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AsstrAcT. In this work, we introduce and study new subclasses of bi-univalent functions generated by the
g-Bernoulli polynomials within the framework of analytic subordination. The proposed families include
generalized bi-starlike and bi-convex functions whose defining conditions incorporate the structure of
the associated g-Bernoulli generating function. For these classes, explicit estimates are derived for the
first few Taylor-Maclaurin coefficients. In addition, suitable bounds are established for the corresponding
Fekete-Szeg6 functional. The results unify and extend several earlier findings in bi-univalent function
theory and further demonstrate the usefulness of g-Bernoulli polynomials in the development of geometric
function theory.
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1. INTRODUCTION

Let o7 denote the class of all functions analytic in the open unit disk
O={z=a+ibeC:|z|<1}.
Throughout this paper, every function 3 € &7 is assumed to be normalized by
J0)=0 and  S'(0)=1.
Hence, each & € o7 has a Taylor-Maclaurin (T.M) series representation of the form
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S(z) =2+ 62, z€0. (1.1)
1=2

The above normalization provides a unified setting in which the geometric behavior of analytic functions
can be studied without the influence of arbitrary translations or dilations. It therefore serves as a natural
starting point for investigating coefficient estimates, subordination properties, and various subclasses
of univalent and bi-univalent functions.

Let &7 and 3 be analytic functions in &. The function 3 is said to be subordinate to &, denoted by
1 < 52,
if there exists a Schwarz function 7, analytic in &, such that
n0)=0 and  [n(z)| <1 (z€0),
for which
F(2) = S (77(2)), z€O0.
In particular, when 33 is univalent in €, the subordination relation 31 < 35 is equivalent to
$9(0) = 32(0) and 39 (0) C 3(0).

The symbol S will be used for the family of all functions in &/ that are univalent in the unit disk
0. Another fundamental family in geometric function theory (GFT) is the Carathéodory class &,

consisting of functions & that are analytic in & and satisfy
20)=1 and Re{Z(2)} >0, z€0.

Each function &7 € & possesses a T.M expansion of the form

P(2) =1+ Pt =1+ Pzt P+ P2+, z2€0. (1.2)
=1

A classical result due to Carathéodory states that the coefficients of every function belonging to &

satisfy
|2, <2, 1 >1

(see, for instance, [1]). Equivalently, an analytic function &2, normalized by #?(0) = 1, belongs to & if

and only if
1+2
1—2’

One of the central subclasses of S is the family of starlike functions, customarily denoted by S*. A

P(z) < ze0.

comprehensive generalization of this class was introduced by Ma and Minda [2] through the language

of analytic subordination. They defined
23(2)

3(2)

S*(Q):{%e@/: < Q(z2), zeﬁ},
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where (2 is analytic and univalent in &, normalized by

Q) =1, Re{Q(2)} > 0,

and maps & onto a region that is symmetric with respect to the real axis and starlike with respect to
the point 1.

The significance of this formulation lies in its ability to encompass a wide range of classical and
recently introduced starlike families within a single framework. By choosing the comparison function
() appropriately, one recovers several familiar subclasses of analytic functions. Consequently, the
Ma-Minda setting has become a powerful tool for studying coefficient bounds, geometric mapping
properties, subordination relations, and various extremal problems in GFT.

The study of univalent functions, and starlike functions in particular, occupies a prominent position in
geometric function theory because of its close relationship with complex analysis, conformal mapping,
and the geometry of analytic functions. Within this broad setting, considerable attention has been
devoted to constructing and analyzing new subclasses of starlike functions characterized by prescribed
geometric or analytic behavior.

One especially effective approach is based on the incorporation of classical orthogonal polynomials,
including the Legendre, Chebyshev, Hermite, and Gegenbauer polynomials, into the defining conditions
of analytic function classes; see, for example, [1]. The rich algebraic structure and recurrence properties
of these polynomial families provide a systematic mechanism for introducing additional parameters
and geometric features into the associated function classes.

By embedding suitable orthogonal polynomial sequences into generating functions, coefficient
relations, or subordination conditions, one can formulate subclasses exhibiting such properties as
convexity, and starlikeness. This framework also facilitates the derivation of coefficient estimates and
related functional inequalities. For completeness, we briefly recall below four classical families of
orthogonal polynomials that are frequently employed in this context.

