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AssTRACT. A generalized g-operator E(q %, 7,&q,cq% D,) is introduced as a common extension of several
finite and infinite g-operators used in the theory of basic hypergeometric series. By means of this operator,
we define a family of polynomials =5, " (p, 7; &, ¢ | ¢) that contains, as special or limiting cases, the
generalized Al-Salam—Carlitz ¢g-polynomials and the polynomial family A, (w1, ...,wr;b1,...,bs; 2,y | q).
We establish an operational representation for =;" and prove its generating function, extended
generating function, Mehler-type formula, extended Mehler-type formula, Rogers-type formula, extended
Rogers-type formula, and a Srivastava—Agarwal-type generating function. To strengthen the structural
theory, we also derive explicit low-degree members, a lowering g-difference relation, recurrence-type
identities, parameter-shift identities, a g-Appell characterization, connection-coefficient formulas, inverse
connection formulas, and Jackson g-integral evaluations. Suitable parameter specializations then recover

the corresponding known identities for the above two polynomial families.
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1. INTRODUCTION

Throughout this paper we assume |¢| < 1 and use the standard notation of basic hypergeometric
series. The notation and convergence conventions for ¢-shifted factorials, basic hypergeometric series,
Cauchy’s identity, and Euler’s identity follow Gasper and Rahman [13]. The g-derivative and the
g-Leibniz rule are used in the standard form appearing in the g-umbral and g-operator literature [1,2,5,

,18]. We write

1, n =0,
n—1
(i = { L= m el (1.1)
oo
[T =0d), n=oo,
k=0
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and

(91,90 On = (@100 (9r; O, 1 € NoU {00} (1.2)

Definition 1.1 (Basic hypergeometric series [3,17]). For r, s € Ny, the basic hypergeometric series is defined
by

&, (Bla e BT; " Z) _ Z ((617 ... ,Br; Q);; |:(_1)nq(g)] Its—r ZR, (13)

Y155 Ys k=0 7155783 4)k
where no denominator factor is zero. The usual convergence conditions are assumed whenever the series is

non-terminating.

Definition 1.2 (¢-binomial coefficient [4,21]). The g-binomial coefficient is

(¢ 9)u _ @Dk k(8
{ ] ) @GOG Dk (GO (1) Osksm (1.4)
k
q

0, otherwise.

Cauchy’s g-binomial identity is [9,20]

(@0 _ (0500 ) (15)
= (G Dk (25 @)oo
and Euler’s special case is
2. 2k 1
Y= <L (1.6)
=Gk (59
Definition 1.3 (g-derivative [23]). The g-derivative is
Dy{ ()} = L) =Saw) 17)

X

Theorem 1.4 (Leibniz rule for D, [15]). Let D, be defined by (1.7). Then

"Dy { ()} Dy Mg (¢ )} (1.8)
k=0

D f(@)g@)} =Y [Z

Theorem 1.5 (Elementary g-derivative identities [7]). The following identities hold:

Dy{a"} = mx""“, (1.9)

& { (xt;lq)oo} - (xtflj;)oo’ =t <1, (110
flps)- S
) - s | e o

where the last identity is used under the restriction max{|xv|, |xt|} < 1.
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Lemma 1.6. Let F'(x) be one of the analytic functions occurring in the sequel, and suppose that the indicated
convergence conditions are satisfied. Then the operator E(q~%, T,&; q, cq® D,) may be applied term by term to
the absolutely convergent expansions used below. In particular, if a numerator parameter is of the form ¢,

N € Ny, then the operator series terminates and no interchange of infinite sums is required.

Following Srivastava and Arjika [22], the generalized Al-Salam—Carlitz g-polynomials are

n

(a,b) (. _ ni o (a1,a9,. .., 05413 q>kxk n—k. 113
o (z,y | q) kzzo | Ot by Y (1.13)
q
Theorem 1.7 (Known identities for generalized Al-Salam—Carlitz polynomials). Let gb a.b) (x,y | q) be
defined by (1.13). Then the following identities hold.
(1) The generating function is
o0
a, t" 1 a1, a2,...,0s4+1
> 6PN @,y | @) = ———st16s gt (1.14)
s (G Dn (Y 9)oo b1, b, ..., b
where max{|xt|, |yt|} < 1.
(2) The Rogers formula is
a b) tn gm
Z Z ¢n+m LY | q .
== (¢ Dn (4 O)m
1 > (al,ag,. ..,as+1;q)n q’”,yt sq™
= xt)" iq,— |, 1.15
(yS,yt; q)oo n—0 (Q7b17b27"' 7bS;Q)n ( ) 2¢0 — 1 t ( )
where max{|ys|, |yt|} < 1.
(3) The Srivastava—Agarwal-type generating function is
° a tn A t: Q) oo al,ag,...,as+1,)\
S (X @Dy | g = DD gat]. (116)
— (@D W de b1, b, ... bs, Ayt
Following Saad and Hassan [19], the generalized g-polynomials A, (w1, ...,wy; b1, ..., bs; ,

y|q)are

n

Wiy ey Wrs I4s—r
hn(@it, b, by | @) = u[( D] ey (117)

n
— Kk (b1, ., 055 Q)

q
For compactness, write
W, = @ ,wr;q)n, 7, = B Grid)n (1.18)
(bly---;bs§Q)n (bl,...,bs;q)n

