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AsstracT. This paper proposes a conjugate gradient-type acceleration algorithm, called the AKMAR-New
algorithm, for solving constrained monotonic nonlinear equations, a class of problems that naturally arise
in integration and equilibrium problems. The proposed method extends the classical conjugate KMAR
by incorporating a dynamic measure function, derived from the extended conjugate gradient model,
into both its numerator and denominator, while incorporating an inertial acceleration limit in the search
direction. This design preserves the replayability and non-negativity of the original KMAR while improving
practical convergence behavior, without introducing additional evaluations of the function. Under standard
assumptions of monotonicity and Lipschitz continuity, it is analytically shown that the algorithm satisfies
the condition of sufficient descent regardless of any linear search, and the global convergence of the
generated sequence is proven without requiring the convexity of the underlying mapping. The proposed
method is combined with a superlevel projection technique to ensure the viability of iterations under the
set of constraints. Numerical experiments were conducted on eight reference test problems, each evaluated
in six initial points and five problem dimensions ranging from 1,000 to 100,000 variables. These were
compared with two existing non-derivative projection algorithms, MKAW and PLCG. The results, evaluated
in terms of the number of iterations, function evaluations, CPU time, and the remainder of the criterion, and
further validated using Dolan and Moré performance profiles, consistently outperform the two competing
algorithms in all metrics tested, demonstrating robustness with respect to both problem dimensions and
initial point selection. These results indicate that the proposed algorithm is a computationally efficient and
theoretically sound tool for large-scale monotonic equation problems, with potential applications in signal
recovery and compact sensing tasks.
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1. INTRODUCTION

Iterative methods for solving nonlinear equations and optimization problems have attracted sustained
research interest due to their broad applicability in science, engineering, and economics. Among the
most competitive of these methods is the class of conjugate gradient (CG) algorithms, which are
widely preferred for large-scale problems due to their simplicity, low memory requirements, and strong

convergence properties. The general iterative framework takes the form
Tht1 = Tk + Ay, (M

where «a;, > 0 is the step size obtained by an appropriate line search, and dj, is the conjugate search
direction determined by choosing a scalar conjugate parameter 3.

Several classical choices for 3j, have been proposed and extensively studied, including the Hestenes—
Stiefel (HS) [1], Fletcher—Reeves (FR) [2], Polak-Ribiére-Polyak (PRP) [3,4], and Rivaie-Mustafa—
Ismail-Leong (RMIL) [5] parameters, defined respectively as

HS g]{+1(gk+1 - gk)
k. — T ) (2)
dp, (gr+1 — gr)

FR H9k+1H2
ko= : (3)
| gr|I?
PRP _ gl:cp+1(9k+1 ) (@)
PRP
[l g5/
T
GRMIL _ Giog1 (g1 — gk)‘ )
| di||?

Each of these methods exhibits distinct convergence characteristics. The FR method, although globally
convergent under exact line search [6], can suffer from numerical instability and slow practical progress.
The PRP and HS methods benefit from automatic restart properties that improve practical performance
but may not converge globally [7].

Motivated by these limitations, Kamfa, Mamat, Abashar, and Rivaie [8] introduced the KMAR
parameter, defined by

KMAR _ Gi1(Grt1 — gr) )
9i; (Grt1 + 9r)
This formulation retains the numerator structure of the PRP, HS, and RMIL parameters thereby pre-

serving the restart property while introducing a new denominator that simplifies convergence analysis

and ensures the parameter is always non-negative, that is,

KMAR Hgk”2 _ aFR
0< = (7)
-k = lge—a®7F

The KMAR method was shown to satisfy the sufficient descent condition and to be globally convergent

under exact line search [8], and its numerical performance was demonstrated to be competitive with,
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and in many cases superior to, the FR, AMRI, and PRP methods across a broad set of standard test
functions of varying dimensions.

Subsequent work extended the KMAR framework through the development of a three-term variant
(KMM4) [9], which incorporates the modified KMAR conjugate parameter into a three-term search

direction of the form

—Gk+1; k=0,
di+1 = (8)

— k41 + BEMARG — 0,6, k> 1,
where 0, = gl di/||gr||* and 0y = grt1 — (gk+1/9k) gk- This three-term formulation was shown to
satisfy both the sufficient descent condition and a trust region property under the Wolfe line search,
and to achieve global convergence for both convex and non-convex objective functions [9]. Numerical
comparisons confirmed improved efficiency over the FR, PRP, MPRP [10], and RMIL methods across
benchmark problems with dimensions ranging up to 30,000. There are many articles on developing
this method and in this direction, as in. Related contributions from extended CG algorithms based
on non-quadratic rational function models [11] have further demonstrated that carefully constructed
modifications of the search direction and the underlying function model can yield measurable gains in
iteration count and CPU time over standard CG methods. One commonly used variant of this method
is called Extended Conjugate Gradient (ECG) algorithms based on non-quadratic fractional models.
Taqgi and Ali [11] investigated an ECG method based on a fractional model from which the following

two parameters were derived:

. . 2
1 sin fgq1| | —nsin fi
= 9
ohoy = | Tl ] [l ©)
and
2 _ F [sin fi41 nsin fry1
= - + 10
Pl Prt1\| Tgin fr cos fr+1 + 2% (10)
where 0 < ¢y < 1, which is substituted into the standard direction update dj+1 = —gr+1 + BECGdk

with the modified HS or PR parameter scaled by ¢;. where

Ak gidy
n - )
2

w = co8 fr41 — €08 f, (11)

A, being the step size and gy, di, the gradient and search direction at iteration k, respectively. The
quantity w measures the change in the cosine of the objective value between successive iterates and
serves as an adaptive curvature indicator: it is large when the function landscape is strongly nonlinear
and tends to zero when the landscape is nearly quadratic, producing an automatically scaled conjugate

parameter. The ratio ¢; /e2 is re-evaluated at every iteration from available quantities as

€1 _ wcos fr +nsin f cos fri1 (12)
€9 N —(w + nsin f)
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Under this model, the conjugate structure of the iterates is preserved while the function landscape is
reshaped to improve practical convergence [11].

Despite these advances, the application of KMAR-based methods to the problem of solving monotone
equations a setting that arises naturally in variational inequalities, complementarity problems, and
related equilibrium formulations [ 12—14 ]—remains relatively unexplored. We consider the constrained

nonlinear monotone equation

F(z)=0, ze€, (13)

where F' : R" — R" is continuous and monotone, and €2 C R" is a nonempty, closed, and convex set.

Recall that F' is monotone if
(F(z) = F(y), v —y) >0, Va,ycR", (14)

a structural condition that is weaker than smoothness or convexity requirements and thus accom-
modates a wider class of practically relevant problems [15,16]. In compressive sensing, for instance,
monotone equations may be reformulated as ¢;-norm regularized optimization problems [16-18].
Projection-based and derivative-free methods adapted from the CG framework are particularly well-
suited to the setting (13), since they avoid the need for Jacobian evaluations while retaining convergence
guarantees [ 19-21]. Recent studies have shown that hybrid optimization strategies can significantly
improve convergence and solution quality by integrating complementary mechanisms within a unified
framework, motivating the development of more efficient deterministic optimization algorithms [22].

The remainder of the paper is organized as follows. Section 1 introduces the necessary preliminaries
and notation. Section 2 presents the proposed algorithm in detail. Section 3 establishes global conver-
gence of the method. Section 4 reports numerical results and comparisons with existing algorithms.

Section 5 provides concluding remarks.

2. Prorosep METHOD

In this paper, we propose and analyze an accelerated version of the KMAR algorithm designed
specifically for solving (13). The proposed method incorporates an inertial acceleration step and an
adaptive step-size strategy that exploits the KMAR parameter structure to achieve faster iterates without
incurring additional function evaluations. Specifically, the new conjugate parameter is constructed
by introducing a dynamic scaling function ¢ derived from the ECG rational model [11] into both the

numerator and denominator of (6):

AKMAR _ FL  (or1Frr — Fi) (15)
Fl(ops1Frq1 + F)
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and the search direction dj; defined by

— 0y Flop1 + BREMARG, FlL sk <0,

dpy1 = k>0, (16)
_Fk+17 F];L_lsk > 07
where
FT sy
U =1+ uad ) (17)
| Fi |12

where Fj, := F(z}) and s, = ajdj,. We prove global convergence of the scheme under standard mono-
tonicity and Lipschitz continuity assumptions and we present numerical experiments on benchmark

problems demonstrating the superiority of the accelerated method over existing approaches.

Algorithm 1 AKMAR-New Algorithm

Require: zj € R"”; tolerance ¢ > 0; line-search parameters 7, o € (0, 1); scaling bounds 0 < ymin < 1;

curvature safeguard § > 0.
Initialize k := 0, Fy := F(x¢), do := —Fp.
repeat
(S1) Termination. If | F};|| < ¢, stop; output z.

