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Asstract. This paper investigates the stability of the index for closed linear relations (multivalued linear
operators) on Hilbert spaces under relatively bounded perturbations. We introduce the numerical range
as a novel and powerful tool to analyze the behavior of the nullity, deficiency, and index of a linear relation
A when subjected to a perturbation of the form A — AB. Our primary contribution is the establishment of
a clear criterion for index stability, demonstrating the existence of an open disk D = {A € C: |A| < 7} in
the complex plane, centered at the origin, within which the index x(A — AB) remains constant. The radius
of this stability disk is explicitly determined by the minimum modulus of A and the constants defining the
relative bound of the perturbation B.
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1. INTRODUCTION

The study of how the spectral properties of an operator change under perturbation is a cornerstone of
operator theory, with profound implications across various fields of applied mathematics. For Fredholm
operators, the stability of the index is a particularly critical property, as it guarantees the robustness of
the operator’s essential solvability characteristics against minor alterations. While the perturbation
theory for single-valued bounded operators is extensively developed, numerous problems arising in
areas such as differential equations, control theory, and optimization necessitate the consideration of
operators that are unbounded or even multivalued, commonly referred to as linear relations.

This paper focuses on the stability of the index for closed linear relations defined on Banach spaces.
Specifically, we examine a closed linear relation A possessing a finite-dimensional null space and a

closed range, and we analyze its behavior under a bounded perturbation of the form A — AB, where
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B is another linear relation and ) is a complex parameter. The central question we address is: under
what conditions does the index of the perturbed relation, x(A — AB), maintain its stability as A varies?

Existing literature has explored various conditions for the stability of the nullity, deficiency, and
index for linear relations [4], [6], [7], [?]- However, the application of geometric tools, such as the
numerical range, to rigorously analyze these stability properties for linear relations remains an evolving
area of research.

In this work, we introduce a novel methodological approach that effectively leverages the numerical
range of one linear relation relative to another to establish a precise criterion for index stability. Our
main result (Theorem 23) rigorously demonstrates that for all A within a specific open disk centered at
the origin, the index k(A — AB) is constant. The radius of this disk is explicitly quantifiable in terms of
the minimum modulus of A and the constants defining the perturbation bound. A significant finding
from our analysis is the observation that the index can exhibit stability even in scenarios where the
nullity and deficiency are not individually stable. This phenomenon, which is contingent upon the
properties of the operator pair (A, B), provides a more comprehensive and detailed understanding of
spectral stability, a perspective uniquely afforded by the theory of linear relations.

The remainder of this paper is structured as follows: Section 1 provides a concise overview of the
fundamental definitions and properties pertinent to linear relations. Section 2 is dedicated to the
stability of the nullity and deficiency, presenting the foundational theorems underpinning our analysis.
Finally, in Section 3, we formally introduce the numerical range for linear relations and employ it to

prove our main results concerning the stability of the index.

2. LINEAR RELATIONS

We present a brief overview of the necessary definitions and properties of linear relations. For more

details regarding these notions, we refer the reader to the monographs [1], [2], [3], [5] and [11].
2.1. Some basic definitions.

Definition 1. Let X and Y be normed linear spaces. A linear relation A from X to'Y is a linear subspace of

the product space X x Y.

Note that the concept of a linear relation generalizes the notion of the graph of a linear operator. We
say that A is closed if it is closed as a subspace of X x Y.

We denote by LR(X,Y) the class of all linear relations from X to Y while CLR(X,Y') will denote
the class of all closed linear relations from X to Y. For A € LR(X,Y) and (z,y) € G, we define A(x)
to be the subset of Y given by A(x) := {y : (x,y) € G} and A~! to be the linear relation in LR(Y, X)

givenby A~! := {(y,z) : y € A(z)}.
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Definition 2. Let A be a linear relation from X to' Y. The domain D(A), range R(A), null space N (A), and
the multi-valued part mult(A) of A are defined by:
(i) D(A) ={zx € X | (x,y) € Afor some y Y},
(ii) R(A) ={y €Y | (z,y) for some x € X},
(iii) N(A) ={r € X | (z,0) € A} = {x € X : A(z) = A(0)},
(iv) mult(A) = A(0) ={y € Y | (0,y) € A}.