Theorem 1.8 (Known identities for h,,). Let hy, be defined by (1.17). Then the following identities hold.
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(1) The generating function is
> t" 1 Wy ene Wy
Zhn(wla"'awr;bla'”vbs;xay|Q) K = K 7‘¢8 7Qayt ) (119)
~ (@9 (@)oo b, ..., bs
where |xt] < 1.
(2) The extended generating function is
Zhn+k Wlw--uwrablv -;bs;wuy‘Q) r
(¢ O)n
_ zk i yt i [ 1)n+zq(n+z):| 1+s—r ((]}t’ q)- (g)@ (1'20)
(l‘t, q)oo = 0 n = ; n—H s 4 ) T )
q
where |xt] < 1.
(3) The extended generating function for the generalized Al-Salam—Carlitz g-polynomials is
b) "
o @y q
nz(‘) i (e )(q;q)n
1 > b (a as+1;q)
1y -5 Us41, n+1 1 k—1
= yt;q)ixc'y” ', 1.21
(Yt; @)oo nZ;J ZZ: (b1, o bs; @nti ( ) ( )
where |yt| < 1.
(4) The Mehler formula for hy, is
io: hn(wlﬂ sy Wrg b17 ... 7b8;x7y | Q)hn(ah L) 7@7“;317 e )/b\s; z,C ’ q) tn
(@:0)n
1 =~ (xat)™ Ts—r t)F
= Groe 2= g DT Z Z
(2t @)oo = " (G @)m { } = () = { i ] .
X Wits [(—1)k+lq(k+l)} T st ) (E) (1.22)
Y T Y
where |zzt| < 1.
(5) The Mehler formula for the generalized Al-Salam—Carlitz g-polynomials is
Zcbabfcqu B(ze | g)—
(4 On
_ 1 2 (@1, Gei1; Q) (y2t)™ i (zct)k
(et Qoo 5=t (b1y- - bs; O (G Dm 1= (G Dk
|| (a, - as115 @)k <$>Z
x ctiq)i (=), 1.23
lz:; |:Z] bl7---abs§q)k+1 (y q) Yy ( )
q

where |yct| < 1.
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(6) The extended Mehler formula for h,, is
00 R R m
Zhn(wl,...,wr;bl,...,bs;aj,y | Q)hngr (@1, .., D3 b1, bss 2, | @) —
n=0 (¢ O
= i | i [ 1)“”‘](”])}1“% (zzt; q)ay" '
(x2t; ¢)oo q); i HJ P
Jj= =0 q
Zt nJ J n ntey14+s—r ; ?
n=0 -4 n £=0 ¢ z
q
where |xzt| < 1.
(7) The extended Mehler formula for the generalized Al-Salam—Carlitz q-polynomials is
o) @y | )6 (2 e | )
nz;] ok (a; Q)n
°° o (@1, ..., ds11:9)
) y Us+154)i+j ( k—i i
= yct; q)ix” 'z
th q ;) lz 1 bl)"'abS;Q)iJrj
» Z l‘ctq )n Zﬂ: : (Lla ceey Q415 Q)n+£ (yctqi' Q)Z (1.25)
n—0 q;q n — blv"wbs;q)n-‘rf ’ ’
q
where |yct| < 1.
(8) The Rogers formula for h,, is
iihn+m(W1,--.,wr;bl,...,bs;l',y|q) r W
=i (¢ Dn (€3 @)m
e ” °© k n 1+s—r
_ W, ntk g ("3") : 1.26
(zw, xtq z:: q,an:: +k A ] (ww; ), (1.26)
where max{|zw|, |zt|} < 1.
(9) The extended Rogers formula for hy, is
iihn—f—m-‘rk(wla--~7wr;bla---abs;$ay|Q) " w
=i (¢ Dn (@3 @)m
00 k
1 (yt)n k nti\] 1+s—r . .
—_ Wi _1n+z( ) t,izkz
q
" |n i w\J
x> || (atd’ ), (;) ; (1.27)
j=0 [J ;

where max{|zw|, |zt|} < 1.
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(10) The extended Rogers formula for the generalized Al-Salam—Carlitz g-polynomials is

(a,b) tm w™
Pt (T | 4
nZOmZO ek | )(Q§Q)n (6 )m
00 k
1 ($t)n k (al,...,a5+1;q)n+i  hi
- (yw, yt; @)ix'y" ™ (1.28)
(yw7yt;Q)OOnZO(q;q)n; ) (b17"'7b5;q)n+i
q
w\J
XZ (vid's ) (t) ’ (1.29)
7=0 ] q

where max{|yw|, |yt|} < 1.

Novelty and contribution. The operator and polynomial family studied in this paper are motivated by
the need for a single finite-parameter framework that contains both the generalized Al-Salam-Carlitz
polynomials of Srivastava and Arjika [22] and the generalized ¢-polynomials studied by Saad and
Hassan [19]. The main novelty is not merely the introduction of an additional parameter, but the
simultaneous preservation of operational, generating, Mehler-type, Rogers-type, lowering, connection,
and g-integral structures. Table 1 summarizes the relation between the present work and the closest

previous results.

Reference or family Main object Present extension

Srivastava—Arjika [22] | Generalized Al-Salam—Carlitz | Obtained as a specialization of ="
polynomials ¢£La’b) (z,y | q) when o — —o0, r = s + 1, and the

variables are interchanged.

Saad-Hassan [19] Polynomials Obtained as a normalized limiting
hn(wi,...,wpb1, ..., bs;z,y | | case of the same polynomial family.
q)

Fang, Chen-Liu, Chen- | Finite and infinite g-exponential | Recovered as special or limiting

Gu and related operator | or homogeneous operators forms of E (g%, 7,€&q,cq*Dy).

work [6,10-12]

Present paper Finite-parameter family =" | Provides unified generating, ex-

generated by E tended generating, Mehler-type,
Rogers-type, Srivastava—Agarwal-
type, lowering, connection, inverse
connection, and Jackson-integral for-

mulas.

The remainder of the paper is organized as follows. Section 2 introduces the generalized g-operator
E (¢, 1,§;q,cq“D,) and proves operator identities needed later. Section 3 defines the new polynomials

=5 " and derives their generating function and extended generating function. Sections 4 and 5 establish
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Mehler-type and Rogers-type identities and their extensions. Section 6 gives a Srivastava—Agarwal-type

generating function, and Section 7 records the principal specializations.

2. THE IDENTITIES OF THE OPERATOR F

Definition 2.1. Let 7 = (7y,...,7,) and § = (&1, ..., &s). The generalized q-operator is defined by

= e e ap oy LN~ @S TIOk [k (1T
Blq o m&0,0°D) = S LTk [qyeg ()] (egop, ), (2.1)
! e = (0§ { ! } !

