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AsstrAcT. Consider a finite ordered set (X; <) whose order forms a zigzag. For an equivalence E on X,
let EOP(X) be the semigroup of all transformations preserving the relation EN<, thatis, FEOP(X) =
{a e T(X) |Vz,y € X,[(z,y) € ENz S y] = [(ra,ya) € EAza < yol}. In this paper, we completely
describe regular elements of EOP(X). A characterization of regular semigroups EOP(X) is given. Green’s
relations £ and R on EOP(X) are determined.

2020 Mathematics Subject Classification. 20M20; 20M17.

Key words and phrases. fence; order-preserving; E-order preserving; regular; Green’s relation.

1. INTRODUCTION AND PRELIMINARIES

For a non-empty set X, the set of all transformations on X is a semigroup, denoted by 7'(X) and
called the full transformation semigroup on X, with respect to the composition. Subsemigroups of 7'(X)
are called transformation semigroups. The semigroup 7'(X) and its subsemigroups have been intensively
studied since every semigroup can be represented as a transformation semigroup.

Regularity and Green'’s relations are one of the most-studied topics in semigroup theory. An element
a in a semigroup S is said to be regular if there is an element b € S with a = aba. A regular semigroup
is a semigroup in which every element is regular. The semigroup 7'(X) is regular, however, its sub-
semigroups do not need to be. The different types of regular subsemigroups have been studied (see
for example: [3,5,12,19]). One of interesting subsemigroups of 7'(X) is an a-semigroup (see in [6,7]).
An a-semigroup is a transformation semigroup containing all constant maps and the identity map,
such as the semigroup OT'(X) of all order-preserving transformations on an ordered set (X; <) and
the semigroup T (X) of all transformation preserving an equivalence £. The regularity and Green’s
relations for transformation semigroups determined by a totally ordered set were widely investigated

(see for example: [8,9,12,14,19]). We now focus on the semigroups EOP(X) of all transformations
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preserving the relation £N< when (X; <) is an ordered set. A semigroup FOP(X) is a generalization
of the semigroup OT'(X). For a finite totally ordered set (X; <) and an equivalence £ on X, Ma et
al [14] described the regularity and Green’s relations of the semigroup FOP(X).

Our interest focuses on important ordered sets whose simplicity is “next" to that of totally ordered
sets. A fence (X; <) is an ordered set that the order forms a zigzag. Indeed, the only comparability

relations in X are either

T < T2 > T3,T3 T4 > T5,...,Toam—1 = T2m >~ T2m41,...0r

T1 > T2 <T3,T3 > T4 < T5,...,T2m—1 >~ T2m = T2m4+1,---

where X = {x1, 22, 23,...}. A subordered set of a fence (X; <) is called a subfence if it is a fence. For a
fence (X; <), the semigroups FOP(X) is adapted from an analogous condition for EOP(X) where
(X; <) is a totally ordered set. The regularities of OT'(X) where (X; <) is a fence and its subsemigroups
have been studied (see for example: [1,2,4,10,11,13,15-18]).

Throughout this paper the word "fence" will mean a finite fence. Our main purpose is to investigate
the regularity and Green'’s relations for the semigroup FOP(X) where (X; <) is a fence. Section 2
is devoted to the study of the regularity for EOP(X). Regular elements in FOP(X) are completely
determined and a characterization for EOP(X) to be regular is given. Finally, in Section 3, Green’s

relations £ and R on EOP(X) are described.

2. REGULARITY FOR A SEMIGROUP EOP(X)

In this section, we investigate the regularity for a semigroup EOP(X). Since the regularities for 7'(X)
and OT'(X) where (X; <) is a fence are fully described, we first focus on the case of EOP(X) = T'(X)
and FOP(X) = OT(X), as shown in the following propositions.

An ordered set is called an antichain if any two distinct elements are incomparable.