We note here that a linear relation A is the graph of a single-valued linear operator if and only if its
multi-valued part is trivial, that is, A(0) = {0}. In other words, a linear relation is simply a multivalued

linear operator.

2.2. Normed Linear Relations. In order to handle the notion of boundedness for linear relations, we
introduce the concept of the quotient norm. Let A be a linear relation from a normed space X to a
normed space Y. By A, we denote the single-valued operator defined on D(A) with values in the

quotient space Y/A(0) by
A (x) =[y] where (z,y) € A and [y] is the equivalence class of y in Y/A(0).

This is well-defined because if (x,y;) and (x,y2) are both in A, then (0,y; — y2) € A, which means
y1 —y2 € A(0), so [y1] = [y2] in the quotient space. The operator A, will be called the Operator induced
by A.

For A € LR(X,Y) and z € D(A), we set ||A(z)| = ||Aq(z)| and ||A]| = ||44||. We say that A is
bounded if We say that a linear relation A from X to Y is bounded if

[A4s]| < o0 (1)

Note that ||A(z)|| = ||A4(z)|| together with ||A|| = ||A4,|| do not define a norm since nonzero relations
can have zero norm.

Let M and N be nonempty subsets of a normed linear space X. We denote by dist(M, N) the distance
between M and N, that is

dist(M, N) := inf{||m —n|| : m € M,n € N}. (2)
Similarly, we denote by dist(m, N) the distance between m € M and N, that is,
dist(m, N) := inf{|m —nl|| : n € N}. (3)
Lemma3. [5,11.14]Let A€ LR(X,Y).
(a) Ifx € D(A) and y1,y2 € A(z) then dist(y;, A(0)) = dist(y2, A(0)),

(b) Forall x € D(A)

inf dist(y, A(0)) = sup dist(y, A(0))
yEA(w) yeA(x)



Asia Pac. J. Math. 2026 13:161 40f 15

(c) |Aq(x)| = dist(y, A(0)) for every y € A(x) and x € D(A).
(d) [|Ag(z)|| = dist(A(x), A(0)) = dist(A(z),0), z € D(A).
[

Lemma4. [5,11.1.5] For A,B € LR(X,Y ) and a € F, we have

(a) [[Aq(2) + By(2)]| < [[Ag(@)]| + [ B(2)| for x € D(A+ B)),
(b) Forall x € D(A), we have ||aAq(x)|| = ||| Aq(x)].

Lemma 5. Let A, B € LR(X) be such that D(B) D D(A) and B(0) C A(0). Then for all z € D(A)
[Aq()]] = [ Bg(x)|| < [[Aq(x) — Bq(x)] (4)
Proof. Let x € D(A) and let y and z be such that y € A(z) and z € B(x). Then
dist(y, A(0)) = dist(y — z + z, A(0))
< dist(y — z, A(0)) + dist(z, A(0))
= dist(y — 2z, A(0) — B(0)) + dist(z, A(0))

< dist(y — 2z, A(0) — B(0)) + dist(z, B(0)),

so that
dist(y, A(0)) — dist(z, B(0)) < dist(y — z, A(0) — B(0)).
The inequality
[Aq(@) || = 1Bg(@)]| < [[Ag(x) = By()|
then follows from Cross I1.1.4(c). O

Let A € LR(X,Y). The minimum modulus of A is the quantity y(A) defined by
Y(A) :=sup{\ : [|[A4(z)| > Ad(z, N(A)) for x € D(A)}.

A useful equivalent formulation is the following:

0, if D(A) c N(A)

=A@ i .
inf {d(x,N(A)) cx € D(A), x ¢ N(A)} otherwise.

Lemma 6. [0, Lemma 15] If A is a closed linear relation then R(A) is closed if and only if v(A) > 0.