The following specializations show that (2.1) contains several previously studied operators. Each
item below is now explicitly supported by the reference in which the corresponding operator, or the
corresponding operator framework, was introduced or used. The reductions are understood up to the
standard harmless normalization of the scalar argument, for example replacing c by cg® before taking
a limiting value of «.

(1) Setting o« — —o0, 7 =1, s =0, and 71 = 0 gives the g-exponential operator T'(cD,) introduced
by Chen and Liu [7].

(2) Setting o — —oo, 7 = 1, and s = 0 gives the Cauchy operator T'(t, ¢; D,) introduced by Chen
and Gu [6]; the closely related operator 1 ®o(7; —; ¢, —cD,) was used in Fang’s extension of the
g-Chu-Vandermonde identity [10].

(3) Taking r = s = 0 gives the finite g-operator 1 ®¢(¢~*; —; ¢, cq“D,), which belongs to the finite
g-differential-operator framework developed by Fang [11].

(4) Taking r = s = 1 gives the finite g-exponential operator »®1 (¢, 71;{1; ¢, cq® Dy); finite two-
parameter g-exponential operators of this type were studied by Fang [11] and by Zhang and
Yang [24].

(5) Setting @ — —oo and r = s + 1 gives the generalized g-operator 4 1¢s(71, ..., Tox1; &1, - - -
,&s3q, cDy) considered in generalized ¢-difference-operator work by Fang [12]; the associated
homogeneous ¢-difference operator used for generalized Al-Salam—Carlitz polynomials is the
one used by Srivastava and Arjika [22].

(6) Setting o — —oo, r = 2, and s = 1 gives the generalized exponential operator with three
parameters studied by Li and Tan [16].

(7) Setting @ — —oo in the general case gives the generalized g-exponential operator ,® appearing

in the operator approach to ¢g-polynomials developed by Saad and Hassan [19].

For clarity, Table 1 records the same reference-supported correspondences in a compact form.

Remark 2.2. All formulas are interpreted under the restrictions that no denominator factor vanishes and that all
non-terminating products and series converge absolutely. The terminating case is covered automatically when

one of the numerator parameters is a non-positive integral power of q.
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TaBLE 1. Previously used operators recovered from (2.1).

Specialization in (2.1)

Recovered operator

Source

a— —oo,r=s5+1

a— —o0,r=2,8s=1

o — —oo, general r, s

T(cDy)

T(7,¢; Dy) and 1@ (75 —; ¢, —cDy)
finite 1 ®o(¢~*; —;9,¢¢*Dy)
finite 2®1(q™*, 715 €13 ¢, ¢ Dy)
generalized ;11¢4s; and homoge-
neous g-difference operators
three-parameter generalized expo-
nential operator

generalized ,®, operator

Chen and Liu [7]

Chen and Gu [6]; Fang [10]

Fang [
Fang [
Fang [

Li and Tan [16]

Saad and Hassan [19]

]
]; Zhang and Yang [24]

|; Srivastava and Arjika [22]

Theorem 2.3. For x € Ny,

E(q” 7T,£;q,cq°‘Dq){W§m})}
1 S ) (T @ity i (9] R
= (pv, pv; q); ¢*UH) == | (—1) g
(P, 93 ¢)s j:O;H ’ (& @i = ] (o) |j)
K—J U i—L, 0 J.
A A v (pve’ i q)e- (22)
q
Proof. Put
1
Glp)= —
®) (o, V5 @)
By Definition 2.1,
Blqem & q.cq°Dy) { —
T T e, v )0
o - m\1 14+s—r
Z I [(ymg(D] T emgem o)), (23)
— q,é Q)
The g-Leibniz rule (1.8) gives
Dy{p"G(p)} = Z U= DI} DY G (¢ )}
j=0 ] q
min{m,x} .
_ Z m qj(j—m) ((LQ)N n—jD;n—j{ ' 1 ' } (24)
= i (4 4)n— (pra?, pv¢; ¢)oo

q
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Using (1.12) with z = g, v replaced by v¢’, and t replaced by vg/, we obtain
Dm_j{ : }_ mZ:J { ] G (pugd i q)p. (25)
T Uerdd ovdia)e ) (v, pvqﬂ Joo ) T '

Since
1 _ (pripvig);
(ovd?, pv@; Qoo (9V, 9V; @)oo
substitution of (2.4) and (2.5) into (2.3), followed by the change of index m = i + j, yields

ZZZ (pv, ;)3 L 2T Dits [(~1)g(%) T i atig)

(s pv3 Q)oo =5 =5 = (CIEQ)erg

o qfijMpnfj i Vi (pvg’; q)e-
j (¢ @)n—j ¢
q q

Finally, the elementary identity

1 iti| (@9s 1 |k
(@G @ivs | (G- ()i |

and the cancellation of the powers of ¢ inside the standard g¢-binomial normalization reduce the

preceding expression exactly to (2.2). This proves the theorem.

Corollary 2.4. Setting v = 0in (2.2) gives

E(q_“,T,ésq,cq“Dq){(pfq) }

K

e . QO ). i s—r it K .
pv q Z ov; q an (i+5) (q y T Q)’L+] [( 1)z+]q( +J)} ¢ |: ] BOH_jUZ.
q

GT. @ |

Corollary 2.5. Setting k = 0 in (2.2) gives

— o 1
E(g",7,§:q,c9"Dy) {}

(v, V3 q)oo
S} aiiq) ; (;) s—r ci 7 i E .
(@V PV @)oo ; Oq (& q)s [( Ve ] (¢;9)i u (v a)e
q
S ” w i (5917 (eva®)! (evg®)’
~ (om, @vqoo;%;p D D [( b } (G:9)i (g9)e

3. TuHE GENERATING FUNCTION FOR 20" (p, T3 €, ¢ | q)

Definition 3.1. The polynomials 2%~ " (p, T; &, ¢ | q) are defined by

=0 (o, 1€ ¢ | q) = Z {Z] ank k [( 1>k’q( ):|1+5—T ok
k=0 ’

O

(2.6)

(2.7)

(3.1)
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Theorem 3.2. For n € Ny,

E(q“,7,6:q,cq"D){p"} == " (0, 7:€,¢ | q). (3.2)

Proof. Starting from Definition 2.1, we have

D [(ykg®)] 7 hgotpigprn).

