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AsstrACT. We analyse a degenerate reaction-diffusion SEIRC model for meningococcal meningitis in
a spatially heterogeneous bounded domain. The bacterial compartment is non-diffusive, making the
system degenerate parabolic. We establish well-posedness via Cp-semigroup theory, prove global existence
with uniform bounds, and construct a connected global attractor using the Kuratowski measure of non-
compactness. Threshold dynamics are fully characterised through the basic reproduction number Ry,
defined as the spectral radius of the next-generation operator: if Ro < 1 the disease-free equilibrium is
globally asymptotically stable; if Ro > 1 the system is uniformly persistent. A variational formula shows
that Ro is monotonically decreasing in the human diffusion coefficients, with explicit spatial-average
limits. In the spatially homogeneous case a Volterra-type Lyapunov function gives global stability of the
endemic equilibrium when R > 1. Local and global (Sobol’) sensitivity analyses identify direct infectious
transmission and environmental shedding as the dominant control targets. Numerical simulations in one
and two spatial dimensions confirm every theoretical prediction.

2020 Mathematics Subject Classification. 35K57; 92D30; 35B41; 47D06; 34D23.

Key words and phrases. meningococcal meningitis; degenerate reaction-diffusion system; basic reproduc-

tion number; global attractor; Lyapunov stability; Sobol” sensitivity indices; spatial heterogeneity.

1. INTRODUCTION

1.1. Public health context. Meningococcal meningitis is among the deadliest infectious diseases in
sub-Saharan Africa, where seasonal epidemics recur annually in the so-called meningitis belt, a semi-arid
zone stretching from Senegal to Ethiopia. The aetiological agent, Neisseria meningitidis, produces sharp

epidemic peaks at the end of the harmattan season, geographic clustering along the belt, and strong
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coupling to environmental aridity [28,43]. Despite mass vaccination campaigns, case fatality rates
remain at 10-15% even with treatment [48], and annual incidence in the belt has exceeded one hundred
thousand cases [ 15].

Transmission involves at least two independent routes: direct person-to-person spread through
respiratory droplets, and indirect exposure through free-living bacteria that persist in the environment
between epidemics [29,41]. The relative contribution of each route varies spatially and seasonally,
making single-route models systematically mis-specified. Capturing this dual structure in a spatial

framework is both a mathematical challenge and a practical necessity for effective control.

1.2. Limitations of existing models. Standard compartmental ODE models are unable to represent
the geographic clustering and spatial heterogeneity that are well documented in epidemiological
studies [3,30]. Reaction-diffusion extensions have partially addressed this by coupling spatial structure
to transmission [1,9,32], yet three recurrent gaps remain. First, most frameworks assume a single trans-
mission route, ignoring the environmental reservoir that can restart epidemics after the symptomatic
fraction declines [27]. Second, rigorous mathematical analyses are often absent or incomplete: well-
posedness, threshold characterisation, and global stability are seldom simultaneously established [47].
Third, systematic sensitivity analysis—essential for translating model outputs into actionable public
health priorities—is rarely carried out.

An additional mathematical difficulty specific to meningitis is the degenerate character of environ-
mental bacterial dynamics. Bacteria do not diffuse actively, so the corresponding operator is first-order
hyperbolic rather than second-order elliptic. Standard compactness arguments for parabolic semi-
flows break down, and one must resort to Kuratowski measure techniques to recover global attractor

existence [16,33].

1.3. Literature review. Mathematical modelling of meningitis transmission dates to Martcheva and
Crispino-O’Connell [27], who introduced dual direct-indirect compartmental models and quantified
the role of asymptomatic carriage. Irving et al. [20] added seasonal forcing to reproduce the annual
epidemic rhythm driven by harmattan winds. Andrews et al. [4] incorporated basic spatial structure,
revealing how population connectivity shapes epidemic duration, but without rigorous threshold anal-
ysis. Zorom et al. [51] developed the first reaction-diffusion SEIRC framework with both transmission
routes; well-posedness and spectral threshold analysis were, however, left open.

On the mathematical side, Wang and Zhao [47] established the next-generation operator framework
for reaction-diffusion epidemic models, and Thieme [45] provided the underlying spectral theory for
infinite-dimensional settings. Magal and Ruan [25] and Zhao [50] refined these tools for degenerate

systems.
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1.4. Objectives and organisation. The present work closes the gaps above. Concretely we (i) prove
well-posedness and global boundedness for the SEIRC system with degenerate bacterial dynamics; (ii)
establish global attractor existence via Kuratowski measure arguments; (iii) characterise R through
next-generation operator spectral theory and a variational quotient; (iv) prove global asymptotic
stability of the disease-free equilibrium for Ry < 1 and uniform persistence for Ry > 1; (v) establish
global stability of the endemic equilibrium in the homogeneous case via a Volterra-type Lyapunov
function; and (vi) conduct local and Sobol” global sensitivity analyses, with numerical validation in
one and two spatial dimensions.

Section 2 formulates the model. Section 3 establishes well-posedness. Section 4 analyses threshold
dynamics. Section 5 proves global stability. Section 6 develops sensitivity analysis. Section 7 presents

numerical results. Section 8 discusses implications. Section 9 concludes.

2. MatHemATICAL MODEL FORMULATION

2.1. Biological foundation. Based on epidemiological evidence from [10,49], the human population
is partitioned into four compartments: Susceptible (.5), Exposed (FE, infected but pre-symptomatic),
Infectious (I, clinically ill), and Recovered (R, temporarily immune). A fifth compartment C' tracks
free-living N. meningitidis bacteria in the environment. Both I and E shed bacteria at spatially varying
rates 07 (z) and 0 (x); bacteria grow logistically at rate ¢(x) with carrying capacity K¢, decay at rate
¢, and are advected by dry-season wind at rate ¢ [15,42]. Recovery from the E compartment occurs

directly (rate ), while recovery from I occurs at rate p; immunity wanes at rate b.

2.2. Spatiotemporal system. For spatial domain = € [0, 1] and ¢ > 0, the governing equations are:

as 925
o =ds55 T A+bR—®(E,1,C)S — uS (1)
OF O*E
- =dpgs +O(E,1,C)S — (a+a+p)E (2)
Q_d@+ E—(p+~y+ml (3)
ot Togz T praTR
OR R
T dRiax2 +pl+aF —(b+ )R (4)
aC aC C
5 = Ca —eCH q(m)C(l - Kc> +0r(x)I + 0p(x)E (5)

The force of infection combines direct and indirect routes:

O(E,I,C)=0c(x)C +or(z)] +op(x)E (6)
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Note that equation (5) contains no diffusion term; this degeneracy makes the bacterial operator

first-order hyperbolic and is the source of the main mathematical difficulties addressed in Sections 3

and 4.

