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Abstract. It is known that P(Wt ∈ UQ) = 0, t > 0, if dimUQ = ∞ [4, Theorem 2.4.7]. Hence, the

Riemann sum (D)
∑︂

fξ(Wξ −Wu) in [24, Definition 3.3] does not make sense pathwise as an application

of an operator fξ ∈ L2(UQ, V ) to a vector in a Hilbert space. In this paper, we introduce the backwards

Itô-Henstock integral for backwards adapted Hilbert-Schmidt-valued stochastic processes. We also provide

a correction to [23, Definition 1].

2020 Mathematics Subject Classification. 26A39; 60H05.

Key words and phrases. backwards adapted; backwards Itô-Henstock integral; Hilbert-Schmidt; Q-Wiener

process.

1. Introduction and Preliminaries

The Henstock integral, also known as the Henstock-Kurzweil integral, was developed independently

by Henstock and Kurzweil in the 1950s. It is one of the most significant extensions of the classical

theory of integration, addressing certain limitations of the Lebesgue integral, particularly on compact

intervals. For instance, the derivative of the function f(x) = x2 sinx−2 if x ̸= 0 and f(0) = 0 is not

Lebesgue integrable on [0, 1]. However, it is Henstock integrable on [0, 1]; see [8, Theorem 9.6].

A real-valued function f is said to be Henstock integrable [13, Definition 2.2] to A ∈ R on [a, b] if for

every ε > 0, there is a function δ(ξ) > 0 such that whenever a division D given by a = x0 < x1 < · · · <

xn = b and {ξi, ξ2, . . . , ξn} satisfies ξi ∈ [xi−1, xi] ⊂ (ξi − δ(ξi), ξi + δ(ξi)) for i = 1, 2, . . . , n we have

|
∑︁n

i=1 f(ξi)(xi − xi−1)−A| < ε. The Henstock integral of f on [a, b] is given by A and it is uniquely

determined.

It is evident that this definition closely resembles that of the Riemann integral. Consequently, the

Henstock integral provides a more direct and intuitive approach to integration, without requiring
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the deep machinery of measure theory. Moreover, measurability of the integrand is not assumed in

the definition. It is known that the Henstock integral includes the improper Riemann, Lebesgue, and

Newton integrals, and it is particularly effective for integrating highly oscillatory functions. Owing

to these features, the Henstock integral has attracted considerable attention from researchers; see

[8–11,13–17]. This approach to integration is known as the generalized Riemann approach or Henstock-

Kurzweil approach, which has also been used to deal with stochastic integration for real-valued cases,

see [5, 18, 19, 25–28].

In 2009, Arcede and Cabral [2, 3] introduced the concept of backwards Itô integral with respect to a

Brownian motion. Unlike the classical Itô integral, this formulation considers backwards filtrations

and backwards δ-fine partial divisions. In this framework, the tags correspond to the right endpoints of

a collection of non-overlapping subintervals of [0, T ]. Motivated by the work of Arcede and Cabral, the

authors in [23] extended the backwards Itô-Henstock integral to operator-valued stochastic processes

with respect to a Hilbert space-valued Q-Wiener process. However, the Riemann sum (D)
∑︂

fξ(Wξ −

Wu) in [23, Definition 1] does not make sense pathwise as an application of an operator fξ ∈ L2(UQ, V )

to a vector in a Hilbert space since P(Wt ∈ UQ) = 0, t > 0, if dimUQ = ∞ [4, Theorem 2.4.7].

In the present paper, we define the backwards Itô-Henstock integral for backwards adapted Hilbert-

Schmidt-valued stochastic processes and provide a correction to [23, Definition 1]. We also establish a

version of the Itô-isometry and demonstrate that the stochastic integral, with a fixed upper bound and

a varying lower bound, belongs to the space of continuous, square-integrable backward martingales.

Throughout this paper, the closed interval [0, T ] is nondegenerate, i.e. 0 < T and can be replaced

with any closed interval [a, b] and {Ω,G,P} denotes a probability space. Let {Gt : 0 ≤ t ≤ T} be a family

of sub σ-field of G. Then {Gt : 0 ≤ t ≤ T} is called a backwards filtration if Gt ⊆ Gs for all 0 ≤ s ≤ t ≤ T .

If in addition, {Gt : 0 ≤ t ≤ T} satisfies the following conditions: (i) GT contains all sets of P-measure

zero in G; and (ii) for each t ∈ (0, T ], Gt = Gt− :=
⋂︁

s<t Gs. Then {Gt : 0 ≤ t ≤ T} is called a standard

backwards filtration. We often write {Gt} instead of {Gt : 0 ≤ t ≤ T}, see [1].

