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ABssTRACT. Let G be a simple, undirected and connected graph of order n and S C V(G). The connected
closed geodetic dominating set S of a graph G is a geodetic closure I¢[S] containing all the vertices lying on
u-v geodesics (shortest path) where u, v € S. We select vertices of G sequentially as follows: Select a vertex
vy and let S = {v1}. Select a vertex vy # v1 and Sz = {v1, v2}. Then determine I[S2]. If I¢[S2] # V(G),
then successively select vertex v; ¢ I[Si—1] and let S; = {v1,v2, ..., v;}. Since the set V(G) is finite, there
is a k for which I¢[Sk] = V(G). Also, the induced subgraph (S) must be connected and a dominating set
of G. The minimum cardinality of a connected closed geodetic dominating set of G is called the connected
closed geodetic domination number of a graph G, denoted by ey (G).

In this paper, we introduce and investigate the concept of connected closed geodetic domination and
determine the connected closed geodetic domination number of some special graphs. We also present
some characterizations of a connected closed geodetic dominating set of graphs resulting from the join of
two connected graphs and determine its connected closed geodetic domination number.

2020 Mathematics Subject Classification. 05C69; 05C12; 05C76.
Key words and phrases. domination; geodesic; geodetic closure; closed geodetic set; connected closed

geodetic dominating set; closed geodetic dominating set; connected closed geodetic domination number.

1. INTRODUCTION

Graph theory is one of the ever growing fields of research in the literature of Mathematics. Out
of its numerous topics, domination in graph has been one of the most recent studied concepts. The
origin of the study of the dominating sets in graphs was the “five Queens” problem. The problem of
determining the minimum number of queens that can be placed on a chess board, so that all the squares
are either attacked by a queen was shown in 1850’s with five as the minimum number of queens that
can dominate all the squares of a chess board. The dominating queen problem can be stated in general,
as the dominating set of vertices of a graph. The very concept on closed geodesic was based from the

graphical games called the achievement and avoidance games.
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Let G = (V(G), E(G)) be a connected graph. For S C V(G), the geodetic closure I[S] of S is the set
of all vertices on geodesic (shortest path) between two vertices of S. We select vertices of G sequentially
as follows: Player A selects a vertex v; and let S; = {v;}. Player B selects a vertex v # v; and let
Sy = {v1,v2}. Then determine I;[S1], if I¢[S2] # V(G) then the two players will alternately select
a vertex v; ¢ Ig[S;—1] and let S; = {v1,v9,...,v;}. Since the set V(G) is finite, there is a k for which
I[Sk] = V(G).

In this paper, the authors will combine both connected closed geodesic and domination in graphs

and define a new parameter called connected closed geodetic domination number.

2. PreLiMINARY CoNCEPTS AND SOME KNowN REsuLTs

Definition 2.1. [6] For a graph G, the neighborhood of a vertex z € V(G) is the set Ng(x) consisting

of all vertices y which are adjacent to z, that is,
Ne(x) = {y € V(G) : ay € B(G)}.
In addition, a vertex y € Ng(x) is called a neighbor of x.

Definition 2.2. [6] The vertices u, v of a graph G are adjacent or neighbors, if uv is an edge in G. The
set N¢(u) is also called the open neighborhood of w in G. The closed neighborhood of v in G is the set
Nglu] = Ng(u) U{u}. If X C V(G), the open neighborhood of X in G is the set Ng(X) = J,cx Na(u).
The closed neighborhood of X in G is the set Ng[X]| = Ng(X) U X.

Definition 2.3. [5] The join G + H of two graphs G and H is the graph with vertex set V(G + H) =
V(G) v V(H) (disjoint union of V(G) and V(H)) and edge set

E(G+H)=EG) U EH)U{w :ueV(G),veV(H).

Definition 2.4. [6] The removal of a vertex v from a graph G results in the subgraph G - v that contains
all vertices of G except v and all edges not incident with v. If more than one vertex are removed, then
we let S be the set of vertices such that G\ S is the subgraph of G consisting of all vertices of G except S

and all edges not incident with the vertices in S.