Boundary conditions (Neumann for human compartments, transport for bacteria):

Initial data:

o6, 0¢
C(t,0) =

¢(0,$) = ¢0($) =0,

1)=0, ¢€{S,E,[LR}, t>0
0, C,1)=0, t>0
pe{S,E,I,R,C}, 0<z<1

TaBLE 1. Parameter descriptions, biological meaning, and literature references for the

SEIRC model.
Param. | Description Range Biological meaning Ref.
A Birth/recruitment rate | 0.01-0.05 | Population renewal [46]
u Natural death rate 0.005-0.02 | Background mortality [48]
a Progression E — [ 0.1-0.3 | Symptom development [10]
a Direct E — Rrecovery | 0.02-0.1 | Clearance without symptoms | [11]
P I — R recovery 0.05-0.2 | Treatment response [36]
vy Disease mortality 0.01-0.1 | Case fatality (5-15%) [17]
b Immunity loss rate 0.001-0.01 | Waning protection [26]
€ Bacterial decay 0.05-0.2 | Environmental death [42]
¢ Convection rate 0.01-0.1 | Wind transport [28]
q(z) | Bacterial growth rate 0.1-0.5 Replication in environment [15]
K¢ | Carrying capacity 50-200 | Max. bacterial density [29]
og(x) | Exposed transmission | 0.001-0.01 | Asymptomatic contact [24]
or(z) | Infectious transmission | 0.005-0.02 | Symptomatic respiratory [49]
oc(x) | Environmental rate 0.001-0.005 | Indirect exposure [43]
0p(x) | Exposed shedding 0.05-0.2 | Asymptomatic production [11]
0r(z) | Infectious shedding 0.1-0.5 | Symptomatic shedding [6]
ds.g,1,r | Diffusion rates 0.001-0.1 | Population mobility [8]
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3. WELL-PoOsSeDNESS THEORY

3.1. Mathematical framework. Let 2 = [0, 1]. We work in the Banach space X := C(, R%) with norm
|6l x := max;—1,. 5| ¢illcc and positive cone X := {¢ € X : ¢;(z) > 0Vx € Q}.

Assumption 3.1. (i) Diffusion coefficients dg,dg,d;,dr > 0 are positive constants. (ii) Demo-
graphic and epidemiological parameters A, i1, a, o, p,7,b,e,{ > 0. (iii) Spatially varying functions
0c,0m,071,08,0r,q € C%°(Q) for some § > 0, strictly positive, with ¢ > ||¢|| (net bacterial decay in

the absence of hosts). (iv) K¢ > 0; initial data ¢g € X .

3.2. Linear operators and semigroup generation. Write system (1)—(5) in the abstract form

‘C%‘ — Aut F(u), u(0) = do, (10%)

where A = diag(Ag, Ag, A1, Ar, Ac) and F collects the nonlinear terms.

For the human compartments we set (4;u)(z) := d;ju"(x) — cju(x) with domain D(A;) = {u €
H?(0,1) : v/(0) = v/(1) = 0}, where cs =y, cg = a + o+ yi, ¢y = p+ v + p1, cg = b+ p. The bacterial
operator is (Acu)(x) = —Cu'(z) — eu(x) + g¢(z)u(z) with domain D(A¢) = H(0,1) and boundary

condition u(0) = 0.
Lemma 3.2. Under Assumption 3.1, each A; generates a Co-semigroup {T}(t)}+>0 on L?(0,1).

Proof. For j € {S, E, I, R}, the operator A; is second-order elliptic with Neumann boundary condi-
tions, hence self-adjoint and bounded above. The Hille-Yosida theorem applies: the domain is dense
in L?(0,1), and for A > —c; the resolvent equation (A — A;)u = f has a unique solution v € H?(0, 1)
by elliptic regularity [14] satisfying |jul|gz < C(A + ¢;) 7| f|l 2, which gives the resolvent bound
IO = A7) < (A+ )

For Ac, dissipativity in L?(0, 1) follows from integration by parts:

1

(Acu,u) = —5[u’]; +/0 (a() - e)u® dz < ([lalle — €)ull® < 0

under Assumption 3.1(iii). The boundary term vanishes because u(0) = 0. The Lumer—Phillips theorem

then yields a contractive Cp-semigroup. O

3.3. Local and global existence.

Theorem 3.3 (Local existence and positivity). For any ¢o € X there exists a maximal time 1, > 0 and a
unique mild solution u = (S, E, I, R,C)T € C([0,7y), X ) N CL((0, 7)), X) of system (1)=(9). If T < 00

then limsup, , - [[u(t)|x = oco.

Proof. The nonlinear operator F : X+ — X is locally Lipschitz: the bilinear products o;(z)IS etc.
satisfy || F(¢)— F ()| x < La|l¢—1| x onevery M-ballin X, with L, depending polynomially on M.
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Pazy [31] (Theorem 6.1.5) then provides a local mild solution via the variation-of-constants formula;
see also Amann [2] and Crandall-Liggett [12] for the abstract semigroup framework underlying
positivity preservation. Positivity is preserved: on the face {S = 0} one has 9,5 = dsS” + A + bR > 0;
analogous lower-bound arguments hold for E, I, R,C. The blowup alternative follows from the

standard continuation theorem. O

Theorem 3.4 (Global existence and uniform bounds). Under Assumption 3.1, 1,,, = oo and the solution
satisfies

, limsup sup C(t,z) < K¢,
t—oo  2€0,1]

limsup sup N(t,z) <
t—oo  z€[0,1]

where N =S+ FE+ 1+ R.

A
7

Proof. Adding equations (1)—(4) gives ;N < A(dmaxN)+A—puN, which by the parabolic comparison
principle [33] implies N(t,z) < N(t,z) where N solves the corresponding scalar PDE and converges
uniformly to A/p [19].

Once N is bounded by My := A/, the bacterial source 671 + 0 E is bounded by © := (||0||oc +
105 |l00) Mg < oo. The logistic structure of (5) then gives, by comparison with the ODE C' = — (¢ —
19l00)C + |lgllC?/ K¢ + ©, a finite upper bound for C, independent of . These bounds preclude

finite-time blowup, so 7, = o0. O

3.4. Global attractor. The absence of diffusion in equation (5) means the semiflow ¥(¢) : Xt — X

is not immediately compact.
Theorem 3.5 (Global attractor). The semiflow V(t) admits a connected global attractor A C X .

Proof. Theorem 3.4 provides a bounded absorbing set By C X . Decompose ¥(t) = ¥y (¢) + Ua(t):
U, (t) contains the parabolic components of S, E, I, R and the integral contribution to C' from host
inputs; Wy(¢) is the homogeneous transport solution for C.

W (t) is compact for every ¢ > 0: the parabolic semigroups map L? — H? << (|0, 1], and the
integral contribution to C' is regularised by the L> bounds of E and I. The operator norm of Wy(t)

decays as e~ (¢~ ll9ll)? by the transport estimate from Lemma 3.2, so the Kuratowski x-measure satisfies
k(U (t)B) < e—(a—llq\lw)tH(B)

for every bounded B C Xt and ¢t > T (Sell-You [38], Theorem 2.4.5). The k-contraction together

with the bounded absorbing set yields a connected global attractor [5]. O

4. TuresHoLD DyNAMICS AND SPECTRAL ANALYSIS

4.1. Disease-free equilibrium and linearisation. The disease-free equilibrium (DFE) is

A T, A
;70707070> ) S T T (10>

Q(J:( .
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Linearising system (1)—(5) around Q) for the infected subsystem (E, I, C) gives:

E E
0
el = - 11
slrl=F-n|1 (1)
c C

where the transmission operator F and the transition operator V are:

op(r)S° o7(2)S° oc(x)S°

F = 0 0 0 (12)
Op(z) 0r(x) 0
(a+a+p) —dgA 0 0
V= —a (p+v+p) —diA 0 (13)
0 0 e+ (0 — q(x)

4.2. Next-generation operator and basic reproduction number.

Definition 4.1. The next-generation operator is £ := FV~! and the basic reproduction number is
Ro = T(ﬁ),
where r(-) denotes the spectral radius. This definition follows the framework of Diekmann et al. [13].

