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Abstract. In this work, we introduce and study new subclasses of bi-univalent functions generated by the

q-Bernoulli polynomials within the framework of analytic subordination. The proposed families include

generalized bi-starlike and bi-convex functions whose defining conditions incorporate the structure of

the associated q-Bernoulli generating function. For these classes, explicit estimates are derived for the

first few Taylor–Maclaurin coefficients. In addition, suitable bounds are established for the corresponding

Fekete–Szegö functional. The results unify and extend several earlier findings in bi-univalent function

theory and further demonstrate the usefulness of q-Bernoulli polynomials in the development of geometric

function theory.
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1. Introduction

Let A denote the class of all functions analytic in the open unit disk

O = {z = a+ ib ∈ C : |z| < 1} .

Throughout this paper, every function ℑ ∈ A is assumed to be normalized by

ℑ(0) = 0 and ℑ′(0) = 1.

Hence, each ℑ ∈ A has a Taylor–Maclaurin (T.M) series representation of the form
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ℑ(z) = z +

∞∑︂
ι=2

διz
ι, z ∈ O. (1.1)

The above normalization provides a unified setting inwhich the geometric behavior of analytic functions

can be studied without the influence of arbitrary translations or dilations. It therefore serves as a natural

starting point for investigating coefficient estimates, subordination properties, and various subclasses

of univalent and bi-univalent functions.

Let ℑ1 and ℑ2 be analytic functions in O . The function ℑ1 is said to be subordinate to ℑ2, denoted by

ℑ1 ≺ ℑ2,

if there exists a Schwarz function η, analytic in O , such that

η(0) = 0 and |η(z)| < 1 (z ∈ O),

for which

ℑ1(z) = ℑ2

(︁
η(z)

)︁
, z ∈ O.

In particular, when ℑ2 is univalent in O , the subordination relation ℑ1 ≺ ℑ2 is equivalent to

ℑ1(0) = ℑ2(0) and ℑ1(O) ⊆ ℑ2(O).

The symbol S will be used for the family of all functions in A that are univalent in the unit disk

O . Another fundamental family in geometric function theory (GFT) is the Carathéodory class P ,

consisting of functions P that are analytic in O and satisfy

P(0) = 1 and Re{P(z)} > 0, z ∈ O.

Each function P ∈ P possesses a T.M expansion of the form

P(z) = 1 +

∞∑︂
ι=1

Pιz
ι = 1 + P1z + P2z

2 + P3z
3 + · · · , z ∈ O. (1.2)

A classical result due to Carathéodory states that the coefficients of every function belonging to P

satisfy

|Pι| ≤ 2, ι ≥ 1

(see, for instance, [1]). Equivalently, an analytic function P , normalized by P(0) = 1, belongs to P if

and only if

P(z) ≺ 1 + z

1− z
, z ∈ O.

One of the central subclasses of S is the family of starlike functions, customarily denoted by S∗. A

comprehensive generalization of this class was introduced by Ma and Minda [2] through the language

of analytic subordination. They defined

S∗(Ω) =

{︃
ℑ ∈ A :

zℑ′(z)

ℑ(z)
≺ Ω(z), z ∈ O

}︃
,
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where Ω is analytic and univalent in O , normalized by

Ω(0) = 1, Re{Ω(z)} > 0,

and maps O onto a region that is symmetric with respect to the real axis and starlike with respect to

the point 1.

The significance of this formulation lies in its ability to encompass a wide range of classical and

recently introduced starlike families within a single framework. By choosing the comparison function

Ω appropriately, one recovers several familiar subclasses of analytic functions. Consequently, the

Ma–Minda setting has become a powerful tool for studying coefficient bounds, geometric mapping

properties, subordination relations, and various extremal problems in GFT.

The study of univalent functions, and starlike functions in particular, occupies a prominent position in

geometric function theory because of its close relationship with complex analysis, conformal mapping,

and the geometry of analytic functions. Within this broad setting, considerable attention has been

devoted to constructing and analyzing new subclasses of starlike functions characterized by prescribed

geometric or analytic behavior.

One especially effective approach is based on the incorporation of classical orthogonal polynomials,

including the Legendre, Chebyshev, Hermite, andGegenbauer polynomials, into the defining conditions

of analytic function classes; see, for example, [1]. The rich algebraic structure and recurrence properties

of these polynomial families provide a systematic mechanism for introducing additional parameters

and geometric features into the associated function classes.

By embedding suitable orthogonal polynomial sequences into generating functions, coefficient

relations, or subordination conditions, one can formulate subclasses exhibiting such properties as

convexity, and starlikeness. This framework also facilitates the derivation of coefficient estimates and

related functional inequalities. For completeness, we briefly recall below four classical families of

orthogonal polynomials that are frequently employed in this context.

Orthogonal polynomials occupy an important position in GFT and in several related branches of

mathematical analysis. Among the classical families most frequently encountered are the Legendre,

Chebyshev, Hermite, and Gegenbauer polynomials. These polynomial sequences are distinguished by

their well-established generating functions, recurrence formulas, and rich algebraic structure. Owing

to these properties, they provide a convenient framework for introducing and studying new subclasses

of analytic, univalent, and bi-univalent functions. In particular, their generating functions can be

incorporated into subordination conditions, thereby allowing geometric properties and coefficient

behavior to be investigated in a systematic manner.

The Legendre polynomials Pι(ϑ) are defined through the generating function
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1√
1− 2ϑt+ t2

=

∞∑︂
ι=0

Pι(ϑ)t
ι. (1.3)

They also obey the three-term recurrence formula

(ι+ 1)Pι+1(ϑ) = (2ι+ 1)ϑPι(ϑ)− ιPι−1(ϑ). (1.4)

Using this polynomial sequence, one may construct an associated analytic function by incorporating

the Legendre coefficients into its Taylor–Maclaurin expansion. More precisely, we consider

ℑ(z) = z +
∞∑︂
ι=2

διPι−1(λ)z
ι. (1.5)

This representation provides a convenient mechanism for transferring the algebraic structure of the

Legendre polynomials to the coefficient framework of analytic functions.