E(q™,7,&q,cq°Dy){p"} = ZW

k=0

The derivative D’q“{p"} is zero for k > n. Therefore the infinite operator sum truncates at k = n. By

(1.9),

(A —Q rel n - T Q)k ak k ( ) I+s—r (q; Q)n n—k
E ,T,&;q,¢cq“D = 1 —_
(q & ¢, ¢q" Do){p"} g:o (q)s’q) q [( )*qlz ] @ Dur?’
n , T o k] 1+s—r e
2 : £ )Q)kq k k [(71)kq(2)} 0 k’
k=0 1
q
where we used (¢, &; ¢)r = (¢; 9)x(&; ¢)k- The last expression is exactly the defining sum (3.1). O

The limiting case @ — —oo gives the polynomial family (1.17); after additionally taking r = s + 1

and interchanging the two polynomial variables, one obtains (1.13).

Theorem 3.3 (Generating function). For |pt| < 1,

00 —a—n . tn 0 T q . ak 3 (k) 1+4+s—r K
Zn (e Ti€ielq) (=12 (ct)t.  (33)
,;) (¢ Dn got Qoo Z:% (4,& )k [ ]
Proof. By (3.2),

o0

Z (p>7— Eac | q ZE Tas;fbcanq){@n}

n=0 ((ﬁ Q)n

Lemma 1.6 permits moving the operator outside the absolutely convergent series. Hence

o t” "
> = (e g el q) . :E(q-ame;q,cqwo{

n=0 (7Q)n

NE
30
3OS

—

- o 1
E(q 77-7£;Q>Cq Dq){ }

(95 ¢) oo

Using (1.10),

[u—y

am \k _ hgok t
(cq"Dy) {(pt;Q)oo} T ot

Substitution into Definition 2.1 gives (3.3). O

Theorem 3.4 (Extended generating function). Let m € Ny and |pt| < 1. Then

e}
—a—n—m

‘:‘n—i-m (p’T;SaC | Q)(

n

vt % q)n
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S— Zz{m] (q(ZqT)i)ﬂ{( nesriesl) 7 (ptiq)yg I s (3

Proof. From (3.2) and Euler’s identity,

C —o—n—m o n+m t’ll
Eiem o mibel oy ZE *7,84,cq" Dy){p" "} —
n=0 (¢ On
= — (pt)"
= E Ol? T7 ; Y C aD "
s C’){p ,;)(q @n
= E(q_avTaﬁ;Q7 anDl]) { pm } :
(963 ¢)oo
Now apply Corollary 2.4 with £ = m and v = ¢. The resulting expression is exactly (3.4). 0

4. Mencer’s Formura ror 28" (p, T;€,¢ | q)

Theorem 4.1 (Mehler-type formula). For |pzt| < 1,

- zo—n & ¢ -
nz_:f (0 m8e | Q27 (7€ F L a)

L SN T e (9] [ (D) (g p T
_(KJZt;Q)OOkZOjZ;iz; (4. €50k [( Ve } [( D™ } (") (& @it
|k .
X (pzt; Q)jqa(zﬂ)m L] @k_j(Zt)l- (41)

Proof. By the operational representation (3.2), the first polynomial in the left-hand side can be written

as
=0, 3 € ¢ | q) = E(q™%, T, & ¢, cq®Dy) {9}

Therefore, using Lemma 1.6,

00 n
—a—n . —B—n Ay
—n 77-7570 q)=y ZaTaSaf q
DS (ot = D
_ (a . a c- =B-n gl (pt)n
_E<q 7T7£7Q7cq Dq) Z‘—‘n (Z7T7€’f‘q)(qq) :
70 yqd)n

Now apply the generating function (3.3) to the second polynomial, with the replacements

(o, 7,&,¢,0,t) = (B, 7', &, f,2,pt).

This gives
00 - n /Py (pt)n _ > ﬁk; ( ) 14+s—r i
nzz()u BT T 10 ), Zptqookzzo qg D [( D } (fpt)".
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The scalar factors independent of the operator may be pulled outside, and it remains to evaluate

~ oF
E(q,7,&4q,c4"Dy) {(zptq)} :
Corollary 2.4 applies with x = k and v = zt. Hence

~ @k
E(q ", 1,&q,cq"Dy) {(zptq)}

koo —Q T L i+j\]S—T cz‘ 1 ) )
pzt @oo ZZ pzt;q)jq" (i+5) w [( 1)l+]q( )} _ﬂ)i !k} pk_](zt)z.

j=0 i=0 €7q)z+j

Multiplying this expression by the outer coefficient
(.7 )k g k (1T ek
AL KIRE Y —1)kqle t
(¢, €5 0)x [( )'a } (7t)
and using ¢°*(ft)* = (ftq®)k gives exactly (4.1). O

Theorem 4.2 (Extended Mehler-type formula). Let m € Ny and |pzt| < 1. Then

[e.9]

= —n— t"
SoEr o it el )= "t 0
re ¢ 9)n

ZZ|: ] ( T Q)H-j [( l)H_]q(hL])} q B(i+7) (ft) (fQ) AAVIACL Wi, o
j J 4

3 £ Q>z+j (Qa Q)

s—r Ca+b

e P G [ ] H
q

a=0 b=0 (Q;Q)b

X i (ztg?)P. (4.2)

Proof. By (3.2), the left-hand side can be written as

o0

E(q*,7,& 4,¢4" D) {Z =T 8 £ | @) B } .