Let U and V be separable Hilbert spaces, L(U, V ) be the space of all bounded linear operators from

U to V , L(U) := L(U,U),Qu := Q(u) ifQ ∈ L(U, V ), and L2(Ω, V ) be the space of all square-integrable

random variables from Ω to V . If Q ∈ L(U) is a symmetric nonnegative definite trace-class operator,

then there exists an orthonormal basis (abbrev. as ONB) {ej} ⊂ U and a sequence of nonnegative real

numbers {λj} such that Qej = λjej for all j ∈ N, {λj} ∈ ℓ1, see [21, p.203]. We shall call the sequence

of pairs {λj , ej} an eigensequence defined byQ. The subspaceUQ ofU equippedwith the inner product

⟨u, v⟩UQ
=

⟨︁
Q−1/2u,Q−1/2v

⟩︁
U
, whereQ1/2 is being restricted to [Ker Q1/2]⊥, is a separableHilbert space

with
{︁√︁

λjej
}︁
as its ONB, see [6, p.90], [7, p.23]. The space L2(UQ, V ) of all Hilbert-Schmidt operators

from UQ to V is a separable Hilbert space with norm ∥S∥L2(UQ,V ) =
√︂∑︁∞

j=1 ∥Sfj∥
2
V , see [20, p.112].

The Hilbert-Schmidt operator S ∈ L2(UQ, V ) and the norm ∥S∥L2(UQ,V ) may be defined in terms of an
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arbitrary ONB, see [6, p.418], [20, p.111]. We note that L(U, V ) is properly contained in L2(UQ, V ),

see [7, p.25]. We also note that L2(UQ, V ) contains genuinely unbounded linear operators from U to V .

LetQ : U → U be a symmetric nonnegative definite trace-class operator, {λj , ej} be an eigensequence

defined byQ, and {B(j)} be a sequence of independent Brownian motions (abbrev. as BM) defined on

a filtered probability space (Ω,G, {Gt},P). A process W̃t :=

∞∑︂
j=1

√︁
λjB

(j)
t ej , is called aQ-Wiener process

in U , with the series converging in L2(Ω, U). For every u ∈ U , denote W̃t(u) :=

∞∑︂
j=1

√︁
λjB

(j)
t ⟨ej , u⟩U ,

with the series converging in L2(Ω,R). Then there exists a U -valued process W , known as a U -valued

Q-Wiener process, such that W̃t(u)(ω) = ⟨Wt(ω), u⟩U P-almost surely (abbrev. as P-a.s.). It should be

noted that the process W is an infinite-dimentional BM , and if we assume that λj > 0 for all j, Wt(ej)√
λj

,

j = 1, 2, . . . , is a sequence of real-valued BM defined on (Ω,G, {Gt},P), see [6, p.87].

Let N := {A ∈ G : P(A) = 0}, G̃W
t := σ {WT −Ws : t ≤ s ≤ T}, G̃W,0

t := σ(G̃W
t ∪N ), and

Gt := GW
t :=

⋂︂
s<t

G̃W,0
s , t ∈ (0, T ]. (1)

Then {Gt : 0 ≤ t ≤ T} is a standard backwards filtration, see [23, Proposition 1]. In view of [23, Propo-

sition 2], a U -valued Q-Wiener process W is a Q-Wiener process with respect to a standard backwards

filtration {Gt : 0 ≤ t ≤ T} given in (1). From now onwards, if no confusion arises, a filtered probability

space (Ω,G, {Gt},P) shall mean a probability space equipped with the standard backwards filtration

given in (1).

2. Backwards Martingale and Backwards Itô-Henstock Integral

In the following discussions, if no confusion arises, we may write (D)
∑︂

instead of
n∑︂

i=1

for the given

finite collection D.

A stochastic process M : [0, T ]× Ω → V is said to be a backwards martingale (or reverse martingale) if

(i) M is backwards adapted; (ii) for all t ∈ [0, T ], Mt is Bochner integrable, i.e. E [∥Mt∥V ] < ∞; and

(iii) for any 0 ≤ s ≤ t ≤ T , E
[︁
Ms

⃓⃓
Gt

]︁
= Mt P-a.s.. A backwards martingale M : [0, T ]× Ω → V is said

to be square-integrable if Mt ∈ L2(Ω, V ) for all t ∈ [0, T ]. Denote by BM2
T := BM2

T (V ), the collection

of all V -valued continuous square-integrable backwards martingales. Following the same argument

as in [20, p.21], one can verify that BM2
T := BM2

T (V ) is a Banach space with norm ∥M∥BM2
T

:=

supt∈[0,T ]

(︂
E
[︂
∥Mt∥2V

]︂)︂ 1
2
.