In a similar manner, the Chebyshev polynomials of the first kind, denoted by Tι(ϑ), are characterized

by the generating function
1− ϑt

1− 2ϑt+ t2
=

∞∑︂
ι=0

Tι(ϑ)t
ι. (1.6)

These polynomials satisfy the three-term recurrence relation

Tι+1(ϑ) = 2ϑTι(ϑ)− Tι−1(ϑ), ι ≥ 1. (1.7)

By incorporating the Chebyshev polynomial coefficients into the Taylor–Maclaurin expansion, one

obtains the associated analytic function

ℑ(z) = z +
∞∑︂
ι=2

διTι−1(λ)z
ι. (1.8)

This construction transfers the structural and recurrence properties of the Chebyshev polynomials to

the coefficient behavior of the corresponding analytic function.

The Hermite polynomials Hι(ϑ) are determined by the exponential generating function

e2ϑt−t2 =
∞∑︂
ι=0

Hι(ϑ)

ι!
tι. (1.9)

They obey the recurrence formula

Hι+1(ϑ) = 2ϑHι(ϑ)− 2ιHι−1(ϑ), ι ≥ 1. (1.10)

Accordingly, the analytic function associated with the Hermite polynomial sequence may be written as

ℑ(z) = z +
∞∑︂
ι=2

διHι−1(λ)z
ι. (1.11)

Thus, the algebraic structure of theHermite polynomials is naturally embedded in the Taylor coefficients

of ℑ.
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Finally, the Gegenbauer polynomials C(δ)
ι (ϑ) are introduced through the generating function

1

(1− 2ϑt+ t2)δ
=

∞∑︂
ι=0

C(δ)
ι (ϑ)tι. (1.12)

The corresponding three-term recurrence relation is given by

(ι+ 1)C
(δ)
ι+1(ϑ) = 2(ι+ δ)ϑC(δ)

ι (ϑ)− (ι+ 2δ − 1)C
(δ)
ι−1(ϑ), ι ≥ 1. (1.13)

Using the Gegenbauer polynomial sequence, the related analytic function takes the form

ℑ(z) = z +

∞∑︂
ι=2

διC
(δ)
ι−1(λ)z

ι. (1.14)

This representation allows the parameters and structural features of the Gegenbauer polynomials to be

incorporated directly into the coefficient expansion of ℑ.

Taken together, these classical orthogonal polynomial families furnish a broad and coherent frame-

work for defining and investigating subclasses of analytic, univalent, and bi-univalent functions. Their

generating functions and recurrence relations make it possible to encode special algebraic structures

into analytic expansions, thereby facilitating the study of coefficient estimates, geometric properties,

subordination conditions, and related extremal problems.

Each function ℑ introduced through the preceding constructions belongs to a particular subclass of

analytic functions whose geometric properties depend essentially on the selected family of orthogonal

polynomials and the value of the parameter λ. Such polynomial-based representations have proved

highly effective in the investigation of coefficient estimates, Hankel determinants, Fekete–Szegö-type

functionals, and other extremal problems; see, for example, [9–11].

We next recall some basic facts concerning bi-univalent functions. For every function ℑ ∈ S ⊂ A ,

there exists an inverse function ℑ−1 satisfying

ℑ−1
(︁
ℑ(z)

)︁
= z and ℑ

(︁
ℑ−1(ξ)

)︁
= ξ, (1.15)

where

(z ∈ O, |ξ| < r0(ℑ)) ,

and r0(ℑ) denotes a positive radius within which the inverse function is well defined and analytic.

Suppose that ℑ ∈ S has the Taylor–Maclaurin expansion given in (1.1). Then the local inverse

χ(ξ) := ℑ−1(ξ)

admits the series representation

χ(ξ) = ℑ−1(ξ) = ξ − δ2ξ
2 +

(︁
2δ22 − δ3

)︁
ξ3 −

(︁
5δ32 − 5δ2δ3 + δ4

)︁
ξ4 + · · · , (1.16)

which is valid for |ξ| < r0(ℑ). The coefficients appearing in this inverse expansion provide an essential

link between the geometry of ℑ and that of its inverse. Consequently, (1.16) plays a central role in
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inverse coefficient problems, Hankel determinant estimates, and related extremal questions in geometric

function theory.

A function ℑ ∈ S is called bi-univalent in O whenever both ℑ and its inverse ℑ−1 are univalent in the

unit disk. The family of all such functions is conventionally denoted by Σ. Thus,

ℑ ∈ Σ ⇐⇒ ℑ ∈ S and ℑ−1 ∈ S.

Quantum calculus (or q-calculus), introduced by Jackson [16, 17], offers a discrete analogue of

classical calculus and has gained considerable attention in GFT. Aral and Gupta [18] further advanced

the subject by studying q-analogues of various operators. In this framework, the parameter q ∈ (0, 1)

ensures convergence and analytical stability.

A fundamental object in quantum calculus is the q-analogue of the classical exponential function.

Following [27], it is defined by

eq(z) =

∞∑︂
ι=0

zι

⌈⌈ι; q⌋⌋!
, 0 < q < 1, |z| < 1

1− q
, (1.17)

where the q-factorial is given by

⌈⌈ι; q⌋⌋! = ⌈⌈ι; q⌋⌋⌈⌈ι− 1; q⌋⌋ · · · ⌈⌈3; q⌋⌋⌈⌈2; q⌋⌋⌈⌈1; q⌋⌋,

with ⌈⌈0; q⌋⌋! = 1 and ⌈⌈ι; q⌋⌋ denotes the corresponding quantum integer; see [21].

The function eq may be viewed as the natural counterpart of the ordinary exponential function

within the framework of q-calculus. In fact, it is characterized as the unique analytic function satisfying

ðq⟨eq(z)⟩ = eq(z) and eq(0) = 1.