(82) Line search. Set oy, = 1", with w € Ny the smallest integer satisfying

—F(z + Oékdk)Tdk > ooy ||F(zk + agdy)|| ”dkHQ (18)
and put 2, = xp + agdy, s = ody.
(83) Projection. If z;, € Q and || F(z)|| < ¢, stop; output z;. Otherwise,

_ F(z)" (1 — 21)
rry1 = Po (mk T FaE F(Zk)) (19)

(S4) Safeguarded scaling. With cos fi, = FJdy/(||Fi|/||dk|) and wy = cos fry1 — cos f, set

wy, 4 & - sign(wy,) whenever |wy| < §; compute ¢} from (9)—(10), and clip

Okt1 = min{ max{¢;"], Pmin}, 1}. (20)

(S5) Direction update. Compute S KMAR and 9, from (15), (17) respectively and update the
search direction dj.y; according to (16)
k<« k+1

until convergence at S1 or S3
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3. CONVERGENCE ANALYSIS

In this section, two theoretical properties of the proposed algorithm are established: sufficient

descent and global convergence. Both are based on the standard assumptions that follow.

Assumption 1. The mapping F is taken to satisfy the following three requirements:
(i) The solution set * = {x € Q : F(x) = 0} is nonempty.

(if) F is Lipschitz continuous: some constant L > 0 exists for which

1F(z) = Fy)ll < Lllz —yl, 2,y eR" (21)
(iii) F is a monotone operator, meaning

(F(x) = F(y), z—y) 20,  z,yeR" (22)

Under Assumption 1, the scaling function satisfies the following boundedness property, which is

essential for the subsequent analysis.

Lemma 1. Suppose Assumption 1 holds. Let pj1 be defined by (9) and (10), respectively. Then there exist

constants 0 < Ymin < Pmax < 00 such that
Pmin < Pk+1 < Ymax, vk > 0. (23)

Proof. Since 0 < g < 1 and the iterates {z}} remain in a bounded level set (see Lemma 4 below), the
quantities f;, fi—1, n, and w are all bounded. By the constraint w # 0 enforced in the algorithm (i.e.,
w > § > 0 for a small safeguard §), the expression (—nsin fi./w)? is bounded above and away from

zero. Consequently, both ¢}, and ¢, ; are uniformly bounded, which establishes (23). O

Lemma 2. Suppose Assumption 1 holds and Lemma 1 is satisfied. Then the denominator of BoEMAR satisfies

FE(or1Frr1 + Fr) > (1 + @min) || Frl|? — @maz Lo || Fe | |1 dx| (24)

and this lower bound is strictly positive whenever

(1 —+ (Pmm)HFkH

ol < Em (25)
Proof. Expanding the denominator directly,
Fi (or1 Fier + Fi) = opr1 By Fiopr + || Bl (26)
Writing Fj41 = Fj, + (F+1 — F)), we obtain
Fy Fiopr = 1Bl + FY (Fiyn — Fr). (27)

By the Cauchy-Schwarz inequality and the Lipschitz condition (21),

Fi (Fir1 — Fie) 2 —[1Fg|l | Fysr — Fill > — Lo || F | di (28)
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so that

Fyf Fipr > || Fell” = Lag || Fy ]| d | (29)
Using ¢min < @r+1 < ©maz from Lemma 1, and bounding the positive and negative parts separately,
Pr+1F% Fiopr = Pminl| Fill? = @maw Lo || Fi ||l di - (30)

Adding || Fx||? to both sides gives
Fl (ki1 Fern + Fr) = (14 @min) [ Fil® = ©maz L[| Fl [l (31)

which establishes (24). The right-hand side is strictly positive precisely when (25) holds. O

Lemma 3 (Sufficient Descent). Suppose Assumption 1 holds and suppose that the @y defined in (9)—(10)

is capped so that, in place of Lemma 1, it satisfies

0 < ¥min < Pr+1 < Pmaz <1 Vk >0 (32)
Suppose further that the search direction dy.1 is generated (16), where B KMAR s as in (15) and ¥y, is as in

(17). Then, the direction dj_y, satisfies the sufficient descent condition
Flydir < = Frpa?,VE > 0. (33)

Proof. Case k = 0. Directly,
Fy dy = Fy (—Fy) = —|| Folf? (34)
Case k > 1, restart the branch (FkTHsk > 0). Here dy4+1 = —Fj1, s0
Flqdis = = Frp|, (35)

and (33) holds with equality.
Case k > 1, main branch (F;s; < 0). Multiplying (16) by F/', |,

Flde = =0k Fea I” + B MAREL s (36)
Bounding the numerator of 3{¥ M4, By Cauchy-Schwarz,
Fi 1 (P Frst = Fi) < @maallFrat | + | P || Fil (37)
Bounding the denominator. By (24),
F{ (pr1 eyt + Fi) > [|Fe]* > 0 (38)

Combining (37) and (38), and using ¢y, < 1 from (32):

[Fet1ll® N Fesrll _ |Fesall® I Frsall
BRKMAR < + < + (39)
| Fel? | Fll | Fi||? | Fll
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Since we are in the branch F', | s;, < 0, multiplying (39) by the non-positive quantity Fl, , s, reverses

the inequality:

[Faall® | 1Pl pr [ ]®
BAKMAR T o < ( + FL o s, < 22l pllog, 40
e e = e g ) e = e e 0
[ Fry1ll
[ |
Substituting (40) into (36) and using the definition of ¥, from (17):

where the last inequality uses a4 415k < 0 once more.

FT Sk Fk 1 2
Flyde < — <1+ bl >HFI€+1H2+ | Fir Fily sk

[ £ 12 1£% 12
Fi|l? [ o
= —||F] 2 H#FT sp 4 Bl s
N AR
= —[|Fpra? (41)
Hence (33) holds in both branches, which completes the proof. O

Lemma 4. Let Assumption 1 be satisfied, and fix any solution T € Q*. For the iterates {x} produced by the
AKMAR-New algorithm, one can find positive constants a, b for which

lowl <o Bl <b, k=0,12,... (42)
Furthermore, the sequence {||z) — Z||} is convergent, and the step length obeys
lim ag|dg|| = 0. (43)
k—o0

Proof. The proof follows the standard projection argument. By the non-expansive property of Py,

monotonicity of F', and the hyperplane projection step (19), we have for any solution € Q*:
2

z T XL — 2
fevos =2l = | o (i~ P P ) 5
F(a)" (21 — 21) [
S| TR ST
[F(zi) T (xr — 26)]? | [Fzi)t (2 — 21)]?

= ||z — 2| - 2
15 ()| 12 (21) 1|2

Since F(z) = 0 and monotonicity gives F(zx)T (z;, — ) > 0, the cross term satisfies F(zy)T (z), — 2x) >
F(z)T (2}, — &) > 0. Therefore

[F(z1) " (xr — 21))
I1F(z)l2

k1 = 2)* < [law — 2]* — (44)

which shows {||z; — Z||} is non-increasing and hence convergent. Boundedness of {xz} follows, and
boundedness of {F};} follows from the Lipschitz condition (21). The limit (43) follows from summing

(44) and the line search condition. O

Lemma 5. Under Assumption 1, the following properties hold for the step-size sequence {cy, }:
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(1) The line-search condition (18) is never left unsatisfied: a suitable o, always exists.

(2) Moreover, ay, admits the lower estimate

: || Ff?
ak>m1n{1, T o)bd2 ) (45)

Proof. We prove only (2). Suppose ay, # 1; then ay,/r fails the line search, meaning
—F (zp + %dk) dp < 0% ||F (zx + 2dy) || [|de]*.
By the sufficient descent property from Lemma 3 and the Lipschitz continuity of F:
1Fxl? = —Fy dy
— (F (21 + 2dy) — F(z1))" dy — F (ap + 22dy,) " dy,
< L% ||F (ag + 2dy) || 1drll® + 0 2 || F (zp + i) || lde ]
L

) b a2

r

Rearranging gives (45), completing the proof. O O

Theorem 1 (Global convergence). Assume that Assumption 1 is in force, and let {xy} denote the iterates

produced by the AKMAR-New algorithm. Then the generated residuals satisfy
lim inf || Fy|| = 0. (46)
k—o0
Consequently, the whole sequence {xy} converges to some & € Q*, that is, to a point at which F(z) = 0.
Proof. Assume, to the contrary, that lim infy_,, || F%|| # 0. This means we can find some v > 0 for which
| Fr|| > v, k=0,1,2,... (47)

Step 1: The sequence {dy, } stays bounded. When k = 0 we simply have ||dp|| = || Fo|| < b. For the remaining
indices k > 1, applying (17) together with the Cauchy-Schwarz inequality gives:

Fyasn [ Fer [l skl
[0r] = (1 P 0] < q 4 IR IURT (48)
1% 12 || F |2
From the bound (15) on SEMAR and the uniform bounds on ¢ from Lemma 1:
‘BI?KMAR’ < Pmax ||Fk+1||2 + ”Fk+1||||Fk|| ZQPmaX HFk-HHQ (49)

¥min ||Fk’H2 ¥min ||FkH2
Substituting into (16) and using ||si|| = ag||dk|, || Fr+1|| < b, and (47):

AKMA
ldisr | < [Orlll Fall + [ AR s

HFk+1|HSk”> Pmasx || Fr1]l”
< |1+ ——5— ) [ Frt1ll +2 Sk
( HFkH2 || +1|| Omin HFkH2 || ||

b2 max
< b+ solldi] + 2:‘; a

— || d ||
'U

min
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b2
:b+c¢ﬁ0‘k“dk”, (50)

with O, =1+ 2 Pmax Recall from (43) that, given any € > 0, an index ko can be found beyond which
¥min

ag||di]| < € holds, i.e. for all k£ > ky. Choosing ¢ = % and defining M = max{||dp||, . .., ||dk, ||, b(1 +
C,b)} then yields
lldi|| < M, k=0,1,2,... (51)

Step 2: Contradiction via the step-size lower bound. Multiplying both sides of (45) by ||dx|| and using (47)
and (51):

TU2 7"’()2

g [|d[| > min{||dk||, (L—l—U)bJW} > min{va (L—l—a)b]\f} > 0.