2.3. The number v(A : B). Let X and Y be two linear spaces and let A, B € LR(X,Y’) with B(0) C
A(0). For n € N, let M,, and N,, be the linear subsets of X defined by

My = X, M, = B Y(A(M,_,)) forn=1,2,--- ,and (6)

Ny = A7Y0),N,, = A~YB(N,_1)) forn=2,3,---. (7)
It can be shown [6] that
Moy D M, DMQD"'DN(B)
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and
N CNQCNgC"'CD(A).
Note that N = N(A) and if Ny C M,, then N; C M, forall n’ < n. We denote by v(A : B) the smallest

number n for which the condition N; C M, is not satisfied. We set v(A : B) = oo if there is no such n.

3. STABILITY OF THE NULLITY AND DEFICIENCY.

For alinear relation A € LR(X,Y'), its nullity a(A), deficiency 3(A), and index x(A) are the quantities

a(A) =dim N(A),
B(A) = codim(Y/R(A)),and

R(A) = a(4) — B(A).

The index x(A) is considered well-defined if at least one of a/(A) or 5(A) is finite, otherwise, A is said

to have no index.

Remark 7. For the rest of this section, we fix Banach spaces X and Y and consider linear relations A, B €

LR(X,Y) with the property that A has closed range, D(B) > D(A), B(0) C A(0), and
1Bg(2)]| < oljzll + 7[[Ag(2)[| for every z € D(A), (8)
where o and T are non negative constants.

Theorem 8. [0, Theorem 34| Let X and Y be Banach spaces and let A, B € CLR(X,Y) be linear relations

satisfy all the conditions given in Remark 7. If o and T are such that
o +7(4) < 1(A), (9)
then the linear relation A + B is closed and has closed range. If in addition o(A) < oo then
a(A+ B) < a(A), and B(A+ B) < B(A). (10)

Theorem 9. [0, Theorem 38] Let X and Y be Banach spaces and let A, B € CLR(X,Y) be linear relations
satisfy all the conditions given in Remark 7. If v(A : B) = oo, there exists a constant p > 0 such that
a(A—AB) = a(A) and (A — AB) = B(A) for all X for which |\| < p.

Unlike the stability of both the nullity and deficiency of A shown in Theorem 9, the following theorem
proved in [7] establishes some sort of non-stability of both the nullity and deficiency inside the region

0< |z <p.
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Theorem 10. [/] Let X and Y be Banach spaces and let A, B € LR(X,Y") be linear relations satisfy all the
conditions given in Remark 7. Assume further that A is closed and is such that o(A) < oo. If V(A : B) < o0
then exists a constant p > 0 and a positive integer r such that, for 0 < |A\| < p, A— AB € CLR(X,Y) and has

closed range, and

a(A—=AB)=a(A)—r, B(A—AB)=p(A)—r and (11)
v(A—AB: B) = . (12)

Lemma 11. Let X and Y be Banach spaces and let A,B € CLR(X,Y) be linear relations satisfy all the

conditions given in Remark 7. Then for

Al < 7(A)

A — \B is a closed linear relation with a closed range.

Proof. That A — AB is a closed linear relation with a closed range for any A satisfying the condition in
(13) is a direct consequence of Theorem 8. To see this, note that for ) satisfying (13), we can write

A —AB = A+ (—)AB). We see from (8) that the perturbation —\B satisfies the bound
[(=AB)q(2)[| = (Al Bg(2)[| < [Al (o [lz]| + 7 [[Aq(2)]]) (14)

for all z € D(A). Setting o’ = |A\| o and 7 = |\| 7, we need to verify that o’ + 7/y(A) < v(A). This

follows from

o' +7'y(A) = A (o + 7v(4)) (15)
1(4)
e+ TA) (16)
=7(4). (17)
By Theorem 8, A — AB = AA + (—AB) is closed with closed range. O