Definition 2.5. [5] Let G be a graph. A set S C V(G) is a dominating set of G if for every v € V(G)\S,
there exists u € S such that uv € E(G), thatis, Ng[S] = V(G). The domination number of G, denoted by
7(G), is the smallest cardinality of a dominating set of G. Any dominating set of G of cardinality v(G)

is referred to as a y-set of G.

Definition 2.6. [7] Let G be a connected graph. A dominating set S C V() is called a connected

dominating set of G if (S), the subgraph induced by S, is connected. The connected domination number
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of G, denoted by v.(G), is the minimum cardinality of a connected dominating set of G. A connected

dominating set of cardinality ~.(G) is called a minimum connected dominating set or a ~.-set of G.

Definition 2.7. [3] For every two vertices u and v of G, the symbol I;[u, v] is used to denote the set
of vertices lying on any of the u-v geodesics. Any vertex in I[u, v] which is different from v and v is
called a geodetic interior vertex of w and v. If S C V(G), we define the geodetic closure of S to be the set

I¢[S] given by I5[S] = U{Ig[u,v] : u,v € S}.
Definition 2.8. [3] A set S C V(G) is called a geodetic cover if
I¢[S] = V(G). The number gn(G) given by
gn(G) = min{|S| : Ig[S] = V(G)}
is called the geodetic number of G. A geodetic cover S of G for which |S| = gn(G) is called the minimum

geodetic cover or basis of G.

Definition 2.9. [3] A vertex of a connected graph G is an extreme vertex if its neighbors induce a

complete subgraph of G. The set of extreme vertices of G is denoted by Ezt(G).

Definition 2.10. [2] Given a connected graph G and S C V(G), the set S is a closed geodetic cover of G if
S = {v1,v2,...,v;} and is obtained by choosing the vertices v, va, . .., v such that the following hold:
(i) v1 # v2
(ii) v; ¢ Ig[Si—1] for 3 <i < k;and
(iii) Ig[Sk] = V(G),
where S; = {vi,v9,...v;} foralli = 1,2,..., k. The collection of all closed geodetic covers of G is

denoted by C*(G). The closed geodetic number of G is given by
cgn(G) = min{|S|: S € C*(G)}.
A set S € C*(G) with |S| = cgn(G) is called the closed geodetic basis of G denoted by cgb(G).

Definition 2.11. [1] Let G be a connected graph of order n. Let S C V(G) such that S € C*(G). Then
the connected closed geodetic number of a graph G, denoted by ccgn(G) is given by

cegn(G) = {|S] : () is connected }.

Definition 2.12. [1] Aset S C V(G) with § € C*(G) is called connected closed geodetic dominating set if
S is both connected closed geodetic and a dominating set of G. That is, S € C*(G) induces a subgraph
(S) that is connected, and S is dominating. The minimum cardinality of a connected closed geodetic
dominating set of G is called the connected closed geodetic domination number of a graph G denoted by

Yeeg(G) and is given by

Yeeg(G) = min{|S| : S € C*(G), Ng[S] = V(G) and (S) is connected}.
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If S C V(QG) is a connected closed geodetic dominating set of G with |S| = 7.¢4(G), then S is called a
Veeg-set of G.

Lemma 2.13. [4] Every geodetic cover of a connected graph G contains its extreme vertices.

Theorem 2.14. [?] Let G = K, ,, where ,n > 2 and let U and W be the partite sets of G. Let S C V(G).
Then S € C*(QG) if and only if S is any of the following:
(i) S=U
(i) S=W
(iii) S = U U{w} for somew € W
(iv) S =W U{u} for someu € U.

Theorem 2.15. [’] Let G = H + K, where H and K are connected noncomplete graphs. If either
(i) SCV(H), R[Sy =V(H)and S € C*(H) or
(i) SCV(K), R[Sk =V(K)and S € C*(K),

then S € C*(G).

Theorem 2.16. [’] Let G = H + K, where H and K are connected noncomplete graphs. If S is a closed
geodetic basis of G, then either

(i) S CV(H),P|S]y = V(H) or
(if) S CV(K), P[S]x = V(K).,

Remark 2.17. [1] For any connected graph G, cgn(G) < ccgn(G). That is, every connected closed geodetic

cover is a closed geodetic cover.
Theorem 2.18. [1] For any connected nontrivial graph G of order n,
2 < ¢egn(G) < cegn(G) < n.
Theorem 2.19. [1] Let G be a connected graph of order p. Then ccgn(G) = p if and only if G = K.

