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AsstrACT. We develop a unified finite-scale and asymptotic theory for Szdsz-Mirakjan—Kantorovich opera-
tors with analytic weights and a power parameter. Exact moments yield a necessary-and-sufficient criterion
for improvement of the second central moment. In the exponential specialization, a probabilistic coupling
strengthens this comparison to monotone ordering of the true approximation error for nondecreasing con-
vex functions and identifies the limiting discrete Szasz operator. Allowing the parameter to grow with the
approximation index suppresses the first-order Kantorovich drift. For a genuinely non-Poisson perturbed
exponential generator, an exact Poisson—-Bernoulli decomposition exposes the generator correction and
leads to an explicit second-order expansion. Supporting convergence estimates and numerical tests verify
the distinct finite-scale, true-error, drift-suppression, and second-order regimes.
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1. INTRODUCTION

Approximation on the half-line poses features that are absent on compact intervals, since moment be-
havior, weighted convergence, and asymptotic localization must be controlled simultaneously. Among
the classical positive approximation schemes on [0, c0), the Mirakjan-Favard-Szdsz construction [ 1-3]
serves as the standard discrete model. Convergence in weighted spaces is commonly established
through Korovkin-type criteria [4—6], while quantitative estimates are usually expressed by moduli of
smoothness and related approximation functionals [7,8]. Mortici [9] broadened the Szdsz—Mirakjan
setting by introducing analytically generated weights, and Barbosu, Pop and Micldus [10] subsequently
developed the corresponding Kantorovich form. This extension is especially useful when the gener-
ating function is intended to remain visible in the moment structure; the usual exponential model is

recovered as a specialization. Voronovskaja-type results for Szasz—Mirakjan—Kantorovich operators
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were obtained in [11], and subsequent studies developed higher-order variants and more detailed
asymptotic expansions [12-14].

Parameter-dependent modifications provide another established route for controlling approximation
quality while preserving the positive structure of the underlying operators. Mohammad and Hassan
[ 18] studied simultaneous approximation for an integral-type sequence on the half-line together with
a Voronovskaja-type description, and the two-parameter variant in [ 19] made the role of the auxiliary
parameters explicit in the analysis. Related parameter-dependent constructions have been considered
for Bernstein—Kantorovich operators [20], modified Baskakov operators [21], and Baskakov—Beta
operators [22]. A different strategy is to combine operators: Muslim, Keidan and Hassan [23] used a
Micchelli-type combination to increase the approximation order of half-Bernstein polynomials while
retaining an explicit asymptotic description. Despite the different kernels involved, these works point
to a common issue that is central here: an adjustable parameter is mathematically informative only
when its effect is quantified, for instance through moment identities, direct comparison results, or
identifiable asymptotic coefficients.

Recent Szasz-type work makes this distinction particularly important. Resen and Hassan considered
modified Szasz-Mirakjan operators generated through a continuously infinitely differentiable function
and established Korovkin convergence, a Voronovskaja-type formula, and numerical error comparisons
[24]. Their subsequent modification of a class of positive linear operators continues the same program
of altering the operator structure while retaining positivity and approximation control [25]. These
results sit naturally beside other parameterized Szasz-Kantorovich modifications. In particular, for the
exponential generator, Baytung, Aktuglu and Mahmudov introduced the power-type Szasz-Mirakjan—
Kantorovich family used below as the classical specialization [15]; related parameterized forms and
improved approximants appear in [16,17]. Consequently, the presence of a power parameter or a
modified sampling node, by itself, is not sufficient to constitute the novelty of the present work.

The purpose of this paper is instead to develop a unified comparison and asymptotic theory for the

analytic-weight power-Kantorovich family

O . Vo (k+t
By (i) 5= 3 W) [ (55 ) a (1)
where
R )

For p(y) = e and b, = n, (1) reduces exactly to the parameterized family of [ 15]. Thus, no novelty is
claimed for the power node itself. The analytic generator is retained because it permits the finite-scale
parameter effect and the asymptotic generator effect to be studied within the same operator model

rather than in disconnected special cases.
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The contributions are fourfold. First, for the full analytic-weight family, the second central moment
is computed in a form that yields an exact finite-n difference identity. This identity leads to a necessary-
and-sufficient threshold describing precisely when increasing v decreases the second central moment.
The result is therefore a finite-scale comparison theorem, not merely an asymptotic statement or a
sufficient monotonicity condition. Second, in the exponential specialization, a coupling based on a
common Poisson index and a common uniform random variable converts the parameter ordering into a
monotone ordering of the actual approximation error for every nondecreasing convex target. Accordingly,
the dispersion comparison and the ordering of the actual approximation error are treated as distinct
statements, with the latter obtained only under explicit shape restrictions on the target function.

Third, the first-order asymptotic analysis is formulated without suppressing the contribution of
the analytic generator. The resulting Voronovskaja limit isolates two sources in the leading term: the
correction inherited from the generator and the displacement introduced by the power-Kantorovich
cell. In the exponential specialization, the latter contribution can be attenuated by taking v = v, — oo;
thus the varying parameter has an asymptotic function that is separate from its finite-n comparison
role. Fourth, the perturbed exponential choice ¢, (y) = e¥(1 + ny) yields a genuinely non-Poisson
example for which the index distribution factorizes exactly into independent Poisson and Bernoulli
components. This representation makes the generator correction explicit and permits the derivation of
a closed second-order expansion. In contrast with the higher-order Kantorovich expansions in [13],
the additional term obtained here comes from the interaction of the analytic weight with the power-
Kantorovich cell, rather than from increasing the order of the Kantorovich construction.