Lemma 12. Let X and Y be Banach spaces and let A, B € CLR(X,Y) be linear relations satisfy all the

conditions given in Remark 7. The inequalities

(1 =7 [Xol) [|Bg(@)[| < o l|z]| + 7 [[(A = Ao B)gz]|- (18)
and
g T
| By(z)]| < =7 ||| + T [(A—XoB)gz| - (19)
hold for any Ao satisfying
A
Dol < — 1) (20)
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Proof. For A satisfying (20), the perturbation bound (8) implies that

(L =7l By(x)| = [1Bg(@)ll = 7ol [| Bg()]]
< ozl + 7l Ag(2) ]| = 7[Aol[| By ()]

< ol|lz|| + 7|[(A = AoB)4(z)|| by Lemma 5, (21)

which proves (18). Since (1 —7|Xg|) > 0, inequality (19) is obtained by diving both sides of (18) by (1 —
7|Xo|). That (1 — 7|Xg|) > 0 follows from (20) since that inequality implies that |Ao|(c + 77(A4)) < ~v(4),
which is the same as [A\o|o < 7(A4) — 7| Ao|7(A). Consequently, |Ag|lo < v(A)(1 — 7|Xgl). Since |Ao|o > 0,
we have that y(A)(1 — 7|A¢|) > 0 and by Lemma 6 (y(A) > 0), we conclude that 1 — 7|\g| > 0. O

Lemma 13. Let X and Y be Banach spaces and let A, B € CLR(X,Y) be linear relations satisfy all the

conditions given in Remark 7. For any Ao satisfying |Ao| < ajf(:?() ) there exists a constantant p > 0 such that

a(A — AB) and B(A — \B) are constant for all X satisfying |A — Xo| < p.

Proof. Setting Ap := A — \oB, we see from the refined bound in (19) that

1By(@)| < o' ol + 7' (A0)y(@)]| where o' = 3"y 7" = 3

Moreover, D(B) 2 D(A) = D(Ap) and B(0) € A(0) € Ap(0). Lemma 11 therefore implies that
Ay is closed and has a closed range. We conclude, using Theorem 10 that «(A4y) < oo and that
v(Ap : B) = oco. It then follows from Theorem 9 that there exists a constant p > 0 such that both
a(Ay — AB) and B(Ay — AB) are constant for all X with ’5\‘ < p.

Since Ag — AB = A — (Ao + A\)B = A — AB where A\ = )¢ + )\, we are able to conclude that there
exists a neighborhood B,(A\g) = {\ € C: |A\g — A| < p} of \g on which a(A — AB) and 3(A — AB) are

constant. O

We conclude this section with the following theorem.

Theorem 14. Let X and Y be Banach spaces and let A, B € CLR(X,Y") be such that A has a closed range,
a(A) < oo, D(B) D D(A), B(0) C A(0), and

1Bg(@)[| < ollz]| +7[[Ag(2)]| = € D(A) (22)

holds for some nonnegative constants o and . Then for

7(A)

AN < ———
A o+ 1y(A)

(23)

A — AB is a closed linear relation with closed range, and both o(A — AB) and (A — AB) are constant for all
values of A for which (23) holds.
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Proof. That A — AB is a closed linear relation with closed range for A satisfying (23) is proved in

7(A)
o+7v(A)

neighborhood By, (Ao) of Ag in which a(A4 — AB) and 3(A — AB) are constant.

Theorem 8. By Lemma 13, for every point )\ in the disk D = {A € C: |A\] <

}, there exists a

Consider any two points A, A2 € D. Since D is a connected open set in C and therefore path-
connected, there exists a continuous path ~(¢) for ¢t € [0, 1] with v(0) = A; and (1) = A2, entirely
contained in D. The image ([0, 1]) is a compact subset of D and therefore, we can cover ([0, 1]) with a
finite number of neighborhoods from the collection {B;, (Ao) : Ao € D}, which can be chosen in such
a way that they overlap.