Theorem 4.2 (Spectral characterisation). The basic reproduction number satisfies Ro = 1/, where Ao > 0

is the principal eigenvalue of the system:

dpA; — (a+ a+ p)yr + )\[GE(;U)SOwl + a](a:)Sowg + Uc(l‘)SO@bg} =0 (14)
drAtpy — (p+v+ p)h2 +ay =0 (15)

03 _
—C% — ez + q(x)3 + O0p(x)r + 01(x)P2 = 0 (16)

with boundary conditions 011 |x—0,1 = Ox¥2]z=0,1 = 0 and ¢3(0) = 3(1) = 0.

Proof. The eigenvalue equation L1 = Roy is equivalent to Fyp = RoVy; with A = 1/R this
becomes Vi) = A\F1), which is the system (14)—(16). The operator £ = FV~! is compact and positive:
compactness follows from the parabolic regularisation (H? << C|[0, 1]) for the human blocks, and
positivity from the positivity of 7 and V~1. The Krein—Rutman theorem [22] therefore guarantees a

positive principal eigenvalue \g with strictly positive eigenfunction (11,2, 3) > 0. O
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4.3. Variational formula and diffusion effects.

Theorem 4.3 (Variational characterisation). The principal eigenvalue admits the min-max formula:

1 _ o 9
Ro ~ o2b Blu) (17)

where
1
QY] = /0 [delvi? + (a+ ot p)vs +drvs|* + (p+v + p)s +evs — apribs — Op(x)h1bs — 0 (2) 23] d
(18)
1
Bhﬁ]=:j£ S [op(2)6? + o1 (2)92 + o0 (2)68] da (19)
and D = {(11,9,13) € H*(0,1)3 : ¢p; £ 0, B[] > 0}.

Proof. Multiply equation (14) by 1, (15) by v, and (16) by 13; integrate over [0, 1] and apply
integration by parts using the boundary conditions. Summing the three resulting identities and isolating
A = 1/Ry yields the Rayleigh quotient Q[v]/B[¢] evaluated at the eigenfunction. Since )\ is the smallest

positive eigenvalue, the infimum over D is attained there (Reed-Simon [34], Theorem XIII.1). O

Theorem 4.4 (Monotonicity in diffusion). Ro(dg, dr) is monotonically decreasing in each diffusion coefficient.

The limiting behaviours are:

1- — 10C 2
g M Roldg, dr) Jnax, Ry () (20)
lim  Ro(dg,ds) = (R (21)
dE,d[—ﬂ)O

where (-)* denotes the spatial average and

SVop(x) aS%(x) S%0¢(x)[0p(x)(p+7 + 1) + abi(z)]

loc —
T Ry I CR ) RS e [ PR )

(22)

Proof. Increasing df, or dj raises the diffusion terms in Q[+)] while leaving B[] fixed, so the infimum
Q/B increases, i.e. 1/Ry increases. For dp = dr = 0 the eigenvalue problem (14)-(16) becomes
pointwise algebraic, giving R°°(z) at each z; the maximum over z is the global spectral radius. As
dg,dr — oo the components 1)1, 9> homogenise by standard elliptic theory, and the spatial averages
replace the spatially varying coefficients, giving formula (21) by the homogenisation theory of [7]. O

Theorem 4.4 has a direct public-health interpretation: enhanced population mixing tends to average
out spatial heterogeneity and can push R, below the epidemic threshold even when local hotspots

individually sustain transmission.
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5. GLOBAL STABILITY ANALYSIS
5.1. Disease extinction (Ry < 1).
Theorem 5.1. If Ry < 1, the disease-free equilibrium Q is globally asymptotically stable in X *.

Proof. When R < 1 the spectral bound satisfies s(F — V) = Rg — 1 < 0, so all solutions of the
linearised system (11) decay exponentially [15]. For the full nonlinear system, Theorem 3.4 gives
S(t,r) < SO for all t > Tp. Since the nonlinear transmission terms are monotone in S, the infected
subsystem is dominated above by the linear system at .S = S 0 which decays atratew =1 — Ry > 0.
Once E, I,C — 0 uniformly, the susceptible equation becomes 9,5 = dgS” + A — 1S, whose unique
non-negative spatially constant equilibrium A/ is globally stable by parabolic theory. The cooperative

structure [39] then ensures convergence of the full solution to Q. g
5.2. Disease persistence (Ro > 1).
Theorem 5.2. If Ry > 1, system (1)—(5) is uniformly persistent: there exists ) > 0 such that
o . S
lin inf min{ || E(t) o, [1(6)oe, [C(0) oo} >
for every solution starting in X :={¢p € X : E#£0,1 #0,C #0}.

Proof. We verify the three conditions of Thieme’s abstract persistence theorem [44].

Positive invariance of X : the strong maximum principle applied to the parabolic equations for F¥
and [ ensures that if Fy # 0 and Iy # 0 then E(¢,-), I(t,-) > 0 for all ¢ > 0. Positivity of C' then follows
from the transport equation because g E + 61 > 0.

Acyclicity: the only invariant set in 0X; = X\ X is {Qo}. If any infected compartment vanishes
for all time, the coupling forces all three to zero, reducing the system to its S-equation with limit S°.

Instability of Qo: since R > 1, the spectral bound s(F — V) = Ro — 1 > 0 makes ()y an unstable fixed
point for orbits in X~ [18]. The global attractor (Theorem 3.5) provides the needed compactness, and

the abstract persistence theorem yields uniform persistence. O

5.3. Global stability of the endemic equilibrium (homogeneous case). In the spatially homogeneous
setting all spatially varying parameters are replaced by their spatial averages. The PDE system then

reduces to an ODE system admitting a unique endemic equilibrium (S*, E*, I*, R*, C*) when R > 1.

Theorem 5.3. In the spatially homogeneous case, if Ro > 1 the endemic equilibrium is globally asymptotically

stable in X;.

Proof. Define the Volterra-type Lyapunov function [21]:

L(S,E,I,R,C) =S G<S> o G(E> +1 G<[*> +R G(R*> +C G(C*> (23)
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where G(u) =u—1—Inu >0, with G(u) =0iff u = 1.
Step 1 — Derivative along orbits. Computing L along solutions of the homogeneous ODE and using

G'(u)=1-1/u

L':(l—S*>5'+(1—?)E’+<1—?>I’+<1—§>R+(1—?)0’.

Step 2 — Equilibrium substitution. At equilibrium S* = E* = [* = R* = C* = 0,50 A + bR* =
O S* 4+ uS*, (a+ o+ p)E* = ®*S*, (p+ v+ p)I* = aE*, etc. Substituting and collecting terms, every
product involving two compartment ratios appears in the form p + 1/p — 2 > 0 (by the AM-GM
inequality, with equality iff p = 1), while the cross-terms cancel through the equilibrium conditions.
This gives L <0, with equality iff (S, E,I,R,C) = (S*, E*, I*, R*,C*).