The subsequent analysis therefore keeps four issues separate: finite-scale reduction of the second cen-
tral moment, ordering of the actual error for a shape-restricted class, removal of the leading Kantorovich
drift through a varying parameter, and the second-order contribution generated by a non-Poisson
weight. Weighted Korovkin convergence and local error bounds are used only as supporting approxi-
mation results. The numerical examples are organized around the preceding theoretical claims and
include a nonmonotone test function whose pointwise error curves cross; this demonstrates why
second-moment improvement alone cannot justify an unrestricted ordering of the actual approximation

error.

2. PRELIMINARIES

Let C|0, 00) denote the real-valued continuous functions on [0, c0) and C5|0, 00) the bounded con-

tinuous functions, equipped with
1 £lloo = sup [ f(z)].
x>0

For an integer r > 1, let

C310,00) = {f € Op[0,00) : fU) € Cp[0,00), 1 < j <7}
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For M > 0 and 0 < v < 1, define the Lipschitz class
Lipy(v) = {f € C[0,00) : | f(w) — F(v)] < Mlu—v]” for all u,v > 0}.
For f € Cp[0, 00), define the modulus of continuity

w(f;0) = sup |f(z)— f(y)l.

z,y=>0

|lz—y|<é
For weighted approximation we use
p(x) =1+ 2% (3)
Set
B,={f:[0,00) = R:|f(x)| < M¢p(z) for some M; > 0},
_ — ey (@)
Co=BpnC0,00) Ifllo =5 1775,

and

. o flx) o
C, = {f cCp: xlggo T4 a2 exists and is finite .
We shall use Gadjiev’s weighted Korovkin theorem [5,6] for the test functions e;(z) = 2%, i = 0,1, 2.

Throughout the paper, v > 0 is fixed and

1 5 1 1 , 1
Q. :7, :7, :77 g .
T 41 "Tor1r M T3 YTy 1

(4)
To justify the positivity statement in Section 3 without changing its formula, we impose the following

standing hypothesis on the analytic generator:

> (k)
o(z) = Zakzk7 ax = L4 k'(())’ ap >0, ar>0(k>1),
k=0 :

with an infinite radius of convergence. Thus ¢(y) > 0 for y > 0 and its Maclaurin series represents ¢ at
every nonnegative argument. Define

_ V)

. Rja(z) = Rj(bpz),  j =1
For the weighted theorem we additionally assume

M; :=supRj(y) <oco (j=1,2)
y=>0

and
g = [)71‘ |B ()—1|—>0 e = [)7:1;2 ‘B ()—1|—>0
= su X y = Su X .
1n e 1 2 1n 2.n e 1 1'2 2,n

These hypotheses restrict the admissible generators; they do not alter the operator defined below.
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3. DEFINITION OF THE OPERATORS

Let (by,) be a positive sequence satisfying

nh_}IrOlo by, = o0. (5)
For z > 0 and k € Ny, set
1 W0 k
= ——(bpx)".
Thus W,, () > 0 and
> Wak(z)=1,  z>0. (7)
k=0

Definition 3.1. For every f € C,, define

Koy (f52) ZWM / <k;rt>dt, 23>0, 8)

=0

For the polynomial moment identities used below, the same formula (8) is also applied to e;(t) = t7,
0 < j < 4. These functions need not belong to C,, when j > 2, but the defining series is finite because the
analytic weights have finite polynomial moments of every fixed order. Thus the moment computations
are well defined independently of the weighted-space mapping statement.

The series in (8) is absolutely convergent for f € C,. Indeed, because 0 < ¢7 <1,

(D) <ao (1+ (kj;y),

and the corresponding weighted sums of 1, k, and k? are finite. To verify continuity, fix A > 0. Since

¢ is positive and continuous, ming<;<4 ¢(bpz) > 0. The kth summand in (8) is continuous in = and,

uniformly for 0 < z < A4, is dominated by a constant multiple of

ax(bu A)F (1 G 2%1)2> .

The sum of these majorants is finite because the entire Maclaurin series and its first two differentiated

series converge at b, A. The Weierstrass test therefore gives local uniform convergence, so K, - f
is continuous. Positivity and linearity follow from (6)—(7). Finally, under the standing weighted
assumptions, Lemma 4.2 yields K, (1 +t*;z) < C, (1 + 2?) for a finite constant C,,; hence K, , : C,, —
C,.

4. Some Basic ResuLrs

Lemma 4.1. For y = b,z > 0,

o)

k=0
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Moreover, for j = 1,2,3,4,

< o® (0 . 4
Z (92())' yb=i = @(J)(y)' (10)
k=j 1
If
()
@) (bnx) ,
Rin(z) = 2 =1,2,3,4, 11
in@) = £ G0 (1)
then the pointwise asymptotic hypothesis used below is
Rjn(z) — 1 (n—o0), j=1,2,34, (12)

whenever it is explicitly invoked.