Theorem 2.20. [&] Let G be a connected graph with cut-vertices. If S C V(G) is a connected closed geodetic

basis of G and w is a cut-vertex of G, then every component of G — w contains an element in S.

Theorem 2.21. [8] Let G be a graph with |V (G)| = p. If every vertex of G is either an extreme or a cut-vertex
of G, then ccgn(G) = n.

Theorem 2.22. [5] Let H and K be connected noncomplete graphs. If either
(i) S={Tu{v}:veV(H)and T C V(K)}, BTk = V(K)and T € C*(K), or
(i) S={TU{w}:weV(K)and T CV(H)},P[T\g =V (H)and T € C*(H),
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then S € C*(H + K).

Theorem 2.23. [&] Let H and K be connected noncomplete graphs. If S is a connected closed geodetic basis of
H + K. Then either

(i) S={Tu{v}:veV(H)and T C V(K)}, T is a 2-path closure absorbing in K, or

(ii) S={TU{w}:w e V(K)and T C V(H)}, T is a 2-path closure absorbing in H.

3. CoNNEcTED CLoseD GEODETIC DOMINATION NUMBER OF SOME COMMON GRAPHS

In this section, we establish the connected closed geodetic domination numbers of several common
classes of graphs. We begin by presenting a fundamental result that describes the relationship between
the connected closed geodetic number and the connected closed geodetic domination number of a
connected graph . Remark 3.1 serves as the basis for determining the connected closed geodetic

domination numbers of the graph families considered in the succeeding results.

Remark 3.1. For any connected graph G, ccgn(G) < ~eeg(G). That is, every connected closed geodetic

domination cover is a connected closed geodetic cover.

Lemma 3.2. For any connected nontrivial graph G of order n,
2 < eegn(G) < Yeeg(G) < n.

Proof: Note that any connected closed geodetic set needs at least two vertices and by Theorem 2.18,
2 < ccgn(@G). Let S be any connected closed geodetic dominating set of G with minimum cardinality.
By Remark 3.1, it follows that, 2 < ccgn(G) < 7yeeq(G). Since V(G) induces a connected closed geodetic
dominating set of G, it implies that ..4(G) < n. Therefore, the inequality holds. O

Lemma 3.3. Let G be a connected graph with cut-vertices. If S C V(G) is a Yeeg — set of G and x is a cut-vertex

of G, then every component of G — x contains an element in S.

Proof: Let G be a connected graph and = € V(G) be a cut-vertex of G. Let S C V(G) be a 7.¢4-set
of G. Then S is both connected closed geodetic set and a dominating set. Thus, by Remark 3.1, S is
a connected closed geodetic cover. Hence, by Theorem 2.20, every component of G — x contains an

element in S. O

Theorem 3.4. Let G be a connected graph of order n. Then

(i) every connected closed geodetic dominating set of graph G contains its extreme vertices
(ii) every end vertex belongs to every connected closed geodetic dominating set of G

(iii) every cut-vertex belongs to every connected closed geodetic dominating set of G.

Proof: Let G be a connected graph of order n.



Asia Pac. J. Math. 2026 13:164 6 of 12

(i) Letwv be an extreme vertex and let S be a connected closed geodetic dominating set of G. Note
that by Remark 3.1, S is a closed geodetic cover of G. Thus S is a closed geodetic dominating
set of G. Suppose that v ¢ S, then by Lemma 2.13, S is not a geodetic set of G. Thus, S is not a
closed geodetic dominating set of GG, which is a contradiction. Hence, each extreme vertex of G
belongs to every closed geodetic dominating set of G.
(ii) Follows directly from (i).
(iii) Let G be a connected graph and S C V(G) be a y¢g-set of G and C1,Cy, - - -, Cy, 7 > 2, be the
components of G — x. By Lemma 3.3, S contains at least one vertex from each component C;,

i=1,2,---,r. Since the induced subgraph (S) of G is connected, it follows that z € S. O

Lemma 3.5. Let G be a connected graph of order n. If every vertex of G is either an extreme vertex or a cut-vertex

then veeq(G) = n.