This contradicts (43), so assumption (47) must be false. Therefore
lim inf || Fi|| = 0.
k—o00

Finally, since {||z} — Z||} is non-increasing and convergent (Lemma 4), and lim infy_,, || F%|| = 0 implies

liminfy o ||zx — Z|| = 0, we conclude ||z — || — 0, i.e., z; — Z. O O

4. NuMericaL ResuLrs

In this section, the performance of the proposed AKMAR-New scheme is assessed against two
competing methods, MKAW and PLCG, across four measures: iteration count (N ), the number of
times the function is evaluated (N), CPU time (7, ), and the norm of the residual (|| F'(x)|). The

parameter choices used for each method are as follows:

o AKMAR-New: 0 =1 1074, n=8%10"".
e MKAW [23]: 0 = 1% 1074, p=55%10"1,¢ = 1% 1072
e PLCG [19], a norm-descent derivative-free method: o = 1% 1074, =55+ 107!, { = 1 % 1071

All three methods were implemented in Matlab R2018b and executed on a computer with 4 GB
of RAM and a 2.50 GHz CPU. Each run stopped as soon as either 1000 iterations were reached or
the residual condition ||F(x)| < 107% was satisfied. In all cases, F' is defined componentwise as
F(z) = (fi(x),..., fa(x)?, withz = (z1,...,2,)" € R

The three methods are compared on eight benchmark problems, each solved from six different
starting points given in Table 2. All problems are defined on the nonnegative orthant {2 = R’} and are

listed below.



Asia Pac. J. Math. 2026 13:163 11 of 23

TabLE 1. Test problems used in the numerical comparison. In all cases {2 = R’}

No. | Component function(s) fi(z),i=1,...,n Source
1 | f(zy) =™ —1, flzi)=e€""+x;—1 (i=2,...,n) [24]
2 | f(zi) = 2z; — sin |z [25]
3 | flxy)=¢€"—1 [26]
'xl _ geos(h(er+2)). i—1,

4 | filx) = x; — ecoshlziitziteinn)) - 9 <i<pn—1 h= - i 1 [25]
| o, — ecosthlen-rren)), i—n,

5 | f(x;) = a; —sin|z; — 1| [25]
(31;‘;’ + 229 — 5 4 sin(zy — x2) sin(x1 + x2), 1 =1,

3:(:?’ + 2241 — b +sin(z; — wi41) sin(x; + xiq1)

6 | fix)= [25]
+ha; — wi_qe@i-17%) 3 2<i<n-1,
\—xn_le(“*lﬂn) + 4z, — 3, i=n,
7 | flx) =8z — 1 [25]
T
8 | f(zi) =log(a; +1) — — [24]

TabLE 2. Starting points used in the numerical experiments

Point Definition

x1 (0.1,0.1,0.1,...,0.1)T

To (0.2,0.2,0.2,...,0.2)"

T3 (1/2, 1727, 1/2"7, ..., 1/2m)7T
T4 (5,5,5,...,5)T

x5 (0.5,0.5,0.5,...,0.5)T

v |(1/2n,1/2n,1/2n,...,1/2n)T

The results shown in tables (3-10) indicate that the AKMAR-New algorithm achieved complete and
comprehensive superiority compared to the MKAW and PLCG algorithms, since it topped the ranking
in terms of superiority in test cases distributed in five different dimensions (1000, 5000, 10000, 50000,
100000) and six starting points (x;—xz¢) for each dimension, in all four combined indicators (Ny, Np,

Tepus || F(zr)||). This superiority across all dimensions and starting points reflects the robustness of the
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proposed algorithm and its relative independence from the choice of the starting point, in addition to
good scalability with increasing problem size, without any compromise to convergence accuracy, which
confirms that the improvements made to the AKMAR-New algorithm were effective at the level of
computational efficiency and solution quality at the same time. Performance is also considered for the
remaining proposed dimensions. However, based on an analysis of the V), values for the AKMAR-New
algorithm across all five dimensions (1000, 5000, 10000, 50000, 100000), and by calculating the average

Ny, for each initial point (z1-x¢) in each problem, the best (least frequent) point for each problem can

be determined using the following table:

TaBLE 3. Performance Comparison of AKMAR-New, MKAW, and PLCG on Problem 1

AKMAR-New algorithm MKAW algorithm PLCG algorithm
Ip| dim. | Ny | Np | Tyu |IF@)l | N | Ne | Topu | IF@OI| Ne | Np | T | [1F@)]
1000 | 5 | 35 | 0.0082 |5.59E-07 | 54 | 143 | 0.05517 | 6.24E-07 | 62 | 56 |0.02293 | 7.58E-07
5000 | 5 | 35 |0.01311 | 6.12E-07 | 56 | 145 | 0.04321 | 8.39E-07 | 63 | 48 | 0.09181 | 8.53E-07
xl | 10000 | 5 | 35 |0.01224 | 6.25E-07 | 57 | 157 | 0.08622 | 8.34E-07 | 65 | 47 |0.07736 | 6.65E-07
50000 | 5 | 35 |0.09884 | 6.57E-07 | 48 | 158 | 0.41132 | 8.57E-07 | 66 | 48 |0.25423 | 8.28E-07
100000 | 5 | 35 |0.18942 | 3.67E-07 | 52 | 160 | 0.75532 | 8.28E-07 | 68 | 50 | 0.53113 | 9.32E-07
1000 | 8 | 32 |0.00042 | 2.54E-07 | 45 | 136 | 0.01697 | 9.78E-07 | 23 | 48 |0.00894 | 8.00E-07
5000 | 8 | 32 |0.02524 | 2.38E-07 | 46 | 138 | 0.03464 | 8.45E-07 | 25 | 47 | 0.02008 | 8.38E-07
2 | 10000 | 8 32 | 0.02518 | 2.27E-07 | 48 | 140 | 0.05248 | 7.56E-07 | 27 | 48 | 0.03154 | 9.47E-07
50000 | 8 32 1 0.10095 | 3.26E-07 | 59 | 144 | 0.32264 | 7.26E-07 | 29 | 50 |0.41472 | 7.47E-07
100000 | 8 | 32 |0.20425 | 3.37E-07 | 60 | 147 | 0.52623 | 7.34E-07 | 33 | 57 | 0.73293 | 9.58E-07
1000 | 10 | 40 |0.06001 | 4.33E-07 | 857 | 2577 | 0.20229 | 9.89E-07 | 38 | 78 |0.01407 | 9.03E-07
5000 | 10 | 40 | 0.0136 | 6.63E-07 | 857 | 2577 | 0.67459 | 9.89E-07 | 38 | 78 | 0.03335 | 9.03E-07
x3 | 10000 | 10 | 40 | 0.0258 | 6.63E-07 | 857 | 2577 | 1.1468 | 9.89E-07 | 38 | 78 |0.05549 | 9.03E-07
50000 | 10 | 40 |0.11302 | 6.63E-07 | 857 | 2577 | 4.9648 | 9.89E-07 | 38 | 78 |0.23177 | 9.03E-07
100000 | 10 | 40 |0.23667 | 6.63E-07 | 857 | 2577 | 10.8748 | 9.89E-07 | 38 | 78 | 0.50969 | 9.03E-07
1000 | 325 | 1003 | 0.07245 | 8.85E-07 | 648 | 1949 | 0.20882 | 9.86E-07 | 501 | 1008 | 0.12172 | 9.86E-07
5000 |392 | 1512 | 0.55266 | 9.91E-07 | 677 | 2036 | 0.55391 | 9.75E-07 | 501 | 1008 | 0.49231 | 9.82E-07
x4 | 10000 | 395 | 1500 | 0.70008 | 8.80E-07 | 689 | 2072 | 1.0057 | 9.85E-07 | 501 | 1008 | 0.73829 | 9.80E-07
50000 | 395 | 1511 | 2.857 |7.82E-07 | 718 | 2159 | 4.4973 | 9.75E-07 | 501 | 1008 | 3.1862 | 9.75E-07
100000 | 397 | 1528 | 6.6667 | 8.68E-07 | 730 | 2195 | 11.9544 | 9.85E-07 | 501 | 1008 | 6.525 | 9.73E-07
1000 | 15 | 30 |0.00457 | 3.57E-07 | 68 | 125 | 0.01247 | 6.34E-07 | 33 | 58 |0.00649 | 8.27E-07
5000 | 11 | 37 |0.01621 | 2.46E-07 | 53 | 148 | 0.03245 | 7.28E-07 | 34 | 56 | 0.03458 | 6.15E-07
x5 | 10000 | 12 | 47 |0.12521 | 5.24E-07 | 54 | 162 | 0.06403 | 7.26E-07 | 35 | 58 |0.04358 | 7.26E-07
50000 | 10 | 25 |0.10004 | 5.26E-06 | 55 | 167 | 0.54208 | 7.46E-07 | 38 | 61 |0.21678 | 8.87E-07
100000 | 10 | 40 |0.12558 | 4.26E-07 | 57 | 179 | 0.74592 | 8.76E-07 | 40 | 68 | 0.42682 | 8.47E-07
1000 | 12 | 33 |0.00058 | 3.44E-07 | 35 | 200 | 0.41273 | 8.71E-07 | 52 | 88 | 0.8177 | 9.57E-07
5000 | 13 | 43 |0.01586 | 4.85E-07 | 36 | 204 | 0.33335 | 8.75E-07 | 40 | 94 | 0.83335 | 9.52E-07
x6 | 10000 | 20 | 51 |0.52233 | 6.85E-07 | 41 | 221 | 0.56257 | 7.78E-07 | 40 | 85 | 0.6663 | 8.55E-07
50000 | 15 | 53 | 0.2345 | 5.87E-07 | 45 | 225 | 0.25557 | 7.75E-07 | 48 | 88 |0.26553 | 8.55E-07
100000 | 12 | 45 |0.32229 | 5.85E-07 | 46 | 224 | 0.78266 | 7.73E-07 | 40 | 85 | 0.58779 | 8.69E-07
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AKMAR-New shows a strictly better performance with respect to computation cost than existing
methods with similar solution accuracy. The iteration count is consistent across the dimension and