Proof. The standing hypothesis in Section 2 gives global convergence of the Maclaurin series. Termwise

differentiation yields (10). O

Lemma 4.2 (Raw moments). For e;(t) = t/, the operator (8) satisfies

Ky ~(ep;x) =1,
Ky y(e1;2) = 2Ry n(z) + Z—Z,
Ko (e2:7) = 22 Ry () + w(l + 20;7)1%1,”(3:) N %
Ko (e3:2) = 2 Ron(z) + 3(1+ %I)):QRM(?C) 4 (A 430, +§§7)9€Rl,n($) n %,
Ko (exi2) = $4R47n($) n (6 + 4047()).1‘3R3,n(1‘) n (7+ 12c, +§257)x2R27n(x)
L (tday + 6515 Api)a B () z n

Proof. Let N, , have probabilities Pr(N,, , = k) = W), ;(x), and let T' be independent and uniform on
[0,1]. Then

Koo (f;2) =Ef (m> ,

bn,
while (10) gives

E(Nn,w)j = (bnx)JRj,n(m)7 .7 > 1.

Together with E(777) = (jv + 1)}, expansion of (N, + T7)™ gives the five formulas. O

Lemma 4.3. Under the standing weighted assumptions,
1K~ (€0) = eoll, = 0, (13)
[ Kny(€1) — e, — 0, (14)

“Kn,“Y(e?) - €2Hp — 0. (15)
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If, in addition, (12) holds at a fixed x > 0, then
K, (e3;2) — fc3, (16)

Ky (e4;0) — x4, (17)

Proof. The first statement is exact. From Lemma 4.2,

(67
[ K (1) —erllp < e1n + b—”,
and
14 20y) M
1Ko (e2) — eallp < an + Ot 20001 By
2by, b2
which tend to zero. The last two assertions follow directly from the third and fourth raw moments and
(12). O
Corollary 4.4 (Central moments). Let ¢, (t) =t — x. Then
Kn~(1;2) =1, (18)
a
Ko (2 2) = 2(Rin(2) = 1) + 52, (19)
14+ 204)Rin(x) —2
Koy (0252) = a2(Ro (@) — 2R () + 1) 4 T 20 a0) 2200} P, (20)
Kn,’y(d}i; x) = x3(R3,n(I) - 3R2,n(x) + 3R1,n(x) - 1)
N 322{(1 + ay)Ron(z) — (1 4 20y) Ry (2) + vy }
bn
L {4380, + 3ﬁ;)R1,n(m) —35h) (21
by by
Kono(3;7) = 2 (Run(2) = 4Rsn(2) + 6Ron(x) — 4Ry () + 1)
N 23{(6 + 4oy Ry (2) — 12(1 + ay) Ron () + 6(1 + 20y ) Ry () — dovy }
bn
N 2?{(7 + 120y 4 684) Ro (@) — (4 + 120y 4 123,) R n(x) + 63, }
by
bn bn
Proof. Use Ky ((t — )™ x) =310 (TJn) (=)™ K, ,(ej; z) and Lemma 4.2. O

5. Exact FINITE-ScALE PARAMETER COMPARISON
Put
any(x) = Kny(t—232), Ony(x) = Knpy((t — :c)2; x),

with exact expressions (19)-(20). Since K, - is positive, 6, ,(x) > 0.

The dependence on v is determined exactly by the second central moment.
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Theorem 5.1 (Exact comparison with respect to v). Let 0 < v < 2. Then

20{ R () — 1 Byy — B
S () = b ) = AR D Dy g P 23)
At x = 0 one has the strict inequality 0y, ~,(0) < 6y, (0). For x > 0,
B’Yl - ﬁ’Yz

Onne(2) < Ony(2) = Rin(z) 21

- . (24
Do (ay — ) )

Consequently, the simpler condition Ry (x) > 1 is sufficient for every x > 0.

Proof. Subtract (20) for 7 and 7, to obtain (23). Since both «., and 3, decrease strictly with ~, the
differences a., — a,, and $3,, — /3,, are positive. Atz = 0, (23) reduces to (3,, — 3,,)/b2 < 0. For
x > 0, rewriting (23) with positive differences and solving the inequality d,, ,, () — 0p ~, () < 0 gives

(24). 0

Remark 5.2. Theorem 5.1 compares the second central moments and the error bounds derived from

them. It does not imply a universal pointwise ordering of the actual errors |K,, ,(f;z) — f(x)|.

6. TRUE-ERROR MONOTONICITY IN THE EXPONENTIAL CASE

The exact criterion in Theorem 5.1 applies to the second central moment for the full analytic-weight
family. A stronger conclusion about the actual error is available under additional shape assumptions in

the exponential specialization

ply) =€, bp=n. (25)
Let N, ~ Poisson(nz) and let T’ be uniform on [0, 1], independent of N,. Then
Ny +1T7
Koo i) =B (). (26)

Theorem 6.1 (True-error monotonicity). Assume (25), let 0 < 1 < o, and let f : [0,00) — R be

nondecreasing and convex with at most polynomial growth. Then, for every x > 0,

0< Kn,'yz(fﬂ?) - flz) < Koy (fix) — f(x). (27)
Consequently,

|Kn,72(f§ r) — f(x)| < |Knm(f§ r) — f(x)|.