Within each neighborhood, a(A — AB) and (A — AB) are constant and since the neighborhoods
overlap, these values must match. Therefore, o(A — AB) and (A — AB) have the same value at \; and
Ag. Since A\; and A\, were arbitrary, the functions are constant throughout D, except at a countable set

of isolated exceptional points. O

4. Tae NUMERICAL RANGE AND STABILITY OF INDEX

The theory of the numerical range for linear operators on a Hilbert space H is a very well known
concept and is well established in the literature. However this is not the case for the numerical range
for linear relations. The papers [8], [10] and [11] are among the few that deal with this concept.

For linear relations A and B on a Hilbert space H, we define the numerical range © g(A) of A relative

to B to be the subset of C given by
Op(A) = {(v,w) :v e A(u),w € B(u) with ||w|| =1& u € D(A)N D(B)}. (24)

If B is the identity relation I on H, then ©;(A) is simply the classical numerical range ©(A) of A given
by
O(A) = {{v,u) : v € A(u), u € D(A) with ||u]| = 1}. (25)
A linear relation B on a Hilbert space H is said to be injective if B! is single valued, that is,
N(B) = {0}.
The following result establishes the convexity of ©z(A). .

Theorem 15. [5] Let A and B be linear relations on a Hilbert space H. If B is injective then the numerical

range of A relative to B, © g(A) is convex.

Let A and B be linear relations on a Hilbert space H with B injective. We use the convexity of the
numerical range ©5(A) of A relative to B, to discuss the effect of —\B on the nullity, the deficiency,
and the index of A when perturbed by —AB for some A € C. We recall that the null space N (A) of A is
defined by

N(A):={x e D(A) : A(x) = A(0)}. (26)
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This is a consequence of the fact that
N(A):={zxe D(A):0e A(z)}. (27)

We denote by N(A)* the orthogonal complement of the null space of A.
Let A € CLR(H). Recall from (5) that the lower bound/minimum modulus (A) of A is the quantity
defined by

v(A) =: sup{\: ||A(z)|| > A dist(z, N(A)) forall z € D(A)}

that is, y(A) is the greatest number A for which the inequality
v dist(z, N(A)) < M| A(z)|| for every z € D(A)

is satisfied. Note that y(A) = co if x € N(A). Therefore

s [A()]]
v(A) = inf {dlSt(fEaN(A))’ x € D(A)}
and
[A()]]
[Pa(z)]]”

where P4 denotes the projection P4 : H — N(A)* of H onto the orthogonal complement of N (A) and

Y(Alyays) = inf{ ze D(A)} , (28)

wese’c0
— = 00.
0

Remark 16. Let H be a Hilbert space and let A € CLR(H). Then N(A) is a closed subspace of H in the sense
that for any convergent sequence (uy,)o>, € N(A) converging tow € H, uw € D(A) and 0 € A(u). This follows
from the fact that for each n € N, (uy,0) belongs to the graph of A and since the sequence (uy,,0) converges to
(u,0) and the graph of A is a closed subspace of H x H, it follows that (u,0) belongs to the graph of A and that
0 € A(u).

If H is a Hilbert space and x € H, then by Remark 16 we have that z = x; + 2 for z; € N(A)* and
x9 € N(A). Therefore we have that
|z|* = (21 + 22,21 + 22)
= (z1,21) + (21, 22) + (w2, 71) + (22, 22)
= lz1)? + 040+ [Jz2l® = |z1]* + |2 (29)

and for z € D(A),

dist(z, N(A)) = inf{|lz —nl|, n€ N(A)}
= it { (1] + llz2 — )%, 0 € N(4)}

= (le1]®)? = . (30)
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We see from (30) that ||Pa(z)|| = || Pa(z1 +n)|| = || Pa(z1)| = ||z1]| = dist(z, N(A)). In other words, if
H is a Hilbert space and A € CLR(H), then

V(A) = 7(Aln(a)2)- (31)

Lemma 17. Let A be a linear relation on a Hilbert space H with null space N (A) and let P4 be the projection of H
onto N(A)* defined by Pa(x) — x1 for v = 21 +xo withx; € N(A)* and x5 € N(A). Then A(x) = APa(x)
for x € D(A). Moreover v(A)||Pa(x)| < ||z]| for z € A(z).