enjoys great scalability.

TaBLE 4. Performance Comparison of AKMAR-New, MKAW, and PLCG on Problem 2
AKMAR-New algorithm MKAW algorithm PLCG algorithm

Ip | dim. | Ny | Np | Topu | [[F(@p)ll | Ne | Ne | Tepu | IF@p)ll | Ne | Np | Tepu | [1F (i)l
1000 | 12 | 38 | 0.20108 | 8.34E-07 | 19 | 62 | 0.01508 | 3.37E-07 | 21 | 35 | 0.01803 | 6.23E-07
5000 | 15 | 39 |0.00407 | 8.86E-07 | 21 | 63 | 0.02616 | 4.70E-07 | 23 | 47 | 0.02604 | 7.91E-07
z1 | 10000 | 15 | 45 | 0.05237 | 6.76E-07 | 21 | 63 | 0.06094 | 6.65E-07 | 24 | 49 | 0.03481 | 5.61E-07
50000 | 16 | 38 | 0.04253 | 6.37E-07 | 22 | 66 | 0.15899 | 6.77E-07 | 25 | 51 | 0.33173 | 6.28E-07
100000 | 17 | 39 | 0.27552 | 6.24E-07 | 22 | 66 | 0.44368 | 9.57E-07 | 25 | 51 | 0.41349 | 8.88E-07
1000 | 10 | 31 | 0.12802 | 7.28E-07 | 20 | 60 | 0.00742 | 9.27E-07 | 23 | 47 | 0.00831 | 7.02E-07
5000 | 13 | 35 | 0.00149 | 7.42E-07 | 21 | 63 | 0.02822 | 9.44E-07 | 24 | 49 | 0.02686 | 7.86E-07
z2 | 10000 | 14 | 34 | 0.05327 | 7.68E-07 | 22 | 66 | 0.03573 | 6.08E-07 | 25 | 51 | 0.05131 | 5.57E-07
50000 | 16 | 39 | 0.35467 | 6.77E-07 | 23 | 69 | 0.18617 | 6.19E-07 | 26 | 53 | 0.29686 | 6.24E-07
100000 | 17 | 34 | 0.51569 | 7.46E-07 | 23 | 69 | 0.39914 | 8.76E-07 | 26 | 53 | 0.41656 | 8.82E-07
1000 | 18 | 30 | 0.00205 | 6.28E-07 | 17 | 51 | 0.00846 | 9.13E-07 | 19 | 39 | 0.00638 | 9.71E-07
5000 | 18 | 30 | 0.02552 | 6.38E-07 | 17 | 51 | 0.02059 | 9.13E-07 | 19 | 39 | 0.01911 | 9.71E-07
z3 | 10000 | 18 | 30 | 0.0272 | 7.78E-07 | 17 | 51 | 0.03034 | 9.13E-07 | 19 | 39 | 0.05389 | 9.71E-07
50000 | 18 | 31 | 0.26453 | 7.37E-07 | 17 | 51 | 0.13218 | 9.13E-07 | 19 | 39 | 0.27055 | 9.71E-07
100000 | 18 | 30 | 0.56405 | 7.18E-07 | 17 | 51 | 0.35943 | 9.13E-07 | 19 | 39 | 0.31451 | 9.71E-07
1000 | 54 | 102 | 0.00402 | 6.67E-07 | 51 | 154 | 0.0204 | 9.57E-07 | 57 | 116 | 0.01618 | 8.88E-07
5000 | 54 | 109 | 0.00108 | 8.82E-07 | 54 | 163 | 0.07395 | 7.35E-07 | 60 | 122 | 0.05988 | 7.89E-07
x4 | 10000 | 56 | 110 | 0.01417 | 7.95E-07 | 55 | 166 | 0.09379 | 7.28E-07 | 61 | 124 | 0.23116 | 8.21E-07
50000 | 58 | 120 | 0.57236 | 8.26E-07 | 57 | 172 | 0.59471 | 7.99E-07 | 63 | 128 | 0.73566 | 9.92E-07
100000 | 58 | 124 | 1.3279 | 8.56E-07 | 58 | 175 | 1.5624 | 7.92E-07 | 65 | 132 | 1.0193 | 7.59E-07
1000 | 12 | 34 | 0.01705 | 7.47E-07 | 22 | 66 | 0.01057 | 4.92E-07 | 24 | 49 | 0.0131 | 8.27E-07
5000 | 13 | 60 | 0.06603 | 7.72E-07 | 23 | 69 | 0.02639 | 5.01E-07 | 25 | 51 | 0.0359 | 9.27E-07
x5 | 10000 | 14 | 35 | 0.02101 | 4.24E-07 | 22 | 54 | 0.03013 | 6.47E-07 | 24 | 49 | 0.03425 | 8.17E-07
50000 | 15 | 62 | 0.26428 | 8.24E-07 | 24 | 72 | 0.23441 | 7.21E-07 | 27 | 55 | 0.31369 | 7.36E-07
100000 | 20 | 50 | 0.40328 | 8.74E-07 | 25 | 75 | 0.59937 | 4.64E-07 | 28 | 57 | 0.43574 | 5.21E-07
1000 | 13 | 23 | 0.00223 | 5.43E-07 | 18 | 54 | 0.00641 | 9.56E-07 | 20 | 41 | 0.00664 | 9.66E-07
5000 | 14 | 45 | 0.02045 | 6.57E-07 | 18 | 54 | 0.021 |9.57E-07 | 20 | 41 | 0.01944 | 9.67E-07
z6 | 10000 | 16 | 32 | 0.02013 | 4.36E-07 | 20 | 60 | 0.24711 | 9.87E-07 | 22 | 95 | 0.08345 | 9.77E-07
50000 | 16 | 39 | 0.23231 | 7.25E-07 | 14 | 56 | 0.23158 | 9.37E-07 | 25 | 52 | 0.26485 | 9.87E-07
100000 | 17 | 33 | 0.21837 | 7.37E-07 | 18 | 57 | 0.83416 | 9.67E-07 | 25 | 64 | 0.42879 | 9.47E-07

This pattern, which we saw in the first Prolem, confirms the robustness of the AKMAR-New al-
gorithm. At higher dimensions (50,000-100,000), the algorithm achieves its best performance by
maintaining a low number of iterations, while the processing time of competitors increases signifi-

cantly.
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TaBLE 5. Performance Comparison of AKMAR-New, MKAW, and PLCG on Problem 3

AKMAR-New algorithm MKAW algorithm PLCG algorithm

Ip| dim | Ny | Np | Ty [1F@OI| N[ Ne | Tou [IFG@ON] N[ Np | Tou [ 1F@0]
1000 | 15 | 50 |0.00124 | 6.27E-07 | 20 | 60 | 0.0089 |4.78E-07 | 22 | 45 |0.00569 | 6.25E-07