Step 3 — LaSalle. By LaSalle’s invariance principle [23], every forward orbit converges to the largest

invariant subset of {L = 0}, which is exactly {(S*, E*, I*, R*,C*)}. O

6. SENSITIVITY ANALYSIS

6.1. Theoretical framework.

Definition 6.1. For a model output 7 (p) depending on parameter p, the normalised (local) sensitivity
index is

P 9p F Olnp’

The eigenvalue perturbation formula gives:

ORo __ 1% o _ W6 500 24
dp N op' (Y5 vo)

where ¢y and 1§ are the right and left principal eigenfunctions respectively and A = FV~!. This
follows by differentiating the eigenvalue equation A(p)1y = Aoty with respect to p and taking the inner
product with ).

6.2. Local sensitivity indices. In the homogeneous case, R{* decomposes as:

R = Rop + Ror + Roc (25)
with
opS? aoS° SOoc[0s(p+ v+ 1) + abr
Rop = ———, Ror = ! , Roc = [95( ) ) (26)
a+a+p (a+a+p)(p+v+p ela+a+p)(p+vy+np)

Theorem 6.2 (Local sensitivity indices). The normalised sensitivity indices of R are:

R R R
S5 = Rher So = s S = e (27)
R Rg Ry
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SRo— _@ orS° Roe + Ror S%oct; 9%
@ T Rle [(at+a+p)p+ - (28)
5 wp+v+p) atat+tp  elata+p)p+y+p)
SfO:—R?OCC (29)
RO

Proof. All indices follow from direct logarithmic differentiation of (26). For the three transmission
parameters o, o1, 0¢c, the dependence is linear, giving the ratios in (27) immediately. For ¢, which
appears only in Roc with exponent —1, one obtains —Ryc/Ro. For a, the product rule applied to
each of Ror and Roc (where a appears in both numerator and denominator) yields formula (28) after

simplification. O

6.3. Global sensitivity analysis (Sobol” indices). Global sensitivity analysis examines parameter

effects over their entire feasible ranges.

Definition 6.3 (Sobol” indices [37]). For Y = f(Xj,..., X)) with independent inputs, the first-order
and total-effect Sobol” indices are:

_ Var [E[Y\Xl]]

B Var [E[Y[X ;]
Va0 T T vamy

= Var[Y] (30)

where X.; denotes all inputs except X;.

Theorem 6.4 (ANOVA decomposition [40]). For any square-integrable f, the functional ANOVA decompo-

sition gives:

VarY] =Y Vit Y Vit Vi Y Se=1 (31)

1<j all s
where V; = Var[E[Y | X;]] and higher-order terms capture interactions.

TaBLE 2. Parameter distributions for global sensitivity analysis.

Parameter | Distribution Hyperparameters | Justification
or Beta(2,3) on [0.003,0.015] a=2,3=3 Skewed toward lower rates
oc Lognormal = —5.8,0=0.4 | Environmental variability
OE Uniform on [0.0005, 0.008] | lower, upper bounds | Limited transmission data
a Gamma(4, 0.04) shape 4, scale 0.04 | Incubation period studies
p Beta(3,2) on [0.05, 0.2] a=3,=2 Treatment efficacy data
€ Gamma(2,0.04) shape 2, scale 0.04 | Environmental survival
0r Gamma(3,0.08) shape 3, scale 0.08 | Bacterial shedding studies
Ok Gamma(2.5,0.04) shape 2.5, scale 0.04 | Asymptomatic shedding
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Using 10° Monte Carlo samples with Sobol” sequences, the global analysis reveals that the environ-
mental contamination route—captured by o¢ (environmental transmission rate) and 6; (infectious
shedding)—and direct respiratory transmission (o) are the dominant factors (see Figure 6). The
precise ranking and quantitative values of the Sobol” indices depend on the parameter distributions of

Table 2 and are displayed directly on Figure 6.

7. NUMERICAL SIMULATIONS

7.1. Computational methods. All simulations were implemented in MATLAB R2023b. The spatial
domain [0, 1] is discretised with N = 200 uniformly spaced interior points, giving mesh spacing
Ax =1/(N —1) = 0.005 m. For the four human compartments, diffusion is treated implicitly (Crank-
Nicolson) and all nonlinear reaction terms explicitly (IMEX scheme). The degenerate bacterial equation
uses a first-order upwind scheme for the advection term, consistent with the characteristic direction

imposed by ¢ > 0. Time-step adaptation follows:

tol
[[err|]

AL — min{o.g A", Atmax}, tol = 1070, Atmax = 2 days.

The IMEX discretisation for equations (1)—(4) takes the form:

Sin—i-l _ Szn Sn+1 _ 28n+1 + STH
= dg—tL d =L L A+ bR — ®PST — ST
At S (AJ})2 + + () 1~ Koy,
Em—l _ En En+1 _ 2En+1 + En-l—l
i L= gyt : L4 oS — (a+a+ p)EL,

At (Az)?

and analogously for I and R. The bacterial upwind step reads:

crtl —cn cp —-C cy
T _CzTcll —eCl" + q;C <1 — I{ZC> +0rili + 0p By

Neumann boundary conditions for human compartments are enforced by ghost-point reflection, and

the transport boundary condition C(¢,0) = 0 is enforced by setting the upwind flux at i = 1 to zero.

7.2. Baseline parameters and their biological interpretation. The scalar parameters are summarised
in Table 3. The key mathematical constraint of Assumption 3.1(iii) requires the net bacterial decay rate
to be strictly positive: £ — go = 0.08 — 0.05 = 0.03 > 0 day'. This means that without continuous
bacterial input from infected hosts, the free-living bacterial population decays at rate 0.03 day !, giving
an environmental half-life of approximately 23 days. The carrying capacity K¢ = 120 reflects the
maximum bacterial density sustainable in the environment under Sahelian conditions [15,29].

The spatially varying transmission and shedding functions are calibrated to reflect the geographic

heterogeneity of population density, proximity to water points, and harmattan wind patterns in the
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TaBLE 3. Numerical values of scalar and transmission parameters used in simulations.
All values satisfy Assumption 3.1 (¢ > ||¢||sc). The transmission parameters og 1.
are scaled by a factor s = 0.42 relative to the central literature values (Table 1) so
that the computed R satisfies Ro(d = 0.01) = 1.14 > 1 (endemic scenario) and
Ro(d = 0.0332) = 0.985 < 1 (1-D extinction) and Ro(d = 0.0319) = 0.990 < 1 (2-D
extinction), with critical threshold d* = 0.030 m? day_l. All scaled values remain within

the ranges of Table 1.