Indeed, using

ðq⟨zι⟩ = ⌈⌈ι; q⌋⌋zι−1,

we obtain

ðq⟨eq(z)⟩ =
∞∑︂
ι=0

ðq⟨zι⟩
⌈⌈ι; q⌋⌋!

=

∞∑︂
ι=1

⌈⌈ι; q⌋⌋zι−1

⌈⌈ι; q⌋⌋!
=

∞∑︂
ι=1

zι−1

⌈⌈ι− 1; q⌋⌋!

=

∞∑︂
ι=0

zι

⌈⌈ι; q⌋⌋!
= eq(z), z ∈ O.

(1.18)

Thus, the q-exponential function retains the familiar eigenfunction property of the classical exponential,

with the ordinary derivative replaced by the q-derivative.
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The q-Bernoulli polynomials Bq,ι(ϑ) which arise in the context of GFT in complex analysis, satisfy

the following linear homogeneous recurrence relation (see [3]):

Bq,ι(qϑ) = qι
(︃
ϑ− 1

q⌈⌈2; q⌋⌋

)︃
Bq,ι−1(ϑ)−

1

⌈⌈ι; q⌋⌋

ι−2∑︂
ȷ=0

(︃
ι

ȷ

)︃
q

qȷ−1 ♭ι−ȷ,q Bq,ι(ϑ). (1.19)

The generating function of the q-Bernoulli polynomials Bq,ι(ϑ) is given as follows (see [4]):

Bq,ι(ϑ, h) =
h

eq(h)− 1
eq(hϑ) =

∞∑︂
ι=0

Bq,ι(ϑ)
hι

⌈⌈ι; q⌋⌋!
, |h| < 2π. (1.20)

The first few q-Bernoulli polynomials are given by

Bq,0(ϑ) = 1,

Bq,1(ϑ) = ϑ− q

⌈⌈2; q⌋⌋
,

Bq,2(ϑ) = ϑ(ϑ− 1) +
q

⌈⌈2; q⌋⌋⌈⌈3; q⌋⌋
.

(1.21)

The development of q-calculus has significantly broadened the scope of analytic function theory by

providing an effective framework for constructing and studying new subclasses with rich geometric

and algebraic structures. As a natural extension of classical calculus, this theory introduces additional

flexibility into the formulation of analytic operators, subordination conditions, and coefficient problems,

thereby revealing phenomena that are not readily accessible through traditional methods. Its influence

is not confined to purely theoretical investigations, since q-calculus also arises in several areas of applied

mathematics and mathematical physics. Consequently, it continues to provide a fertile foundation for

the advancement of geometric function theory and for the exploration of new analytic models and

related extremal problems; see, for example, [6, 22, 23, 28–34,36–40].

2. The Novel Bi-Univalent Function Classe

The framework of q-calculus, together with the algebraic structure of the q-Bernoulli polynomials,

provides a natural and versatile setting for introducing new families of analytic and bi-univalent

functions. Motivated by the generating function of these polynomials, we define new subclass of the

bi-univalent family Σ, which represent generalized bi-starlike and bi-convex function classes.

Definition 2.1. Let 0 ≤ β ≤ 1, 0 < q < 1, and ϑ ∈ [−π, π]. A function ℑ ∈ Σ, having the T,M expansion

given by (1.1), is said to belong to the class BS∗Σ(β; q, ϑ) if the following subordination conditions hold:

(1− β)
z ðq⟨ℑ(z)⟩

ℑ(z)
+ β

ðq ⟨z ðq⟨ℑ(z)⟩⟩
ðq⟨ℑ(z)⟩

≺ Bq(ϑ, z), (2.1)

and

(1− β)
ξ ðq⟨χ(ξ)⟩

χ(ξ)
+ β

ðq ⟨ξ ðq⟨χ(ξ)⟩⟩
ðq⟨χ(ξ)⟩

≺ Bq(ϑ, ξ), (2.2)
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where z, ξ ∈ O and

χ(ξ) = ℑ−1(ξ)

is the inverse function of ℑ, whose expansion is given in (1.16).

The following examples illustrate several important specializations of the class introduced in Defini-

tion 2.1.

Example 2.1. Taking β = 0 in Definition 2.1, we obtain the q-bi-starlike class

BS∗Σ(q, ϑ) := BS∗Σ(0; q, ϑ).

Thus, a function ℑ ∈ Σ, of the form (1.1), belongs to BS∗Σ(q, ϑ) if and only if

z ðq⟨ℑ(z)⟩
ℑ(z)

≺ Bq(ϑ, z), z ∈ O, (2.3)

and
ξ ðq⟨χ(ξ)⟩

χ(ξ)
≺ Bq(ϑ, ξ), ξ ∈ O, (2.4)

where χ = ℑ−1 is given by (1.16). Hence, this specialization describes the bi-starlike family generated by the

q-Bernoulli comparison function.

Example 2.2. For β = 1, Definition 2.1 gives the q-bi-convex class

BCΣ(q, ϑ) := BS∗Σ(1; q, ϑ).

Accordingly, a function ℑ ∈ Σ belongs to BCΣ(q, ϑ) precisely when

ðq ⟨z ðq⟨ℑ(z)⟩⟩
ðq⟨ℑ(z)⟩

≺ Bq(ϑ, z), z ∈ O, (2.5)

and
ðq ⟨ξ ðq⟨χ(ξ)⟩⟩

ðq⟨χ(ξ)⟩
≺ Bq(ϑ, ξ), ξ ∈ O, (2.6)

where χ = ℑ−1 has the expansion stated in (1.16).

Using the Jackson q-derivative identity

ðq ⟨z ðq⟨ℑ(z)⟩⟩ = ðq⟨ℑ(z)⟩+ qz ð2q⟨ℑ(z)⟩,

the condition in (2.5) may equivalently be written as

1 +
qz ð2q⟨ℑ(z)⟩
ðq⟨ℑ(z)⟩

≺ Bq(ϑ, z).