Orthogonal polynomials occupy an important position in GFT and in several related branches of
mathematical analysis. Among the classical families most frequently encountered are the Legendre,
Chebyshev, Hermite, and Gegenbauer polynomials. These polynomial sequences are distinguished by
their well-established generating functions, recurrence formulas, and rich algebraic structure. Owing
to these properties, they provide a convenient framework for introducing and studying new subclasses
of analytic, univalent, and bi-univalent functions. In particular, their generating functions can be
incorporated into subordination conditions, thereby allowing geometric properties and coefficient
behavior to be investigated in a systematic manner.

The Legendre polynomials P, (1)) are defined through the generating function
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1 o)
—— = P 1.3
V1 =20t + 12 Z% ) (13)

They also obey the three-term recurrence formula
(t+1)Pp1(¥) = (2t 4+ 1)9P,(9) — tP—1(V). (1.4)

Using this polynomial sequence, one may construct an associated analytic function by incorporating

the Legendre coefficients into its Taylor-Maclaurin expansion. More precisely, we consider
S(2) =2+ 6,P1(N)2" (1.5)
1=2

This representation provides a convenient mechanism for transferring the algebraic structure of the
Legendre polynomials to the coefficient framework of analytic functions.
In a similar manner, the Chebyshev polynomials of the first kind, denoted by 7, (1), are characterized

by the generating function

1— 9t = .

These polynomials satisfy the three-term recurrence relation
T41(9) = 20T, (9) — T,—1(V), v > 1. (1.7)

By incorporating the Chebyshev polynomial coefficients into the Taylor-Maclaurin expansion, one

obtains the associated analytic function
S(z) =2+ Y 0T 1(Nz" (1.8)

This construction transfers the structural and recurrence properties of the Chebyshev polynomials to
the coefficient behavior of the corresponding analytic function.

The Hermite polynomials H, () are determined by the exponential generating function

oo

20t—t2 _ H,(9) ,
e —Ej—jr%. (1.9)
=0
They obey the recurrence formula
H, 1(0) =29H,(V) — 2eH,—1(9), L > 1. (1.10)

Accordingly, the analytic function associated with the Hermite polynomial sequence may be written as
S(z) =2+ 6,H, 1(N)2" (1.11)
=2

Thus, the algebraic structure of the Hermite polynomials is naturally embedded in the Taylor coefficients

of &.
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Finally, the Gegenbauer polynomials c® (¥) are introduced through the generating function

Z c¥ (1.12)

The corresponding three-term recurrence relation is given by

(1 21915—1—752

(t+ 1O (9) = 20+ 6)9CO (W) — (1 +26 —1)CO (),  v>1. (1.13)

Using the Gegenbauer polynomial sequence, the related analytic function takes the form

S(2) =2+ 6,07 (N2 (1.14)

This representation allows the parameters and structural features of the Gegenbauer polynomials to be
incorporated directly into the coefficient expansion of 3.

Taken together, these classical orthogonal polynomial families furnish a broad and coherent frame-
work for defining and investigating subclasses of analytic, univalent, and bi-univalent functions. Their
generating functions and recurrence relations make it possible to encode special algebraic structures
into analytic expansions, thereby facilitating the study of coefficient estimates, geometric properties,
subordination conditions, and related extremal problems.

Each function & introduced through the preceding constructions belongs to a particular subclass of
analytic functions whose geometric properties depend essentially on the selected family of orthogonal
polynomials and the value of the parameter . Such polynomial-based representations have proved
highly effective in the investigation of coefficient estimates, Hankel determinants, Fekete-Szego-type
functionals, and other extremal problems; see, for example, [9-11].

We next recall some basic facts concerning bi-univalent functions. For every function § € S C 7,

there exists an inverse function 3~ satisfying
371S(2)) =2 and  F(3(¢)) =¢ (1.15)

where
(Z € ﬁv |£‘ < ro(%)),

and ro(3) denotes a positive radius within which the inverse function is well defined and analytic.