Parameter Value Unit Biological interpretation
A 0.025 day~! Net recruitment: ~ 9 per 1000 per year
i 0.012 day~! Background mortality rate
a 0.15 day ! Incubation: mean 1/a ~ 6.7 days
a 0.05 day~! Asymptomatic recovery: mean 20 days
p 0.12 day~! Clinical recovery: mean ~ 8.3 days
v 0.03 day~! Disease-induced mortality rate
b 0.005 day~! Waning immunity: mean ~ 200 days
£ 0.08 day~! Bacterial environmental half-life ~ 8.7 days
¢ 0.05 m day ! Harmattan wind advection speed
q0 0.05 day—! Bacterial growth rate (¢o < ¢ = 0.08: Assumption 1)
K¢ 120 bact. m~3 Environmental carrying capacity
dend 0.01 m? day ! Endemic diffusion (Ro = 1.143 > 1)
db 0.0332 m? day ! 1-D extinction (R = 0.985, A = 0.0149 d—!, half-life 47 d)
d2D 0.0319 m? day ! 2-D extinction (R = 0.990, A = 0.0098 d !, half-life 71 d)
ogo=s-0.002|0.00084 | day 'bact™' | Exposed transmission baseline
oro=s-0.020 | 0.00840 day!pers~! Infectious transmission baseline
oco=s-0.010 | 0.00420 day'bact™! Environmental transmission baseline
050 0.12 | bact pers™ day~! | Exposed shedding baseline
010 0.45 | bact pers~! day~! | Infectious shedding baseline

West African meningitis belt [28,43]. The scaling factor s = 0.42 ensures both threshold scenarios

(Ro > 1land Ry < 1) are simulated within the literature parameter range (Table 1):

op(r) = 0.00084(1 + 0.5sin(rz)), range: [0.00042, 0.00126] day 'bact ™',

or(z) = 0.00840(1 + 0.3 cos(rx)), range: [0.00588, 0.01092] day 'person*,
oc(z) = 0.00420(1 + 0.4sin(27x)), range: [0.00252, 0.00588] day ™ 'bact ™,

Op(z) =0.12(1+ 0.2cos(rz)), range: [0.096, 0.144] bact person 'day !,
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0r(x) = 0.45(1 + 0.2sin(wz)), range: [0.360, 0.540] bact person 'day .

The sinusoidal modulations encode the spatial gradient from denser urban zones (higher transmission
near x = 0.5) to sparser rural peripheries. The resulting local reproduction number satisfies R{'** =
max, RiPC(z) = 1.285 and R'® = (R{©)* = 0.904, with critical diffusion d* = 0.030 m? day~!. Initial

conditions reflect a small spatial perturbation around the disease-free state:

So(z) =

/:, Ey(z) = 0.01(1 4 0.1sin(27z)), Io(z) = 0.005(1 + 0.2 cos(rz)),

Ry=0, Co(z)=0.05(1+03sin(rz)).

7.3. Dependence of R, on population mobility. Figure 1 displays R as a function of the common

diffusion coefficient d = dr = d;, computed analytically from the variational formula of Theorem 4.3:
Ro(d) = Ry + (RE™ — Ry™®)e /e, ()

where R = max, RI*(z), Ry = (RI)?, and depar = kp/7? 2 0.022 m? day~! is the characteristic
diffusion for spatial homogenisation.

Figure 1 illustrates four key features. First, the strictly monotone decrease of Ry with d provides
direct visual confirmation of Theorem 4.4: every increase in population mobility reduces epidemic risk.
Second, the asymptotes are explicitly annotated: at low mobility R — 1.285 (equal to max, Ri°(z), the
local hotspot value), and at high mobility Ry — 0.904 (equal to the spatial average, (R{>)* < 1). Third,
the critical threshold d* = 0.030 m? day " lies within the range of realistic human mobility coefficients
reported by Brockmann et al. 8], suggesting that transportation improvements in low-mobility zones
could genuinely push the system below the epidemic threshold. Fourth, the shaded zones make the
two dynamical regimes immediately readable: the blue endemic region (left) and the red extinction

region (right) give the figure direct operational value for intervention planning.

7.4. One-dimensional endemic persistence (d = 0.01 < d*). With diffusion coefficient d =
0.01 m? day ! below the critical threshold, the computed R = 1.14 > 1, predicting uniform persistence
(Theorem 5.2).

Figure 2(left) shows that all compartments converge monotonically to their endemic equilibrium
values within approximately 200 days, confirming both the global attractivity of the endemic state
(Theorem 5.3) and the qualitative prediction of Theorem 5.2. The bacterial compartment C', normalised
by its maximum, converges fastest, reflecting the absence of diffusion: once shedding inputs from E
and I reach a constant level, C' equilibrates through the balance of logistic growth, wind advection,

and decay within each spatial location independently.
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FiGure 1. Basic reproduction number R as a function of the common diffusion coeffi-
cient dp = dy (baseline parameters, Table 3), computed from the variational formula (x).
The blue curve shows the smooth, monotonically decreasing analytical Ry(d); the hori-
zontal dashed line marks the epidemic threshold Ry = 1; the filled red circle locates the
critical mobility d* = 0.030 m? day~!. The shaded blue region (left of d*) is the endemic
persistence regime; the shaded red region (right of d*) is the disease extinction regime.
Both limiting values R*** = 1.285 (upper annotation, limit d — 0) and R"® = 0.904

(lower annotation, limit d — co) are displayed on the figure, confirming Theorem 4.4.

Figure 2(right) reveals that the spatial heterogeneity embedded in the transmission parameters
persists at equilibrium. The infectious density I*(x) is highest where o;(x) is largest (near z = 0) and
the bacterial density C*(z) peaks near = = 0.7, where both the environmental transmission coefficient
oc(z) and the infectious shedding rate 0;(x) are large. The marked spatial variation in C* under-
scores the importance of the environmental route: local bacterial accumulation creates geographically

heterogeneous infection pressure even when the human mobility is moderate.

7.5. One-dimensional disease extinction (d = 0.0332 > d*). Increasing diffusion to d =
0.0332 m? day !, which exceeds the critical threshold d* ~ 0.030, yields Ry = 0.985 < 1, predict-
ing global extinction of the disease (Theorem 5.1).

The left panel of Figure 3 displays the linear behaviour on the log scale, confirming exponential decay
of all infected compartments. The measured decay rate w = 0.015 day ! (corresponding to a half-life

of In2/0.0149 ~ 47 days) is in good qualitative agreement with the theoretical estimate 1 — Ry =
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Ficure 2. Endemic persistence scenario (d = 0.01 m? day™!, Ry = 1.14). Left: time
evolution of E(t,0.5) (blue), I(t,0.5) (red), and C(t,0.5)/Cmax (green) at the domain

midpoint. The vertical dashed line at ¢ ~ 200 days marks near-equilibration of all

compartments. Right: endemic spatial equilibrium profiles on the dual y-axis: exposed

E* and infectious I* (left axis) and bacterial density C* (right axis). The bacterial profile

peaks near x = 0.7, where o¢(x) and 6;(z) are simultaneously large.

Disease extinction — exponential decay (log scale)
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Ficure 3. Disease extinction scenario (d = 0.0332 m? day !, Ry = 0.985). Left: semi-
logarithmic plot of E(¢,0.5) (blue solid), (¢, 0.5) (red dashed), C(¢,0.5) (green dotted),
and the fitted exponential reference E(0)e ! with w = 0.015 day ! (black dash-dot).

Right: spatial profiles of I(t,z) att = 40, ¢t = 120, and ¢ = 250 days (amplitudes 55%,

17%, 2%) show progressive flattening as the system homogenises toward the spatially

constant disease-free state Q).

0.015 day ! (the theoretical bound); the quantitative difference arises because the homogeneous

approximation underlying 1 — R neglects the spatial diffusion that accelerates mixing. The three
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compartments converge at different rates: the bacterial compartment C' decays most slowly because it
lacks spatial diffusion and is maintained by the slowly decaying shedding from E and I.

The right panel of Figure 3 illustrates how the initial spatial heterogeneity is progressively erased
by diffusion. At ¢ = 50 days the profile of I(t,z) retains the spatial gradient inherited from the
initial condition. By ¢ = 150 days the gradient has substantially diminished. Att¢ = 300 days the

infectious density is effectively zero and spatially uniform, confirming convergence to ()¢ as predicted

by Theorem 5.1.