= (¢ Dn

The extended generating function (3.4), applied to the second polynomial and with ¢ replaced by et,

gives

—B—n—m 1. &l (pt)n
nzo‘—’n—s—m (Z’T’é’f’q)(q;q)n

m oo m —B 7-/. S it —_r ] 5 '
ZZ[] W[( 1))’ P N e L

(¢; )i (2683 4)oo
Since (zpt;q);/(20t; @)oo = 1/(29t¢’; ), each summand requires the operator to act on

o
(26ta’; @)oo
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Corollary 2.4, with K = i and v = 2tq?, gives the inner double sum over a and b. Collecting the scalar

factors outside the operator yields (4.2). O

5. Rocers’ FormuLa ForR 28 "(p, T;€,¢ | q)

Theorem 5.1 (Rogers-type formula). If max{|pt|, |ps|} < 1, then

oo o0

—a—n—m . " s™
;:()mo =m0 T8 D
NS T T @i [ qyie, ()] (esa®)’ (etg®)’ 51
(9t 95 0)e Z(:”z; vl (£§Q)z‘+£ [( e } (¢:9)i (¢:9)e” G1)

Proof. Using (3.2) and Euler’s identity twice,

ZZ:%+%m@,T,E,C|Q)( tn (S

n=0m=0 an)n

[e.9]

= E(q*,7,&4q,c4°Dy) {Z ()" (ps)” }

=@ Dn = (@ Dm

m=

_ 1
E(q 71,8 q,cq"D {}
( ) (9t 953 @)oo

The restriction max{|pt|, |ps|} < 1 guarantees the required convergence. Applying Corollary 2.5 with
v =tand v = s gives (5.1). O

Theorem 5.2 (Extended Rogers-type formula). Let x € Ng and max{|pv/|, |pv|} < 1. Then

55 sl L
g e Tt (G @) (@ D
1 kK oo 1 . .(q—a T'Q)H—' an1s—r AT |k
Il pre——— (v, pv; 4) g+ DD [yt (F)]
(pv, 9V; @)oo jo;eo ! (& q)ivs (q;9)i j q
X pn—] UZ_ZI/(pqu;q)g. (5.2)

q

Proof. By the operational representation,

oo o0

> G
—a—n—m—kK
‘:n+m+n (5077-;670 | Q) R
0 =0 (@ Dn (¢ Dm
=E(¢ ", 7,&4q,c4" Dyg) {p“z Z }
(G On = (G Dm

= E(qiavTvé;(chaDq) {ngq)} :

Theorem 2.3 is exactly the evaluation of this last expression, and therefore (5.2) follows. 0
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6. SRIVASTAVA—AGARWAL-1YPE GENERATING FUNCTION FOR
En (e, 16¢|q)

Theorem 6.1. For |pt| < 1,

> E Mol X
n=0 ( )
(Mt @)oo (N T )k kT
= 1)%g\2 ct)”. 6.1
i g:oq»wﬁqq (1] (@) (6.1)
Equivalently, the right-hand side is
APt Doo = —a
—— = AT, At €5 g, et
(9t @)oo Bl o8 cl)

where the latter notation means the corresponding basic hypergeometric series in the scalar argument ct.

Proof. By the operator representation (3.2),

- —a " (. —a @ > (pt)n
Z: (0,738, e] QN @n s = Elg™"7.860:¢4"Dy) {nzz;)(/\;q)n(q; q)n}.
Cauchy’s identity (1.5) gives
.- (t)" _ Apti@)o
A )n =
nz%( e~ (9D

Using (1.11) with v = At gives
K { (/\@t;q)oo} — O q)k(/\ptqk;q)oo _ o Mgk Ot 9o
(9t; @)oo ’ (9t; @)oo Apt; @)k (9t @)oo

Substitution into Definition 2.1 yields

(Apt; @)oo e (T kg (X @k
(93 @)oo kzo ng) [ V ] T Do

which is exactly (6.1). O

7. FURTHER STRUCTURAL IDENTITIES AND EXAMPLES

The preceding sections give the main generating, Mehler-type, Rogers-type, and Srivastava—Agarwal-
type identities. In this section we record additional structural consequences of Definition 3.1. These
results are useful for comparing the family ={,~" with more classical g-polynomial systems, and they
also provide simple checks on the parameters appearing in the previous identities.

For convenience, put

Ap(a,7,€,¢) = ankck {(71)kq(§)} HS*T, k € No. (7.1)
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Then Definition 3.1 can be written in the compact form

n

=g riéclg) =

k=0

Ak(OZ,T,E,C)pn_k. (72)

q

The coefficient sequence { Ay } ;>0 is the basic structural datum of the family. It separates the polyno-
mial variable p from the parameter arrays 7 and £, and this separation is responsible for the ¢g-Appell-

type properties below.

Theorem 7.1 (¢-Appell characterization). Let { P, (p)}n>0 be a polynomial sequence with deg P,, = n and

Py = 1. Suppose that its exponential generating function has the form

N r___F@) _

2 Flo) Gon  how TO=L (7:3)
Then

D{Pu(p)} = (L= q")Paa(p), n=1 (7.4)

Conwversely, if a sequence satisfies (7.4) and has an absolutely convergent generating function in a neighbourhood

of t = 0, then its generating function is of the form (7.3). In particular, 20" is a q-Appell sequence with

[e.9]

FO‘77—7£70(t) =
k=0

qu [05®] " (e (7.5)

Proof. Apply D, with respect to p to both sides of (7.3). Since

Pa { e } - o

we obtain
Z D {Pu(p)}——— =t Z Po(
The right-hand side is
o0 tn
1—-—q¢")P,_ ,
nzl( 0" Po1(p) T

because (¢; q)n = (1 — ¢")(¢; ¢)n—1. Equating coefficients gives (7.4). Conversely, if (7.4) holds, then
applying D, to the generating function G(p, t) gives D,G = tG. The analytic solutions of this first-order
g-difference equation in p are precisely G(p,t) = F(t)/(pt; ¢)oo, Wwhere F' is independent of p. For
=5", Theorem 3.3 gives the stated F'. 0