Before defining the backwards Itô-Henstock integral of a backwards adapted process, we shall

consider first the following concepts and results.



Asia Pac. J. Math. 2026 13:166 4 of 13

Definition 2.1. [3] Let δ be a positive function defined on [0, T ]. A finite collectionD = {([ui, ξi], ξi)}ni=1

of interval-point pairs is a backwards δ-fine partial division of [0, T ] if {[ui, ξi]}ni=1 is a collection of non-

overlapping subintervals of [0, T ] and each [ui, ξi] is backwards δ-fine, that is, [ui, ξi] ⊂ (ξi − δ(ξi), ξi].

The term partial division is used in Definition 2.1, to emphasize that the finite collection of non-

overlapping intervals of [0, T ]may not cover the entire interval [0, T ]. Using the Vitali covering theorem,

the following concept can be defined.

Definition 2.2. [3] Given η > 0, a given backwards δ-fine partial division D = {([u, ξ], ξ)} of [0, T ] is

said to be a backwards (δ, η)-fine partial division of [0, T ] if it fails to cover [0, T ] by at most length η, that

is, ⃓⃓⃓
T − (D)

∑︂
(ξ − u)

⃓⃓⃓
≤ η.

The following lemma is important before defining the backwards Itô-Henstock integral. The proof

of the following lemma is analogous with the proof of [12, Lemma 2.3]. A stochastic process f :

[0, T ] × Ω → L2(UQ, V ) means a process measurable as mapping from ([0, T ] × Ω,B([0, T ]) × G) to

(L2(UQ, V ),B(L2(UQ, V ))).

Lemma 2.3. Let f : [0, T ] × Ω → L2(UQ, V ) be a backwards adapted process. For 0 ≤ u ≤ ξ ≤ T ,
∞∑︂
j=1

(B
(j)
ξ −B(j)

u )fξ(
√︁
λjej) ∈ L2(Ω, V ).

Proof. Letm,n ∈ Nwith n > m. Then

E

⎡⎣⃦⃦⃦⃦⃦⃦ n∑︂
j=m

(B
(j)
ξ −B(j)

u )fξ(
√︁
λjej)

⃦⃦⃦⃦
⃦⃦
2

V

⎤⎦
=

n∑︂
j=m

E
[︃
E
[︃
(B

(j)
ξ −B(j)

u )2
⟨︂
fξ(

√︁
λjej), fξ(

√︁
λjej)

⟩︂
V

⃓⃓⃓⃓
Gξ

]︃]︃

+
∑︂
j ̸=j′

E
[︃
E
[︃
(B

(j)
ξ −B(j)

u )(B
(j′)
ξ −B(j′)

u )
⟨︂
fξ(

√︁
λjej), fξ(

√︁
λj′ej′)

⟩︂
V

⃓⃓⃓⃓
Gξ

]︃]︃

=

n∑︂
j=m

E
[︃⟨︂

fξ(
√︁
λjej), fξ(

√︁
λjej)

⟩︂
V
E
[︃
(B

(j)
ξ −B(j)

u )2
⃓⃓⃓⃓
Gξ

]︃]︃

+
∑︂
j ̸=j′

E
[︃⟨︂

fξ(
√︁

λjej), fξ(
√︁
λj′ej′)

⟩︂
V
E
[︃
(B

(j)
ξ −B(j)

u )(B
(j′)
ξ −B(j′)

u )

⃓⃓⃓⃓
Gξ

]︃]︃

= (ξ − u)

n∑︂
j=m

E
[︂⟨︂

fξ(
√︁
λjej), fξ(

√︁
λjej)

⟩︂
V

]︂
= (ξ − u)

n∑︂
j=m

E
[︃⃦⃦⃦

fξ(
√︁
λjej)

⃦⃦⃦2
V

]︃
.
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Let Sk =
k∑︂

j=1

⃦⃦⃦
fξ(

√︁
λjej)

⃦⃦⃦2
V
. Using the Beppo Levi’s lemma [22, p.370], we have

lim
k→∞

E

⎡⎣ k∑︂
j=1

⃦⃦⃦
fξ(

√︁
λjej)

⃦⃦⃦2
V

⎤⎦ = E

⎡⎣ lim
k→∞

k∑︂
j=1

⃦⃦⃦
fξ(

√︁
λjej)

⃦⃦⃦2
V

⎤⎦ < ∞.