Proposition 2.1. Let (X; <) be a fence. Then EOP(X) = T'(X) if and only if every class A € X/E is an

antichain.

Proof. Assume first that EOP(X) = T'(X) and there is a class A € X/E which is not an antichain. Let
z,y € Awithz < y. Then (z,y) € EN<. Consider amap o : X — X with za = y and yoo = z. We
have o € EOP(X) and so, (zo, ya) € EN<. It follows that y = za < ya = x. By the symmetricity of
<, = y and hence to a contradiction. Thus every class A € X/FE is an antichain. Conversely, assume
that every class A € X/E is an antichain. Let o € T'(X) and let (z,y) € EN<. Then z,y € [z]r and
x < y. From [z]g is an antichain, z = y and then (za, ya) € EN<. Hence, « € FOP(X) and therefore,
EOP(X) =T(X). O
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Proposition 2.1 implies that for a fence (X; <), the semigroup FOP(X) is regular if every class
A € X/FE is an antichain.

Proposition 2.2. Let (X; <) be a fence. Then EOP(X) = OT(X) ifand only if E = X x X.

Proof. If E = X x X, then ENs=< and so, EOP(X) = OT(X). Conversely, assume that FOP(X) =
OT(X)and E # X x X. Then there are elements a,b € X with (a,b) € E. So, [a]|g # [b]g. Define the
map o : X — X by

a, z € [bg,
To =

b, otherwise.
Let (z,y) € EN<. Then [z]g = [y]g implies za = ya and so, (z«, ya) € EN<. Hence, « € FEOP(X).
By the assumption, « is order-preserving. Since (X; <) is a fence, ran o = {a, b} is a 2-element fence.
We may let a < b. Then aa < ba. Since a ¢ [b]g, we have aa = b and ba = a implying b < a. By the

symmetricity of <, a = b which is a contradiction. Therefore, £ = X x X O

Jitman, Srithus and Worawannotai described regular elements of OT'(X) where (X; <) is a fence.
They showed that « is regular if and only if there exists a subfence (F; <) of (X; <) such that a|r isa
bijection onto ran v where ran « is the range of a. A characterization of regular semigroups O7T'(X)

where X is a fence is given in [ 18] as stated below.
Theorem 2.3. Let (X; <) be a fence. Then OT(X) is regular if and only if | X | < 4.

Proposition 2.2 and Thoerem 2.3 imply that for a fence (X; <), the semigroup EOP(X) is regular if
| X|<4and E = X x X.

In the theorm below, a necessary and sufficient condition for EOP(X) to be regular is given.

Theorem 2.4. Let (X; <) be a fence. Then EOP(X) is reqular if and only if one of the following conditions is
satisfied:

(1) | X|<4and E = X x X.

(ii) Every class A € X/E is an antichain.

Proof. Assume that EOP(X) is regular and Condition (i)-(ii) are not satisfied. Then |X| > 4 or
E # X x X and there exists a class A € X/FE which is not an antichain. If £ = X x X, then by
Theorem 2.2, EOP(X) = OT(X) and so, | X| < 4 by Theorem 2.3 and hence to a contradiction. Thus,
E # X x X and then A # X. Because A is not an antichain, there are elements a,b € A with a < b and
hence, (a,b) € EN<. Define the map a: X — X by

a, T €A,
rTo =

b, otherwise.
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Let (z,y) € EN<. Then [z]r = [y]r and so, za = ya implies (za, ya) € EN<. Hence, « € FOP(X)
and therefore, « is regular. So, there is a map 5 € EOP(X) with afa = «. Since A # X, there is an
element z € X\ A. By the definition of o, we have (b5)a = zafa = za = band (aff)a = acfa = aa = a
implying b3 ¢ A and a8 € A. So, (af3,b5) ¢ E. Since f € FOP(X) and (a,b) € EN<, we have
(ap,bp) € E, a contradiction. Thus, (i) or (ii) is satisfied. The converse is a consequence of Theorem 2.3

and Theorem 2.1. O

To finish this section, it remains to describe regular elements in EOP(X). Before doing so, we
mention some basic knowlage involving order-preserving maps. An ordered set P is called connected if
for all a,b € P, there is a fence F' C P with endpoints a and b. It is well known that if P is connected
and a : P — (@ is order-preserving from P to an ordered set (), then P« is connected. Because
order-connected subsets of a fence X are precisely the subfences, an order-preserving map o : X — X
maps subfences to subfences. We also need the following technical lemmas.