Theorem 7.2 (Connection-coefficient formula). Let =2 (p) and Z2(p) denote two polynomial families of the

form (7.2), with coefficient-generating functions

=>4 Falt) =2 By,

k=0 4

(7.6)
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where Fp(0) = 1. Define the connection coefficients Cp, (A, B) by

o0

Fa(t) tm
=N"Cn(A,B 7.7
Fa) ~ 2 S BV (77)
Then, for every n € Ny,
" |n
Znlp) = Con (4, B)Z 1 (9)- (7:8)
m=0 |
q
Proof. By the generating functions,
Sz - Fal) (£ (L),
= " @dn (Phd)e  \FB()/) \ (0t d)
Using (7.7) and the generating function of =2, the product becomes
Con(A, B)———— =Bp)— | .
(mzz:o ( )(Q;Q)m> (;) i { )(q;q)g)
The Cauchy product of these two g-exponential series gives
S]] CtanEt o |
n=0 \m=0 | (q; Q)n
q
Equating coefficients proves (7.8). O
Corollary 7.3 (Inverse connection formula). With the notation of Theorem 7.2, define D,,, (A, B) by
Fp(t) tm
—N" D, (A B . 7.9
Fa(t) mZ:O ( )(q; @) (79)
Then
“|n
= (p) = Din(A, B)Ep 1 (9)- (7.10)
m=0 |
Moreover, the two coefficient arrays are inverse in the sense that
“n
> Cm(A, B)Dyy_n(A, B) = 6,0. (7.11)
m=0 [T

q

Proof. Formula (7.10) follows from Theorem 7.2 after interchanging A and B. Multiplying the two
quotient series F4/Fp and Fp/F4 gives 1. Comparing the coefficient of t"/(g; q)», in the product gives
(7.11). 0

Corollary 7.4 (Expansion in monomials and inverse monomial expansion). Taking B,, = 0 form > 1

B

gives Z7 (p) = " and hence

n
n
s (o ritelq) = S [
m

m=0

Ap (a1, & 0)p" ™. (7.12)

q
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If Ry, is defined by
m 7.1
Fa T8, c Z = m ( 3)
7 =0
then the inverse expansion is
7 . L —=a—n+m
= Rm“n m (va; £, c ‘ Q)' (714)
m=0 |

q

Proof. The first formula is exactly (7.2). The inverse formula follows from Corollary 7.3 with B equal to
the monomial sequence. The shift in the superscript reflects the fact that the degree of the polynomial

in the last factor is n — m. O

Proposition 7.5 (First members of the family). The first members of the polynomial sequence are

Eo(p. i€ clq) =1, (7.15)
2 o€l g) = o + Ar, (7.16)
E5 (g, 56 c]q) = 9" + (1+ @) Aip + As, (7.17)
253 (p, i€ @) = 9" + (L4 g+ ¢®)Aip? + (1 + g + ¢*) Asp + As, (7.18)

2y Mo miécl) =t + (14 g+ + ) Aip® + (1+q+2¢° + ¢ + ¢*) Asg?

+ (14 q+ ¢+ ¢*)Asp + Ay, (7.19)
where Ay, = Ai(a, T, €, c) is given by (7.1).

Proof. These formulas follow by substituting n = 0, 1,2, 3,4 in (7.2) and using the elementary values

3 3 )
=1+gq = =1l+q+q,
1 2

q q q

4 4 4
= =1+q¢+¢+4°, =1+q¢+2¢°+¢* +4"
1 3 2
q q q
No limiting or convergence argument is needed, since each polynomial is a finite sum. O

Theorem 7.6 (Lowering g-difference relation). Forn € N,

Dy {2 (o, m&cla)} = (1 —¢)ES T (9,15, ¢| q). (7.20)

Equivalently,

(&7

= ‘"(977;570\Q)—-En‘”(qp77;€,0\q)::(1

. =0T (o, 5 €, ¢ q). (7.21)

-q")=E,



Asia Pac. J. Math. 2026 13:170

18 of 27

Proof. Using (7.2) and the monomial derivative (1.9), we get

" In
DR CESFIANMIEDY ) ApDo{p" "}
k=

L dyg

i
L

— Ak(l . qnfk)pnfkfl.

Since

we obtain

n—1
n—1
D {E5 (o mi&cl @)} =(1—-q")) A F
k=0

q
(1_(] )Ha n+1(p7 ,E,C‘Q)

which proves (7.20). The equivalent form (7.21) follows directly from the definition of D,.

Corollary 7.7 (Higher lowering relation). If 0 < m < n, then

m [—ma—n 4;9)n r—~oz n+m
Dq {‘:‘n (@aT@,C\Q)}:(q(_q)) + (@,T EaC|Q)

In particular, D{Z57"} = (¢; q)n.

Proof. Apply Theorem 7.6 successively m times. The scalar factors multiply as

(1 o qn)(l - qnfl) .. (1 _ qnferl) _ (q(;qq;)i)fm

The remaining polynomial has degree n — m, giving (7.22). The case m = n leaves Zf = 1.

Theorem 7.8 (Raising recurrence in the degree). For n € Ny,

—a—n—1

Eo (oTmi&celg) == " (p, 1€ clq)

Aj+1(0[, T, 5’ C)pn_j'

Equivalently, since

M_ a (1_qia+j)(1—7'1qj)-~-(l—Trqj) NN
Aj(OC,T,E,C) -7 (1_§1qj)...(1_§sqj) (( 1) Q) )

formula (7.23) can be written entirely in terms of the coefficient sequence A;.

(7.22)

(7.23)

(7.24)
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Proof. Start from (7.2) with n replaced by n + 1:

n+1
——n— n+1 _
it =D A" TR,
k=0
q
Use the standard ¢-Pascal relation
n+1 n T
k k k—1
q q q
n
The part containing gives
k
q
" |n
App" T = 0E0 (9, T3 €,¢ | q).
k=0 |k

q

For the second part put j = k£ — 1. Then

n+1 n n n
an+17k Akpn+1fk — anf‘] . Aj—&-lpnija
k=1 k—1 . =0 71,

which proves (7.23). Formula (7.24) follows immediately from the definition (7.1) by dividing A,

Remark 7.9. The recurrence (7.23) is a general raising relation for the full parameter family. A simple universal
three-term recurrence with coefficients depending only on n is not expected for arbitrary parameter arrays, because
the quotient (¢=%, T;q)r/(&; @)k is completely general. Under special choices of T and &, however, the raising

relation may simplify to shorter recurrences.