Hence,
∞∑︂
j=1

E
[︃⃦⃦⃦

fξ(
√︁

λjej)
⃦⃦⃦2
V

]︃
= E

⎡⎣ ∞∑︂
j=1

⃦⃦⃦
fξ(

√︁
λjej)

⃦⃦⃦2
V

⎤⎦ = E
[︂
∥fξ∥2L2(UQ,V )

]︂
< ∞.

It follows thatMn :=
n∑︂

j=1

(B
(j)
ξ −B(j)

u )fξ(
√︁

λjej) is Cauchy in L2(Ω, V ), hence convergent in L2(Ω, V ).

Thus,
∞∑︂
j=1

(B
(j)
ξ −B(j)

u )fξ(
√︁
λjej) ∈ L2(Ω, V ). □

We shall now define the backwards Itô-Henstock integral of backwards adapted process. Again, we

need to note that [0, T ] can be replaced with any closed interval [a, b].

Definition 2.4. Let f : [0, T ] × Ω → L2(UQ, V ) be a backwards adapted process. Then f is said

to be backwards Itô-Henstock integrable, or IHB-integrable, on [0, T ] with respect to W if there exists

A ∈ L2(Ω, V ) such that for every ε > 0, there is a positive function δ on [0, T ] and a number η > 0 such

that for any backwards (δ, η)-fine partial division D = {([ui, ξi], ξi)}ni=1 of [0, T ], we have

E
[︂
∥S(f,D, δ, η)−A∥2V

]︂
< ε,

where

S(f,D, δ, η) := (D)
∑︂⎧⎨⎩

∞∑︂
j=1

(B
(j)
ξ −B(j)

u )fξ(
√︁
λjej)

⎫⎬⎭
:=

n∑︂
i=1

⎧⎨⎩
∞∑︂
j=1

(B
(j)
ξi

−B(j)
ui

)fξi(
√︁

λjej)

⎫⎬⎭ .

In this case, f is IHB-integrable to A on [0, T ] and A is called the backwards Itô-Henstock integral, or

IHB-integral of f , which will be denoted by (IHB)

∫︂ T

0
ft dWt or (IHB)

∫︂ T

0
f dW .

Denote by Λ2
IHB

(UQ, V ), the collection of all backwards Itô-Henstock integrable processes on [0, T ].

We have to note here that if the process f is L(U, V )-valued, then for f to be backwards Itô-Henstock

integrable on [0, T ], we need to replace the Riemann sum S(f,D, δ, η)with

(D)
∑︂

fξ(Wξ −Wu) :=
n∑︂

i=1

fξi(Wξi −Wui).

In this case, Definition 2.4 is the same with [24, Definition 3.3].
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We also remark that since P(Wt ∈ UQ) = 0, t > 0, if dimUQ = ∞ [4, Theorem 2.4.7], the Riemann

sum (D)
∑︂

fξ(Wξ −Wu) in [24, Definition 3.3] does not make sense pathwise as an application of

an operator fξ ∈ L2(UQ, V ) to a vector in a Hilbert space. Hence, Definition 2.4 is a rectification

of [23, Definition 1].

Example 2.5. [23, Example 1] Let W : [0, T ] × Ω → U be a Q-Wiener process. Then ⟨Wt, ·⟩U is

IHB-integrable on [0, T ] and

(IHB)

∫︂ T

0
⟨Wt, ·⟩U dWt =

1

2

(︂
∥WT ∥2U + T · trQ

)︂
,

where ⟨Wt, ·⟩U (u) = ⟨Wt, u⟩U , for all u ∈ U .

The proofs of the following basic (nonstochastic) properties of the backwards Itô-Henstock integral

are standard in Henstock-Kurzweil integration, hence omitted.

(1) The backwards Itô-Henstock integral is uniquely determined, in the sense that if A1 and A2 are

two backwards Itô-Henstock integrals of f in Definition 2.4, then

∥A1 −A2∥L2(Ω,V ) = 0.

(2) Let α ∈ R. If f, g ∈ Λ2
IHB

(UQ, V ), then

(i) f + g ∈ Λ2
IHB

(UQ, V ) and

(IHB)

∫︂ T

0
(f + g) dW = (IHB)

∫︂ T

0
f dW + (IHB)

∫︂ T

0
g dW ;

(ii) αf ∈ Λ2
IHB

(UQ, V ) and

(IHB)

∫︂ T

0
(αf) dW = α · (IHB)

∫︂ T

0
f dW.