Proof. For0 <T < land~2 > 71, onehas 772 < T7. Since f is nondecreasing, (26) gives K, ,(f;x) <

Ky, (f; ). Moreover,
N, T 1
N SN
n n(y+1)

Jensen’s inequality and monotonicity of f therefore imply

Koo (f52) > f(a: + M) > f(2).

Combining the two inequalities proves (27). O
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Corollary 6.2 (Large-parameter limit). Under (25), if f has at most polynomial growth, then for each fixed n

s t)

k=0

and xz,

Jim Koo (f;2) = Su(f;2) -
If f is nondecreasing and convex, then
0 < Su(fiz) — f(z) < Knpy(fiz) — f(2).

Proof. Since T7 — 0 almost surely and the Poisson distribution has moments of every order, dominated

convergence applies to (26). The final inequality follows from Theorem 6.1 by passage to the limit. [

Remark 6.3. The shape assumptions in Theorem 6.1 are essential to the conclusion. Theorem 5.1 remains
the general analytic-weight comparison, whereas Theorem 6.1 gives a stronger true-error ordering on a

narrower class. Both situations are illustrated numerically in Section 9.

7. SUPPORTING APPROXIMATION BOUNDS

Having established the finite-scale comparison, we collect only the convergence and local estimates
required in the subsequent analysis. These estimates provide the approximation control used later
in the asymptotic arguments and are included for that purpose rather than as separate principal

contributions.

Theorem 7.1 (Weighted convergence on C7). Under the standing weighted assumptions, for every f € C;,

nlgrolo Ky (f50) — f“p =0. (28)

In particular, the convergence is uniform on each fixed compact interval [0, A].

Proof. The estimates in Lemma 4.3 establish the weighted Korovkin conditions for the test func-

tions 1,¢,t2. Applying Gadjiev’s theorem yields (28), and the assertion on [0, A] follows from
sUPo<z<a l9(2)] < (1+ A%)|lg]l,- =

Theorem 7.2 (Estimate via the modulus of continuity). If f € Cg[0, c0), then for every x > 0,
Ko (i) = £0)] < 200111 f5,00)). (29)

Proof. 1f 6, (z) = 0, then positivity and K,, ,((t — )% z) = 0 imply that the representing probability
measure is concentrated at z; hence K,, ,(f; ) = f(x) and the estimate is immediate. Assume now

that 0,, o (z) > 0. For h > 0, | f(u) — f(x)] < (14 |u—x|/h)w(f; h). Positivity and Cauchy-Schwarz give
Ky (|t —2|;2) < \/Onny(2x). Taking h = \/dp () yields the result. a

Theorem 7.3 (Lipschitz estimate). If f € Lip,;(v), 0 < v <1, then

K (fr2) = f(@)] < M [Sn ()], (30)
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Proof. By positivity and the Lipschitz condition, |K,, (f;x) — f(z)] < MK, (|t — x|";x). Holder’s
inequality and K, ,(1;x) = 1 give (30). O

Corollary 7.4 (A C? estimate). If f € C%[0,00), then
[ Ky (f32) = f(@)] < lany (@) [f'(2)] + %5n,v($)|!f"lloo-
Proof. Taylor’s formula gives f(t) — f(z) = f'(z)(t — z) + 3 f"(&x.¢) (t — )? for some &, ; between z and
t. Apply the positive linear operator, use Ky, (t — z; ) = an(x), and bound | f"(&z¢)| by || f"||cc. O
8. (GENERATOR-SENSITIVE AND DRIFT-SUPPRESSED ASYMPTOTICS

The first-order limit for the analytic-weight operator depends on the rates at which the derivative

ratios approach one. Fix > 0 and abbreviate R;,, = R; ().

Theorem 8.1 (Voronovskaja formula). Let f € C%[0, 00) and fix x > 0. Assume
Rj7n_>17 ]: 1)2)3747

that the limits
o1(z) = lim by(Riy, — 1), oo(z) = lim by(Ray — 2R1, +1)

n—oo n—oo

exist, and that
by(Ryp —4R3p +6R2, — 4Ry, +1) — 0.
Then
1
T bRy (f37) — F(@)] = {woa() + 0} (2) + 5o + 20a(e)} " (2). (31)
Proof. Equations (19) and (20) give
b K (t —x;2) = xo1(x) + oy, bnKn A ((t —2)%2) — x + 2%09(z).

The fourth central moment (22) and the stated hypotheses imply b, K, ,((t — z)*; ) — 0. Taylor’s

formula gives
f@t) = f@) + fi(@)(t — =) + %f”(w)(t —2)* + (t - 2)’ea(t),
where €,(t) — 0 as t — x. It remains to show that
b K~ ((t — z)2e,(t); 2) — 0.
Given € > 0, choose § > 0 so that |e,(t)| < e whenever |t — z| < §. On this region,
b KA ((t— 2)2ex(t)];2) < ebp Ky ((t — )% 2) = O(e).