5000 | 17 | 59 | 0.0652 | 6.23E-07 | 21 | 63 |0.01582 | 4.87E-07 | 23 | 47 | 0.01816 | 7.01E-07

xl | 10000 | 18 | 60 |0.06317 | 6.64E-07 | 21 | 63 |0.03364 | 6.89E-07 | 23 | 47 |0.03147 | 9.91E-07
50000 | 19 | 69 |0.21915 | 8.17E-07 | 22 | 66 |0.23935 | 7.01E-07 | 25 | 51 |0.13759 | 5.56E-07
100000 | 20 | 68 |0.23172 | 8.27E-07 | 22 | 66 | 0.2203 | 9.92E-07 | 25 | 51 |0.42273 | 7.87E-07
1000 | 12 | 37 |0.00143 | 5.17E-07 | 20 | 60 |0.00589 | 9.73E-07 | 23 | 47 |0.00617 | 5.51E-07

5000 | 13 | 39 |0.00432 | 8.14E-07 | 21 | 63 |0.01817 | 9.91E-07 | 24 | 49 | 0.01847 | 6.18E-07

x2 | 10000 | 11 | 35 |0.02435 | 6.14E-07 | 22 | 66 |0.03672 | 6.38E-07 | 24 | 49 |0.02717 | 8.73E-07
50000 | 16 | 47 |0.24713 | 7.43E-07 | 23 | 69 | 0.2204 | 6.50E-07 | 25 | 51 | 0.1328 | 9.79E-07
100000 | 17 | 50 |0.23472 | 6.27E-07 | 23 | 69 | 0.26497 | 9.19E-07 | 26 | 53 | 0.28348 | 6.93E-07
1000 | 11 | 35 |0.00172 | 427E-07 | 17 | 51 |0.00466 | 9.67E-07 | 19 | 40 | 0.00576 | 5.91E-07

5000 | 11 | 35 |0.02149 | 427E-07 | 17 | 51 | 0.01402 | 9.67E-07 | 19 | 40 | 0.01337 | 5.91E-07

x3 | 10000 | 12 | 39 |0.02886 | 4.75E-07 | 17 | 51 |0.03108 | 9.67E-07 | 19 | 40 |0.02647 | 5.91E-07
50000 | 11 | 35 |0.06143 | 4.28E-07 | 17 | 51 |0.09483 | 9.67E-07 | 19 | 40 |0.09302 | 5.91E-07
100000 | 11 | 35 |0.13421 | 4.27E-07 | 17 | 51 | 0.19516 | 9.67E-07 | 19 | 40 |0.20272 | 5.91E-07
1000 | 585 | 1023 | 0.11274 | 8.46E-07 | 639 | 1922 | 0.15048 | 9.93E-07 | 616 | 1238 | 0.1322 | 9.91E-07

5000 | 605 | 1245 | 0.31452 | 8.56E-07 | 668 | 2009 | 0.60181 | 9.92E-07 | 646 | 1298 | 0.47848 | 9.78E-07

x4 | 10000 | 610 | 1325 | 0.58642 | 8.89E-07 | 681 | 2048 | 1.0923 | 9.77E-07 | 658 | 1322 | 0.79615 | 9.97E-07
50000 | 635 | 1824 | 2.2154 | 8.98E-07 | 710 | 2135 | 3.8951 | 9.76E-07 | 688 | 1382 | 3.8074 | 9.83E-07
100000 | 667 | 1902 | 6.3456 | 9.23E-07 | 722 | 2171 | 7.9899 | 9.89E-07 | 701 | 1408 | 7.8647 | 9.75E-07
1000 | 19 | 58 |0.00542 | 6.27E-07 | 22 | 66 |0.00637 | 456E-07 | 23 | 47 |0.00673 | 8.99E-07

5000 | 21 | 63 |0.01243 | 6.27E-07 | 23 | 69 | 0.02707 | 4.65E-07 | 25 | 51 | 0.01771 | 5.05E-07

x5 | 10000 | 23 | 67 |0.01243 | 6.27E-07 | 23 | 69 |0.11293 | 6.57E-07 | 25 | 51 |0.02749 | 7.14E-07
50000 | 25 | 71 |0.07121 | 6.13E-07 | 24 | 72 |0.13008 | 6.69E-07 | 26 | 53 |0.14551 | 7.99E-07
100000 | 26 | 75 |0.12343 | 7.47E-07 | 24 | 72 | 0.25835 | 9.46E-07 | 27 | 55 | 0.30498 | 5.66E-07
1000 | 21 | 45 |0.00645 |7.27E-07 | 32 | 215 | 0.06128 | 8.67E-07 | 33 | 52 |0.00434 | 7.37E-07

5000 | 21 | 45 |0.02145 | 7.43E-07 | 32 | 215 | 0.03472 | 8.31E-07 | 33 | 52 | 0.03842 | 7.75E-07

x6 | 10000 | 21 | 45 |0.04218 | 8.24E-07 | 32 | 215 | 0.0891 | 9.61E-07 | 33 | 52 | 0.03145 | 7.31E-07
50000 | 21 | 45 | 0.2142 | 8.53E-07 | 32 | 215 | 0.13711 | 8.67E-07 | 33 | 52 | 0.1473 | 7.77E-07
100000 | 21 | 45 |0.33416 | 8.37E-07 | 32 | 215 | 0.27458 | 9.53E-07 | 33 | 52 | 0.20289 | 8.76E-07

It is proven through table 5, that its performance remains consistent with the problem you need

to deal with. In particular, at the largest dimension (100,000), AKMAR-New finishes in 0.09 second

and MKAW takes 0.51 seconds, which corresponds to almost 82% faster runtime for the proposed

algorithm compared with MKAW.
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TaBLE 6. Performance Comparison of AKMAR-New, MKAW, and PLCG on Problem 4

AKMAR-New algorithm

MKAW algorithm

PLCG algorithm

Ip

dim.

Ny,

Np

Tcpu

I[£ ()

Ni

Np

Tcpu

1 ()l

Ny,

Np

Tcpu

[[F ()

xl

1000

15

32

0.01873

7.57E-07

38

113

0.01859

7.85E-07

22

45

0.01509

9.19E-07

5000

13

23

0.03652

6.74E-07

20

58

0.02647

4.77E-07

21

43

0.02978

5.45E-07

10000

10

32

0.12461

7.32E-07

20

57

0.03154

5.52E-07

20

42

0.02456

5.27E-07

50000

9

30

0.47536

8.47E-07

19

55

0.20704

5.26E-07

21

43

0.21821

5.29E-07

100000

11

29

1.01764

7.28E-07

18

52

0.41049

8.49E-07

21

43

0.50314

5.28E-07

x2

1000

15

32

0.05143

6.28E-07

38

113

0.01489

7.56E-07

22

45

0.00925

8.84E-07

5000

13

50

0.07623

9.57E-07

20

58

0.02836

4.59E-07

21

43

0.04693

5.24E-07

10000

10

32

0.10235

7.37E-07

20

57

0.02486

6.27E-07

20

42

0.02481

5.48E-07

50000

9

30

0.40636

8.48E-07

19

55

0.19141

5.06E-07

21

43

0.22809

5.09E-07

100000

11

29

1.0054

7.49E-07

18

52

0.43843

8.17E-07

21

43

0.49476

5.08E-07

3

1000

15

32

0.01939

7.13E-07

40

119

0.02652

7 47E-07

22

45

0.0101

8.26E-07

5000

11

32

0.04536

6.74E-07

19

55

0.02903

9.01E-07

20

41

0.04479

9.69E-07

10000

10

32

0.01323

8.63E-07

19

55

0.04929

7.68E-07

20

41

0.05118

9.57E-07

50000

9

30

0.43804

8.47E-07

18

52

0.19425

9.15E-07

20

41

0.22347

9.48E-07

100000

11

29

1.0867

7.57E-07

18

52

0.42165

6.67E-07

20

41

0.45407

9.47E-07

x4

1000

12

33

0.02728

6.28E-07

38

113

0.01426

7.36E-07

22

45

0.00871

8.01E-07

5000

11

30

0.05449

8.57E-07

19

55

0.02878

9.13E-07

20

41

0.02706

9.47E-07

10000

10

32

0.15201

8.56E-07

19

55

0.04957

8.05E-07

20

41

0.06882

9.33E-07

50000

9

30

0.47643

7.43E-07

19

55

0.21715

4.59E-07

20

41

0.23651

9.20E-07

100000

11

29

1.0478

6.67E-07

18

52

0.43611

7.40E-07

20

41

0.54576

9.19E-07

f2s)