An element a in a semigroup S is said to be regular with respect to b if a = aba.

Lemma 2.5. Let « be reqular in T'(X) with respect to . Assume that (F'; <) is a subfence of a fence (X; <)
and (Ba)|p is order-preserving. If FBa is a subfence of (X; <), then F = FBa and so, F C rana.

Proof. Let a,b € ran «a be the endpoints of F. Then there are elements o/, V' € X with ’a = a and
b'a = b, respectively. Since afa = a, we have afa = d'afa = d'a = a and bfa = Vafa = ba = b
implying a, b € FBa. Since (Sa)|F is order-preserving, F'Sa; is a subfence of X. But |F5a| < |F|. Since
a,b € Ffa and a, b are the endpoints of F', F' C Ffa implies |F| < |FSal. So, |Ffa| = |F|. O

For a fence X and z,y € X, let F}, , be the subfence of X having z and y as the endpoints. Clearly,
Fl“,y = Fy’x'

Lemma 2.6. Let a be reqular in T'(X) with respect to 3 and let x € X with x ¢ ran a. Assume that (X; <)
is a fence and (Sa)| 4 is order-preserving where A is a subset of X. If F, , and Fy, are contained in A where

a,beranaand |Fyq| = |Fy |, then Fpq = Fyy.

Proof. Let a,b € ran « such that F, , and F,; are contained in A C X and |F, 4| = |Fy|. Assume to
the contrary that F, , # F,p. From |F, .| = |F, |, the element z is in between a and b. It follows that
F, .UF,isafence having a and b as the endpoints. Because F; , and F, j are in A, the fence F, , U F}.}
is contained in A. Since (Ba)|a is order-preserving, (8a)|r, ,ur, , is order-preserving. Lemma 2.5

implies that F, , U F},;, C ran o and so, € ran a which is a contradiction. Thus, F, , = Fy . O

Let (X; <) be a fence and let A C X. Consider a map « which is assumed as in Lemma 2.5. For an
element z ¢ ran a with F, ,, C Aforsomey € rana, theset S = {|F, | € N|y € rana A F,, C A} is

nonempty where |F, | is the number of elements in F}, , and then S has the minimum element. By
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Lemma 2.6, there exists a unique element a € rana such that F,, C A and |F}, 4| is the minimum
of S. In the other words, F; , is the only shortest fence in A having = and an element in ran « as the

endpoints. We denote F;. , and a by F and e,, respectively.

Lemma 2.7. Let o be reqular in T'(X) with respect to 3. Assume that (X; <) is a fence and (S«)|4 is order-
preserving where A is a subset of X and let x,y € Awith x,y & ranaand x < y. If F, exists, then F, exists

and e, = ez, and vice versa.

Proof. Letx,y € Awithz,y ¢ rana and x < y. Assume that F), exists. Then F,, ., is a fence in A having
y and an element in ran « as the endpoints. It follows that the shortest fence F;, exists. We obtain that
both = and y are not in between e, and ¢, since otherwise by Lemma 2.6, x and y are in ran «.. To show
that e, = e,, we consider these 2 cases.

Case 1 x € F,,. Thefence F,)\ {y} = F} ., is contained in F},. By the shortest of F,, we have || < |F,,|.
Since x and y are not in between e, and e, the fence F,, = F), ., is contained in F, and then F,U{y} C F,
having y, e, € ran« as the endpoints. So, F,, = F, U {y} and hence, e, = e,.

