org/10.1016/j.csda.2009.10.007.

[21] R.Shanker, Akash Distribution and Its Applications, Int. J. Probab. Stat. 4 (2015), 65-75. http://article.sapub.org/
10.5923.j.1jps.20150403.01 . html.

[22] Z. Chen, A New Two-Parameter Lifetime Distribution with Bathtub Shape or Increasing Failure Rate Function, Stat.
Probab. Lett. 49 (2000), 155-161. https://doi.org/10.1016/s0167-7152(00) 00044-4.

[23] S. Nedjar, H. Zeghdoudi, On Gamma Lindley Distribution: Properties and Simulations, J. Comput. Appl. Math. 298
(2016), 167-174. https://doi.org/10.1016/j.cam.2015.11.047.

[24] R. Shanker, A H. Ghebretsadik, A New Quasi Lindley Distribution, Int. J. Stat. Syst. 8 (2013), 143-156.


https://doi.org/10.2991/jsta.d.210607.001
https://doi.org/10.1214/09-bjps109
https://doi.org/10.1007/s00362-011-0415-0
https://doi.org/10.32604/cmes.2025.058362
https://doi.org/10.32604/cmes.2025.058362
https://doi.org/10.1081/sta-120003130
https://doi.org/10.1016/j.matcom.2007.06.007
https://doi.org/10.64389/mjs.2025.01112
https://doi.org/10.1016/j.heliyon.2024.e32143
https://doi.org/10.64389/mjs.2025.01109
https://doi.org/10.3390/sym15071396
https://doi.org/10.1063/5.0172632
https://doi.org/10.1016/j.heliyon.2024.e36348
https://zbmath.org/2204323
https://zbmath.org/2204323
https://doi.org/10.1155/s1024123x04403068
https://doi.org/10.1155/s1024123x04403068
https://doi.org/10.1109/access.2023.3287926
https://doi.org/10.1109/access.2023.3287926
https://doi.org/10.9734/ajpas/2022/v20i130480
https://doi.org/10.1016/j.csda.2009.10.007
http://article.sapub.org/10.5923.j.ijps.20150403.01.html
http://article.sapub.org/10.5923.j.ijps.20150403.01.html
https://doi.org/10.1016/s0167-7152(00)00044-4
https://doi.org/10.1016/j.cam.2015.11.047

Asia Pac. J. Math. 2026 13:155 25 of 25

[25] R.Shanker, A. Mishra, A Two-Parameter Lindley Distribution, Stat. Transit. New Ser. 14 (2013), 45-56. https://doi.
org/10.59170/stattrans-2013-003.

[26] R. Shanker, S. Sharma, R. Shanker, A Two-Parameter Lindley Distribution for Modeling Waiting and Survival Times
Data, Appl. Math. 4 (2013), 363-368. https://doi.org/10.4236/am.2013.42056.

[27] H. Zhang, X. Hu, Y. Li, An Application of Double Hierarchical Generalized Linear Model to Infant Mortality Rates in
China, Chiang Mai J. Sci. 52 (2025), 1-13. https://doi.org/10.12982/cmjs.2025.001.

[28] A. Ahmad, N. Alsadat, M.N. Atchadé, S. Qurat ul Ain, A.M. Gemeay, et al., New Hyperbolic Sine-Generator with an
Example of Rayleigh Distribution: Simulation and Data Analysis in Industry, Alexandria Eng. J. 73 (2023), 415-426.
https://doi.org/10.1016/j.aej.2023.04.048.

[29] N. Alsadat, A. Ahmad, M. Jallal, A.M. Gemeay, M.A. Meraou, et al., The Novel Kumaraswamy Power Fréchet Distribution
with Data Analysis Related to Diverse Scientific Areas, Alexandria Eng. J. 70 (2023), 651-664. https://doi.org/10.
1016/j.aej.2023.03.003.

[30] G.O. Orji, H.O. Etaga, EM. Almetwally, C.P. Igbokwe, O.C. Aguwa, et al., A New Odd Reparameterized Exponential
Transformed-X Family of Distributions with Applications to Public Health Data, Innov. Stat. Probab. 1 (2025), 88-118.
https://doi.org/10.64389/isp.2025.01107.

[31] A.M. El Gazar, D.A. Ramadan, M. Elgarhy, B.S. El-Desouky, Estimation of Parameters for Inverse Power Ailamujia and
Truncated Inverse Power Ailamujia Distributions Based on Progressive Type-II Censoring Scheme, Innov. Stat. Probab. 1
(2025), 76-87. https://doi.org/10.64389/isp.2025.01106.

[32] A.M. Gemeay, K. Karakaya, M.E. Bakr, O.S. Balogun, M.N. Atchadé, et al., Power Lambert Uniform Distribution:
Statistical Properties, Actuarial Measures, Regression Analysis, and Applications, AIP Adv. 13 (2023), 095319. https:
//doi.org/10.1063/5.0170964.

[33] F.Merovci, Transmuted Lindley Distribution, Int. J. Open Probl. Comput. Sci. Math. 6 (2013), 63-72. https://doi.org/
10.12816/0006170.

[34] A.R.El-Alosey, A M. Gemeay, A Novel Version of Geometric Distribution: Method and Application, Comput. J. Math.
Stat. Sci. 4 (2025), 1-16. https://doi.org/10.21608/cjmss.2024.307097.1065.