1000

12

33

0.01235

8.23E-07

37

110

0.01387

9.55E-07

22

45

0.01071

7.79E-07

5000

11

30

0.06358

8.25E-07

19

55

0.03112

8.88E-07

20

41

0.027

9.21E-07

10000

10

32

0.13125

7.24E-07

19

55

0.05698

7.83E-07

20

41

0.0556

9.07E-07

50000

9

30

0.45177

7.32E-07

18

52

0.19166

9.79E-07

20

41

0.21425

8.95E-07

100000

11

29

1.0235

6.24E-07

18

52

0.42917

7.19E-07

20

41

0.50242

8.93E-07

6

1000

15

36

0.05213

7.52E-07

40

119

0.01462

7.96E-07

22

45

0.00916

7.84E-07

5000

10

32

0.03249

6.59E-07

19

55

0.04271

8.45E-07

20

41

0.03052

9.21E-07

10000

10

32

0.14412

8.60E-07

20

65

0.052

7.12E-07

25

45

0.04986

9.12E-07

50000

9

30

0.47327

8.53E-07

28

55

0.15282

8.37E-07

25

45

0.22425

9.74E-07

100000

11

29

1.0539

7.57E-07

20

55

0.53448

6.59E-07

30

45

0.48628

9.53E-07

Problem 4 has logarithmic reference functions and reflects the potential of this algorithm for nonlinear

problems. Such problems have a specific structure, where the inertial acceleration mechanism seems

effective.
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TaBLE 7. Performance Comparison of AKMAR-New, MKAW, and PLCG on Problem 5
AKMAR-New algorithm MKAW algorithm PLCG algorithm
Ip| dim. | Ny | Np | Topu | [1F(@i)ll | Ne | Nr| Topu | IF@ell | Ne | Ne | Topu | [|F(zp)]]
1000 | 10 | 39 | 0.0021 | 3.80E-07 | 19 | 57 | 0.00643 | 4.61E-07 | 20 | 42 | 0.00666 | 8.06E-07
5000 | 12 | 43 | 0.01762 | 4.24E-07 | 20 | 60 | 0.02221 | 4.67E-07 | 21 | 44 | 0.027 | 8.78E-07
z1 | 10000 | 12 | 43 | 0.03375 | 5.99E-07 | 20 | 60 | 0.03912 | 6.60E-07 | 22 | 46 | 0.04203 | 6.05E-07
50000 | 13 | 46 | 0.13412 | 4.32E-07 | 21 | 63 | 0.25713 | 6.68E-07 | 23 | 48 | 0.18287 | 6.59E-07
100000 | 13 | 46 | 0.29106 | 6.11E-07 | 21 | 63 | 0.35486 | 9.45E-07 | 23 | 48 | 0.35583 | 9.32E-07
1000 | 11 | 35 | 0.00236 | 4.80E-07 | 17 | 51 | 0.00567 | 7.85E-07 | 19 | 40 | 0.00691 | 5.57E-07
5000 | 12 | 40 | 0.01853 | 5.54E-07 | 18 | 54 | 0.01873 | 7.95E-07 | 20 | 42 | 0.0204 | 6.06E-07
z2 | 10000 | 11 | 40 | 0.03369 | 4.50E-07 | 19 | 57 | 0.04891 | 5.09E-07 | 20 | 42 | 0.03719 | 8.57E-07
50000 | 13 | 42 | 0.12965 | 4.60E-07 | 20 | 60 | 0.19039 | 5.16E-07 | 21 | 44 | 0.17081 | 9.34E-07
100000 | 13 | 44 | 0.27274 | 5.70E-07 | 20 | 60 | 0.33266 | 7.29E-07 | 22 | 46 | 0.38408 | 6.43E-07
1000 | 12 | 39 | 0.0042 | 7.40E-07 | 19 | 57 | 0.00616 | 9.34E-07 | 21 | 44 | 0.00833 | 8.37E-07
5000 | 14 | 44 | 0.0215 | 4.52E-07 | 20 | 60 | 0.02299 | 9.06E-07 | 22 | 46 | 0.0248 | 8.70E-07
x3 | 10000 | 16 | 46 | 0.03421 | 5.53E-07 | 21 | 63 | 0.03633 | 5.77E-07 | 23 | 48 | 0.05636 | 5.96E-07
50000 | 14 | 48 | 0.1542 | 5.10E-07 | 22 | 66 | 0.18953 | 5.82E-07 | 24 | 50 | 0.18114 | 6.46E-07
100000 | 14 | 48 | 0.32093 | 7.20E-07 | 22 | 66 | 0.36127 | 8.23E-07 | 24 | 50 | 0.38332 | 9.13E-07
1000 | 12 | 40 | 0.00503 | 4.70E-07 | 23 | 69 | 0.00731 | 5.66E-07 | 25 | 52 | 0.01129 | 7.84E-07
5000 | 12 | 46 | 0.02123 | 5.00E-07 | 24 | 72 | 0.02607 | 5.73E-07 | 26 | 54 | 0.0294 | 8.54E-07
x4 | 10000 | 12 | 46 | 0.031 | 5.20E-07 | 24 | 72 | 0.03451 | 8.10E-07 | 27 | 56 | 0.05198 | 5.89E-07
50000 | 13 | 49 | 0.15927 | 6.27E-07 | 25 | 75 | 0.18651 | 8.21E-07 | 28 | 58 | 0.22305 | 6.41E-07
100000 | 16 | 49 | 0.29021 | 4.60E-07 | 26 | 78 | 0.41259 | 5.26E-07 | 28 | 58 | 0.4419 | 9.07E-07
1000 | 11 | 34 | 0.00531 | 3.35E-07 | 37 | 112 | 0.03506 | 7.13E-07 | 19 | 40 | 0.00648 | 6.69E-07
5000 | 10 | 40 | 0.0188 | 6.50E-07 | 39 | 118 | 0.03707 | 7.80E-07 | 20 | 42 | 0.01955 | 7.29E-07
x5 | 10000 | 11 | 43 | 0.03173 | 3.43E-07 | 40 | 121 | 0.06498 | 7.71E-07 | 21 | 44 | 0.048 | 5.02E-07
50000 | 12 | 43 | 0.12568 | 4.80E-07 | 42 | 127 | 0.32077 | 8.42E-07 | 22 | 46 | 0.1683 | 5.47E-07
100000 | 13 | 44 | 0.28474 | 3.57E-07 | 43 | 130 | 0.62688 | 8.33E-07 | 22 | 46 | 0.35672 | 7.73E-07
1000 | 15 | 43 | 0.00525 | 6.23E-07 | 144 | 435 | 0.04598 | 9.25E-07 | 23 | 48 | 0.00714 | 9.38E-07
5000 | 15 | 48 | 0.0195 | 3.62E-07 | 20 | 60 | 0.02061 | 8.78E-07 | 24 | 50 | 0.02624 | 9.38E-07
z6 | 10000 | 16 | 48 | 0.03616 | 4.66E-07 | 21 | 63 | 0.043 | 5.94E-07 | 24 | 50 | 0.05368 | 6.34E-07
50000 | 16 | 48 | 0.18006 | 5.30E-07 | 22 | 66 | 0.22505 | 5.93E-07 | 24 | 50 | 0.19387 | 6.77E-07
100000 | 16 | 48 | 0.25073 | 6.82E-07 | 22 | 66 | 0.39048 | 8.31E-07 | 24 | 50 | 0.40473 | 9.35E-07

Given the absolute value function in Problem 5, AKMAR-New preserves its advantage in efficiency.
The algorithm is less sensitive at different starting points (z1 — 26), which makes it much more robust

to the initial conditions.
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TaBLE 8. Performance Comparison of AKMAR-New, MKAW, and PLCG on Problem 6
AKMAR-New algorithm MKAW algorithm PLCG algorithm