Case 2 = ¢ F,. Consider the fence F, U {z} = F, ., which is contained in A. We have |F,| < |F,.,|.
Since x and y are not in between ¢, and e,, we have I, C I is contained in F, ., and then F, \ {z} C F,.
Because F;, \ {z} is the fence in A having y and e, € ran « as the endpoints, F;, \ {z} = F, and hence,

€y = €. O
To finish this section, it remains to describe regular elements in FOP(X).

Theorem 2.8. Let (X; <) be a fence. Then o € EOP(X) is regular if and only if each class A € X/E with
A Nran«a # () satisfies the following conditions.

(i) If (F; =) is a subfence of (X; <) such that F C A and the endpoints of (F'; <) are in ran«, then
F Crana.
(ii) There exists a subset C' C X satisfying the following conditions.
(a) The restriction o|c : C' — A Nran « is bijective.

(b) Forall x,y € C, (z,y) € ENx ifand only if (za, ya) € ENS.

Proof. Assume that o € FOP(X) is regular. Then there is a map § € FOP(X) with afa = a.

Let A € X/E with ANrana # (.

(i) Assume that F' is a subfence of X contained in A such that the endpoints are in ran . Then
SXNF x F)C Eandso, EN (1 N(F x F)) =< N(F x F). It follows that 7| is order-preserving for
any v € FOP(X). Since «, f € EOP(X), the restriction (Sa)|r is order-preserving. By Lemma 2.5,
F Crana.

(ii) Let C := (ANran«)B. Then C # ) since A Nrana # ().
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(a) Let z,y € C with za|c = ya|c. Then there are elements a,b € ANrana withz = af and y = bg.
Since a, b € ran «, there are elements a/, v’ € X with a = d’a and b = b'«. It follows that z = a3 = d’a3
and y = b8 = Vap implies za = d'afa = d'a = a and ya = Vafa = b'a = b. From za = ya, we
have a = b implying z = a8 = b = y. Hence, oc¢ is injective. To show that a|¢ is surjective, let
a€ ANrana. Thenaf € (ANrana)pf = C. From a € ran ¢, there is an element = € X with za = a
implying (a8)a|c = afa = xafa = za = a. Therefore, a|¢ is bijective.

(b) Let z,y € C. Since « € EOP(X), we have (za,ya) € ENX if (x,y) € EN<. Conversely, assume
that (zo, yo) € EN<. By a similar argument as in (a), z = aff, y = bf, xa = a and ya = b where
a,b € ANrana. Since (za, ya) € EN<, we have (a,b) € EN<. Hence, (z,y) = (af,b8) € EN.

For the converse, assume that (i) and (ii) are satisfied. Let A € X/E with A Nrana # (. Then
A x A C Eimplies x N(A x A) C Eand so, EN (5 N(A x A)) =< N(A x A). It follows that v|4
is order-preserving for any v € FOP(X). Consider an element z ¢ rana with F,, C A for some
y € ran o Since (a3)| 4 is order-preserving, Lemma 2.6 implies that the fence F;, exists. Define the map

BA:A—>be

x’ygl, T € rano
Ba =S ey’ i
TPA exYy » ¢ ranaand F, exists

a, x ¢ ran o and F,, does not exist,

where y4 := a|¢ : C — ANrana and a is a fixed element in A. Fora class A € X/FE with ANrana = (),
the map 54 : A — X is defined by 254 = a where a is a fixed element in A. Themap 5 : X — X is
defined by z8 = x4 when A € X/F and = € A.

To show € EOP(X), we need to prove that 3 preserves the relation EN<. If z = y, then 28 = yf8
and so, (zf8,yB) € EN<. Let (z,y) € ENx withx # yandlet A := [z]g. Thenz,y € A. If ANrana = 0),
then 28 = x84 = a = yBa = ypB and so, (z8,yL) € EN<. Assume that A Nran« # (). We consider
these 4 cases.