(3) If f : [0, T ] × Ω → L2(UQ, V ) is IHB-integrable on [0, c] and [c, T ] where c ∈ (0, T ), then f is

IHB-integrable on [0, T ] and

(IHB)

∫︂ T

0
f dW = (IHB)

∫︂ c

0
f dW + (IHB)

∫︂ T

c
f dW.

(4) If f : [0, T ] × Ω → L2(UQ, V ) is IHB-integrable on [0, T ], then f is also IHB-integrable on

every subinterval [c, d] of [0, T ].

(5) (Sequential definition). A process f ∈ Λ2
IHB

(UQ, V ) if and only if there exist A ∈ L2(Ω, V ), a

decreasing sequence {δn} of positive functions defined on [0, T ], and a decreasing sequence of

positive numbers {ηn} such that for any backwards (δn, ηn)-fine partial division Dn of [0, T ],

we have

lim
n→∞

S(f,Dn, δn, ηn) = A in L2(Ω, V ).

In this case,

A = (IHB)

∫︂ T

0
ft dWt.
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(6) (Cauchy criterion). A process f ∈ Λ2
IHB

(UQ, V ) if and only if for every ε > 0, there exist a

positive function δ on (0, T ] and a positive number η such that for any two backwards (δ, η)-fine

partial divisions D and D′ of [0, T ], we have

E
[︂⃦⃦

S(f,D, δ, η)− S(f,D′, δ, η)
⃦⃦2
V

]︂
< ε.

(7) (Saks-Henstock lemma). Let f ∈ Λ2
IHB

(UQ, V ) and let F [u, v] := (IHB)

∫︂ v

u
ft dWt for any

[u, v] ⊆ [0, T ]. Then for every ε > 0, there exists a positive function δ on [0, T ] such that for any

backwards δ-fine partial division D = {([u, ξ], ξ)} of [0, T ], we have

E

⎡⎣⃦⃦⃦⃦⃦⃦(D)
∑︂⎧⎨⎩

∞∑︂
j=1

(B
(j)
ξ −B(j)

u )fξ(
√︁
λjej)− F [u, ξ]

⎫⎬⎭
⃦⃦⃦⃦
⃦⃦
2

V

⎤⎦ < ε.

Before proving the Itô-isometry for the backwards Itô-Henstock integral, we shall consider first the

backwards Henstock integral [3, Definition 3.1], which is equivalent [3, Corollary 3.1] to the Lebesgue

integral for real-valued functions.

A real-valued function f is Lebesgue integrable on [0, T ] to A := (L)
∫︂ T

0
f ∈ R if for every ε > 0,

there exist a positive function δ on [0, T ] and η > 0 such that for every backwards (δ, η)-fine partial

division D = {([u, ξ], ξ)} of [0, T ], we have
⃓⃓⃓
(D)

∑︂
f(ξ)(ξ − u)−A

⃓⃓⃓
< ε. Denote by ΛL, the collection

of all Lebesgue integrable functions on [0, T ].

Theorem 2.6. [23, Theorem 2] A function f : [0, T ] → R is Lebesgue integrable to A ∈ R if and only if there

exist a decreasing sequence of positive functions {δn} on [0, T ] and a decreasing sequence of positive constants

{ηn} such that

lim
n→∞

⃓⃓⃓
(Dn)

∑︂
f(ξ(n))(ξ(n) − u(n))−A

⃓⃓⃓
= 0,

where Dn = {([u(n), ξ(n)], ξ(n))} is any backwards (δn, ηn)-fine partial division of [0, T ].

Lemma 2.7. Let f : [0, T ]× Ω → L2(UQ, V ) be an adapted process and [u, ξ] ⊆ [0, T ]. Then

E

⎡⎣ ∞∑︂
j ̸=j′=1

(B
(j)
ξ −B(j)

u )(B
(j′)
ξ −B(j′)

u )
⟨︂
fξ(

√︁
λjej), fξ(

√︁
λj′ej′)

⟩︂
V

⎤⎦ = 0.