Proof. We show that A(x) C AP4(z) and A(x) D AP4(z). Letz € D(A) be decomposed as x = 1 + 2
for z; € N(A)* and x3 € N(A). Suppose that y € A(z). Then

y € A(xy + x2) = A(z1) + A(z2) = A(z1) + A(0) = A(z1) = APa(z).

This implies that y € AP4(x) hence A(x) C AP4(x).
Conversely, suppose y € AP4(z), then

RS A(xl) = A(ml) + A(O) = A(xl) + A(.’Bg) = A(l‘l + wg) = A(l‘)

This shows that y € A(x) meaning that A(x) D AP4(x). We conclude that A(x) = AP4(z). We also
see from (28) and (31) that v(A)||Pa(z)|| < ||z] for z € A(z). O

corollary 18. Let A € CLR(H) with a(A) < oc and let Pa be the projection Py : H — N(A)*‘. Then
a(APy) < oc.

Remark 19. Let H be a Hilbert space and let B € CLR(H). Assume that B has a closed range. If Ais a
bounded linear operator defined on the whole of H then BA € CLR(H). To show that this is the case, we show
that if {xy,} is a sequence in D(BA) such that x,, — x and if {y,} is a sequence in R(BA) with y,, € BA(zy,)
for each n € N is such that y, — y, then x € D(BA) and y € BA(x). Since {xy} is a sequence in D(BA)
such that x,, — x and A is a bounded linear operatot, it follows that { Az} is a sequence in D(B) such that
Ax,, — Ax. Since B is a closed linear relation and y,, € B(Ax,,) for each n € N, it follows that Ax € D(B)
and y € B(Ax), thatis x € D(BA) and y € BA(x).

Lemma20. Let A, B € LR(H), ¢ € C,and let P denote the projection of H onto N(A)*L. IFN((B—£A)Pa) C
N (A) then the linear relation (B — £ A) Py is one to one and equals B — €A on N(A)*.

Proof. That (B — €A)Pa = B — ¢A on N(A)* is clear. To show injectivity on N(A)+, we let x1, 72 €
N(A)* and show that 0 € (B — £A)Pa(z1 — x2) implies that 71 = x9. But 0 € (B — £A)Pa(x1 — 72)
implies that (21 — 22) € N((B — ¢A)P4) C N(A). Since (71 — 72) € N(A) and (21 — ) € N(A)*, it
follows that ((z1 — x2), (1 — z2)) = 0 and that x; — 22 = 0. Hence z; = z2 and (B — {A) P4 is injective

on N(A)*. O
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Lemma 21. Let H be a Hilbert space, let A € CLR(H), and let P4 be the projection Py : H — N(A)~*. Then
k(P4) = 0.

Proof. Since P, is the projection onto N (A)+, we have N(P4) = N(A) and R(P4) = N(A)*. From the
direct sum decomposition H = N(A) @ N(A)*, the quotient space H/N (A)* is isomorphic to N (A).
Therefore, codim N(A)*+ = dim(H/N(A)+) = dim N(A). Substituting this into the index formula gives

k(Pa) = dim N(P4) — codim R(P4) = dim N(A) — dim N(A) = 0.

U
Theorem 22. [4, Corollary 3.2] Let X, Y, Z be vector spaces, let A € LR(X,Y), B € LR(Y, Z), and suppose
that A and B have finite indices. Then B A has a finite index and x(BA) = k(B) + k(A) — dim A(0) N B~(0).

The following theorem, which is our main result is proved using the concept of the numerical range.
In particular, we use the convexity of the numerical range to prove stability of the index for B — {A for

all £ outside of the numerical range. This is done with the help of Theorem 22 above.