A corresponding identity holds for the inverse function χ.
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Example 2.3. Letting q → 1− and choosing β = 0, the q-derivative reduces to the ordinary derivative. Therefore,

the class in Example 2.1 approaches the bi-starlike family determined by

zℑ′(z)

ℑ(z)
≺ B1(ϑ, z), z ∈ O, (2.7)

and
ξ χ′(ξ)

χ(ξ)
≺ B1(ϑ, ξ), ξ ∈ O. (2.8)

This limiting case recovers the corresponding classical bi-starlike setting associated with the Bernoulli generating

function.

Example 2.4. If q → 1− and β = 1, then the conditions defining the class in Example 2.2 reduce to

1 +
zℑ′′(z)

ℑ′(z)
≺ B1(ϑ, z), z ∈ O, (2.9)

and

1 +
ξ χ′′(ξ)

χ′(ξ)
≺ B1(ϑ, ξ), ξ ∈ O. (2.10)

Hence, the limiting form yields the classical bi-convex class governed by the Bernoulli comparison function.

These specializations demonstrate that the parameter β continuously connects the q-bi-starlike

and q-bi-convex conditions, whereas the limiting process q → 1− recovers their ordinary-calculus

counterparts. Consequently, the class BS∗Σ(β; q, ϑ) provides a unified framework that simultaneously

contains quantum and classical families of bi-univalent functions.

3. Main Results

In this section, we establish estimates for the initial T.M coefficients |δ2| and |δ3| for functions belonging

to the generalized bi-univalent class BS∗Σ(β; q, ϑ). As immediate consequences, the corresponding

coefficient bounds for the bi-starlike and bi-convex subclasses

BS∗Σ(q, ϑ) and BCΣ(q, ϑ),

respectively, are obtained by taking β = 0 and β = 1. We further derive the associated Fekete–Szegö

inequality for the functional ⃓⃓
δ3 − µδ22

⃓⃓
,

where µ ∈ R.

Firstly, let P(z) = 1 + P1z + P2z
2 + P3z

3 + . . . , and P(z) ≺ Bq(ϑ, z). Then there exist φ ∈ P

such that |φ(z)| < 1 in O and P(z) = Bq(ϑ, φ(z)), we have

ℏ(z) = (1 + φ(z))(1− φ(z))−1 = 1 + ℓ1z + ℓ2z
2 + · · · ∈ P. (3.1)

It follows that

φ(z) =
ℓ1z

2
+

(︃
ℓ2 −

ℓ21
2

)︃
z2

2
+

(︃
ℓ3 − ℓ1ℓ2 −

ℓ31
4

)︃
z3

2
+ · · · , (3.2)
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and

Bq(ϑ, φ(z)) = 1 + Bq,1(ϑ) φ(z) +
1

⌈⌈2; q⌋⌋
Bq,2(ϑ) (φ(z))

2 + · · ·

= 1 + Bq,1(ϑ) ℓ1z +

[︃
Bq,1(ϑ) ℓ2 +

1

⌈⌈2; q⌋⌋
Bq,2(ϑ)ℓ

2
1

]︃
z2 + · · · .

(3.3)

It is a classical result that whenever |φ(z)| < 1 holds for all z ∈ O , the coefficients ℓι in its expansion

satisfy the uniform bound

|ℓι| ≤ 1, ∀ ι ∈ N. (3.4)

In a similar vein, one can find an analytic function ν defined on O such that |ν(ξ)| < 1 and

φ(ξ) = Υ(ν(ξ); q).

Accordingly, the function

κ(ξ) = (1 + ν(ξ))(1− ν(ξ))−1 = 1 + τ1ξ + τ2ξ
2 + · · · (3.5)

belongs to the class P .

It follows that

ν(ξ) =
τ1ξ

2
+

(︃
τ2 −

τ21
2

)︃
ξ2

2
+

(︃
τ3 − τ1τ2 −

τ31
4

)︃
ξ3

2
+ · · · , (3.6)

and

Bq(ϑ, ν(ξ)) = 1 + Bq,1(ϑ) τ1ξ +

[︃
Bq,1(ϑ) τ2 +

1

⌈⌈2; q⌋⌋
Bq,2(ϑ)τ

2
1

]︃
ξ2 + · · · . (3.7)

In the following theorem we determine the initial Taylor coefficients |δ2| and |δ2| for the class

BS∗∑︁(β; q, ϑ).

Theorem 3.1. Let ℑ, given by (1.1), belong to the class BS∗∑︁(β; q, ϑ). Then

⃓⃓
δ2
⃓⃓
≤ min

{︃
|⌈⌈2; q⌋⌋ϑ− q|
⌈⌈2; q⌋⌋

√
C

,M

}︃
,

and

|δ3| ≤ min

{︄
(⌈⌈2; q⌋⌋ϑ− q)2

⌈⌈2; q⌋⌋2C
+

|⌈⌈2; q⌋⌋ϑ− q|
⌈⌈2; q⌋⌋K

, N

}︄
,

where

M =

1

⌈⌈2; q⌋⌋
⃓⃓
⌈⌈2; q⌋⌋ϑ− q

⃓⃓ 3
2√︄⃓⃓⃓⃓(︁

⌈⌈2; q⌋⌋(K− L)− C
)︁
ϑ2 +

(︁
C− 2q(K− L)

)︁
ϑ+

q
(︁
q⌈⌈3; q⌋⌋(K− L)− C

)︁
⌈⌈2; q⌋⌋⌈⌈3; q⌋⌋

⃓⃓⃓⃓

N =

⃓⃓
⌈⌈2; q⌋⌋ϑ− q

⃓⃓
⌈⌈2; q⌋⌋

⃓⃓
K− L

⃓⃓ + ⃓⃓
⌈⌈2; q⌋⌋ϑ− q

⃓⃓
⌈⌈2; q⌋⌋K

+

⃓⃓
ϑ(ϑ− 1)