Since f € C%[0,00) and =z is fixed, ,(t) is bounded on {|t — z| > 4§} by a constant C, 5. Hence the

complementary part is at most
Cx,é bn
52

K”v')’((t - .%')4; ':U)a
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which tends to zero. Letting € | 0 proves that the scaled Taylor remainder vanishes and yields (31). [

8.1. Exponential specialization and variable-parameter drift suppression. For the exponential gener-

ator in (25), all derivative ratios equal one. Hence Theorem 8.1 yields, for fixed v > 0,

lim n[K,, (fiz) = f(@)] = o, f (@) + 3£ (). (32)

n—oo

The term v, f'(x) is the Kantorovich drift. It can be removed without changing the operator family by

allowing the existing parameter to depend on n.
Theorem 8.2 (Variable-parameter drift suppression). Let v, > 0 satisfy v, — oo, assume (25), and let
f € C4[0,00). For each fixed x > 0,

T

lim n[K, ., (f:2) ~ f(x)] = & " (). (33)

n—oo 2

More precisely, writing

On

T3+l " Ay, + 1

one has

X

1@ (34)

B w (1+3an)x = pp
< / - / -~ 7 = (3)
< ap | ffloo + 2n||f lloo + 6n + 6n2 £ ]| oo

2?2 (1+4+4a, +68)z 0
r n n n ()
* <8n N 24n?2 - 24n3> 17 e

0K, (F32) = ()] -

Thus the normalized residual is O(~,,* +n~1) for fixed x. In particular, if ~,, > cn for some ¢ > 0, the residual
is O(n™1).

Proof. In the exponential case the centered moments are obtained from (19)-(22) by setting every

ij =1:

(07 X Bn

Hin = —) ﬂ2,n:*+723

n non
1+ 3a,)x 322 1+4a, +68,)z 6
M3,n:%+i§v H4,n:72+( n3 n) Jr%.
n n n n n

Apply Taylor’s formula through third order, use the fourth derivative to bound the remainder, multiply
by n, and subtract z f”(z)/2. This gives (34); since o, Bn, in, On, — 0, the limit (33) follows. O
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8.2. Non-Poisson generator and second-order expansion. For ¢,(y) = (1 + ny), one has

1
bn(Rl,n — 1) — E’ Rgm — 2R1,n +1=0,
so (31) reduces to
lim b [K)(Fi2) = f(@0)] = (L4 ) (2) + 51" (@). (35)

For the exponential generator, all R; , = 1 and the coefficient of f'(x) is simply a..

Proposition 8.3 (Exact decomposition for the perturbed exponential generator). Let n > 0 and ¢, (y) =
e¥(1 + ny). For m = b,x define

__nmm

C1+ngm’

If X ~ Poisson(m) and B ~ Bernoulli(g, (x)) are independent, then the analytic weight index Ny, , associated

with WT(LJz(x) satisfies

qn(z)

Npo L X + B.

Consequently, with U = T for T uniform on [0, 1] and independent of X, B,

X+B+U>

K (f;7) = Ef< ™

Proof. The probability generating function of N, ; is

_n1l+nmz _
k m(z m(z
> Wikt = D = I ) ),

which is the product of the probability generating functions of X and B. The final identity follows

directly from the integral representation of the operator. O
The same explicit generator permits one further term. Put
' Lo
Ay(fi) = (14 o) f/ () + 5 (@),
and

x(4+ 3ay)
6

_f/(x) + 1+2a'y+57f//

D TT) =
n,v(f,iﬂ) nT 9

1'2
(z) + 1"(@) + = @)

Theorem 8.4 (Second-order expansion). Let n > 0, f € C3[0, 00), and fix x > 0. For ,(y) = €¥(1 + ny),

Jm B K — s - DD = ) (36)

Proof. Let m = b,z and ¢, () = nm/(1 + nm). By Proposition 8.3, the centered increment is the sum of

a centered Poisson variable and two bounded independent terms. Hence

K%U—ﬁwz%ifﬁ
9. v _ & (l420)+ 5,
KD ((t—2)*a) = — + :

by b2
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{1 +3(gn +y)}
- i

K((t— )% x)

n

+0(b, %),

n

32

K{((t = a)tx) = S5+ 0(0,).

n,

Since ¢, = 1 — (1 + nbyx) !, the corresponding scaled limits yield exactly the four coefficients in D, .

Write the fourth-order Taylor expansion at  as

0 (x .
=T 0wy b, @ =olt-alh) (¢ a),

4
=0

It remains to prove that b,%KT(L@(rx; z) — 0. For any ¢ > 0, choose § > 0 so that |r,(t)| < g|t — x|*

whenever |t — x| < §. Thus the contribution of this region is at most
2K ((t — 2)%2) = O(e).

Because f € C3[0,00) and z is fixed, there is a constant C, 5 such that |r,(t)| < C, s/t — z|* when

|t — x| > 0. Hence the complementary contribution is bounded by
Cypsb2
Cosb2 K (It — 2[*L(jy—g)say:7) < TK'(;’Y")’(@ — )% ).

Under the representation N,, , = X + B, the centered sixth moment is O(b;, 3): the Poisson component
satisfies E(X — m)® = 15m? + 25m? + m, while B and T" are bounded. Therefore the last display is
O(b,, ') and tends to zero. Letting ¢ | 0 proves the required remainder estimate and completes the

expansion. O

9. NUMERICAL VERIFICATION

The numerical examples are separated according to the mathematical statements they test. No

numerical observation is used as a substitute for a theorem.