Definition 7.10 (Jackson g-integral). For 0 < |g| < 1 and a function f for which the series converges, the

Jackson q-integral over [0, a is

/0 f@)dgz = (1-q)a 3 ¢ f(ag™). (7.25)
m=0
In particular, for N € Ny,
a N (1 _ q)aN+1

Theorem 7.11 (Jackson g-integral of Z0~"). For n € Ny,

aﬁafn n n an—k—l—l
/0 = Mz, € c| @) dgr = (1 — q)z . Ak(a,r,&c)m. (7.27)

k=0
q
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Proof. The polynomial is a finite sum, so the Jackson integral may be applied term by term. Substituting
(7.2) gives

n

a n a
|zl ade - A [ e
0 k 0

k=0
q

Using (7.26) with N = n — k proves (7.27). O

Corollary 7.12 (Generating function for the Jackson integrals). If |at| < 1 and the relevant non-terminating

series converges, then

o] aﬁa_n . tn B a 00 T q k a ,5 1+s—r
Z </0 =0Tz, | q)dq:r> @on _/0 . Z o k [( 1)kq( )}

x (ct)* dg. (7.28)

Proof. This follows by integrating the generating function (3.3) term by term. The convergence condition
lat| < 1 guarantees the convergence of the reciprocal product expansion on the Jackson lattice = =

aq™. O

8. OrtHOGONALITY TEST, SECOND-ORDER ¢-DIFFERENCE CONSEQUENCE, AND A CONCRETE SPECIALIZATION

The preceding section shows that =0~ " is a g-Appell-type sequence. In the theory of orthogonal
polynomials, a monic orthogonal sequence must satisfy a three-term recurrence by Favard’s theorem;
see, for example, Chihara’s monograph [¢]. Because the present family contains arbitrary numerator and
denominator parameter arrays, one should not expect a universal three-term recurrence for all choices
of parameters. The following result gives a precise test for when such a recurrence can begin to occur.

It is useful both as a structural result and as a practical check on possible orthogonal specializations.
Theorem 8.1 (Favard-type coefficient test). Let

Pa(p) = 27" (0 73€,¢ [ q)

be written in the form (7.2). Suppose that, for a fixed admissible choice of the parameters, the monic sequence

{ P, }n>0 satisfies a three-term recurrence of the form
Prii(p) = (9 + un)Pa(p) + vnPa1(p), n =1, (8.1)
with P_y = 0 and Py = 1. Then necessarily

up = ¢" A1, (8.2)

vp, = [nq (q”flAg — q”A%) , (8.3)
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where [n], = (1 — ¢")/(1 — q), and the coefficients Ay, = Ay (v, T, &, ¢) must satisfy, for every n > 2,

n+1 n n n n—1 n A2
; — ; As = q" A4 ) Ag + [n—1]gA1[n]q (¢" 1Az — ¢" A7) . (8.4)

q q q

Consequently, a parameter choice for which (8.4) fails for some n > 2 cannot yield an orthogonal polynomial

sequence with respect to a quasi-definite moment functional.

Proof. Since P, is monic, comparison of the coefficient of p™ in (8.1) gives

n+1 n
A = A+ uy,.
1 1
a a
n+1 n
Because - = ¢", this proves (8.2). Next compare the coefficient of p"~!. The left-hand
1 1
q -2 4q
n+1
side contributes Ao, while the right-hand side contributes
2
dq
As +uy, Al + v,
a q
Using (8.2) and the identity
n+1 n _
- = ¢! [n]g,
2 2
q q

n+1
we obtain (8.3). Finally, compare the coefficient of " ~2. The left-hand side gives As. The
3
three terms on the right-hand side give respectively

n n—1
A37 Un A2a Un Al-
2 1
q q q

Substitution of (8.2) and (8.3) gives (8.4). Favard’s theorem implies that any orthogonal monic sequence
must satisfy a recurrence of the form (8.1); hence failure of the displayed necessary condition rules out

orthogonality. O

Corollary 8.2 (Conditional second-order ¢-difference equation). Assume that a specialization of 25"

satisfies the three-term recurrence (8.1). Then P,,(p) = ZS"(p, T; &, ¢ | q) satisfies the second-order g-difference

—n
equation
Un
1—qg"

D2P,(9) + (g9 + un)DgPru(p) + "' Pa(p) =0,  n>1, (8.5)

where w,, and vy, are given by (8.2) and (8.3).
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Proof. Apply D, to (8.1). The g-product rule gives

D {pPn(p)} = Pu(p) + qpDyPa(p).

Using the lowering relation (7.20), we have

DyPoi1 = (1—¢" P, DyPy 1 = 1_1qn 2P
Therefore
(1—¢" ™) P, = Py, + (g9 + un) Dy P + T —"—D?2P,.
Rearranging gives (8.5). O

Remark 8.3. Corollary 8.2 is intentionally stated conditionally. For arbitrary arrays T and &, the family is too
general to be universally orthogonal. The theorem identifies the exact coefficient obstruction that must first be

overcome before one can search for positive measures or quasi-definite moment functionals.

This example is useful because it separates the genuinely finite parameter o from the limiting cases

that recover the older polynomial families.

Definition 8.4 (Finite one-parameter specialization). Let N € Ng and take o = N, r = s = 0. Define

min{n,N}
n k
PM(piclq) =N "p,~—cle)= (Vi rgVrF (—1)kqGlgn k. (8.6)
k=0

q

Theorem 8.5 (Generating function and terminating transformation). For N € Ny and |pt| < 1,

N
" -
P (p; BNk+(5) (ct)F 8.7
Z (el g = @tqooz(:) —1)rqMH G (et) (8.7)
Equivalently,

i " 1 q—N
PT(LN) ;C g 7 ’C Nt . 8.8
nzo (rclaq) TG B (8.8)

Consequently, for every M € Ny,

M min{M,N}

M
3 PM(prel gy = Y (0 N5k (1) B (o + )2k, (89)
n=0 | 1 k=0 k
q q
where
o+ =3 1"
7=0 J

q

is the standard homogeneous Rogers—Szego type g-sum.
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Proof. Equations (8.7) and (8.8) are obtained from Theorem 3.3 after setting o« = N andr = s = 0.
Since (¢~V; ¢)x = 0 for k > N, the series in the operator parameter terminates. To prove (8.9), multiply

(8.7) by Euler’s expansion

On the left, the coefficient of t™ /(q; q) s is

M
M
> PN (g | gy

n=0 [ T
q

On the right, expanding 1/((pt; ¢) (¥t; ¢)) gives the coefficient (p + y)f]\/[ ~* after the terminating
coefficient indexed by £ is chosen from the finite hypergeometric factor. Equating coefficients proves

(8.9). O
Corollary 8.6 (Evaluation at the origin). For0 <n < N,

PM(0:c | q) = (N q)ng" e (-1)"q(3), (8.10)
andelN)(O;c | ¢) =0forn> N.