Case 1 z,y € rana. By the definition of 3, we get 25 = x4 = x'ygl and yf8 = yfa = yfygl implying
(zB)a = vy, a = 2y, alc = vy, va = 2 and similary, (yB8)a = y. Since (z,y) € EN<, we have
((zB)a, (yB)a) € EN<. Because 23, yp € C and by (ii)(b), (z5,yB) € EN.

Case2 z € ranaand y ¢ rana. Since z,y € A and = < y, Fy is the 2-element fence {z,y} and e, = x.
S0,z = xfa = .’L")/Zl = eyvzl = yBa = yp implies (z5,yB) € EN<.

Case 3 z € ran o and y € ran a.. The proof is similar to Case 2.

Case 4 z ¢ ran o and y ¢ ran a. Next, we consider = and y as follows. If F), exists, then by Lemma 2.7,
F, exists and e, = e, implying 28 = 284 = e;7," = ey74" = yBa = yB. If F, does not exist, then

again by Lemma 2.7, F;, does not exist implying 25 = 264 = a = ySa = yp. Thus, (z8,y0) € EN.
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Finally, we show that afa = . Let x € X. Then za € rana and there exists a class A € X/E
with za € A. So, ANrana # (). By the definition of 3, we have rafa = (za)Baa = (va)y; a =

za)y;lalo = (za)y; va = za. Therefore, o is regular in EOP(X). g
A A &
3. GREEN’s ReLATIONS ON FOP(X)

Recall that Green’s relations on a semigroup S are five equivalence relations defined as follows.

(i) a and b are L-equivalent if a and b generate the same left principal ideal, that is, S'a = S1b or
equivalently, (a,b) € £ if and only if a = 2b,b = ya for some x,y € S*.

(ii) @ and b are R-equivalent if a and b generate the same right principal ideal, that is, aS* = bS! or
equivalently, (a,b) € R if and only if a = bx, b = ay for some z,y € S*.

(iii) a and b are J-equivalent if a and b generate the same principal ideal, that is, S'aS* = S1bS*! or
equivalently, (a,b) € J if and only if a = xby, b = uav for some z,y,u,v € S*.

(iv) a and b are $-equivalent if (a,b) € £ N R, thatis, H = LNA.

(v) a and b are ©-equivalent if (a,b) € £ o R, thatis, © = Lo A.

It is well known that the relation J is © for every finite semigroup and the relations § and © are
determined by the relations £ and R. So, in this paper, we consider only the relations £ and R. Before

doing so, let us mention the following maps for an abitrary ordered set.

Definition 1. Let (X; <) be an ordered set and let E be an equivalence on X. A map . : A — B, where
A and B are subsets of X is said to be E-order preserving if (zo, yo) € (EN<) N (B x B) whenever
(x,y) € (EN<)N (A x A). An E-order preserving « is said to be E-order embedding if « satisfies the
condition:

If (za,ya) € (EN<S)N (B x B), then (z,y) € (EN<) N (A x A).

An E-order isomorphism is E-order embedding and surjective.
The following propositions gives useful properties of E-order preserving maps that are used later

Proposition 3.1. Let (X; <) be an ordered set. Then the following hold:
(i) A composition of E-order preserving maps is E-order preserving.
(ii) An E-order embedding map is injective.

1

(iii) If o is an E-order isomorphism, then o™ is.

iv) Let o be E-order preserving and bijective. If a1 is E-order preserving, then «vis an E-order isomorphism.
4 g ] p 8 P

Proof. Let o : A — B be an E-order embedding map.

(i) The proof is straightforward.