Suppose that 3 € S has the Taylor-Maclaurin expansion given in (1.1). Then the local inverse

admits the series representation

X(€) = S7HE) = € — 026 + (265 — 63) € — (503 — 56203 + 64) € + -+ (1.16)

which is valid for || < ry(J). The coefficients appearing in this inverse expansion provide an essential

link between the geometry of & and that of its inverse. Consequently, (1.16) plays a central role in
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inverse coefficient problems, Hankel determinant estimates, and related extremal questions in geometric
function theory.
A function S € S is called bi-univalent in & whenever both & and its inverse 3! are univalent in the

unit disk. The family of all such functions is conventionally denoted by ¥. Thus,
Jer <« SeSandY €S,

Quantum calculus (or g-calculus), introduced by Jackson [16, 17], offers a discrete analogue of
classical calculus and has gained considerable attention in GFT. Aral and Gupta [ 18] further advanced
the subject by studying g-analogues of various operators. In this framework, the parameter ¢ € (0, 1)
ensures convergence and analytical stability.

A fundamental object in quantum calculus is the g-analogue of the classical exponential function.

Following [27], it is defined by

o L 1
. 0<gq<l, 2| < ——, 1.17
ng ] 4 (1.17)

where the g-factorial is given by

[0t = [esqlle — 159 -~ - 13500125 q)[1; gl

with [0; ¢]! = 1 and [¢; ¢] denotes the corresponding quantum integer; see [21].
The function e, may be viewed as the natural counterpart of the ordinary exponential function

within the framework of g-calculus. In fact, it is characterized as the unique analytic function satisfying
Byleq(2)) =eg(z)  and  e,(0) = L.

Indeed, using
0q(2") = [1:q)2 7",

we obtain

= 6q<ZL>
)= Z [;q)!

_ Z [:ql= i A (1.18)
2 gl ~ 2Tl '
:zglﬁ i = eq(2), z€ 0.

Thus, the g-exponential function retains the familiar eigenfunction property of the classical exponential,

with the ordinary derivative replaced by the g-derivative.
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The g-Bernoulli polynomials %, ,(¢) which arise in the context of GFT in complex analysis, satisfy
the following linear homogeneous recurrence relation (see [3]):

L—2

o _ 1 _ 1 L -1
uan) = (9= i) Fn @ - oS (1) O et @)

J=0

The generating function of the ¢g-Bernoulli polynomials %, (1) is given as follows (see [4]):

)

By, (9. h) = eq(hl;—l eq(hd) = g%’w(ﬁ) [L:‘;J!, Ih| < 2r. (1.20)
The first few ¢g-Bernoulli polynomials are given by
PBao(V) =1,
B (V) =0 - P?QJ’ (1.21)
Bya(0) =99 — 1) + m

The development of g-calculus has significantly broadened the scope of analytic function theory by
providing an effective framework for constructing and studying new subclasses with rich geometric
and algebraic structures. As a natural extension of classical calculus, this theory introduces additional
flexibility into the formulation of analytic operators, subordination conditions, and coefficient problems,
thereby revealing phenomena that are not readily accessible through traditional methods. Its influence
is not confined to purely theoretical investigations, since g-calculus also arises in several areas of applied
mathematics and mathematical physics. Consequently, it continues to provide a fertile foundation for
the advancement of geometric function theory and for the exploration of new analytic models and

related extremal problems; see, for example, [6,22,23,28-34,36-40].

2. Tae NoveL Bi-UNivaLent FuncTion CLASSE

The framework of g-calculus, together with the algebraic structure of the ¢g-Bernoulli polynomials,
provides a natural and versatile setting for introducing new families of analytic and bi-univalent
functions. Motivated by the generating function of these polynomials, we define new subclass of the

bi-univalent family 3, which represent generalized bi-starlike and bi-convex function classes.

Definition 2.1. Let 0 < 5 < 1,0 < ¢ < 1,and 9 € [—m,1]. A function S € ¥, having the T,M expansion
given by (1.1), is said to belong to the class 2S%,(5; q, V) if the following subordination conditions hold:

20 204(S(2)) | 20 (204(3(2))) B
(1-5) 50) + B 3,3 (2) < By, 2), (2.1)
and
§04(x(€)) | ,0q (£T4(x(£)))
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where z,£ € O and
X(€) =371(¢)

is the inverse function of 3, whose expansion is given in (1.16).