[35] A.S. Hassan, D.S. Metwally, M. Elgarhy, A.M. Gemeay, A New Probability Continuous Distribution with Different
Estimation Methods and Application, Comput. J. Math. Stat. Sci. 4 (2025), 512-532. https://doi.org/10.21608/cjmss.
2025.375970.1157.

[36] V.Ranjbar, A. Eftekharian, O. Kharazmi, M. Alizadeh, Odd Log-Logistic Generalised Lindley Distribution with Properties
and Applications, Stat. Transit. New Ser. 24 (2023), 71-91. https://doi.org/10.59170/stattrans-2023-052.

[37] M.E. Ghitany, D.K. Al-Mutairi, F.A. Al-Awadhi, M.M. Al-Burais, Marshall-Olkin Extended Lindley Distribution and Its
Application, Int. J. Appl. Math. 25 (2012), 709-721. https://zbmath.org/6166097.

[38] D.K. Al-Mutairi, M.E. Ghitany, D. Kundu, Inferences on Stress-Strength Reliability from Lindley Distributions, Commun.
Stat. Theory Methods 42 (2013), 1443-1463. https://doi.org/10.1080/03610926.2011.563011.

[39] A.Rezaei, M. Sharafi, J. Behboodian, A. Zamani, Inferences on Stress-Strength Parameter Based on GLD5 Distribution,
Commun. Stat. Simul. Comput. 47 (2018), 1251-1263. https://doi.org/10.1080/03610918.2017.1309666.

[40] A.M. Gemeay, T. Moakofi, O.S. Balogun, E. Ozkan, M.M. Hossain, Analyzing Real Data by a New Heavy-Tailed Statistical
Model, Mod. J. Stat. 1 (2025), 1-24. https://doi .org/10.64389/mjs.2025.01108.

[41] D.V. Lindley, Fiducial Distributions and Bayes’ Theorem, J. R. Stat. Soc. Ser. B Stat. Methodol. 20 (1958), 102-107.
https://doi.org/10.1111/3j.2517-6161.1958.tb00278.x.

[42] H. Messaadia, H. Zeghdoudi, Zeghdoudi Distribution and Its Applications, Int. J. Comput. Sci. Math. 9 (2018), 58-65.
https://doi.org/10.1504/IJCSM.2018.090722.

[43] S. Nadarajah, S. Kotz, The Beta Exponential Distribution, Reliab. Eng. Syst. Saf. 91 (2006), 689-697. https://doi.org/
10.1016/j.ress.2005.05.008.

[44] S. Subhradev, S.M. Sudhansu, N. Chandra, The xgamma distribution: statistical properties and application, J. Mod.
Appl. Stat. Meth. 15 (2016), 774-788. https://doi.org/10.22237/jmasm/1462077420.


https://doi.org/10.59170/stattrans-2013-003
https://doi.org/10.59170/stattrans-2013-003
https://doi.org/10.4236/am.2013.42056
https://doi.org/10.12982/cmjs.2025.001
https://doi.org/10.1016/j.aej.2023.04.048
https://doi.org/10.1016/j.aej.2023.03.003
https://doi.org/10.1016/j.aej.2023.03.003
https://doi.org/10.64389/isp.2025.01107
https://doi.org/10.64389/isp.2025.01106
https://doi.org/10.1063/5.0170964
https://doi.org/10.1063/5.0170964
https://doi.org/10.12816/0006170
https://doi.org/10.12816/0006170
https://doi.org/10.21608/cjmss.2024.307097.1065
https://doi.org/10.21608/cjmss.2025.375970.1157
https://doi.org/10.21608/cjmss.2025.375970.1157
https://doi.org/10.59170/stattrans-2023-052
https://zbmath.org/6166097
https://doi.org/10.1080/03610926.2011.563011
https://doi.org/10.1080/03610918.2017.1309666
https://doi.org/10.64389/mjs.2025.01108
https://doi.org/10.1111/j.2517-6161.1958.tb00278.x
https://doi.org/10.1504/IJCSM.2018.090722
https://doi.org/10.1016/j.ress.2005.05.008
https://doi.org/10.1016/j.ress.2005.05.008
https://doi.org/10.22237/jmasm/1462077420

	1. Introduction
	2. Beta new XLindley distribution (BNXL)
	3. Statistical properties
	3.1. Reliability and hazard rate functions
	3.2. Moments
	3.3. Moment generating function
	3.4. Rényi entropy
	3.5. Stress–strength reliability
	3.6. Order statistics

	4. Estimation of the BNXL distribution parameters
	4.1. Maximum likelihood estimation (MLE)
	4.2. Least square estimation (LSE)
	4.3. Anderson-Darling estimation (ADE)
	4.4. Cramér-Von Mises estimation (CVME)
	4.5. Spacings estimation (MPSE)
	4.6. Right tail Anderson-Darling estimation (RTADE)
	4.7. Weighted least-squares estimation (WLSE
	4.8. The minimum spacing absolute distance estimation (MSADE)
	4.9. The minimum spacing absolute-log distance estimation (MSALDE)

	5. Simulation Study
	6. Applications
	Data set 1
	Data set 2
	Likelihood ratio test

	7. Conclusion
	Acknowledgments:
	Funding:
	Authors Contributions:
	Conflicts of Interest:

	References