9.1. True-error monotonicity and drift suppression. For the exponential specialization (25), take
f(@) = V1+a?,

which is smooth, nondecreasing and convex. Figure 1 displays the absolute errors for n = 20. Their

pointwise ordering is precisely the conclusion of Theorem 6.1. Table 1 gives representative values.
Figure 2 treats v continuously and makes the same monotonicity visible at fixed spatial points. Figure

3 and Table 2 verify the variable-parameter regime in Theorem 8.2; the faster choice 7, = n? reduces

the parameter contribution until the inverse-index remainder dominates.
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0.025 A

0.020 A

0.015 A

absolute error

0.010 A

0.005 A

0.000 A

Ficure 1. Pointwise absolute errors for the exponential specialization with n = 20; the

0.6

0.8 1.0

curves are ordered monotonically as v increases.

TasLE 1. Pointwise absolute errors for f(x) = v/1 + 22 and n = 20.

1.2

x

y=1

v=3

v=26

v =12

0.00
0.25
0.50
0.75
1.00
1.25
1.50

0.00041651
0.01194182
0.01998838
0.02438499
0.02635893
0.02705732
0.02717138

0.00017851
0.00874786
0.01435968
0.01692963
0.01759702
0.01737588
0.01684082

0.00009612
0.00739652
0.01196114
0.01374453
0.01384903
0.01323170
0.01241699

0.00004998
0.00656900
0.01048832
0.01178681
0.01154423
0.01068260
0.00969546

TaBLE 2. Maximum normalized residual for two variable-parameter regimes.

n

Tn ="

’Yn:n2

10

20

50
100
200

0.07905034
0.04171365
0.01724858
0.00872149
0.00438537

0.01273173
0.00447097
0.00131818
0.00068596
0.00035774
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0.025 A M x=1
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0.020
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=
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0.005 = T T T T T T
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Ficure 2. Absolute error as a function of v at fixed points in the exponential specialization.

0.08 A

0.07 A

0.06 A

0.05 A

0.04 A

0.03 A

normalized residual

0.02 A

0.01 A

0.00 A

Ficure 3. Normalized residual after subtracting the drift-free limit in the regime ,, = n.

9.2. Non-Poisson finite-scale comparison and second-order asymptotics. Now take the genuinely

non-Poisson generator

on(y) = (1 +ny), n=0.5,
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with b, = n. Then

i j>1

Rjn(e) =1+ 21
jn() + 1+ nnx’ -

)

so Ri,(z) > 1, and Theorem 5.1 guarantees monotone decrease of the second central moment as

increases. Figure 4 shows this exact finite-scale effect.

Second central moment forn=30 and n=0.5

0.035{ — vy=1 —- y=6

- y=3 ssas y=9 rf‘
0.030 -
0.025 -

0.020 4

0.015 A

Kn,y((t_ X)Z; X)

0.010 A

0.005 4

0.000 4

0.0 0.2 0.4 0.6 0.8 1.0

FiGure 4. Second central moments for n = 30, n = 0.5, and several values of ~.

TasLE 3. Exact second central moments for b, = n, n = 30, and n = 0.5.

x vy=1 y=3 vy=6 vy=9
0.00 0.00037037 0.00015873 0.00008547 0.00005848
0.05 0.00298942 0.00253968 0.00236438 0.00229657
0.10 0.00503704 0.00449206 0.00427595 0.00419181
0.20 0.00870370 0.00807540 0.00782357 0.00772515
0.40 0.01560847 0.01492063 0.01464329 0.01453467
0.60 0.02237037 0.02165873 0.02137118 0.02125848
0.80 0.02908832 0.02836386 0.02807082 0.02795592
1.00 0.03578704 0.03505456 0.03475809 0.03464181

To show why this moment comparison must not be promoted to unrestricted true-error monotonicity,

take the smooth bounded function

1
glx)=e"+ 5 sin(mz).
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Figure 5 shows crossings of the actual absolute-error curves. This does not contradict Theorem 6.1,

because g is not nondecreasing and convex on the interval.

Pointwise absolute error forn=30 and n=0.5

—_—y=1 —_— Yy=6

0.10 1 - Y=3 saus y=9

.......
e e
O

0.08 4

o

o

)
1

0.04 4

absolute error

0.02 4

0.00 4

0.0 0.2 0.4 0.6 0.8 1.0

Ficure 5. Crossing of pointwise absolute-error curves for the nonmonotone target g,
illustrating the distinction between moment improvement and unrestricted true-error

ordering.

Finally, Figures 6 and 7 verify the first- and second-order limits for » = 0.5 and v = 3. The

corresponding tables report representative residuals.

TaBLE 4. First-order asymptotic verification at = 0.4, v = 3, and n = 0.5.

limit absolute difference

n n(Knsf(z)— f(z))

20 -1.13884706 -1.03573776 0.10310930
40 -1.09964603 -1.03573776 0.06390828
80 -1.07130834 -1.03573776 0.03557059
160 -1.05450585 -1.03573776 0.01876809
320 -1.04537831 -1.03573776 0.00964055
640 -1.04062358 -1.03573776 0.00488582

10. ConcrLusioN

The power node is a known ingredient; the contribution of this paper is the comparison structure

and the asymptotic information that can be extracted from it. For the full analytic-weight family, the
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First-order asymptotic profile, n=0.5

m— |imit profile —-= n=160
0.5 4 — n=40  seee- n=320
-=- n=80
0.0 4
~ —0.51
=
-
1 -1.01
=
A
: —1.5 1
¥
c
—2.0 A
—2.5 1
—3.0 A

0.2 0.4 0.6 0.8 1.0

Ficure 6. First-order generator-sensitive Voronovskaja profile for n = 0.5 and v = 3.