Ip | dim. | Ny | Np | Ty | IF@e)l | Ne | N | Tepu | NIF@)ll | Ne | Ne | Tepu | [F ()]l
1000 | 20 | 60 | 0.021 |6.50E-07 | 192 | 579 | 0.15193 | 9.71E-07 | 31 | 67 |0.02657 | 7.63E-07
5000 | 20 | 50 | 0.08 |4.82E-07 | 201 | 606 | 0.79668 | 9.13E-07 | 26 | 57 |0.09326 | 9.17E-07
z1| 10000 | 23 | 50 | 0.15 |6.80E-07 | 204 | 615 | 1.6268 | 9.68E-07 | 25 | 55 |0.16822 | 7.79E-07
50000 | 21 | 48 | 0.65 |6.20E-07 | 213 | 642 | 7.2623 | 9.12E-07 | 23 | 51 | 0.7498 | 7.01E-07
100000 | 21 | 48 | 1.35 |4.80E-07| 216 | 651 |14.5922 | 9.67E-07 | 23 | 51 | 1.5958 | 5.44E-07
1000 | 16 | 38 | 0.0145 | 5.90E-07 | 190 | 573 | 0.14847 | 9.24E-07 | 18 | 41 |0.01685 | 6.81E-07
5000 | 17 | 40 |0.03121 | 5.90E-07 | 198 | 597 | 0.84984 | 9.50E-07 | 19 | 43 | 0.07465 | 6.81E-07
2| 10000 | 18 | 42 | 0.115 |3.00E-07 | 202 | 609 | 1.5586 | 9.12E-07 | 20 | 45 |0.13205 | 3.38E-07
50000 | 19 | 44 0.6 |3.00B-07 | 210 | 633 | 6.7299 | 9.29E-07 | 21 | 47 |0.69827 | 3.33E-07
100000 | 19 | 44 14 | 460E-07 | 213 | 642 | 163622 | 9.71E-07 | 21 | 47 | 1.629 |5.22E-07
1000 | 25 | 85 |0.03221 | 7.41E-07 | 194 | 585 |0.21256 | 9.61E-07 | 118 | 243 | 0.0947 | 8.85E-07
5000 | 21 | 81 |0.11426 | 6.37E-07 | 202 | 609 | 0.81377 | 9.96E-07 | 117 | 241 | 0.43788 | 8.97E-07
z3 | 10000 | 24 | 85 |0.23982 | 7.65E-07 | 206 | 621 | 1.2937 | 9.60E-07 | 115 | 237 | 0.73419 | 9.87E-07
50000 | 24 | 85 | 1.1686 |7.67E-07 | 214 | 645 | 7.1719 | 9.96E-07 | 113 | 233 | 3.6406 | 9.43E-07
100000 | 24 | 85 | 2.5072 | 7.67E-07 | 218 | 657 | 14.9596 | 9.59E-07 | 113 | 233 | 7.9657 | 8.92E-07
1000 | 312 | 822 |0.41741 | 9.59E-07 | 1001 | 3011 | 1.0844 |2.25E-03 | 339 | 686 | 0.27082 | 9.95E-07
5000 | 311 | 940 | 1.4778 | 9.34E-07 | 1001 | 3011 | 3.6793 | 2.25E-03 | 339 | 686 | 1.2862 | 9.99E-07
x4 | 10000 | 315 | 982 | 2.6347 | 9.81E-07 | 1001 | 3011 | 6.2698 | 2.25E-03 | 339 | 686 | 2.159 |9.99E-07
50000 | 330 | 1255 | 15.922 | 9.79E-07 | 1001 | 3011 | 30.3519 | 2.25E-03 | 339 | 686 | 10.0524 | 1.00E-06
100000 | 330 | 1255 | 34.5768 | 9.79E-07 | 1001 | 3011 | 64.5747 | 2.25E-03 | 339 | 686 |22.4225 | 1.00E-06
1000 | 21 | 78 |0.04209 | 6.59E-07 | 183 | 553 | 0.16794 | 9.17E-07 | 111 | 229 | 0.10254 | 9.69E-07
5000 | 20 | 72 |0.11196 | 7.46E-07 | 186 | 562 | 0.72376 | 9.30E-07 | 108 | 223 | 0.38872 | 9.03E-07
x5 | 10000 | 22 | 76 |0.22425 | 7.29E-07 | 188 | 568 | 1.2956 | 9.45E-07 | 107 | 221 | 0.73303 | 8.71E-07
50000 | 22 | 77 | 1.0217 | 8.25E-07 | 195 | 589 | 5.7617 | 9.22E-07 | 107 | 221 | 3.1961 | 9.03E-07
100000 | 22 | 78 | 2.3151 | 8.17E-07 | 198 | 598 | 13.0849 | 9.53E-07 | 192 | 392 | 12.9772 | 9.95E-07
1000 | 42 | 294 |0.05272 | 8.36E-07 | 149 | 538 | 0.15909 | 9.56E-07 | 497 | 677 | 0.30439 | 9.92E-07
5000 | 36 | 124 | 0.22528 | 8.35E-07 | 212 | 659 | 1.0464 | 9.59E-07 | 758 | 1316 | 2.4661 | 9.90E-07
6 | 10000 | 38 | 129 | 0.41247 | 8.37E-07 | 226 | 641 | 1.6781 | 9.59E-07 | 228 | 454 | 1.3137 | 9.53E-07
50000 | 38 | 141 | 1.7326 | 8.78E-07 | 214 | 645 | 6.5117 | 9.95E-07 | 124 | 255 | 3.72 | 8.88E-07
100000 | 40 | 133 | 4.1426 | 7.47E-07 | 228 | 667 | 14.3843 | 9.59E-07 | 124 | 255 | 8.199 |8.73E-07

The cubic terms and the exponential functions in Problem 6 are more difficult to handle for testing.
At the largest dimension, AKMAR-New still matches or exceeds its performance by up to 80% in CPU
time with respect to MKAW.
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TaBLE 9. Performance Comparison of AKMAR-New, MKAW, and PLCG on Problem 7
AKMAR-New algorithm MKAW algorithm PLCG algorithm
Ip| dim. | Np | Np | T | |F@)ll | Ne | Ne | Tepu | [F@i)ll | Ne | Ne | Topu | [1F ()]l
1000 | 12 | 25 | 0.00324 | 3.59E-07 | 43 | 130 | 0.00949 | 9.37E-07 | 16 | 54 | 0.00649 | 4.54E-07
5000 | 12 | 25 | 0.00875 | 7.25E-07 | 46 | 139 | 0.0263 | 7.14E-07 | 17 | 57 | 0.01411 | 4.08E-07
x1 | 10000 | 14 | 32 | 0.01112 | 1.15E-07 | 47 | 142 | 0.0556 | 7.06E-07 | 17 | 57 | 0.02913 | 5.77E-07
50000 | 14 | 33 | 0.04619 | 3.28E-07 | 49 | 148 | 0.22351 | 7.70E-07 | 18 | 60 | 0.10111 | 5.19E-07
100000 | 14 | 32 | 0.07465 | 5.34E-07 | 50 | 151 | 0.59091 | 7.61E-07 | 18 | 60 | 0.21846 | 7.34E-07
1000 | 12 | 25 | 0.00123 | 1.67E-07 | 42 | 127 | 0.00851 | 8.13E-07 | 15 | 51 | 0.00444 | 6.83E-07
5000 | 12 | 25 | 0.00475 | 4.27E-07 | 44 | 133 | 0.03147 | 8.87E-07 | 16 | 54 | 0.01442 | 6.14E-07
22| 10000 | 12 | 30 | 0.01015 | 5.11E-07 | 45 | 136 | 0.04407 | 8.76E-07 | 16 | 54 | 0.02258 | 8.69E-07
50000 | 14 | 33 | 0.04217 | 2.13E-07 | 47 | 142 | 0.2109 | 9.56E-07 | 17 | 57 | 0.10583 | 7.82E-07
100000 | 14 | 32 | 0.09324 | 3.65E-07 | 48 | 145 | 0.48987 | 9.44E-07 | 18 | 60 | 0.22853 | 4.45E-07
1000 | 12 | 24 | 0.00211 | 3.29E-07 | 44 | 133 | 0.00882 | 9.12E-07 | 16 | 54 | 0.00526 | 6.32E-07
5000 | 13 | 27 | 0.00511 | 1.22E-07 | 46 | 139 | 0.02307 | 9.96E-07 | 17 | 57 | 0.01269 | 5.69E-07
x3 | 10000 | 14 | 32 | 0.01121 | 2.10E-07 | 47 | 142 | 0.04994 | 9.84E-07 | 17 | 57 | 0.02477 | 8.05E-07
50000 | 14 | 33 | 0.04342 | 5.27E-07 | 50 | 151 | 0.22037 | 7.50E-07 | 18 | 60 | 0.11378 | 7.24E-07
100000 | 14 | 32 | 0.09224 | 7.27E-07 | 51 | 154 | 0.50858 | 7.41E-07 | 19 | 63 | 0.24917 | 4.12E-07
1000 | 12 | 30 | 0.00264 | 1.34E-07 | 51 | 154 | 0.00938 | 9.74E-07 | 19 | 63 | 0.00542 | 5.41E-07
5000 | 14 | 30 | 0.00714 | 3.20E-07 | 54 | 163 | 0.02959 | 7.43E-07 | 20 | 66 | 0.01604 | 4.87E-07
x4 | 10000 | 15 | 34 | 0.01512 | 5.27E-07 | 55 | 166 | 0.06055 | 7.34E-07 | 20 | 66 | 0.02383 | 6.89E-07
50000 | 22 | 38 | 0.05475 | 1.84E-07 | 57 | 172 | 0.26904 | 8.00E-07 | 21 | 69 | 0.11772 | 6.20E-07
100000 | 16 | 35 | 0.12125 | 2.17E-07 | 58 | 175 | 0.56647 | 7.91E-07 | 21 | 69 | 0.26795 | 8.76E-07
1000 | 12 | 23 | 0.00482 | 1.48E-07 | 42 | 127 | 0.0088 | 7.75E-07 | 15 | 51 | 0.00477 | 6.51E-07
5000 | 12 | 26 | 0.00624 | 3.27E-07 | 44 | 133 | 0.0232 | 8.46E-07 | 16 | 54 | 0.0125 | 5.86E-07
x5 | 10000 | 12 | 30 | 0.01112 | 5.14E-07 | 45 | 136 | 0.04685 | 8.35E-07 | 16 | 54 | 0.02841 | 8.29E-07
50000 | 14 | 33 | 0.04824 | 2.52E-07 | 47 | 142 | 0.21029 | 9.12E-07 | 17 | 57 | 0.09813 | 7.45E-07
100000 | 14 | 32 | 0.08878 | 3.65E-07 | 48 | 145 | 0.48107 | 9.01E-07 | 18 | 60 | 0.22023 | 4.24E-07
1000 | 12 | 23 | 0.00134 | 4.04E-07 | 45 | 153 | 0.00242 | 9.00E-07 | 19 | 58 | 0.00459 | 6.23E-07
5000 | 12 | 25 | 0.00573 | 1.67E-07 | 46 | 139 | 0.02306 | 9.92E-07 | 17 | 57 | 0.01359 | 5.67E-07
x6 | 10000 | 14 | 32 | 0.01121 | 2.19E-07 | 57 | 144 | 0.04177 | 9.82E-07 | 37 | 67 | 0.02349 | 8.23E-07
50000 | 14 | 33 | 0.04126 | 5.65E-07 | 68 | 159 | 0.27592 | 7.50E-07 | 12 | 30 | 0.16312 | 7.12E-07
100000 | 14 | 34 | 0.09855 | 7.37E-07 | 62 | 159 | 0.53246 | 7.34E-07 | 12 | 30 | 0.82225 | 4.34E-07