The following examples illustrate several important specializations of the class introduced in Defini-

tion 2.1.
Example 2.1. Taking 8 = 0 in Definition 2.1, we obtain the g-bi-starlike class
BS%(q,9) = BS%(0: 9, 0).

Thus, a function S € X, of the form (1.1), belongs to #S%,(q, ") if and only if

ﬁg\fzgz)) < By(9, 2), z€ 0, (2.3)
and
£04(x(£))
NG < By(9,€), £e 0, (2.4)

where xy = 31 is given by (1.16). Hence, this specialization describes the bi-starlike family generated by the

g-Bernoulli comparison function.
Example 2.2. For 8 = 1, Definition 2.1 gives the g-bi-convex class

Accordingly, a function S € X belongs to #Cx(q, V) precisely when

B, (23,(3(2)) L
3,(5(2)) < By, 2), €0, (2.5)
and
g (£04(x(£)))
6q<X(£)> = ‘@(I(ﬂaé)v E S ﬁa (26)

where x = S~ has the expansion stated in (1.16).

Using the Jackson q-derivative identity
0y (204(3(2))) = 04(3(2)) + 42 05(3 (=),

the condition in (2.5) may equivalently be written as

q203(S3(2))
04(3(2))

A corresponding identity holds for the inverse function x.

1+ < By, 2).
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Example 2.3. Letting ¢ — 1~ and choosing 8 = 0, the g-derivative reduces to the ordinary derivative. Therefore,

the class in Example 2.1 approaches the bi-starlike family determined by

ZS(,S) < B(9,2), z€O0, (2.7)
and

EX'(€)

© < H1(9,8), Eeo. (2.8)

This limiting case recovers the corresponding classical bi-starlike setting associated with the Bernoulli generating

function.

Example 2.4. If ¢ — 17 and 8 = 1, then the conditions defining the class in Example 2.2 reduce to

1+ 2 97(z) < %1(V, 2), z €0, (2.9)
3'(2)
and
1+ '5;‘,(5) < B(0,6), ¢feoO. (2.10)

Hence, the limiting form yields the classical bi-convex class governed by the Bernoulli comparison function.

These specializations demonstrate that the parameter 5 continuously connects the ¢-bi-starlike
and g-bi-convex conditions, whereas the limiting process ¢ — 1~ recovers their ordinary-calculus
counterparts. Consequently, the class #S5.(3; ¢, V) provides a unified framework that simultaneously

contains quantum and classical families of bi-univalent functions.

3. MaiN ResutLrs

In this section, we establish estimates for the initial T.M coefficients |J2| and |J3| for functions belonging
to the generalized bi-univalent class #S%.(8; ¢,9). As immediate consequences, the corresponding

coefficient bounds for the bi-starlike and bi-convex subclasses
PBS%(q,9) and PCx(q,9),

respectively, are obtained by taking 5 = 0 and 3 = 1. We further derive the associated Fekete-Szego
inequality for the functional

|03 — ués

where 1 € R.
Firstly, let 2(z) = 1+ P12 + P2 + P32 + ..., and P(z) < B,(Y, z). Then there exist ¢ € &
such that [p(2)| < 1in & and Z(z) = %,(V, p(z)), we have

hz)=1+p)1-e) " =1+hz+062"+ € P (3.1)
It follows that

2% 2\ 22 3\ 23
go(z)z;+<€2—21>2+<€3—€1€2—41>2+---, (3.2)
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and

By(0,9(2)) = 1+ By1(9) ¢(2) + Bq2(9) (9(2))* + -+

1
[2;4]
:1—{—,@%1(’[9)612—}— % ( )£2+

(3.3)

[QJ 20| 2%+

It is a classical result that whenever |p(z)| < 1 holds for all z € &, the coefficients /, in its expansion

satisfy the uniform bound

6]<1, VieN. (3.4)

In a similar vein, one can find an analytic function v defined on ¢ such that |v(¢)| < 1 and

Accordingly, the function

(€)= 1+ v(€)(1 —v(©) =1+ mE+mE + - (3.5)
belongs to the class .
It follows that
2\ (2 3\ ¢3
V(§):T;€+<T—7-21>§+<3—7172—2>§2+~--, (3.6)

and

By(0,v(€)) =14+ By1(9) 1€ + {%’q (0) 9 + = (ﬁ)ﬂ 4., (3.7)

PJI

In the following theorem we determine the initial Taylor coefficients |d2| and |J2| for the class

PBS5-(B; ¢, 0).