Proof: Let G be a connected graph of order n. Note that by Remark 3.1, S is a connected closed
geodetic set of G. Let any v € V(G) be either an extreme vertex or a cut-vertex. Then by Theorem 2.21,
v € S and ccgn(G) = n. This means that S = V(G). Hence, S is a dominating set of G. Therefore,
Yeeg(G) = n. O

Lemma 3.6. For any path graph Py, Yecg(Pn) = n for all n > 2.
Corollary 3.7. If n = 2, then Yeeg(Prn) = ccgn(Pr).

Corollary 3.8. The connected closed geodetic domination number of some special graphs are given as follows:

(i) The cycle graph C,, of n vertices with n > 6 has veeq(Cr) = n — 2

(ii) The complement of Cy, with n > 5 has ~eeg (Cp) = 4.
(iii) The Petersen graph G has yecq(G) = 6.

(iv) The star graph K1 1 of m = n + 1 vertices has Yeeq(K1,pn—1) = m.

(v) The wheel graph Wy, of m = n + 1 with n > 5 vertices has

'Ych(Wn) = [%1 + 1

(vi) The fan graph I, of m = n + 1 vertices with n > 4 has yeeq(Fr) = | 5] + 1.

(vii) The helm graph H,, of m = 2n + 1 vertices has Yecq(Hp) = m — 1.

Theorem 3.9. Let G be a nontrivial connected graph of order p. Then ~yeeq(G) = p if and only if G = K.

Proof: Let G be a nontrivial connected graph or order p. Let y..4(G) = p and suppose that G # K.
Then there exists u,v € V(G) such that dg(u,v) = 2. Now we construct a set of vertices in G, say
S ={v1,v9,...,ut} € C*(G), where k < p such that v; = u and vo = v. Since Ig[v1, v2] # {v1,v2} we
have I[S] # S. In fact I[S] = V(G). Thus k < p which means that v..,(G) < p. A contradiction to
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our assumption that y..4(G) = p. Therefore, G = K.

For the converse, let G = K,. Since G is a complete graph for any u,v € V(G), dg(u,v) = 1 and
Ig[u,v] = {u,v}. Thus every vertex of V(G) is an extreme vertex. By Theorem 3.4, V(G) is a connected

closed geodetic dominating set of G. Therefore, v..q(G) = p. O

Theorem 3.10. Let G be a nontrivial connected graph with order p. Then ccgn(G) = Yeeg(G) if and only if
G = K, a complete graph of order p > 2.

Proof: Let G = K, be a complete graph of order p. Then by Theorem 2.19 and Theorem 3.9, ccgn(G) =
P = Yeeg(G). Conversely, let ccgn(G) = veeg(G). Suppose that G # K. Then there exists u,v € V(G)
such that dg(u, v) = 2. Let [u, w, v] be a u-v geodesic. Then we can constructaset S = {vq,v,..., v} =
V(G)\{w}, since w € Ig[u,v] for which v; = v and v;y_; = wand I[S] = V(G). Since (S) is connected
and also the set S dominates all the vertices in G including w, k < p which means that v..,(G) < p. A

contradiction to our assumption that v..,(G) = p. Therefore, G = K,. O
Corollary 3.11. If G = Ky = P, then v..4(G) = 2.
Lemma 3.12. For any complete graph K, (n > 2), Yeeq(Krn) = n.

Theorem 3.13. For any two integers m,n > 2, the connected closed geodetic domination number of the complete

bipartite graph K, p, 15 Yecg(Km,n) = min{m,n} + 1.

Proof: Let G = K, ,. Let U and W be the partite sets of V(G) with orders m and n, respectively.
Note that by Theorem 2.14 the only possible closed geodetic covers S of G are when S = U; S = W;
S =UU{w} for some w € W;and S = W U {u} for some u € U. Observe that the only connected sets
are the sets when S = U U {w} for some w € W and S = W U {u} for some u € U. Thus, it remains to
show that the set S is a dominating set of G. Now we consider two cases:

Case 1: If S = U U {w} for some w € W. Note that w is adjacent to every vertex in U. Thus,
Nolw] = No(w) U {w}.