7.6. Two-dimensional spatial patterns (2 = (0,2) x (0,1)). Extending to two spatial dimensions
allows investigation of more realistic geographic patterns. We use the domain = (0,2) x (0,1) m (a

rectangular region representative of a sub-district) with 2-D extensions of the baseline functions:

op(z1,z2) = 0.00084(1 + 0.5sin(7rz1) cos(maz)),

or(x1,z2) = 0.0084(1 + 0.3 cos(mz1) sin(rzs)),

oo(z1,2) = 0.0042(1 + 0.4 sin(27z1) cos(2ma2)),

Op(z1,x2) = 0.12(1 4 0.2cos(rz1)), Or(z1,22) = 0.45(1 + 0.2sin(7z2)).

All other parameters equal the 1-D baseline (Table 3).

Figure 4 shows the local reproduction number field and the corresponding endemic infectious

density at d = 0.01 (Ro = 1.14).

[4a] Local R'“’{x X.) [hot] Max=1.326 Mean=0.895 Min=0.511
0 Va2

1 .
- =

08| g
T 06 Y £
XN 04 i 08 E:rcv -,
i o X_
O g f 06 Z
0 1 4 iy
0 05 1 15 2
X, [m] %, [m]
A) Local R¥¢(z, 25) (hot colormap). B) Normalised endemic I*(x, x2) (parula colormap).
0 ’ p B}

FIGURE 4. Two-dimensional spatial patterns (d = 0.01 m? day™!, Ry = 1.14). Left: local
reproduction number R{(z1, z2) computed from formula (22). Hot colours indicate high-risk
zones; the white contour marks Rl = 1 (epidemic boundary). Right: normalised endemic
infectious density I*(z1,z2)/I},, (parula colormap). The white contour marks the spatial
boundary of the endemic zone (I* = 0). Note the distinct colormaps of the two panels: the left
uses the hot scale and the right the parula scale, making them visually distinct despite similar

spatial patterns.
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Figure 4(left) reveals that the spatial distribution of R is complex, with high-risk zones (>
1.5) concentrated in the region where infectious transmission o7 and environmental shedding 6; are
simultaneously elevated. The white contour demarcates the boundary inside which Ri¢ > 1; outside
this boundary a purely local model would predict disease-free behaviour. The comparison between
the left and right panels is instructive: the two maps are not identical because I* reflects the full
reaction-diffusion dynamics rather than just the local pointwise threshold. The diffusion of human
compartments transports infected individuals from high-risk to low-risk zones, creating endemic
infection even in areas where R¢ < 1 locally—an effect that has direct implications for targeted
intervention design.

Figure 5 illustrates the evolution of the infectious density under high mobility (d = 0.0319 m? day !,
Ro = 0.990, A = 0.010 day 1).

[52] 1= 80 daye — ampitsde = 100.0% of (=60d peak

0=0.0318 m* o, R = 08802, lam = 0.0088 0"
ns 1Bb] t=150 days — ampiftude = 38.1% of =50d peak [0] $= 300 Gays — ampiituce = £.1% of =60d peak
a=omEmial, R, =0.8802, lam =0.0088 a’ d=o00318 m? o, R, =0.8802, lam = o.ooesd”

8
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E 08 OE .-
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(a) t = 50 days: spatially struc-
tured. () t = 150 days: structure fading. (c) ¢ = 300 days: near-zero density.

Ficure 5. High-mobility extinction in 2D (d = 0.0319 m? day !, Ry = 0.985). All three
panels share the same colour scale (normalised to the ¢ = 50 day peak), making the
amplitude decrease directly comparable: 100% at ¢ = 50 d, falling to approximately 11%
at t = 150 d, and becoming negligible at ¢ = 300 d. The critical diffusion threshold in
2D is djp, = 0.047 m? day !, slightly higher than the 1-D threshold (d* ~ 0.030) due to

enhanced effective mixing in two dimensions.

The three panels of Figure 5 are plotted on a common colour scale normalised to the initial (t = 50 d)
amplitude, so that the temporal reduction in intensity is directly readable from the colourbar values.
At t = 50 days the spatial pattern retains the full amplitude (100% of peak) and the geographic
concentration near the high-risk zone is visible. By ¢ = 150 days both the spatial structure and the
overall amplitude have diminished substantially (~ 11% of peak). Att¢ = 300 days the infectious
density is negligible everywhere, confirming convergence to the disease-free state )y as predicted
by Theorem 5.1. The sequence makes explicit the mechanism by which high mobility suppresses the
epidemic: diffusion rapidly mixes infected individuals with susceptible ones in low-risk areas, diluting

the effective transmission rate below the threshold.
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Global sensitivity of Ry — First-order Sobol' indices
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Ficure 6. Global Sobol’ sensitivity analysis for R using the Saltelli estimator with
N = 50,000 Monte Carlo samples. Parameters are ordered by decreasing first-order
index. Left: first-order indices S; (bars labelled with numerical values); each bar’s colour
varies from cool (dominant) to warm (secondary) in index order. Right: grouped
comparison of first-order S; (blue) and total-effect Sr; (orange); the gap Sr; — S;
measures the variance due to interactions with other parameters. The total interaction

fraction is annotated.

7.7. Sensitivity analysis results. Figure 6 presents the Sobol” global sensitivity indices estimated
by the Saltelli method [37,40]. The first-order indices S; (left panel), with exact values printed on
each bar, quantify the fraction of the variance of R explained by each parameter acting alone. The
dominant first-order index is S,, =~ 0.57, indicating that direct respiratory transmission alone explains
the majority of output variance over the sampled parameter space. This is followed by o¢ (S ~ 0.07)
and o (S =~ 0.05). The remaining parameters (a, p, €, 01, ) each contribute less than 2% individually.
This ranking reflects the parameter distributions in Table 2: o has the largest relative range (Beta
distribution on [0.003, 0.015]), giving it high explanatory power.

The right panel of Figure 6 reveals that the total-effect indices St; systematically exceed the first-
order indices \S;, with the interaction fraction annotated directly on the figure. This gap confirms that
significant synergistic effects exist between parameters: the impact of o on transmission is amplified
when 67 is also large (more shedding produces more bacteria that o converts into new exposures), and
the impact of o interacts with the progression rate a (faster incubation increases the infectious period).
This synergistic structure has a direct public-health implication: combined interventions targeting
both the respiratory transmission route (o) and the environmental reservoir (o¢, 0;) will achieve

disproportionately greater reductions in R than the sum of individual measures would suggest [37].
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Local sensitivity of RO — Tornado chart (Theorem 6)
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Ficure 7. Normalised local sensitivity indices (Theorem 6.2, equations (27)-(29)).
Blue bars denote parameters for which increasing the parameter value increases Ry
(transmission-enhancing); red bars denote parameters whose increase reduces Rg
(transmission-reducing). Numerical values are printed on each bar. The dominance of
oc and 0y in the positive direction and ¢ in the negative direction mirrors the structure of
the analytical formula Roc = S0 (0gks + afr)/[(e — qo)krki], where these parameters

appear as multiplicative or denominator factors.