Proof. We note that {B(j)} is a sequence of independent Brownian motions. Hence,

E

⎡⎣ k∑︂
j ̸=j′=1

(B
(j)
ξ −B(j)

u )(B
(j′)
ξ −B(j′)

u )
⟨︂
fξ(

√︁
λjej), fξ(

√︁
λj′ej′)

⟩︂
V

⎤⎦ = 0

for every k ∈ N. Thus, the conclusion follows. □

Lemma 2.8. Let f : [0, T ]× Ω → L2(UQ, V ) be an adapted process and [u, ξ] ⊆ [0, T ]. Then

E

⎡⎣⃦⃦⃦⃦⃦⃦ ∞∑︂
j=1

(B
(j)
ξ −B(j)

u )fξ(
√︁

λjej)

⃦⃦⃦⃦
⃦⃦
2

V

⎤⎦ = (ξ − u)E
[︂
∥fξ∥2L2(UQ,V )

]︂
.
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Proof. Applying the Monotone convergence theorem (MCT) to

k∑︂
j=1

(B
(j)
ξ −B(j)

u )2
⟨︂
fξ(

√︁
λjej), fξ(

√︁
λjej)

⟩︂
V
,

we have
∞∑︂
j=1

E
[︂
(B

(j)
ξ −B(j)

u )2
⟨︂
fξ(

√︁
λjej), fξ(

√︁
λjej)

⟩︂
V

]︂

= E

⎡⎣ ∞∑︂
j=1

(B
(j)
ξ −B(j)

u )2
⟨︂
fξ(

√︁
λjej), fξ(

√︁
λjej)

⟩︂
V

⎤⎦ .

Using Lemma 2.7, we have

(ξ − u)E
[︂
∥fξ∥2L2(UQ,V )

]︂
= E

⎡⎣ ∞∑︂
j=1

(B
(j)
ξ −B(j)

u )2
⟨︂
fξ(

√︁
λjej), fξ(

√︁
λjej)

⟩︂
V

⎤⎦
+E

⎡⎣ ∞∑︂
j ̸=j′=1

(B
(j)
ξ −B(j)

u )(B
(j′)
ξ −B(j′)

u )
⟨︂
fξ(

√︁
λjej), fξ(

√︁
λj′ej′)

⟩︂
V

⎤⎦
= E

⎡⎣⃦⃦⃦⃦⃦⃦ ∞∑︂
j=1

(B
(j)
ξ −B(j)

u )fξ(
√︁
λjej)

⃦⃦⃦⃦
⃦⃦
2

V

⎤⎦ .

□

In view of Lemma 2.8, we have the following lemma.

Lemma 2.9. Let f : [0, T ]× Ω → L2(UQ, V ) be an adapted process and D = {[u, ξ]} be a finite collection of

non-overlapping subintervals of [0, T ]. Then

E

⎡⎣⃦⃦⃦⃦⃦⃦(D)
∑︂⎧⎨⎩

∞∑︂
j=1

(B
(j)
ξ −B(j)

u )fξ(
√︁
λjej)

⎫⎬⎭
⃦⃦⃦⃦
⃦⃦
2

V

⎤⎦ = (D)
∑︂

(ξ − u)E
[︂
∥fξ∥2L2(UQ,V )

]︂
.

Theorem 2.10 (Itô-isometry). Let f ∈ Λ2
IHB

(UQ, V ). Then E
[︂
∥ft∥2L2(UQ,V )

]︂
∈ ΛL and

E

[︄⃦⃦⃦⃦
(IHB)

∫︂ T

0
ft dWt

⃦⃦⃦⃦2
V

]︄
= (L)

∫︂ T

0
E
[︂
∥ft∥2L2(UQ,V )

]︂
dt < ∞.

Proof. By the sequential definition of IHB-integral, there exist a decreasing sequence {δn} of positive

functions defined on [0, T ], and a decreasing sequence of positive numbers {ηn} such that for any

backwards (δn, ηn)-fine partial division Dn = {([u(n)i , ξ
(n)
i ], ξ

(n)
i )}p(n)i=1 of [0, T ], we have

lim
n→∞

S(f,Dn, δn, ηn) = (IHB)

∫︂ T

0
ft dWt in L2(Ω, V ).
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Let ε > 0 be given. Then there exists N ∈ N such that for all n ≥ N ,⃦⃦⃦⃦
S(f,Dn, δn, ηn)− (IHB)

∫︂ T

0
ft dWt

⃦⃦⃦⃦
L2(Ω,V )

< ε.

Note that ⃓⃓⃓⃓
⃓∥S(f,Dn, δn, ηn)∥L2(Ω,V ) −

⃦⃦⃦⃦
(IHB)

∫︂ T

0
ft dWt

⃦⃦⃦⃦
L2(Ω,V )

⃓⃓⃓⃓
⃓

≤
⃦⃦⃦⃦
S(f,Dn, δn, ηn)− (IHB)

∫︂ T

0
ft dWt

⃦⃦⃦⃦
L2(Ω,V )

.