Case 2: If S = W U {u} for some v € U. Similarly, since u is adjacent to every vertex in W. Thus
Nglu] = W U {u}.

Therefore, Yeeg(Kpm,n) = min{m,n} + 1. O

Corollary 3.14. If m = n, then Yeeg(Kpmn) = n+ 1 forn > 2.

Corollary 3.15. The connected closed geodetic domination number of the complete multipartite graph K, p, . p,.

k
with order Zpi 1S Yeeg (Kpy po,..pp) = Min{p1,p2, ... pr} + L.
i=1
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Lemma 3.16. Let T be a tree with n vertices, then the connected closed geodetic domination number of T' is

Yeeg(T) = n.
Remark 3.17. For any tree, Yeeg (1) = ve(T) + cegn(T).
4. ConnNEecTED CLOSED GEODETIC DOMINATION NUMBER OF THE JOIN OF Two GRAPHS

In this section, we discuss the connected closed geodetic domination number of a graph obtained

from the join of two graphs.

Lemma 4.1. The connected closed geodetic domination number of a graph G, Yecq(G) = 3 if and only if either
G = K3 or G = Ko + H for some connected graph H.

Proof: Suppose that 7..4(G) = 3 and let S be the minimum connected closed geodetic dominating
set of G. By Theorem 3.10, vcy(G) = 3 implies G = K3. Otherwise, if S is a path of order 3, say
Ig[S] = {v1,v2,v3} with Ng[S] = V(G) and (S) is connected. Thus each vertex in V(G)\{vi,v3}
must be adjacent to both v; and v3. Hence there exists a connected graph say H such that v; and vs3
are adjacent to every vertex in H.Therefore G = K, + H. The necessity of this proof immediately

follows. .
Corollary 4.2. For any complete graphs K, and K,. Then
Yeeg(Km + Kp) = min{m,n} + 1.

Since the join of two complete graphs is a complete graph, we have the following consequence of

Theorem 3.10.
Corollary 4.3. Let K, and K, be complete graphs of orders m and n respectively. Then yeeq(Kpm+Ky) = m+n.

The next results will give the necessary condition for the graphs G = H + K, that has a connected
closed geodetic dominating set where H is a connected noncomplete graph and K, a complete graph.
First let us consider the collection of minimal connected closed geodetic dominating set of a connected

graph G denoted by C*(G).

Lemma 4.4. Let G be a connected noncomplete graph, and S C V(G). If S € C*(G) or a 2-path connected

closure absorbing set, then the induced subgraph (S) is not complete.

Proof: Let G be a connected noncomplete graph. Let S C V(G) be a 2-path closure absorbing set in
G. If S = V(G), clearly the result is trivial. Suppose that S # V(G). Let w € (V(G) N .S). Since S is a
connected 2-path closure absorbing set, then there exist = € S such that dg)(u, w) = d(gy(w,u) = 1. Let
w ¢ S, then there exist u, v € S such that dg)(u,v) = dg(u,v) = 2 and w € Ig[u,v]. These show that
the subgraph (5) of G is not complete. Suppose that S € C*(G) and (S) is complete. Then I[S] = 5,

a contradiction. Therefore, the result follows. O
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Theorem 4.5. Let H be a connected noncomplete graph and let G = H + K,,. If S is a 2-path connected closure
absorbing in H and S C V(H) if and only if S C V(G).

Proof: Let H be a connected noncomplete graph and let G = H + K,. Suppose that S is a 2-path
closure absorbing in H and S C V(H). Note that by Remark 2.17, S is a closed geodetic cover of G.
Then by Theorem 2.15, S € C*(G). It remains to show that S dominates the graph G. Since every
vertices in H is adjacent to every vertices in K, there exist u,v € S with d/g)(u,v) = 2 such that
every vertices in K, lies a u-v geodesic in G and dg(u, v) = 2. This implies that V' (K,) C Ng[S]. Thus,
V(G) =V(H)UV(K,) C Ng[S]. Hence, S dominates the graph G. Therefore, S is a y.4-set, that is
S CV(Q).