Theorem 3.1. Let ¥, given by (1.1), belong to the class %’S’i(ﬂ; q,9). Then
‘52} < min{‘D?QJﬁ - qu} :

[2;¢]VC
and ,
S (2599 -9 112549 — 4
%] < mm{ 2:qPC [2qK ’N} ’
where
e T g2 B B q(q3; /(K- L) - C)
\/’([2,qJ(K L) - C)¥? + (C—2¢(K—L))9 + BT ’
_ 2o o [2afd—qf PO-1] | q
[2;q]|K — L] [2; q]K [2;q]|[K —L|  [2;4]?
and

K=q[2q] (1 + q[2;q]B8), (3.8)
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L=q |1+ 8 (1207 - 1)], (3.9)
C =g (1 tq 5)2. (3.10)
Proof. Let S € L%’S*Z(,B; q,9) and ¢ = L. Considering (2.1) and (2.2) we have
208 8, (20,(3() .
and
_ £04(x(£)) g (§9¢(x(£))) _ ”
where (2,§ € 0). Since
_ 3y204(8(2)) | ,04(20,4(3(2)))
T L N E) 5.13)
= q(1+¢B)d22 + {qlﬁ; q)(1+4[2;q)8)d3 — q(1+ B([2;4)* — 1)) 53] 22+
and
580 x(©) | 204(ET,(x(8)) _
C=A"0 P o) - At (314)
+ (20125 )1 + al25018)93 — a(1+ B2 0 — 1) 63 — al2; a)(1 + a[2: ] B)s €2 +
By comparing (3.11) and (3.13), along (3.3), yields
q(1+qB)d2z + [q!ﬂ; a)(1+q[2:418)05 —q (1 + B([2:¢)* - 1)) 55}22 +
(3.15)
= %%1(19)512 + [,%7 (19)62 + |_2 J% (ﬁ)ﬁ%] 22 4.,
Besied that, by comparing (3.12) and (3.14), along (3.7), yields
—q(1+gB)5€ + [261!9; a)(1+4[2:418)83 — g (1 + B([2;9)* — 1)) 63
— al25q)(1 + al2; ) 8)0s €2 + - - (3.16)
= B2 (9)1€ + [%’ MO — ,[2 J (19)712] e+
Equating the pertinent coefficient in (3.15) and (3.16), we obtain
q(1+qB)d2 = B4 (V) & (3.17)
—q(1+qB)o2 = Bg1 (V) 11 (3.18)
Ké3 — Lo3 = By1(9) o + %P wjﬁ (3.19)
2
(2K — L)d3 — Kd3 = By1(9) 72 + ‘%)q’é(zj 1 (3.20)
From (3.17) and (3.18), we have
lh=-1 — 0B2=r12 (3.21)
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and
2C
2C035 = B2,(0) (3 + 77) <= G+ = még. (3.22)
Now, by summing (3.19) and (3.20), we obtain
Ba2(0
2(K —L)&3 = Bo1(9)(la + 72) + [;?;J ) (3 +77). (3.23)
By putting (3.22) in (3.23), we obtain
2 [2; 4] %51 (9) (62 + 72)
0y = ; : (3.24)
2(12: 4] (K — L)#2,(9) — C#,2(9))
By using %,,1(¥) and %, 2(¥) where given by (1.21), we deduce that
2;q]9—q)3
05 = B (2 + ) (3.25)
q(ql[S;QJ(K—L)—C)) '
2:q](K—L) - C)¥? + (C - 2¢(K - L))J +
(010 - 00+ © -2 1) e
By applying (3.4) for (3.22) and (3.25), we have
2;q]9 —
o < i { 1l 4 326)
[2:4]VC
where
L‘D'qjﬁ _ q’%
u [2:q]

q(qf3;ql(K —L) - C)