Proof. Set p = 0 in (8.6). Only the term k = n can survive. If n > N, that term is zero because

(e N;q)n =0. O

9. SPECIALIZATIONS AND CONCLUSION

The preceding theorems contain the identities listed in Theorems 1.7 and 1.8. The formulas in
Sections 2-6 have been rechecked against the original sequence of results: the operator identity, its
two corollaries, the operational representation, the generating and extended generating functions, the
Mehler-type and extended Mehler-type formulas, the Rogers-type and extended Rogers-type formulas,
and the Srivastava—Agarwal-type generating function. We record the reductions explicitly, because

they are also useful checks on the consistency of the parameters.

Corollary 9.1 (Reduction to h,). Under the normalized limiting process « — —oo and the parameter

identification
T=(w1,..., W), &= (b1,...,bs), c=y,

together with the replacement o = x, the polynomial =0 "(p,T;€,¢ | q) reduces to the family
hn (Wi, ..o wprs by, .. bssxyy | q) in (1.17).
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Proof. In the normalized limit, the finite parameter factor involving ¢~ supplies precisely the limiting
coefficient that remains in the defining sum of h,,. After the identifications above, the summand in

(3.1) becomes

9

n (aq,...,a%5Q)k [C_1>kq(g)}l+s—wlnn_kyk

Bl (b1, bss )k
q

which is the kth summand of (1.17). Summing over 0 < k < n proves the assertion. O

Corollary 9.2 (Reduction to generalized Al-Salam—Carlitz polynomials). If in Corollary 9.1 one further

takes r = s + 1 and interchanges the two polynomial variables in the standard way, then =3~ reduces to
o @,y | q) in (113).

1+s—r
Proof. Forr = s+ 1 the exponent 1+ s —r is zero, so the factor [(—1)’%](}5) ] disappears. Interchang-

ing the variables so that the parameter-dependent part multiplies z* and the remaining monomial is
8 P P p p 8

y"k gives
n (a17"‘7a5+1;q)kwkyn_k7
k (b1,.. ., bs; @)k
q
which is the defining summand of (1.13). a

Corollary 9.3 (Specialized generating functions). The generating function (3.3) yields (1.19) under the
reduction in Corollary 9.1, and yields (1.14) under the reduction in Corollary 9.2.

Proof. Apply the same parameter identifications to both sides of (3.3). The product factor 1/(pt; ¢)
becomes 1/(xt; ¢)~ in the h,, case, and the remaining sum becomes the basic hypergeometric series
r¢sin (1.19). For the Al-Salam—Carlitz case, the interchange of variables changes the product factor to

1/(yt; @)oo, and the remaining series becomes ¢ with argument x¢, which is (1.14). O

Corollary 9.4 (Specialized extended generating functions). The extended generating function (3.4) gives
(1.20). Under the additional specialization r = s + 1 and the corresponding interchange of variables, it gives

(1.21).

Proof. Set p =z,c =y, T =w,and § = bin (3.4), and then apply the normalized limit « — —oo. The
coefficient array becomes W,,;; and the monomial factors combine as z*(y/x)?, giving (1.20). When
r = s+ 1, the sign-power factor is one; after the variable interchange, the same expression is rearranged

as (1.21). O

Corollary 9.5 (Specialized Mehler-type identities). The Mehler-type formulas (4.1) and (4.2) reduce
respectively to (1.22), (1.24), (1.23), and (1.25) under the parameter identifications described above.
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Proof. Use Corollaries 9.1 and 9.2 for each of the two polynomial factors in the left-hand sides of (4.1)
and (4.2). On the right-hand sides, the parameter ratios reduce to ,, and Wn in the h,, case. In the Al-
Salam-Carlitz case the exponent 1+ s —r vanishes, and the variable interchange transforms the products
(p2t;q)oo and (2ptq’; q)o into the corresponding products (yct; ¢)oo and (yctq’; q)so. Term-by-term

comparison then gives the listed formulas. O

Corollary 9.6 (Specialized Rogers-type identities and Srivastava—Agarwal formula). The Rogers-type
identities (5.1) and (5.2) reduce to (1.26), (1.27), (1.15), and (1.28). The Srivastava—Agarwal-type formula
(6.1) reduces to (1.16) in the generalized Al-Salam—Carlitz specialization.

Proof. For Rogers-type identities, begin with (5.1) or (5.2) and use the same limiting and variable
substitutions as in Corollaries 9.1 and 9.2. The double Euler product on the left becomes the double
generating product for the corresponding polynomial family, while the coefficient ratios on the right
become W, or the Al-Salam—Carlitz parameter quotient. For (6.1), the additional factor (X; )y, is
unaffected by the specialization; when r = s + 1 and the variables are interchanged, the right-hand

side becomes the series in (1.16). O

In conclusion, the generalized finite g-operator E(q_a, T,&;q,cq" Dy) provides an operational frame-
work for the polynomial family =5 ~"(p, 7; €, ¢ | ¢). This framework produces the principal generating,
extended generating, Mehler-type, extended Mehler-type, Rogers-type, extended Rogers-type, and
Srivastava—Agarwal-type identities. The additional structural results in Sections 7 and 8 give explicit
low-degree examples, lowering and recurrence-type identities, a g-Appell characterization, connection
and inverse connection formulas, Jackson g-integral evaluations, an orthogonality test, a conditional
second-order g-difference equation, and a finite terminating specialization. The explicit reductions
above show that the construction unifies several known g-polynomial identities while retaining the

finite parameter « as an additional degree of generality.
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