⃓⃓
⌈⌈2; q⌋⌋

⃓⃓
K− L

⃓⃓ + q

⌈⌈2; q⌋⌋2⌈⌈3; q⌋⌋
⃓⃓
K− L

⃓⃓ ,
and

K = q ⌈⌈2; q⌋⌋
(︁
1 + q ⌈⌈2; q⌋⌋ β

)︁
, (3.8)
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L = q
[︂
1 + β

(︂
⌈⌈2; q⌋⌋2 − 1

)︂]︂
, (3.9)

C = q2
(︂
1 + q β

)︂2
. (3.10)

Proof. Let ℑ ∈ BS∗∑︁(β; q, ϑ) and ξ = ℑ−1. Considering (2.1) and (2.2) we have

(1− β)
zðq⟨ℑ(z)⟩

ℑ(z)
+ β

ðq (z ðq⟨ℑ(z)⟩)
ðq⟨ℑ(z)⟩

= Bq(ϑ, φ(z)), (3.11)

and

(1− β)
ξðq⟨χ(ξ)⟩

χ(ξ)
+ β

ðq (ξðq⟨χ(ξ)⟩)
ðq⟨χ(ξ)⟩

= Bq(ϑ, ν(ξ)), (3.12)

where (z, ξ ∈ O). Since

(1− β)
z ðq⟨ℑ(z)⟩

ℑ(z)
+ β

ðq(z ðq⟨ℑ(z)⟩)
ðq⟨ℑ(z)⟩

= q(1 + qβ)δ2z +
[︂
q⌈⌈2; q⌋⌋(1 + q⌈⌈2; q⌋⌋β)δ3 − q

(︁
1 + β(⌈⌈2; q⌋⌋2 − 1)

)︁
δ22

]︂
z2 + · · · .

(3.13)

and

(1− β)
ξ ðq⟨χ(ξ)⟩

χ(ξ)
+ β

ðq(ξ ðq⟨χ(ξ)⟩)
ðq⟨χ(ξ)⟩

= −q(1 + qβ)δ2ξ

+
[︂
2q⌈⌈2; q⌋⌋(1 + q⌈⌈2; q⌋⌋β)δ22 − q

(︁
1 + β(⌈⌈2; q⌋⌋2 − 1)

)︁
δ22 − q⌈⌈2; q⌋⌋(1 + q⌈⌈2; q⌋⌋β)δ3

]︂
ξ2 + · · · .

(3.14)

By comparing (3.11) and (3.13), along (3.3), yields

q(1 + qβ)δ2z +
[︂
q⌈⌈2; q⌋⌋(1 + q⌈⌈2; q⌋⌋β)δ3 − q

(︁
1 + β(⌈⌈2; q⌋⌋2 − 1)

)︁
δ22

]︂
z2 + · · ·

= Bq,1(ϑ)ℓ1z +

[︃
Bq,1(ϑ)ℓ2 +

1

⌈⌈2; q⌋⌋
Bq,2(ϑ)ℓ

2
1

]︃
z2 + · · · .

(3.15)

Besied that, by comparing (3.12) and (3.14), along (3.7), yields

− q(1 + qβ)δ2ξ +
[︂
2q⌈⌈2; q⌋⌋(1 + q⌈⌈2; q⌋⌋β)δ22 − q

(︁
1 + β(⌈⌈2; q⌋⌋2 − 1)

)︁
δ22

− q⌈⌈2; q⌋⌋(1 + q⌈⌈2; q⌋⌋β)δ3
]︂
ξ2 + · · ·

= Bq,1(ϑ)τ1ξ +

[︃
Bq,1(ϑ)τ2 +

1

⌈⌈2; q⌋⌋
Bq,2(ϑ)τ

2
1

]︃
ξ2 + · · · .

(3.16)

Equating the pertinent coefficient in (3.15) and (3.16), we obtain

q(1 + qβ)δ2 = Bq,1(ϑ) ℓ1 (3.17)

−q(1 + qβ)δ2 = Bq,1(ϑ) τ1 (3.18)

Kδ3 − Lδ22 = Bq,1(ϑ) ℓ2 +
Bq,2(ϑ)ℓ

2
1

⌈⌈2; q⌋⌋
(3.19)

(2K− L)δ22 −Kδ3 = Bq,1(ϑ) τ2 +
Bq,2(ϑ)τ

2
1

⌈⌈2; q⌋⌋
(3.20)

From (3.17) and (3.18), we have

ℓ1 = −τ1 ⇐⇒ ℓ21 = τ21 , (3.21)
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and

2Cδ22 = B2
q,1(ϑ)

(︁
ℓ21 + τ21

)︁
⇐⇒ ℓ21 + τ21 =

2C

B2
q,1(ϑ)

δ22 . (3.22)

Now, by summing (3.19) and (3.20), we obtain

2
(︁
K− L

)︁
δ22 = Bq,1(ϑ)(ℓ2 + τ2) +

Bq,2(ϑ)

⌈⌈2; q⌋⌋
(︁
ℓ21 + τ21

)︁
. (3.23)

By putting (3.22) in (3.23), we obtain

δ22 =
⌈⌈2; q⌋⌋B3

q,1(ϑ)(ℓ2 + τ2)

2
(︂
⌈⌈2; q⌋⌋ (K− L)B2

q,1(ϑ)− CBq,2(ϑ)
)︂ . (3.24)

By using Bq,1(ϑ) and Bq,2(ϑ)where given by (1.21), we deduce that

δ22 =

(⌈⌈2;q⌋⌋ϑ−q)3

2⌈⌈2;q⌋⌋2 (ℓ2 + τ2)(︃(︁
⌈⌈2; q⌋⌋(K− L)− C

)︁
ϑ2 +

(︁
C− 2q(K− L)