Second-order profile fory=3and n=0.5

154 =— second-order limit —-- n=320
—_— =80 = aaees n =640
104 ——- n=160

—-10 1

—15 41

scaled second-order residual
|
(9]
1

—-201

—2541

0.2 0.4 0.6 0.8 1.0

FiGure 7. Second-order asymptotic residual for n = 0.5 and v = 3.

second central moment admits an exact finite-scale difference identity and a necessary-and-sufficient
improvement criterion. For the exponential specialization, a coupling constructed from the same
Poisson and uniform variables upgrades the moment comparison on a natural shape class: if the
target is nondecreasing and convex, the approximation error decreases as y increases, and the limiting

operator as the parameter diverges is the discrete Szdsz operator.
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TaBLE 5. Second-order asymptotic verification at z = 0.4, v = 3, and n = 0.5.

n scaled residual limit absolute difference

40 -2.55633101 -3.16949598 0.61316497
80 -2.84564706 -3.16949598 0.32384892
160 -3.00289488 -3.16949598 0.16660110
320 -3.08497654 -3.16949598 0.08451944
640 -3.12692499 -3.16949598 0.04257099
1280 -3.14813184 -3.16949598 0.02136414

The same parameter enters the asymptotic behavior in a different manner. In the general Voronovskaja
limit, the contribution of the analytic generator can be separated from the displacement caused by
Kantorovich averaging; in the exponential case, choosing 7,, — oo eliminates this displacement at first
order. The perturbed exponential generator e¥(1 + ny) supplies a complementary non-Poisson regime.
Its exact Poisson-Bernoulli representation exposes the generator contribution at the probabilistic level
and leads to the stated second-order formula. These conclusions bring four effects that are often
treated separately—finite-scale dispersion, shape-constrained error ordering, parameter-dependent
drift removal, and a non-Poisson second-order correction—under the same analytic-weight model. The
computations in Section 9 are consistent with the corresponding theoretical regimes and also show the
limitation of the moment criterion: a smaller second central moment need not yield a smaller pointwise

error for an arbitrary target function.

Authors’ Contributions. Both authors contributed to the theoretical development, verification of
the derivations and numerical calculations, and revision of the manuscript. Both authors read and

approved the final version.

Data Availability. No external data set was used in this study. The numerical quantities reported here

are determined by the formulas and parameter values specified in the manuscript.

Disclosure. The authors take responsibility for the final manuscript, including the mathematical

derivations, numerical calculations, and bibliographic information.

Conflicts of Interest. The authors declare that there are no conflicts of interest regarding the publication

of this paper.

REFERENCES

[1] G.Mirakyan, Approximation des fonctions continues au moyen de polynomes de la forme e~ 37", Cj ,2", C. R.
(Dokl.) Acad. Sci. URSS (N.S.) 31 (1941), 201-205.
[2] J. Favard, Sur les multiplicateurs d’interpolation, J. Math. Pures Appl. (9) 23 (1944), 219-247. http://www.numdam. org/

item/JMPA_1944_9_23__219_0/.


http://www.numdam.org/item/JMPA_1944_9_23__219_0/
http://www.numdam.org/item/JMPA_1944_9_23__219_0/