For the converse, suppose S C V(G). Let w € V(H)\S, by Lemma 4.4, (S) is not complete. Thus
there exist u, v € S such that d (g (u,v) = 2and w € I gy [u,v]. It follows that u,v € V/(H) N.S. Suppose
further that w € V(K,) N S. Since S is connected, dg(w,u) = 1 forallu € V(H) NS and u # w.
However, if w € V(K})\S, then again by Lemma 4.4, there exist u, v € S such that d ) (u,v) = 2 and
that w € Ig[u,v]. Consequently, I;[S] = V(G). Therefore, S is a 2-path closure absorbing in G. Since
all vertices in V(K),) is an extreme vertices and also by the fact that S is 2-path connected closure

absorbing set, these follow that S C V(H). O

Theorem 4.6. Let H be a connected noncomplete graph and G = H+ K. If S'is a yceq-set of G, then S C V(H)

and S is a 2-path connected closure absorbing set in G.

Proof: Let H be a connected noncomplete graph and G = H + K,. Suppose that S C V(G) is a y.cg-set
of G. Suppose w € V(H)\S, by Lemma 4.4, (S) is not complete. Thus there exist u,v € S such that
di(u,v) = 2and w € Ig[u,v]. It follows that, u,v € (V(H) N S). Suppose further that w € (K, N .S),
since S is connected dg(u,w) = 1 forall w € (V(H)N S) and u # w. However, if w € (V(K,)\S),
then by Lemma 4.4, there exist u,v € S such that dy(u,v) = 2 and that w € Ig[u,v]. Consequently,
I¢[S] = V(G). Therefore, S is a 2-path connected closure absorbing set in G. O

Corollary 4.7. Let H be a connected noncomplete graph and G = H + K, then
Yeeg(G) = min{|S| : S = T U {v} wherev € V(K,),S € C*(G) and P2[T|y = V(H)}.

Proof: Let G = H + K, where H connected noncomplete graph. Thus, S is a connected closed
geodetic and a dominating set. Let T" be the set of minimum cardinality such that " € C*(G). Then
by Theorem 2.16, P;[T|y = V(H) for which " C V(H). Thus (T) is not connected in G. Hence,
construct S = T'U {v} where v € K),. Hence () is connected in G. Note that for every vertex v € K,

Ng[S] = V(G). Thus S is a dominating set of G. Therefore, the result follows. O
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Corollary 4.8. If H is a connected noncomplete graph and G = H + K, then veeq(G) = ccgn(Q).

Corollary 4.9. Let H be a connected noncomplete graph and let G = H + K. If diam(H) = 2, then
’chg(G) = 'chg(H)-

Proof: Let G = H + K, where H is a connected noncomplete graph with diam(H) = 2. Let S C V(H)
and (S) € G. Then by Corollary 4.7, Yeeg(G) = S| > Yeeg(H). On the other hand suppose S be a
Yeeg-set of G. Then by Theorem 4.6, then S C V(H) and S is a 2-path connected closure absorbing
set in G. Since S is a 2-path connected closure set in G' and diam(H) = 2. Thus, yeey(H) = |V (H)|.
Therefore, Yoy (G) = |S| < [V (H)| = Yeeg(H). Thus, the result follows. O

Corollary 4.10. The connected closed geodetic domination number of the join of some special graph and a
complete graph are given as follow:
(1) Yeeg(Kp + Po) = [243] + 1, forn > 3.

(1) Yeeg(Kp+ Cn) = [254] + 1.

(ii1) Yecg(Cn + K1) = Yecg(Wn) = ["51] +1, forn > 3.
(1) Yeeg(Kmn + Kp) = min{m,n} + 1.
(0) Veeg(Fn + Kp) = [+ 4+ 1.
(©1) Yeeg(Win + Kp) = [5] + 1.

To this end, we will give necessary conditions for those graphs whose join has a connected closed

geodetic dominating set. First, let us consider the following results.

Theorem 4.11. Let G = H + K, where H and K are connected noncomplete graphs. If either
(i) S={TU{v}:veV(H)and T C V(K)}, T is a 2-path closure absorbing set in K and (T') € K, or
(i) S={TU{v}:ve V(K)and T C V(H)}, T is a 2-path closure absorbing set in H and (T') € K

then S € C*(G).