This implies that

lim
n→∞

∥S(f,Dn, δn, ηn)∥L2(Ω,V ) =

⃦⃦⃦⃦
(IHB)

∫︂ T

0
ft dWt

⃦⃦⃦⃦
L2(Ω,V )

,

or equivalently,

lim
n→∞

√︃
E
[︂
∥S(f,Dn, δn, ηn)∥2V

]︂
=

⌜⃓⃓⎷E

[︄⃦⃦⃦⃦
(IHB)

∫︂ T

0
ft dWt

⃦⃦⃦⃦2
V

]︄
.

Using Lemma 2.9, we have⌜⃓⃓⎷E

[︄⃦⃦⃦⃦
(IHB)

∫︂ T

0
ft dWt

⃦⃦⃦⃦2
V

]︄
= lim

n→∞

√︃
E
[︂
∥S(f,Dn, δn, ηn)∥2V

]︂

= lim
n→∞

⌜⃓⃓⃓
⎷E

⎡⎣⃦⃦⃦⃦⃦⃦p(n)∑︂
i=1

⎧⎨⎩
∞∑︂
j=1

(B
(j)

ξ
(n)
i

−B
(j)

u
(n)
i

)f
ξ
(n)
i

(
√︁
λjej)

⎫⎬⎭
⃦⃦⃦⃦
⃦⃦
2

V

⎤⎦

= lim
n→∞

⌜⃓⃓⎷p(n)∑︂
i=1

(︂
ξ
(n)
i − u

(n)
i

)︂
E
[︃⃦⃦⃦

f
ξ
(n)
i

⃦⃦⃦2
L2(UQ,V )

]︃
.

This implies that

lim
n→∞

p(n)∑︂
i=1

(︂
ξ
(n)
i − u

(n)
i

)︂
E
[︃⃦⃦⃦

f
ξ
(n)
i

⃦⃦⃦2
L2(UQ,V )

]︃
= E

[︄⃦⃦⃦⃦
(IHB)

∫︂ T

0
ft dWt

⃦⃦⃦⃦2
V

]︄
.

Since the above equality holds for any backwards (δn, ηn)-fine partial division of [0, T ], by Theorem 2.6,

E
[︂
∥ft∥L2(UQ,V )

]︂
is Lebesgue integrable on [0, T ] and

E

[︄⃦⃦⃦⃦
(IHB)

∫︂ T

0
ft dWt

⃦⃦⃦⃦2
V

]︄
= (L)

∫︂ T

0
E
[︂
∥ft∥2L2(UQ,V )

]︂
dt < ∞.

This completes the proof. □

Finally, we will show that the backwards Itô-Henstock integral, with a fixed upper bound and

a varying lower bound belongs to BM2
T (V ), the space of continuous square-integrable backward

martingales. Firstly, by applying the same reasoning as in [23, Theorem 4], we immediately see that

the IHB-integral satisfies the AC2[0, T ]-property.
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Definition 2.11. A process F : [0, T ] × Ω → V is said to be AC2[0, T ] if for every ε > 0, there exists

η > 0 such that for any finite collection D = {[u, ξ]} of non-overlapping subintervals of [0, T ] with

(D)
∑︂

(ξ − u) < η, we have∫︂
Ω

⃦⃦⃦
(D)

∑︂
F ([u, ξ], ω)

⃦⃦⃦2
V

dP(ω) := E
[︃⃦⃦⃦

(D)
∑︂

F [u, ξ]
⃦⃦⃦2
V

]︃
< ε,

where F [u, ξ] := F ([u, ξ], ·) = F (ξ, ·)− F (u, ·).

Theorem 2.12. Let f ∈ Λ2
IHB

(UQ, V ) and define Gt := (IHB)

∫︂ T

t
fs dWs. Then G ∈ BM2

T (V ).

Proof. By Definition 2.4, G is square integrable. First, we show that G is P-a.s. continuous on [0, T ]. Let

ε > 0. Since G is AC2[0, T ], there exists an η > 0 such that for any finite collection D = {[u, ξ]} of non-

overlapping subintervals of [0, T ] with (D)
∑︂

(ξ − u) < η, we have E
[︄⃦⃦⃦⃦

(D)
∑︂

(IHB)

∫︂ ξ

u
f dW

⃦⃦⃦⃦2
V

]︄
<

ε3. Let t ∈ [0, T ] and let t′ ≤ t such that |t − t′| < η. Then E

[︄⃦⃦⃦⃦
(IHB)

∫︂ t

t′
fs dWs

⃦⃦⃦⃦2
V

]︄
< ε3. By

Chebychev’s inequality,

P
{︃
ω ∈ Ω :

⃦⃦⃦⃦
(IHB)

∫︂ t

t′
fs dWs

⃦⃦⃦⃦
V

≥ ε

}︃
≤ 1

ε2
E

[︄⃦⃦⃦⃦
(IHB)

∫︂ t

t′
fs dWs

⃦⃦⃦⃦2
V

]︄
< ε.