\/’(PWJ(K —L) = C)#? + (C—2¢(K —L))d +

[2;91[3; 4]

Now, so as to find the bound on |d3/, let’s subtract from (3.19) and (3.20) along (3.22), we obtain

%q,l(ﬂ)

b =03 = o

(by — 13).
In view of (3.21) and using (3.22), we obtain
B31(9)

03 = —L— (A + ) +

'%)q,l(ﬁ)

(22 — 7'2) .

By applying (3.4), we have
(12:4)9 —a)® | 1249 — 4|

<
1% < [2;q[>C [2; q]K
In addition, substituting the value of of §3 from (3.23) into (3.27), we find
Pq.1 (V) $y2(9) 2 9
= ’ 14 : 14

3 2(K—L)( 9+ 72) + 22a) (K1) (6; +77)

PBy1(V
(;%( ) (62 - 7’2) .

Then, we have

_A2a19—q| | |[219 —qf
~ [2;¢]|[K - L] [2; q]K
199 —1)| q
[2;q]|[K —L|  [2;¢)2[3;q]|K—L|

3

(3.27)

(3.28)

(3.29)
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Hence, the assertion of Theorem 3.1 is established. O

The next theorem derives the Fekete-Szeg6 functional for functions & belonging to the class
#S5-(8; ¢, 7).

Theorem 3.2. Let S, given by (1.1), belong to the class %S*Z(ﬁ :q,0), and let €1 € R. Furthermore, define

L C([%qll3;q)9( — 1) + q)

A=1- = —
K K[3;¢]([2; ¢]J0 — ¢)?
Then
2;q]Y — q
_ 282 < “-qi
85 = e13z] < [2:¢JK

whenever 0 < |1 —e1| < A, while
3
o IR0 — g [1 e

(125q)(K ~ L) = C)9 + (C = 29(K ~ 1)) +4 (qm %.(Iq]w_s-lﬁ_ C)'

‘53 — 615%‘ <

whenever |1 —e1| > A.

Proof. Let 3 € %’S*Z(B; q,9), from (3.24) and (3.27) we have

(1 —e)[2;9)Z; 1 (9) (L2 + 72) L Zaa(¥)
2([2:9) (K~ L1)22,(9) - C2,2(9) 2K

= %2‘“ K/V(sl) + 11<> b + <</V(61) - 11<> 72} )

(1= e0)[2: g1 B2, (9)
M) = TR D) %2, (0) — C a0 (3:31)

Then, by taking modulus of (3.30), we conclude that

53 - 61(53 =

(l2 — 72)
(3.30)

where

A0 0<|H () < &
}53 - 515§| <
| B (D] | A (e1)], [ (en)] = %
U
Corollary 3.1. Let 3, given by (1.1), belong to the class %S*Z(q, ). Then
| 12:q)9 — 4

02| < min ’7, M p,
2] < { ql2; 4 '

and

. 2:qlv — 2 2:q|v —
93] < mm{([qg[JZ;QJZQ) * qugl; quzq’7 Nl}’
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where
M, — 125 )9 — o 7
. ol 1092 4 (1 — alal3:9] — 1)
qW2,qJ\/'([27qJ D97 + (12900 + L=
" | | -1
(U2a +9)|[259)9 —q| |0 -1) 1
Nl_( 7*[2; q)? i) +qW2;qjl2W3;qjl>'
Furthermore, define
ol — W2 4 (1 — alal3:9] = 1)
Al:'(P,qJ D+ (- 200+ [2:qJ[3; q ‘
(125 q]9 — )2
Then
2;q|¥ —
}53 —51(5§| < ”qFQJ, qJQQ|

whenever |1 — e1| < Ay, while
11259 — g |1 — &1
of2saf? (P20 = 107 + (1200 +

|63 — 103 | <

q(qf3;q] = 1)|’
[2;4][3; 4]

whenever |1 — 1| > A;.