)︁
ϑ+

q
(︁
q⌈⌈3; q⌋⌋(K− L)− C

)︁
⌈⌈2; q⌋⌋⌈⌈3; q⌋⌋

)︃ . (3.25)

By applying (3.4) for (3.22) and (3.25), we have⃓⃓
δ2
⃓⃓
≤ min

{︃ ⃓⃓
⌈⌈2; q⌋⌋ϑ− q

⃓⃓
⌈⌈2; q⌋⌋

√
C

,M

}︃
, (3.26)

where

M =

1

⌈⌈2; q⌋⌋
⃓⃓
⌈⌈2; q⌋⌋ϑ− q

⃓⃓ 3
2√︄⃓⃓⃓⃓(︁

⌈⌈2; q⌋⌋(K− L)− C
)︁
ϑ2 +

(︁
C− 2q(K− L)

)︁
ϑ+

q
(︁
q⌈⌈3; q⌋⌋(K− L)− C

)︁
⌈⌈2; q⌋⌋⌈⌈3; q⌋⌋

⃓⃓⃓⃓
Now, so as to find the bound on |δ3|, let’s subtract from (3.19) and (3.20) along (3.22), we obtain

δ3 − δ22 =
Bq,1(ϑ)

2K
(ℓ2 − τ2) . (3.27)

In view of (3.21) and using (3.22), we obtain

δ3 =
B2

q,1(ϑ)

2C

(︁
ℓ21 + τ21

)︁
+

Bq,1(ϑ)

2K
(ℓ2 − τ2) . (3.28)

By applying (3.4), we have

|δ3| ≤
(⌈⌈2; q⌋⌋ϑ− q)2

⌈⌈2; q⌋⌋2C
+

|⌈⌈2; q⌋⌋ϑ− q|
⌈⌈2; q⌋⌋K

. (3.29)

In addition, substituting the value of of δ22 from (3.23) into (3.27), we find

δ3 =
Bq,1(ϑ)

2
(︁
K− L

)︁(ℓ2 + τ2) +
Bq,2(ϑ)

2⌈⌈2; q⌋⌋
(︁
K− L

)︁ (︁ℓ21 + τ21
)︁

+
Bq,1(ϑ)

2K
(ℓ2 − τ2) .

Then, we have

δ3 ≤
⃓⃓
⌈⌈2; q⌋⌋ϑ− q

⃓⃓
⌈⌈2; q⌋⌋

⃓⃓
K− L

⃓⃓ + ⃓⃓
⌈⌈2; q⌋⌋ϑ− q

⃓⃓
⌈⌈2; q⌋⌋K

+

⃓⃓
ϑ(ϑ− 1)

⃓⃓
⌈⌈2; q⌋⌋

⃓⃓
K− L

⃓⃓ + q

⌈⌈2; q⌋⌋2⌈⌈3; q⌋⌋
⃓⃓
K− L

⃓⃓ .
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Hence, the assertion of Theorem 3.1 is established. □

The next theorem derives the Fekete–Szegö functional for functions ℑ belonging to the class

BS∗∑︁(β; q, ϑ).

Theorem 3.2. Let ℑ, given by (1.1), belong to the class BS∗∑︁(β; q, ϑ), and let ε1 ∈ R. Furthermore, define

Λ =

⃓⃓⃓⃓
⃓1− L

K
−

C
(︁
⌈⌈2; q⌋⌋⌈⌈3; q⌋⌋ϑ(ϑ− 1) + q

)︁
K⌈⌈3; q⌋⌋(⌈⌈2; q⌋⌋ϑ− q)2

⃓⃓⃓⃓
⃓ .

Then ⃓⃓
δ3 − ε1δ

2
2

⃓⃓
≤ |⌈⌈2; q⌋⌋ϑ− q|

⌈⌈2; q⌋⌋K
,

whenever 0 ≤ |1− ε1| ≤ Λ, while

⃓⃓
δ3 − ε1δ

2
2

⃓⃓
≤

1
⌈⌈2;q⌋⌋2 |⌈⌈2; q⌋⌋ϑ− q|3 |1− ε1|⃓⃓⃓⃓(︁

⌈⌈2; q⌋⌋(K− L)− C
)︁
ϑ2 +

(︁
C− 2q(K− L)

)︁
ϑ+ q

(︃
q⌈⌈3; q⌋⌋(K− L)− C

⌈⌈2; q⌋⌋⌈⌈3; q⌋⌋

)︃⃓⃓⃓⃓ ,
whenever |1− ε1| ≥ Λ.

Proof. Let ℑ ∈ BS∗∑︁(β; q, ϑ), from (3.24) and (3.27) we have

δ3 − ε1δ
2
2 =

(1− ϵ1)⌈⌈2; q⌋⌋B3
q,1(ϑ)(ℓ2 + τ2)

2
(︂
⌈⌈2; q⌋⌋ (K− L)B2

q,1(ϑ)− CBq,2(ϑ)
)︂ +

Bq,1(ϑ)

2K
(ℓ2 − τ2)

=
Bq,1

2

[︃(︃
N (ε1) +

1

K

)︃
ℓ2 +

(︃
N (ε1)−

1

K

)︃
τ2

]︃
,

(3.30)

where

N (ε1) =
(1− ε1)⌈⌈2; q⌋⌋B2

q,1(ϑ)

⌈⌈2; q⌋⌋ (K− L)B2
q,1(ϑ)− CBq,2(ϑ)

. (3.31)

Then, by taking modulus of (3.30), we conclude that

⃓⃓
δ3 − ε1δ

2
2

⃓⃓
≤

⎧⎪⎨⎪⎩
|Bq,1(ϑ)|

K , 0 ≤
⃓⃓
N (ε1)

⃓⃓
≤ 1

K

|Bq,1(ϑ)|
⃓⃓
N (ε1)

⃓⃓
,

⃓⃓
N (ε1)