(ii) Let 2,y € A with za = yo. By the reflexivity of < and E, za < ya, ya < zaand (zo,ya) € E
implies (zo, yar) € (EN<) N (B x B) and (ya, za) € (EN<) N (B x B). Since « is E-order embedding,

(x,y), (y,x) € (ENS)N (A x A) implies # < y and y < z. Hence, x = y and therefore, « is injective.
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(iii) Let o : A — B be an F-order isomorphism. Then « is E-order embedding and surjective. By
(i), « is injective and hence, « is bijective. Theorefore, ! is a bijective map from B onto A. Next we
show that a1 is E-order embedding.

Let (z,y) € (EN<) N (B x B). By the surjectivity of ¢, there are elements a,b € A with z = a«
and y = ba, thatis, a = za~! and b = ya~!. So, (aq, ba) € (EN<) N (B x B) implies (za™ !, ya™t) =
(a,b) € (EN<S) N (A x A). Conversely, let (za™1,ya™!) = (a,b) € (EN<) N (A x A). Since « is E-order

preserving, (za la,ya~ta) = (z,y) € (EN<) N (B x B). Therefore, a~! is E-order embedding and

1 1

from o~

(iv) Let (za,ya) € (EN<) N (B x B). Then (x,y) = (zaa™!, yaa™!) € (EN<) N (A x A). Since

is surjective, ™ is an E-order isomorphism.
« is E-order preserving, a is E-order embedding. By the surjectivity of a, the map « is an E-order

isomorphism. O

For o € FOP(X), let Sub, = {Xv | v € FOP(X) and ya = a}. Since idxa = «, we have
X = Xidx € Sub, implying Sub, # 0.
Consider the set Car, = {|A] | A € Sub,} C N. Since Sub,, # 0, we have Car,, # () and hence, Car,,

has a least element. A subset A C X is said to be a-minimal if |A| is the least element of Car,.

Remark 1. (i) If A; and As are a-minimal, then |A;| = |A3|.
(ii) If A is a-minimal, then |A| < |B| for all B € Sub,.

Proposition 3.2. Let (X; <) be an ordered set and let E be an equivalence on X. Assume that « € EOP(X).

If Aand B are a-minimal, then there is an E-order isomorphism -y from A onto B.

Proof. Since A and B are a-minimal, |[A| = | B| and there are E-order preserving maps v;,72 € FOP(X)
with Xv; = A, Xy = B, yia = o = ya. So, 7172 is E-order preserving and (y172)a = v1(y2q) =
viae = o implies Xy € Sub,. But X7 = A, we have Ay, € Sub,. Since A C X, we have
A~y C Xv9 = B implying |Avyz2| < |B|. By the minimality of B, |Avz| = | B| implies B = A~,. Similarly,
A = Bvy;.

Letd :=~|Band v :=72|A. Thené : B — Aand vy : A — B are surjective E-order preserving maps.
Since |A| = | B|, we have that § and ~ are bijective and hence, 76 : A — A is bijective.

Consider the permutation group S4 on A. We have 7 € S4. So, (7)™ = id4 when m = |S4]. Since
(v0)™ = v5(78)™ 1, we get that 6(v5)™ ! is an inverse of . Since § and v are E-order preserving,

§(y8)™~1 is E-order preserving which implies that  is an E-order isomorphism. a

For an ordered set (X; <), a characterization of the Green’s relation £ on FOP(X) is stated below:

Theorem 3.3. Let (X; <) be an ordered set and let o, 5 € EOP(X). Assume that A and B are a-minimal and
B-minimal. Then oL if and only if there is an E-order isomorphism ¢ : B — A with B|p = pa.
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Proof. Assume that a£4. Then there are v,6 € EOP(X) with f = ¢y and a = 7. Since A and B are
a-minimal and S-minimal, respectively, A € Sub,, B € Subg and then there are n, A\ € EOP(X) with
A= Xn,B=XXand na = a, \3 = j3, respectively.