Proof: Let S = {TU{v}:v € V(H)and T C V(K)} and T be a 2-path closure absorbing set in
K. Note that (T') € K. Then T € C*(H), by Theorem 2.22, S € C*(G). Since T is a 2-path closure
absorbing set in K and by joining a vertex v € V(G)\V (K) it implies that 7" U {v} is connected in G.
Now it remains to show that S dominates G. Since 7' is a 2-path closure in K and every vertices in
K are adjacent to every vertices in H, there exist u,v € T such that every vertices in H lies on a u-v
geodesic with dg(u,v) = 2. Thus T' dominates in H. Consequently, S dominates G. Hence S € C*(G).

A similar argument shows the other case. O

Theorem 4.12. Let G = H + K, where H and K are connected noncomplete graphs. If S is a vecq-set of G,

then either
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(i) S={TU{v}:veV(H)and T C V(K)}, T is a 2-path closure absorbing set in K, or
(i) S={T'U{v}:veV(K)and T C V(H)}, T is a 2-path closure absorbing set in H.

Proof: Let G = H + K, where H and K are connected noncomplete graphs. Suppose that S is a
Yeeg-set of G. Then S is also a ccg-set of G and at the same time dominating set of G. Thus, by Theorem

2.23, the conclusion follows. U
Theorem 4.13. Let G = H + K, where H and K are connected noncomplete graphs. Then
'chg(G) = min{rv Q}

whereI' = {|S|: S={TU{v}:veV(K)and T CV(H)},T € C*(G)and T isa
2-path closure absorbing set in H}y and Q = {|S|: S ={T'U{v} :v e V(H)and T C V(K)},T € C*(G)
and T is a 2-path closure absorbing set in K}.

Proof: Let H and K be connected noncomplete graphs and G = H + K. Suppose that S C V(G)
is a Yecg-set of G. Then by Theorem 4.12, we have S = {TU {v} :v e V(H)and T C V(K)} and T’
is a 2-path closure absorbing setin K or S = {T'U {v} : v € V(K)and T C V(H)} and T is a 2-path
closure absorbing set in H. Thus, Y.y(G) > min{I',Q}, where I' = {|S| : S = {T'U {v} : v € V(K) and
T CV(H)}, T € C*(G) and T is a 2-path closure absorbing setin H} and Q@ = {|S| : S = {T' U {v} :
veV(H)and T C V(K)},T € C*(G) and T is a 2-path closure absorbing set in K }. By Theorem 4.11,
Yeeg < min{I’, Q}. Combining the two inequalities, the results follows. O

Corollary 4.14. The connected closed geodetic domination number of the join of some special graphs are given

as follows:

(1) Yeeg(Pm 4 Pn) = min{[™H], (28] + 1 for m,n > 2.
(1)) Yeeg(Cm + Cp) = min{m,n} + 1.
(1i1) Yeeg(Cm + Cp) = min{m, n} + 1.
(70) Yeeg (P + Cn) = min{[#34], [5] + 1.

Corollary 4.15. Let G = H + K, where H and K are connected noncomplete graphs. If diam(H) =
diam(K) = 2, then v..4(G) = 3.

Proof: Let G = H + K, where H and K are connected noncomplete graphs with diam(H) =
diam(K) = 2. Note that H, K € {P3, Ki,-1}. The only possible joins of graph are when P3 + P,
P;+ Ky ,—1 and Ky ,—1 + K1 ,—1, either case the diam H + K is 3. Then by applying Theorem 4.13, we
can have the result v..4(G) = 3. O
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5. ConcLusioN

This paper introduced the concept of the connected closed geodetic domination number of a con-
nected graph, which combines the properties of geodetic closure, connectivity, and domination into a
single graph parameter. Fundamental properties of connected closed geodetic dominating sets were
established, providing a framework for analyzing this new parameter. The connected closed geodetic
domination numbers of several classes of special graphs were determined, illustrating how the param-
eter behaves in different graph structures. Moreover, characterizations of connected closed geodetic
dominating sets in graphs obtained from the join of two connected graphs were presented, leading to
explicit results for their connected closed geodetic domination numbers. These findings broaden the
study of geodetic domination in graphs and provide a foundation for further investigations on this

parameter in other graph families and graph operations.
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