Theorem 23. Let A, B € CLR(H) be such that o(A) < oo, A has closed range, is injective, D(B) D D(A),
B(0) Cc A(0), and
IB(@)|| < ollz]| + 7[|A(z)| for every z € D(A), (32)

where o and T are nonnegative constants. If © 4(BP4) D {)\ SN < ”7((2;‘7 }, then B — €A is closed, has

closed range and o(B — §A) < oo for all € ¢ © 4(BP4). Moreover, for such &
a(B — €A) < a(A), B(B - £4) < B(A) and

k(B — EA) = K(A).

Proof. Assume that © 4(BP4) D {)\ S < mv(ﬁ;w}' If if ¢ ¢ ©4(BPys), then [£]| > ”ﬁ%};a} and
(A)

therefore %‘ < WAZAW} That A — %B (and hence B — £A) is closed and has closed range follows from
Theorem 14. Since AP4 = A, it follows from (32) that | BP4(x)|| < o|Pa(x)|| + 7||A(z)|| for every = €
D(A). Since BPj is closed by Remark 19 and APy = A, Theorem 14 implies that k(B — {A)Py = k(A)
for any complex number ¢ ¢ © 4(BPa).

If £ & © 4(BPy,), then there exists ¢ > 0 such that
§ = dist(¢, 04(BPy)) = inf {m —glipe @A(BPA)} > 0. (33)

The fact that © € © 4(BP4) implies that there exists © € D(A) = D(B —£A) = D(B — £A) P4 such that
w is of the form (y, y2) for some y; € BP4(z) and some y2 € A(z) with ||yz2|| = 1. From (33), we see
that

=&l =y1,y2) =€ =2 >0 (34)
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It follows that
[(y1,92) — & = [{y1,y2) — §Cw2, v2)| = [{(y1 — §¥2), v2)|
< lyr = &y2lllyzll = llyr — Evl|- (35)

From inequalities (34) and (35) we see that

ly1 — Ey2ll = dly2l (36)

for y; € BP4(x) and y2 € AP4(z) for which ||y2|| = 1 and € D(A).
Let z be any other element in D((B — {A)P4) and let y1 € BP4(z) = A(z) and y2 € AP4(z). Then

U cpp, (f) and 22 ¢ AP, (f) |
12| 1721l 172l 1 72]|

1 — U2 impli Y e G2 ich i
o] and yp = AL then (36) implies that || Tl — ST || > 6 which is the same as

<)

If we set y; =

171 — &2l = o2 (37)

In order to apply Theorem 14 to arrive at our conclusion, we show that a(B — £ A) P4 is finite and
that (B — £€A) P, is closed and has closed range for £ ¢ © 4(BP,).

To show that a(B — £A) Py is finite, suppose that 2/ € N((B — §&A)P4). Then 0 € (B — {A)Pa(a').
But elements of (B — £ A) P4 (') are of the form vy — vy where v1 € BP4(2') and vy € AP4(2'). Having
0 € (B—£A)P4(2') means that there is at least one element in (B —{A) P4 (z') such that vy —§ve = 0. By
inequality (37), we have that ||v; — {va|| > J||vz|| which implies that 0 > 6||vz||. But we know that § > 0
and ||vz|| > 0 hence 0 = v € AP4(2'). Therefore we have that N((B — £A)P4) C N(AP4) = N(A)
and hence

a((B = §A)Pa) < a(APs) = aA). (38)

It therefore follows from (38) that a((B — £A)P4) < oo for € & © 4(BPa).

Next we show that (B — £A) Py, is closed and has a closed range. We know that P4 is bounded and
B — ¢Ais closed. Therefore by Remark 19, we have that (B — £A) P4 is closed.