Let ¢ := (dn)|p. Since X§ C X and Xn = A, we have Xon C Xn = A implying ¢ : B — A. Since
0, n are E-order preserving, dn is E-order preserving which implies that ¢ is F-order preserving. So,
A7y is a is E-order preserving transformation on X. Moreover, A\pv3 = Ap(78) = Apa = Nd(na) =
A(0n)a = Ma = \3 = j, that is, (A\py)S =  implies Bey = X Ay € Subf. Because B is f-minimal,
|B| < |Byy| < |By| implies |B| = |By|. Hence, ¢ is injective.

Let ¢ := (yA)| 4. By the similar argument as ¢, the map ) : A — B is injective E-order preserving
and hence, vy : B — B is injective E-order preserving. So, ¢ is bijective and then (¢v)™ = idp where
m = |Sp|and Sp is the permutation group on B. Since idg = (p1))™ = @i ()™ 1, we have ¢ (pp) ™!
is an inverse of (. Because ¢, ¢ are E-order preserving, ¢! = ¢ ()" ! is E-order preserving. By
Proposition 3.1(iv), ¢ is an E-order isomorphism. Since zpa = xdna = zda = =3, we have pa = 3|p.

Conversely, assume that there is an £-order isomorphism ¢ : B — Awith 3|p = ¢a. Since B € Subg,
thereis A € EOP(X) with B = X\Xand A\§ = . So, A : X — B is E-order preserving which implies
that Ap : X — X is E-order preserving, thatis, A\¢p € FOP(X). Let ¢ := Ap. Then zA € B and
zéo = zApa = xAf|p = 2\ = zf forall z € X. So, da = (. Since ¢ is an E-order isomorphism,
¢~1: A — Bisan E-order isomorphism. From A € Sub,, there is a map n € EOP(X) with A = X7
and na = a. Let v := ny~!. Then v € EOP(X) and a = vf3. Therefore, a.£3. O

For the rest of this paper, we focus on an ordered set which is a fence. The following theorem shows

a characterization of the Green'’s relation R on EOP(X) where (X; <) is a fence.

Theorem 3.4. Let (X; <) be a fence where X = {a1,aa,...,an}and a; < ag = az < -+ > (<)ap,. Assume
that o, f € EOP(X). Then ofRp if and only if kera = ker3 and assume that
A Ay ... A, A Ay ... A,
o= b and (= b

ar as ... Qm bt by ... by,

where A; = a;a~ ! and < is the usual order of numbers. Then the following hold:

(i) (as,a5) € EN ifand only if (b, b;) € EN< foralli,j € {1,2,3...,m}.

(ii) Fori € {1,2,3...,m — 1}, if |Fy, a;.,| > 3 and < Faya;,, & B then there is an order preserving map
0; : Fai,ai+1 — X with a;0; = b; and ai+19¢ = bi+1 and (a:Hl,sz) S EfOT all T,y € Fai’awrl with
Y.

(iii) Fori € {1,2,3...,m — 1}, if | Fy, p,.,| > 3 and <Fp; 0., C B then there is an E-order preserving

map 0; : Fy, b, — X with b;0; = a; and b 10; = a; 1 and (x0},y0;) € E forall x,y € Fy, p, ., with

i+1

Y.



Asia Pac. J. Math. 2026 13:162 10 of 12

Proof. Assume that ofR3. Then there are 6,7 € FOP(X) with § = ad and a = f~. It can be proved

that kera = ker(. Conider . and $ as follows:

A1 Ay ... Ay A Ay ... Ay
o= b and = b

aq a9 e A bl b2 e bm
(i) Let (@i, a;) € EN<. Then therearex € A;and y € A; witha; = 2o, a; = yaand b; = 26,b; = ypb.
So, (za,ya) € EN< implies (rad,yad) € EN<. From 8 = o, we have (b;,b;) = (z8,y8) € EN<.
Similarly, (ai, aj) c Enxif (bl, b]) € Fnk.
(ii) Leti € {1,2,3,...,m—1} and assume that |Fy, o, ,| 2 3and <, . , € E. Then<p, .. C EN

implies <r,, ..., NE =<F,,.,,,- It follows that for every p € EOP(X), the map ¢|r,, .., : F

0
i1 Qi,ai41
X is order-preserving. Since 6 € FOP(X) and b; = 2 = zadd = a;0 for all z € A;, we consider
0|Fu,.;,, @s the map 6. Condition (ii) holds.
(iii) The proof is similar as (ii).