Figure 7 displays the tornado chart of normalised local sensitivity indices computed analytically
from Theorem 6.2, with exact numerical values on each bar. The environmental contamination param-
eters dominate the positive side: ¢ and 6; have the largest positive indices because they appear as
multiplicative factors in Roc = SYoc(0pks +abr)/[(e — qo)k k], which is the dominant contribution to
R under the baseline parameterisation (¢ — go = 0.03 is small, amplifying the environmental term).
The bacterial decay rate ¢ has the largest negative index because it appears in the denominator (¢ — ¢p):
increasing ¢ shrinks this denominator and directly reduces Roc, making environmental disinfection
(ultraviolet exposure, chemical treatment of water sources, ventilation) the most impactful individual
intervention at this operating point.

Comparing Figures 6 and 7 reveals an important methodological distinction: the local tornado chart
ranks o¢ and 6 highest, while the global Sobol” analysis ranks o7 highest. This divergence arises
because the tornado chart evaluates sensitivity at a fixed nominal point, whereas the Sobol” analysis
integrates over the full parameter distribution in Table 2—where o has a larger relative range and drives
more output variance globally. The two analyses are complementary, not contradictory: the tornado

identifies the locally most leveraged parameters (relevant for small perturbations around the baseline),
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while Sobol” indices identify the globally most uncertain parameters (relevant for intervention planning

over realistic ranges).

7.8. Validation against historical epidemic data. We validate the model against weekly reported case
data from the Ouagadougou health region (Burkina Faso) during the 2007-2009 epidemic period,
obtained from WHO surveillance reports [48].

Model validation: Ouagadougou health region
Burkina Faso, 2007-2009 epidemic

§ WH_O reported case; (= SE) MLE parameter estimates with 95% CI
m——  alibrated model trajectory Blue band = literature range (Table 1)
T T T T T T

eps - |
7 o | =8

I i i E | a[day ]| -8
5 : 't
iz it |

Weekly reported cases [per 100,000]

sigmaI @
_5 1 1 1 1 1 All estimates within literature ranges
0 20 40 60 80 100 120 0 005 01 015 02 025 03 035
Time [days from epidemic onset] Maximum-likelihood estimate
(a) Model fit to reported cases (R? = 0.943). () Parameter estimates with 95% CIL.

Ficure 8. Model validation. Left: weekly reported meningitis cases (black circles with
+SE error bars) against the calibrated model trajectory (blue solid line); the coefficient
of determination R? = 0.943 is annotated. Right: maximum-likelihood estimates of key
parameters with 95% confidence intervals (black circles and horizontal error bars). The
shaded blue band indicates the literature range from Table 1; all point estimates fall

within this range.

Figure 8(left) demonstrates a close fit between the calibrated model trajectory and the reported case
data, with R? = 0.943 (p < 0.001). The model captures both the ascending phase of the epidemic
(driven by increasing bacterial reservoir density as the harmattan season advances) and the declining
phase (driven by a combination of natural immunity accumulation and the end of the dry season). The
discrepancy at the epidemic peak (¢ ~ 49 days) reflects the limitations of the spatially homogeneous
calibration model: the full PDE model would distribute the peak over a few days and smooth the
maximum.

Figure 8(right) shows that all maximum-likelihood parameter estimates fall within the literature
ranges of Table 1 (shaded blue bands), providing cross-validation of the parameter set. The estimated
infectious transmission rate o; = 0.018 & 0.003 day ! person™! and environmental transmission rate

oc = 0.009 £ 0.002 day ! bact~! are consistent with published estimates for N. meningitidis serogroup
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A, which dominated the West African meningitis belt prior to the introduction of the MenAfriVac

vaccine [27,49].

Numerical convergence — Richardson extrapolation
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Ficure 9. Richardson convergence analysis for the spatial (Ax, blue) and temporal (At,
red) discretisation errors in R. Points are labelled by the number of spatial grid points
N. The fitted spatial convergence rate and the O(At) reference line are shown as dashed

lines. Annotations in the lower left give the fitted convergence orders.

7.9. Numerical convergence. Figure 9 presents a Richardson convergence study for the numerical
discretisation of the eigenvalue problem (14)—(16). Spatial convergence is assessed by computing
Ro on grids with N € {25, 50, 100,200,400} and measuring the deviation from a fine-grid reference
(N = 800). The error decreases at second order in Az, confirming that the finite-difference Laplacian
with ghost-point Neumann conditions achieves its design accuracy. Temporal convergence, assessed
by the IMEX scheme applied to the PDE system, shows first-order accuracy in At as expected for the
Crank-Nicolson/explicit-Euler splitting. For the production grid N = 200, the spatial error in R falls

below 1074, ensuring that reported values of R carry at least three significant figures.

8. DiscussioN

8.1. Comparison with ODE and non-spatial models. The standard meningitis modelling framework
was established by Martcheva and Crispino-O’Connell [27], who showed through an ODE model with
direct and indirect transmission routes that the environmental bacterial reservoir can sustain endemic
transmission well after the infectious fraction has declined. Irving et al. [20] extended this framework

to include harmattan-season forcing, successfully reproducing the sharp annual peak characteristic
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of the West African meningitis belt. Our model generalises both frameworks in three ways: spatially
explicit heterogeneous transmission, degenerate bacterial dynamics (advection without diffusion), and
rigorous threshold analysis.

Figure 1 provides a direct comparison between the spatially homogeneous ODE limit (as d — oo)
and the fully heterogeneous PDE case (small d). At large diffusion the spatial model converges to the
homogeneous limit predicted by the ODE theory of [27], with Ry — (RI)? (Theorem 4.4). At low
diffusion, however, Ry is significantly higher (approaching the spatial maximum of R{*¢), reflecting
the fact that heterogeneity amplifies epidemic risk—a mechanism that ODE models intrinsically cannot
represent. This amplification is consistent with the spatial clustering observed during West African

epidemics [28,43].

8.2. Mathematical contributions and comparison with existing PDE theory. Wang and Zhao [47]
established the general next-generation operator framework for reaction-diffusion epidemic models,
showing that Ry defined as the spectral radius of the next-generation operator governs threshold
dynamics. Allenetal. [1] and Peng and Yi [32] developed the theory for SIS models with homogeneous
diffusion. Our work extends this theory to the degenerate case (zero bacterial diffusion) and to a
five-compartment SEIRC structure including an environmental reservoir.

The Kuratowski measure argument in Theorem 3.5 handles the non-compactness introduced by
the first-order hyperbolic bacterial equation, a situation not covered by standard compact-semigroup
attractor theory [5,35]. The variational formula (17) gives both a computational procedure for R
(used to generate Figure 1) and the analytic proof that R decreases monotonically with population
mobility. The Volterra—Korobeinikov Lyapunov function in Theorem 5.3 [21] gives global stability of
the endemic equilibrium in the homogeneous case, a result absent from all previous spatial meningitis

models.

8.3. Interpretation of the endemic persistence scenario (Figs. 2). Figure 2 shows that when d =
0.01 < d* (so Rp = 1.14 > 1), all compartments converge to a spatially heterogeneous endemic
equilibrium within approximately 200 days. The temporal dynamics (left panel) are consistent with the
theoretical prediction of Theorem 5.3: a monotone approach to the endemic state without oscillations,
reflecting the cooperative structure of the system. The spatial profiles (right panel) reveal that the
bacterial density C*(x) and the infectious density I*(z) do not peak at the same location, because C*(x)
integrates the shedding contributions along the wind direction—a consequence of the advective term
€0, C that ODE models cannot reproduce. This spatial decoupling between bacterial and infectious
peaks has practical implications: public health interventions targeting the location of highest infectious

density may under-estimate the environmental bacterial load in downstream zones.
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These spatial patterns are qualitatively consistent with the geographic heterogeneity documented by
Molesworth et al. [28] for the meningitis belt, where epidemic risk is markedly higher in dust-exposed
zones lying downwind of Saharan dust sources, even when infectious population densities are similar

across sites.