⃓⃓
≥ 1

K

□

Corollary 3.1. Let ℑ, given by (1.1), belong to the class BS∗∑︁(q, ϑ). Then

⃓⃓
δ2
⃓⃓
≤ min

{︄⃓⃓
⌈⌈2; q⌋⌋ϑ− q

⃓⃓
q⌈⌈2; q⌋⌋

, M1

}︄
,

and ⃓⃓
δ3
⃓⃓
≤ min

{︄
(⌈⌈2; q⌋⌋ϑ− q)2

q2⌈⌈2; q⌋⌋2
+

|⌈⌈2; q⌋⌋ϑ− q|
q⌈⌈2; q⌋⌋2

, N1

}︄
,
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where

M1 =

⃓⃓
⌈⌈2; q⌋⌋ϑ− q

⃓⃓3/2
q⌈⌈2; q⌋⌋

√︄⃓⃓⃓⃓
(⌈⌈2; q⌋⌋ − 1)ϑ2 + (1− 2q)ϑ+

q(q⌈⌈3; q⌋⌋ − 1)

⌈⌈2; q⌋⌋⌈⌈3; q⌋⌋

⃓⃓⃓⃓ ,
and

N1 =

(︃
(⌈⌈2; q⌋⌋+ q)

⃓⃓
⌈⌈2; q⌋⌋ϑ− q

⃓⃓
q2⌈⌈2; q⌋⌋2

+

⃓⃓
ϑ(ϑ− 1)

⃓⃓
q2⌈⌈2; q⌋⌋

+
1

q⌈⌈2; q⌋⌋2⌈⌈3; q⌋⌋

)︃
.

Furthermore, define

Λ1 =

⃓⃓⃓⃓
(⌈⌈2; q⌋⌋ − 1)ϑ2 + (1− 2q)ϑ+

q(q⌈⌈3; q⌋⌋ − 1)

⌈⌈2; q⌋⌋⌈⌈3; q⌋⌋

⃓⃓⃓⃓
(⌈⌈2; q⌋⌋ϑ− q)2

.

Then ⃓⃓
δ3 − ε1δ

2
2

⃓⃓
≤ |⌈⌈2; q⌋⌋ϑ− q|

q⌈⌈2; q⌋⌋2
,

whenever |1− ε1| ≤ Λ1, while⃓⃓
δ3 − ε1δ

2
2

⃓⃓
≤ |⌈⌈2; q⌋⌋ϑ− q|3 |1− ε1|

q⌈⌈2; q⌋⌋2
⃓⃓⃓⃓
(⌈⌈2; q⌋⌋ − 1)ϑ2 + (1− 2q)ϑ+

q(q⌈⌈3; q⌋⌋ − 1)

⌈⌈2; q⌋⌋⌈⌈3; q⌋⌋

⃓⃓⃓⃓ ,
whenever |1− ε1| ≥ Λ1.

Corollary 3.2. Let ℑ, given by (1.1), belong to the class BC∑︁(q, ϑ). Then

⃓⃓
δ2
⃓⃓
≤ min

{︄⃓⃓
⌈⌈2; q⌋⌋ϑ− q

⃓⃓
⌈⌈2; q⌋⌋2

, M2

}︄
,

and ⃓⃓
δ3
⃓⃓
≤ min

{︄
(⌈⌈2; q⌋⌋ϑ− q)2

⌈⌈2; q⌋⌋4
+

⃓⃓
⌈⌈2; q⌋⌋ϑ− q

⃓⃓
⌈⌈2; q⌋⌋2⌈⌈3; q⌋⌋

, N2

}︄
,

where

M2 =

⃓⃓
⌈⌈2; q⌋⌋ϑ− q

⃓⃓3/2
⌈⌈2; q⌋⌋2

√︄⃓⃓⃓⃓
(q2 − 1)ϑ2 −

(︃
⌈⌈2; q⌋⌋ − 2q3

⌈⌈2; q⌋⌋

)︃
ϑ+

q4⌈⌈3; q⌋⌋ − q⌈⌈2; q⌋⌋
⌈⌈2; q⌋⌋2⌈⌈3; q⌋⌋

⃓⃓⃓⃓ ,
and

N2 =

(︃⃓⃓
⌈⌈2; q⌋⌋ϑ− q

⃓⃓
(q2 + ⌈⌈3; q⌋⌋)

⌈⌈2; q⌋⌋2⌈⌈3; q⌋⌋
+

|ϑ(ϑ− 1)|
q2⌈⌈2; q⌋⌋2

+
1

q⌈⌈2; q⌋⌋3⌈⌈3; q⌋⌋

)︃
.

Furthermore, define

Λ2 =
⌈⌈2; q⌋⌋
⌈⌈3; q⌋⌋

⃓⃓⃓⃓
q2

⌈⌈2; q⌋⌋
− ⌈⌈2; q⌋⌋⌈⌈3; q⌋⌋ϑ(ϑ− 1) + q

⌈⌈3; q⌋⌋(⌈⌈2; q⌋⌋ϑ− q)2

⃓⃓⃓⃓
.

Then ⃓⃓
δ3 − ε2δ

2
2

⃓⃓
≤

⃓⃓
⌈⌈2; q⌋⌋ϑ− q

⃓⃓
⌈⌈2; q⌋⌋2⌈⌈3; q⌋⌋

,

whenever |1− ε2| ≤ Λ2, while⃓⃓
δ3 − ε2δ

2
2

⃓⃓
≤

⃓⃓
⌈⌈2; q⌋⌋ϑ− q

⃓⃓3|1− ε2|

⌈⌈2; q⌋⌋4
⃓⃓⃓⃓
(q2 − 1)ϑ2 +

(︃
1− 2q3

⌈⌈2; q⌋⌋

)︃
ϑ+

q
(︁
q3⌈⌈3; q⌋⌋ − ⌈⌈2; q⌋⌋

)︁
⌈⌈2; q⌋⌋2⌈⌈3; q⌋⌋

⃓⃓⃓⃓ ,
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whenever |1− ε2| ≥ Λ2.