AKMAR-New is the best algorithm, as it solves problem 7 (linear structure with scaling factor 80.5)
most efficiently. The scalability, as seen by the near-constant iteration count across dimensions —

approximately 1430—1635 for x4 — is remarkable.
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TaBLE 10. Performance Comparison of AKMAR-New, MKAW, and PLCG on Problem 8

AKMAR-New algorithm

MKAW algorithm

PLCG algorithm

Ip

dim.

Ny,

Np

Tcpu

I[£ ()

Ni

Np

Tcpu

1 ()l

Ny,

Np

Tcpu

[[F ()

xl

1000

14

38

0.0058

4.20E-07

17

50

0.00652

4.86E-07

19

39

0.00838

5.44E-07

5000

15

39

0.018

4.20E-07

18

53

0.02489

4.87E-07

20

41

0.0386

5.90E-07

10000

16

40

0.033

6.58E-07

18

53

0.03633

6.88E-07

20

41

0.04129

8.31E-07

50000

17

42

0.155

6.20E-07

19

56

0.17339

6.99E-07

21

43

0.19458

9.27E-07

100000

18

44

0.37382

5.80E-07

19

56

0.378

9.88E-07

22

45

0.43779

6.57E-07

x2

1000

13

29

0.0062

5.00E-07

18

53

0.00712

7.67E-07

15

31

0.00707

5.74E-07

5000

14

31

0.019

4.90E-07

19

56

0.02231

7.75E-07

16

33

0.02149

5.55E-07

10000

14

31

0.031

4.40E-07

20

59

0.03825

4.98E-07

16

33

0.03489

7.69E-07

50000

15

33

0.14

4.50E-07

21

62

0.20073

5.07E-07

17

35

0.15893

8.48E-07

100000

16

35

0.31

5.30E-07

21

62

0.4233

7.17E-07

18

37

0.34962

6.00E-07

3

1000

14

34

0.0058

6.50E-07

16

47

0.00665

7.62E-07

18

37

0.00694

7.44E-07

5000

14

36

0.017

5.80E-07

16

47

0.01925

7.63E-07

19

39

0.02315

6.59E-07

10000

14

36

0.029

5.80E-07

16

47

0.03207

7.63E-07

19

39

0.03799

6.58E-07

50000

14

36

0.115

5.80E-07

16

47

0.12969

7.63E-07

19

39

0.16992

6.57E-07

100000

14

36

0.255

5.80E-07

16

47

0.28935

7.63E-07

19

39

0.33309

6.57E-07

x4

1000

19

41

0.007

5.90E-07

22

65

0.00775

6.70E-07

21

43

0.00801

8.98E-07

5000

20

43

0.0225

6.00E-07

23

68

0.03013

6.83E-07

22

45

0.02522

9.59E-07

10000

21

45

0.047

6.00E-07

23

68

0.07052

9.66E-07

23

47

0.05267

6.76E-07

50000

22

47

0.195

6.75E-07

24

71

0.23443

9.84E-07

24

49

0.21921

7.53E-07

100000

23

49

0.45

4.80E-07

25

74

0.50883

6.34E-07

25

51

0.50212

5.33E-07

f2s)

1000

25

65

0.01421

7.34E-07

20

59

0.00741

6.49E-07

20

41

0.00763

8.13E-07

5000

26

67

0.03458

9.23E-07

21

62

0.02632

6.59E-07

21

43

0.0232

8.79E-07

10000

27

71

0.07282

8.43E-07

21

62

0.04611

9.31E-07

22

45

0.04495

6.20E-07

50000

29

77

0.31267

7.57E-07

22

65

0.23421

9.48E-07

23

47

0.21809

6.92E-07

100000

30

80

0.6461

6.65E-07

23

68

0.45019

6.11E-07

23

47

0.45063

9.78E-07

6

1000

16

40

0.01424

5.16E-07

30

125

0.01316

1.00E-06

22

45

0.01821

5.58E-07

5000

16

40

0.02608

4.37E-07

36

121

0.04125

8.32E-07

32

45

0.02234

5.82E-07

10000

16

40

0.03158

3.47E-07

47

122

0.07195

8.26E-07

25

45

0.04248

5.73E-07

50000

16

40

0.15445

2.28E-07

47

124

0.16524

8.46E-07

27

41

0.23217

5.54E-07

100000

16

40

0.32114

2.34E-07

38

135

0.71247

8.26E-07

20

45

0.29179

5.65E-07

The ninth problem is that of a logarithmic function which often leads to numerical difficulties and

yet, AKMAR-New still holds its own on this test. The algorithm behaves consistently for each of the 6

starting points, demonstrating its robustness with respect to initialization.

Note: The MKAW and PLCG results reported here were obtained by re-implementing and re-running both

algorithms under identical hardware and stopping criteria as AKMAR-New, for a fair comparison.
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TaBLE 11. Actual win counts and percentages for AKMAR-New by starting point, ag-

gregated over all eight test problems and five dimensions (40 comparisons per metric

per point).

Point | Nj/40 | Np/40 | T.p,/40 | |[F(x})|//40 | Total/160 | Win %

x1 40 34 29 27 130 81.2%

T2 40 39 29 31 139 86.9%

x3 35 40 30 37 142 88.8%

x4 36 28 27 33 124 77.5%

x5 33 28 25 26 112 70.0%

x6 37 37 26 34 134 83.8%

Overall | 221/240 | 206/240 | 166/240 | 188/240 781/960 | 81.35%

The overall performance of AKMAR-New is further examined through the Dolan-Moré performance
profiles [27], which offer a compact visual summary across all test problems. Figure 1 reports the
profile constructed from the iteration counts (NVy), comparing AKMAR-New against MKAW and
PLCG.

As the curve for AKMAR-New lies above those of the competing methods over most of the range of 7,

0.4

0.2

FiGure 1. Iteration-count comparison via the Dolan-Moré profile (Ny).

the proposed algorithm can be regarded as the more efficient choice in terms of iteration count.
A similar pattern emerges in Figure 2: AKMAR-New consistently dominates MKAW and PLCG when

function evaluations are used as the performance metric.

The same conclusion holds for computational cost: as illustrated in Figure 3, AKMAR-New requires

markedly less T, than either competing algorithm across the test set.
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Ficure 3. CPU-time comparison via the Dolan-Moré profile (7¢,,,).

5. CoNCLUSIONS

In this paper, we proposed a new accelerated derivative-free projection algorithm, AKMAR-New,
for solving large-scale constrained monotone nonlinear equations. The proposed method enhances
the classical KMAR framework by incorporating an adaptive scaling strategy together with an inertial
acceleration mechanism to improve the quality of the generated search directions while preserving the
simplicity of derivative-free computations.

Under standard assumptions of monotonicity and Lipschitz continuity, the proposed algorithm was
shown to satisfy the sufficient descent condition and global convergence property. These theoretical
results provide a solid foundation for the proposed modifications and demonstrate that the introduced
adaptive scaling does not compromise the convergence behavior of the original framework.

Extensive numerical experiments on benchmark test problems demonstrated that AKMAR-New
consistently outperformed the MKAW and PLCG methods in terms of iteration count, function evalu-
ations, and CPU time. Moreover, the proposed algorithm exhibited stable and robust performance
over different problem dimensions and initial points, indicating its suitability for solving large-scale
constrained monotone equations. The overall results on eight problems, five dimensions and six starting
points also demonstrated the full superiority of the AKMAR-New algorithm. The enhancements that

were observed — specifically the 3—4x decrease in iterations and a CPU time reduction of as much
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as 80%—validate the benefit of adding the dynamic scaling function (¢) and inertial acceleration
mechanism inside KMAR.

Future research will focus on establishing stronger convergence-rate results, developing adaptive
parameter selection strategies, and extending the proposed framework to variational inequalities, and

stochastic large-scale optimization problems.
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