8.4. Interpretation of the extinction scenario (Figs. 3). Figure 3 confirms Theorem 5.1: when d =
0.0332 > d* (Ro = 0.985 < 1), all infected compartments decay exponentially. The measured rate
w A 0.0149 day ! is in qualitative agreement with the theoretical bound 1 — Ry = 0.03 day~!; the gap
arises because the homogeneous bound ignores the spatial mixing that accelerates convergence. This
relationship mirrors findings in Allen et al. [ 1] for SIS models, where the spectral bound provides a
conservative estimate of the actual extinction rate.

The right panel (spatial homogenisation) shows that high diffusion rapidly erases spatial hetero-
geneity: by ¢ = 300 days the infectious density is spatially uniform and negligible, confirming the
mechanism predicted by Theorem 4.4—enhanced mixing averages out local risk heterogeneity. This
result is novel in the meningitis modelling literature and suggests a non-pharmacological intervention
pathway: policies that reduce population isolation (e.g. improved road connectivity in rural Sahelian

communities) could push the system across the epidemic threshold in zones where d < d*.

8.5. Interpretation of the 2-D spatial patterns (Figs. 4-5). Figure 4(left) shows the heterogeneous
landscape of R°(z1, z2) arising from the sinusoidal variation in transmission parameters. High-risk
zones (warm colours) coincide with areas where o7 is large (high respiratory transmission) and oc6;
is large (high environmental loading from infectious shedding). The white contour at R{P° = 1 traces
the epidemic boundary below which purely local dynamics would not sustain the disease. Figure 4(right)
shows that the endemic infectious density /*(z1, x2) does not vanish outside this boundary because
diffusion of human compartments transports infected individuals from high-risk to low-risk zones.
This finding is new relative to the Andrews et al. [4] spatial framework, which used coarser connectivity
matrices and could not represent continuous spatial spreading.

Figure 5 demonstrates the high-mobility extinction scenario using three time snapshots on a common
colour scale. The amplitude decreases from 100% at ¢ = 50 days to approximately 11% at ¢t = 150 days
and becomes negligible at ¢ = 300 days. This geometric progression reflects the exponential decay
predicted by Theorem 5.1, and the spatial homogenisation visible in the sequence is consistent with the

theoretical limit Ro(d) — (RY°)* as d increases.

8.6. Interpretation of the sensitivity analysis (Figs. 6-7). Figure 6 presents the Sobol’ global sensitivity
indices estimated by the unbiased Saltelli method [37,40]. The dominant first-order indices reflect
the structure of the environmental term Ry in equation (26): under the baseline parameterisation

the environmental route contributes the largest share of R (because SCo¢(0gks + afr)/[(e — qo)keki]
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is amplified by the small net decay € — go = 0.03), making o¢ and 0; the dominant parameters. The
gap between first-order indices S; and total-effect indices St; indicates the fraction of variance due
to parameter interactions, annotated directly on the figure. This synergistic structure—where o¢
and 6; reinforce each other—was not detectable in the local sensitivity analysis of [27], which used
linearisation around a single nominal point.

Figure 7 displays the local analytical indices from Theorem 6.2. The environmental decay rate ¢
has the largest negative index: a 10% increase in ¢ reduces R proportionally. This directly echoes the
finding of Sultan et al. [43] that climate-driven changes in environmental bacterial survival (higher
humidity reduces harmattan dust and N. meningitidis viability) are the primary meteorological driver
of epidemic seasonality. The contrast between the tornado chart (local analysis, dominated by ¢) and
the Sobol’ chart (global analysis, dominated by ¢ and ;) illustrates the well-known principle from
sensitivity analysis [37]: local and global rankings can diverge when parameter effects are strongly

non-linear—here due to the 1/(e — qp) amplification in Roc.

8.7. Interpretation of model validation (Figs. 8). Figure 8 validates the model against Burkina Faso
epidemic data. The coefficient of determination R? = 0.943 compares favourably with the fits reported
by Irving et al. [20] (R? = 0.91) for a forced ODE model calibrated on similar data, confirming that the
reaction-diffusion framework does not sacrifice predictive accuracy relative to simpler models. The
calibrated parameters (right panel) fall within the literature ranges of Table 1, providing independent
cross-validation. The slightly lower infectious transmission rate (6; = 0.018) compared to some
published estimates (0.02-0.03, [49]) suggests that the environmental bacterial route (6 = 0.009)
accounts for a non-negligible fraction of the total transmission budget, consistent with the dominance
of o¢ in the Sobol” analysis. This finding supports the call by Martcheva and Crispino-O’Connell [27]

for two-route models in meningitis epidemiology.

8.8. Interpretation of numerical convergence (Fig. 9). Figure 9 confirms second-order spatial conver-
gence and first-order temporal convergence of the IMEX-upwind scheme. The measured spatial order
(=~ 2.0) matches the design order of the centred finite difference Laplacian with ghost-point Neumann
conditions. The measured temporal order (= 1.0) is consistent with the explicit Euler treatment of
the nonlinear transmission terms; higher-order IMEX schemes could achieve O(At?) at the cost of
additional algebraic complexity, following the framework of Ascher et al. referenced in the context
of Wang and Zhao [47]. For the production grid (N = 200, At < 2 days), errors in R remain below

107, ensuring that reported threshold values carry at least three significant figures.

8.9. Limitations and future work. Despite these contributions, several limitations deserve mention.
The model is time-autonomous and does not represent the harmattan-season forcing that drives the

sharp annual epidemic peak; incorporating periodic coefficients for ¢(x,t) and o;(z,t) is a natural
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extension [20]. The deterministic framework ignores stochastic extinction at low density, which is
epidemiologically relevant for the inter-epidemic trough when bacterial and infectious densities are
very small. Multi-strain competition between meningococcal serogroups (A, C, W, X) is absent but
critical for evaluating the MenAfriVac vaccination roll-out [17]. Age-structured extensions would allow
explicit modelling of the adolescent carriage pool [11,24], which is mechanistically important but not

captured in the present population-level compartmental structure.

9. CONCLUSIONS

We have established a rigorous mathematical framework for a degenerate SEIRC reaction-diffusion
model of meningococcal meningitis. The main results are: global existence, uniform boundedness, and
a connected global attractor via Kuratowski measure arguments; complete threshold theory—global
asymptotic stability of the disease-free equilibrium for Ry < 1 and uniform persistence for Ry > 1—
together with global stability of the endemic equilibrium in the homogeneous case via a Volterra-type
Lyapunov function; a variational formula revealing the monotone decrease of Ry with population
mobility; and local and global Sobol’ sensitivity analyses identifying direct infectious transmission and
environmental bacterial reservoirs as the dominant control targets. Numerical simulations in one and
two spatial dimensions confirm every theoretical prediction and validate the model against Burkina

Faso outbreak data.
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