Asia Pac. J. Math. 2026 13:169 20 of 21

[3] O.Szasz, Generalization of S. Bernstein’s Polynomials to the Infinite Interval, J. Res. Natl. Bur. Stand. 45 (1950), 239-245.
https://doi.org/10.6028/JRES.045.024.
[4] PP. Korovkin, Linear Operators and Approximation Theory, Hindustan Publishing Corp., 1960.
[5] A.D.Gadziev, The Convergence Problem for a Sequence of Positive Linear Operators on Unbounded Sets, and Theorems
Analogous to That of P.P. Korovkin, Sov. Math. Dokl. 15 (1974), 1433-1436.
[6] F. Altomare, M. Campiti, Korovkin-type Approximation Theory and Its Applications, De Gruyter, 1994. https://doi.
org/10.1515/9783110884586.
[7] Z.Ditzian, V. Totik, Moduli of Smoothness, Springer New York, 1987. https://doi.org/10.1007/978-1-4612-4778-4.
[8] R.A. DeVore, G.G. Lorentz, Constructive Approximation, Springer Berlin Heidelberg, 1993. https://doi.org/10.1007/
978-3-662-02888-9.
[9] C. Mortici, An Extension of the Szdsz-Mirakjan Operators, An. Stiint. Univ. “Ovidius” Constanta Ser. Mat. 17 (2009),
137-144.
[10] D.Barbosu, O.T. Pop, D. Miclaus, The Kantorovich Form of Some Extensions for the Szasz-Mirakjan Operators, J. Numer.
Anal. Approx. Theory 39 (2010), 8-20. https://doi.org/10.33993/jnaat391-916.
[11] D. Micldus, The Voronovskaja Type Theorem for the Szdsz-Mirakjan-Kantorovich Operators, J. Sci. Arts 10 (2010),
257-260.
[12] P.Sabancigil, M. Kara, N.I. Mahmudov, Higher Order Kantorovich-type Szasz—Mirakjan Operators, J. Inequal. Appl.
2022 (2022),91. https://doi.org/10.1186/s13660-022-02827-8.
[13] U. Abel, O. Agratini, M. Ivan, Asymptotic Properties of Kantorovich-type Szdsz-Mirakjan Operators of Higher Order,
Math. Found. Comput. 6 (2023), 290-302. https://doi.org/10.3934/mfc.2023003.
[14] N.I. Mahmudov, M. Kara, New Kantorovich-Type Szasz-Mirakjan Operators, Bull. Iran. Math. Soc. 50 (2024), 75.
https://doi.org/10.1007/s41980-024-00913-9.
[15] E. Baytung, H. Aktuglu, N. Mahmudov, A New Generalization of Szdsz-Mirakjan Kantorovich Operators for Better
Error Estimation, Fundam. J. Math. Appl. 6 (2023), 194-210. https://doi.org/10.33401/fujma. 13565254,
[16] R. Aslan, Some Approximation Results on A-Szasz-Mirakjan-Kantorovich Operators, Fundam. J. Math. Appl. 4 (2021),
150-158. https://doi.org/10.33401/fujma.903140.
[17] H. Aktuglu, M. Kara, E. Baytung, Modified Szasz-Kantorovich Operators with Better Approximation, Filomat 39 (2025),
3833-3850. https://doi.org/10.2298/FIL2511833A.
[18] A.J. Mohammad, A K. Hassan, Simultaneous Approximation by a New Sequence of Integral Type, J. Interdiscip. Math.
22 (2019), 1569-1576. https://doi.org/10.1080/09720502.2019.1706860.
[19] A.J. Mohammad, A.K. Hassan, Simultaneous Approximation by a New Sequence of Integral Type Based on Two
Parameters, Iraqi J. Sci. 62 (2021), 1666-1674. https://doi.org/10.24996/ijs.2021.62.5.29.
[20] M.K. Shehab, A K. Hassan, Approximation Using a Modified Type of Bernstein Operators, Basra J. Sci. 40 (2022),
558-569. https://doi.org/10.29072/basjs . 20220303.
[21] A.F.Jabbar, A.K. Hassan, Better Approximation Properties by New Modified Baskakov Operators, J. Appl. Math. 2024
(2024), 8693699. https://doi.org/10.1155/2024/8693699.
[22] A.F. Jabber, A.K. Hassan, Improving the Approximation Order of Baskakov-Beta Operators Based on a Parameter, Int. J.
Math. Comput. Sci. 20 (2025), 543-548. https://doi.org/10.69793/ijmcs/02.2025/ jabber.
[23] H.O. Muslim, W.F. Keidan, A.K. Hassan, Approximation by Micchelli Combination of Half Bernstein Polynomials, Adv.
Math. Model. Appl. 10 (2025), 372-381. https://doi.org/10.62476/amma.102372.


https://doi.org/10.6028/JRES.045.024
https://doi.org/10.1515/9783110884586
https://doi.org/10.1515/9783110884586
https://doi.org/10.1007/978-1-4612-4778-4
https://doi.org/10.1007/978-3-662-02888-9
https://doi.org/10.1007/978-3-662-02888-9
https://doi.org/10.33993/jnaat391-916
https://doi.org/10.1186/s13660-022-02827-8
https://doi.org/10.3934/mfc.2023003
https://doi.org/10.1007/s41980-024-00913-9
https://doi.org/10.33401/fujma.1355254
https://doi.org/10.33401/fujma.903140
https://doi.org/10.2298/FIL2511833A
https://doi.org/10.1080/09720502.2019.1706860
https://doi.org/10.24996/ijs.2021.62.5.29
https://doi.org/10.29072/basjs.20220303
https://doi.org/10.1155/2024/8693699
https://doi.org/10.69793/ijmcs/02.2025/jabber
https://doi.org/10.62476/amma.102372

Asia Pac. J. Math. 2026 13:169 21 of 21

[24] J.A.A. Resen, A.K. Hassan, Approximation by Modified Szasz-Mirakjans Operators Based on Continuously Infinitely
Differentiable Function, J. Interdiscip. Math. 28 (2025), 709-719. https://doi.org/10.47974/JIM-1966.

[25] J. Abd Alreda Resen, A.K. Hassan, A New Modification of Class of Linear Positive Operators, AIP Conf. Proc. 3408
(2026), 040112. https://doi.org/10.1063/5.0330000.


https://doi.org/10.47974/JIM-1966
https://doi.org/10.1063/5.0330000

	1. Introduction
	2. Preliminaries
	3. Definition of the Operators
	4. Some Basic Results
	5. Exact Finite-Scale Parameter Comparison
	6. True-Error Monotonicity in the Exponential Case
	7. Supporting Approximation Bounds
	8. Generator-Sensitive and Drift-Suppressed Asymptotics
	8.1. Exponential specialization and variable-parameter drift suppression
	8.2. Non-Poisson generator and second-order expansion

	9. Numerical Verification
	9.1. True-error monotonicity and drift suppression
	9.2. Non-Poisson finite-scale comparison and second-order asymptotics

	10. Conclusion
	Authors' Contributions
	Data Availability
	Disclosure
	Conflicts of Interest

	References