Corollary 3.2. Let S, given by (1.1), belong to the class #Cs~(q, V). Then
2;q]0 —
\62\§min{” 4l q|,M2},

[2; ¢/

and ‘ ‘

(25919 —q)* | [[29)9 —¢

%] < mm{ Zat el Nz}’
where
I12; g10 — g
B l[2 ql —2¢° ¢'[3:9] —a[2:q)|
1% qJQ\/' ("= 1)7 [2;4] >ﬁ+ EACIRER
and ’ } )
(125919 —q|(¢* + [35q]) |99 —1)] 1
V2= ( [2;q12[3; 4] 2 qf2;qJ3[3;QJ) '

Furthermore, define

Ay — 124 ‘ _ [2dl[3:q)9(@0 - 1) + q‘ .
[3:a] |12;4] [3; q)([2; ¢]Y — q)*
Then ‘[2 19 |
\q
9 = <08 < BTl

whenever |1 — ea| < Ao, while
3
12;q]9 — q|”|11 — &2

5 1y02 248 q(P3;q] = 1254l) |
(@ -1 +<1 Pstﬂl)wr [2;912[3; 4l

|03 — £265| <

[2; ¢/
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whenever |1 — e3] > As.

Corollary 3.3 ( [5]). Let S, given by (1.1), belong to the class St (q, ). Then

b
[ 1[2;4]9 — ¢
and
_f([259)9 —9)* | 1[2;4)9 — g
’53|§mm{ 2[2; ¢ [2; 4/ ’NS}’
where
M = 1125 ] — qf** ’
- ol - 1192 4 (1 — algf3;9] = 1)
P,qJ\/'(mJI o7 + (1= 20+ L =)
and
(312599 —4q] | [9(9 - 1) q
N3_< M2q] | [2dl |[2;QJ12W3;QJI>'
Define
20 [(12:0] — 1097 + (1 - 2g)0 4 LUEA+D
ha = T '
Then
165 — £362] < W

whenever |1 — e3| < As, while
12;¢J9 — q*|1 — &3]
([2:¢] = 1)9? + (1 — 2¢)9 +

|03 — e303| <
[2;4)?

q(q[3;q] — 1) '
[2;41[3; 4]

whenever |1 — €3] > As.

Corollary 3.4 ([5]). Let 3, given by (1.1), belong to the class Cs~(q, ). Then

152] < min{ 1125 ¢]0 — q M4}7

[2:¢)% 7
and
(2499 -9 | 1259)9 — 4]

%] < mm{ 42; q)? 6[2;q] N }

where
My — 12: )9 — q|* |
‘ , q(al3; 4] — 2)

P#ZJ\/Q ‘(MQJ —2)9? —2(1 —q)9 + M’M“

and

(2012599 —q] | YW —1)] q
N4_< 2] 22i4] +2W2;qJ2¥[3;qJ>'
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Furthermore, define

. . q(al3; 4] — 2)
a [2;q)? |([2; q] — 2)0* +2(1 — 2¢)9 + il |
3([2:q]9 — q)*
Then
|65 — €403] < I12:aJ9 =gl [2’6?2'17961] q’,

whenever |1 — g4 < Ay, while

2;q)9 — q*|1 — &4
6‘ e 62 < W ,
03 = 2ata] < (q[3;4] —2)

2[2;q)3 |([2;5q) — 2)0% +2(1 — q)9 + 234l

whenever |1 — e4] > A4.

4. CONCLUSION

In this work, we investigated two subclasses of bi-univalent functions associated with g-Bernoulli
Polynomials, namely the starlike and convex classes. Utilizing the subordination principle, we estab-
lished coefficient bounds for the initial terms of these function classes and derived the corresponding
Fekete-Szego inequalities. These results enhance the theoretical framework of bi-univalent function
theory and elucidate its deeper connections with special function spaces.

Future research could extend these findings by exploring higher-order coefficient estimates, refining
the structural characteristics of these subclasses, and examining their geometric properties. Moreover,
investigating upper bounds related to the Zalcman conjecture and analyzing Hankel determinants of
orders two and three within these subclasses could provide new insights and open further avenues in

the study of analytic and bi-univalent function theory.
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