Corollary 3.3 ( [5]). Let ℑ, given by (1.1), belong to the class S∗∑︁(q, ϑ). Then

|δ2| ≤ min

{︃
|⌈⌈2; q⌋⌋ϑ− q|

⌈⌈2; q⌋⌋
, M3

}︃
,

and

|δ3| ≤ min

{︃
(⌈⌈2; q⌋⌋ϑ− q)2

2⌈⌈2; q⌋⌋
+

|⌈⌈2; q⌋⌋ϑ− q|
⌈⌈2; q⌋⌋2

, N3

}︃
,

where

M3 =
|⌈⌈2; q⌋⌋ϑ− q|3/2

⌈⌈2; q⌋⌋

√︄⃓⃓⃓⃓
(⌈⌈2; q⌋⌋ − 1)ϑ2 + (1− 2q)ϑ+

q(q⌈⌈3; q⌋⌋ − 1)

⌈⌈2; q⌋⌋⌈⌈3; q⌋⌋

⃓⃓⃓⃓ ,
and

N3 =

(︃
3|⌈⌈2; q⌋⌋ϑ− q|

2⌈⌈2; q⌋⌋
+

|ϑ(ϑ− 1)|
⌈⌈2; q⌋⌋

+
q

⌈⌈2; q⌋⌋2⌈⌈3; q⌋⌋

)︃
.

Define

Λ3 =

⌈⌈2; q⌋⌋2
⃓⃓⃓⃓
(⌈⌈2; q⌋⌋ − 1)ϑ2 + (1− 2q)ϑ+

q(q⌈⌈3; q⌋⌋+ 1)

⌈⌈2; q⌋⌋⌈⌈3; q⌋⌋

⃓⃓⃓⃓
2(⌈⌈2; q⌋⌋ϑ− q)2

.

Then

|δ3 − ε3δ
2
2 | ≤

|⌈⌈2; q⌋⌋ϑ− q|
2⌈⌈2; q⌋⌋

,

whenever |1− ε3| ≤ Λ3, while

|δ3 − ε3δ
2
2 | ≤

|⌈⌈2; q⌋⌋ϑ− q|3|1− ε3|

⌈⌈2; q⌋⌋3
⃓⃓⃓⃓
(⌈⌈2; q⌋⌋ − 1)ϑ2 + (1− 2q)ϑ+

q(q⌈⌈3; q⌋⌋ − 1)

⌈⌈2; q⌋⌋⌈⌈3; q⌋⌋

⃓⃓⃓⃓ ,
whenever |1− ε3| ≥ Λ3.

Corollary 3.4 ( [5]). Let ℑ, given by (1.1), belong to the class C∑︁(q, ϑ). Then

|δ2| ≤ min

{︃
|⌈⌈2; q⌋⌋ϑ− q|

⌈⌈2; q⌋⌋2
, M4

}︃
,

and

|δ3| ≤ min

{︃
(⌈⌈2; q⌋⌋ϑ− q)2

4⌈⌈2; q⌋⌋2
+

|⌈⌈2; q⌋⌋ϑ− q|
6⌈⌈2; q⌋⌋

, N4

}︃
,

where

M4 =
|⌈⌈2; q⌋⌋ϑ− q|3/2

⌈⌈2; q⌋⌋

√︄
2

⃓⃓⃓⃓
(⌈⌈2; q⌋⌋ − 2)ϑ2 − 2(1− q)ϑ+

q(q⌈⌈3; q⌋⌋ − 2)

⌈⌈2; q⌋⌋⌈⌈3; q⌋⌋

⃓⃓⃓⃓ ,
and

N4 =

(︃
2|⌈⌈2; q⌋⌋ϑ− q|

3⌈⌈2; q⌋⌋
+

|ϑ(ϑ− 1)|
2⌈⌈2; q⌋⌋

+
q

2⌈⌈2; q⌋⌋2⌈⌈3; q⌋⌋

)︃
.



Asia Pac. J. Math. 2026 13:156 16 of 18

Furthermore, define

Λ4 =

⌈⌈2; q⌋⌋2
⃓⃓⃓⃓
(⌈⌈2; q⌋⌋ − 2)ϑ2 + 2(1− 2q)ϑ+

q(q⌈⌈3; q⌋⌋ − 2)

⌈⌈2; q⌋⌋⌈⌈3; q⌋⌋

⃓⃓⃓⃓
3(⌈⌈2; q⌋⌋ϑ− q)2

.

Then

|δ3 − ε4δ
2
2 | ≤

|⌈⌈2; q⌋⌋ϑ− q|
6⌈⌈2; q⌋⌋

,

whenever |1− ε4| ≤ Λ4, while

|δ3 − ε4δ
2
2 | ≤

|⌈⌈2; q⌋⌋ϑ− q|3|1− ε4|

2⌈⌈2; q⌋⌋3
⃓⃓⃓⃓
(⌈⌈2; q⌋⌋ − 2)ϑ2 + 2(1− q)ϑ+

q(q⌈⌈3; q⌋⌋ − 2)

⌈⌈2; q⌋⌋⌈⌈3; q⌋⌋

⃓⃓⃓⃓ ,
whenever |1− ε4| ≥ Λ4.

4. Conclusion

In this work, we investigated two subclasses of bi-univalent functions associated with q-Bernoulli

Polynomials, namely the starlike and convex classes. Utilizing the subordination principle, we estab-

lished coefficient bounds for the initial terms of these function classes and derived the corresponding

Fekete–Szegö inequalities. These results enhance the theoretical framework of bi-univalent function

theory and elucidate its deeper connections with special function spaces.

Future research could extend these findings by exploring higher-order coefficient estimates, refining

the structural characteristics of these subclasses, and examining their geometric properties. Moreover,

investigating upper bounds related to the Zalcman conjecture and analyzing Hankel determinants of

orders two and three within these subclasses could provide new insights and open further avenues in

the study of analytic and bi-univalent function theory.
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