To show that (B — £ A) P4 has closed range, let y,, be a convergent sequence in R[(B — {A)P4] such

that y,, — v/ where
Yn =Y — &Yy € (B = EA)Pa(zn) (39)
with z,, € D[(B — £A)Py] for n € N. It is enough to show that ¢’ € R[(B — {A)Py4]. Since § ¢ © 4(BPy)

then for some § > 0, the inequality (37) implies that

ynll <y, — Eynll (40)

for y, € BPy(xy), yi € APs(zy). For n,m € N there exists x,,z,, € D(B — £A)P4 such that
y,, € BPa(xy), y,, € BPa(xm) and vy, € APs(zy), yl, € APa(xy,). This implies that (y], — v,,,) €



Asia Pac. J. Math. 2026 13:161 13 of 15

BPy(xn)—BPa(zm) = BPa(xp—xy)and (v, —yy,) € APs(xn) —APA(2m) = APA(2n—2m). Applying
(40) and (39) we have that

ym = ymll < 15 = ym) = E@n — ym) | = lyn — ymll- (41)
From Lemma 17, we have that
VA Pazn|l < [lyp || for y, € APa(zn) = A(zy).
This means that
VAPa(@n) = Palm)ll < llyn — ymll- (42)

}
}

is a sequence in N(A)* and N(A)* is closed, it follows that y € N(A)* and therefore y = P4(x) for
some = € H. The closedness of B — {A implies that P4(z) =y € D(B —{A) and ¢ € (B — £A)Pa(x)
so that the range of (B — {A) P, is closed when & & ©4(BPy).

Inequality 41 together with (42) and the convergence of the sequence (y,, )22, imply that { P4 (zy)}02,
is a Cauchy sequence in H and therefore converges to a point of H, say P4 (zy) — y. Since { Pa(zy)}02,

Since © 4(BP,) is a convex subset of the complex plane, its complement is connected. Theorem 14

implies that
(B = €A)Pa) = w(A) (43)

for every ¢ ¢ © 4(BPa) because the index x(£) = k(B — £A) P4 of (B — £A) P4 is a constant function on
connected subsets of the plane for which (B — £A) P4 is closed, has closed range and (B — {A)P4 < oc.

Since N((B — {A)P4) C N(A) by (37), it follows from Lemma 20 that (B — {A) Py is injective and
equal to B — £A on N(A)*. This means that a(B — £A) must be smaller than a(A) = a(P4).

In fact, suppose that there exists an orthonormal basis
{z;:i=1,2,--- ;n,n+1}
of N(B — ¢£A), where n = a(A). Then 0 € (B — {A)x; fori =1,2,--- ,n,n+ 1. Let
2 = pi+q; € N(A)" © N(A).

Since B —¢A is one to one on N (A)L, then ¢; # 0 for every i. At mostn of the ¢; are linearly independent.
So

n
Qn+1 = Z w;q;, where w; are constants. (44)
i=1

Since 0 € (B — §A)(w;) = (B —§A)(pi + i) = (B — A)(pi) + (B — §A)(q:), it follows that (B — £A)(p;)

and —(B — £A)(g;) have an element in common and therefore

(B = &A)(pi) = —(B = £4)(¢:)- (45)
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Using (45), (44) and the linearity of B — {A we get

(B—=£A)(pnt1) = —(B—EA)(gnt1)

= —(B—-¢A) sz’qz‘
i=1

n

= > —(B-¢&Awi
=1
= > (B—&Awp;

i=1

= (B-¢4) Zwipi~ (46)
i=1

Equality (46) and injectivity of B — £A on N(A)* imply that

Pn+1 = Zwipi- (47)
i=1
The equalities (44) and (47) imply that
LT+l = szazz (48)
i=1

Since (48) contradicts the assumption that {z; : i = 1,2,--- ,n+1} is an orthonormal basis of N(B—¢A),
then

a(B—EA) < a(A). (49)
Since B — £ A is closed, has closed range and a(B — £A4) < oo for ¢ € ©4(BP4), equality (43) and
Theorem 22 imply that
K(A) = K((B—EA)Pa)
= k(B —£A) + k(Ps) — dim(Pa(0) N (B — £A)(0))
= k(B —&A)+ k(Py); since B — €A is injective and P4(0) = {0}

= k(B —&A); since k(P4) = 0 by Lemma 21. (50)
That 8(B — £A) < 5(A) follows from (49) and (50). O
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