Hence, G is P-a.s. continuous on [0, T ].

Next, we show that G is backwards adapted. We note that f is also IHB-integrable on [t, T ]. From

the sequential definition of IHB-integral, there exist a decreasing sequence {δn} of positive functions

on [t, T ] and a decreasing sequence of positive numbers ηn such that for any backwards (δn, ηn)-fine

partial division Dn of [t, T ], we have

lim
n→∞

E
[︂
∥S(f,Dn, δn, ηn)−Gt∥2V

]︂
= 0.

Note that for t ≤ u ≤ ξ ≤ T ,Mn :=

n∑︂
j=1

(B
(j)
ξ −B(j)

u )fξ(
√︁
λjej) is Gt-measurable. LetM :=

∞∑︂
j=1

(B
(j)
ξ −

B(j)
u )fξ(

√︁
λjej). By Chebychev’s inequality and using the fact that the filtration is a standard backwards

filtration, we have

{ω ∈ Ω : M(ω) ∈ Or(v)} =
⋃︂

n,N∈N

⎡⎣ ⋂︂
k≥N

{︂
ω ∈ Ω : Mk(ω) ∈ Or− 1

n
(v)

}︂⎤⎦ ,

where Or(v) is an open ball in B(V ) centered at v ∈ V and with radius r > 0. This means that M

is Gt-measurable. It follows that S(f,Dn, δn, ηn) is also Gt-measurable. Since S(f,Dn, δn, ηn) → Gt

in L2(Ω, V ), there exists a subsequence converging almost surely to Gt. Since {Gt : 0 ≤ t ≤ T} is a

standard backwards filtration, Gt is Gt-measurable. Accordingly, G is backwards adapted.
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Lastly, we show that G is a backwards martingale. Let 0 ≤ s ≤ t ≤ T and A ∈ Gt. Note that

∫︂
A

lim
n→∞

(Dn)
∑︂

s<ξ≤t

⎛⎝ ∞∑︂
j=1

(B
(j)
ξ −B(j)

u )fξ(
√︁
λjej)

⎞⎠
= lim

n→∞
(Dn)

∑︂
s<ξ≤t

⎛⎝ ∞∑︂
j=1

E
[︃
fξ(

√︁
λjej)E

[︃
(B

(j)
ξ −B(j)

u )

⃓⃓⃓⃓
Gξ

]︃ ⃓⃓⃓⃓
Gt

]︃⎞⎠
= lim

n→∞
(Dn)

∑︂
s<ξ≤t

⎛⎝ ∞∑︂
j=1

E
[︃
fξ(

√︁
λjej)E

[︂
B

(j)
ξ −B(j)

u

]︂ ⃓⃓⃓⃓
Gt

]︃⎞⎠
= 0.

Again, using the sequential definition of IHB-integral, we have∫︂
A
Gs =

∫︂
A

lim
n→∞

S(f,Dn, δn, ηn)

=

∫︂
A

lim
n→∞

(Dn)
∑︂

s<ξ≤t

⎛⎝ ∞∑︂
j=1

(B
(j)
ξ −B(j)

u )fξ(
√︁

λjej)

⎞⎠
+

∫︂
A

lim
n→∞

(Dn)
∑︂

t<ξ≤T

⎛⎝ ∞∑︂
j=1

(B
(j)
ξ −B(j)

u )fξ(
√︁

λjej)

⎞⎠
=

∫︂
A

lim
n→∞

(Dn)
∑︂

t<ξ≤T

⎛⎝ ∞∑︂
j=1

(B
(j)
ξ −B(j)

u )fξ(
√︁

λjej)

⎞⎠
=

∫︂
A
Gt.

Thus, G is a backwards martingale. Accordingly, G ∈ BM2
T (V ). □

Conclusion and Recommendation

In this paper, we redefine the backwards Itô-Henstock integral for backwards adapted Hilbert-

Schmidt-valued stochastic processes, provide a correction to [23, Definition 1], and formulate a version

of Itô-isometry. We also show that the stochastic integral establish in this paper, with a fixed upper

bound and a varying lower bound, belongs to the space of continuous, square-integrable backward

martingales. A worthwhile direction for further investigation is to consider backwards Itô-Henstock

integral to deal with backwards stochastic PDEs.
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