Conversely, assume that kera = kers and Condition (i), (ii) hold. Fori € {1,2,3,...,m — 1} with

<Fuya;,, £ E, we define the map 6; : Fo, 4., = X by
bi, (ai,a;11) ¢ E and = € [ag] for some k € {i,i + 1},
5 bi, (ai,aitv1) € Eand x & [ay] forall k € {i,7 + 1},
e bi, (ai;ai+1) € Eand <p, ,C E forsomek € {i,i+ 1},
bi, (ai,aiy1) € Eand <p, ,Z Eforallk € {i,i+1}.
where [a] is an equivalence class of E. For [Fy, a,,,| = 2 with <p, .. C E, we define the map

0i : Faya;n — X by a;0; = b; and a;410; = b;y1. By (ii), 0; is E-order preserving. Define the map
0: X = Xby

bl,.T S Fao,ap

5 x0;, v € Fy, q,,, and sFai,ang E,
€T =

x0;,x € Fy, q,, and <Fajar & B

bm,x € F,

mAm+1
Next, we show that § € EOP(X). Let (z,y) € EN<.
Casel x,y € Fy,q,,, wherei € {0,1,2,...,m}. If 2,y € Fyy 4, then 2§ = by = ydé implying

(xd,yd) € EN<. Similarly, (z6,y0) € ENxifz,y € F, Consider i € {1,2,3,...,m — 1}. If

m,qm+1°

<Fusa;, © E, then from 6; is E-order preserving, we have (24, yd) = (20;,y0;) € EN<. We may let

¢ E.
Case 1.1 (aj,a;41) & E. If © € [ax] for some k € {i,i + 1}, then from (z,y) € E, we have y € [ax]

<
SFagaiqq

and so, ©6 = by = yd. If x & [ag] for all k € {i,i + 1}, then from (z,y) € E, we have y ¢ [aj] for all
k€ {i,i+ 1} and so, 26 = b, = yd. Hence, (24, yd) € EN.
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Case 1.2 (a;,a;11) € E. If <p, ,C Eforsomek € {i,i+1}, then from (z,y) € E, wehave xp, ,C E
and so, xd = b, = yd.

Assume that <, ,Z Eforallk € {i,i+1}. Then thereis (u,v) €xp, , with (u,v) ¢ E. Ify & Fo, o,
then I, y = Fo, »U{y}andso, (v,v) €xF,, . lfy € Fo, o then Fy, = Fy, »\{z} and since (u,v) € E,
we have (u,v) # (z,y) implying (u,v) €<F, ,- Hence, <F, ,Z E. By the definition of §, we have
x6 = b; = yo implying (z0,yd) € EN<.

Case2x € Fy, 4., and y € Fy wherei,j € {0,1,2,...,m} and i # j. Assume thatz € Fy, 4, ,.

JHAj+1

Then from z < y, wehave y € F,, |4, ory € Fy,_ 4, ,. Moreover, z = a; or x = a;;1 implying

x,y € Fy, | a0t 2,y € Fy ) a,,,- By the similar argument in Case 1, (26, yd) € EN<.
m
It shows that 6 € EOP(X). Let X = U A;. Then thereisani € {1,2,3,...m} with z € A;. So,

i=1
zf8 = b; and xa = a;. By the definition of §, we have a;6 = b; implying xad = a;0 = b; = z. So, 5 = ad.

We can define « in the similar way as § and can prove that v € FOP(X) and o« = 7. Therefore,
afRB. O
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