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ABsTRACT. An operational collocation scheme is developed for nonlinear boundary value models describing
electrostatic beam actuators at micro- and nanoscales. The approximation is generated by a nonsymmetric
shifted Jacobi family whose two parameters differ by two. An explicit differentiation relation is first
established for this basis and subsequently assembled into operational matrices for derivatives up to fourth
order. These matrices provide a direct discretization of two cantilever configurations and convert each
nonlinear differential model into a finite algebraic system. An approximation estimate is also derived in a
Jacobi-weighted Sobolev setting. Numerical experiments for single- and double-cantilever devices show
that small residual errors can be obtained using modest polynomial degrees and confirm the computational
effectiveness of the proposed construction.
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1. INTRODUCTION

Nonlinear boundary value problems arise in many physical, biological, and engineering models.
Nonlinearity may originate from material response, complicated geometry, or interactions among
different components. Higher-order examples and their applications are discussed in [1].

Orthogonal polynomials furnish stable global bases and are therefore central to approximation and
computation in science and engineering. Within spectral and pseudospectral discretizations, they can
approximate smooth solutions of differential equations (DEs) accurately with relatively few modes.

General treatments and representative applications are given in [2-5]. Jacobi polynomials (JPs) are
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particularly flexible because their two parameters generate several familiar classical families as special
cases [6]. This flexibility has led to numerous differential-equation applications. Jacobi approximations
were constructed for Hadamard fractional Klein-Gordon-Schrédinger systems [7] and ecological
fractional reaction—diffusion equations [8]. Shifted Jacobi operational matrices were applied to classical
and fractional DEs in [9], while Jacobi matrices were used for the fractional Bloch equation in [10].
Other examples are the Jacobi spectral projection for the first kind Fredholm integral equations [11]
and the shifted Jacobi-Galerkin approach for the multi-dimensional multi-term fractional DEs [12].

Spectral methods replace the unknown solution by a truncated expansion in global functions and
are effective for partial, high-order ordinary, and other DEs. For sufficiently smooth solutions, their
convergence can be exponential or of high algebraic order, often reducing the number of degrees of
freedom relative to local discretizations. Applications across fluid dynamics, biology, and quantum
models are surveyed in [13,14]. Collocation, Galerkin, and tau formulations are the most common
variants [15,16]. Recent collocation examples include a parameterized shifted-Chebyshev solver for a
Caputo gas-dynamics equation [ 17], together with a Fibonacci-wavelet scheme [15]. Galerkin methods
use coincident trial and test spaces [19]; in tau formulations, these spaces can instead be chosen
independently [20-22].

Operational matrices translate differentiation or integration of a finite basis into matrix multiplication,
thereby simplifying the algebraic implementation of spectral methods. An ultraspherical-wavelet
matrix was considered in [23]. Shifted Dickson matrices of the second kind supported a scheme for
anomalous time-fractional subdiffusion [24 ], whereas a matrix construction for nonlinear fractional
Lane-Emden systems was developed in [25]. Shifted Pell-Lucas matrices were employed for fractional
and classical Rosenau-Hyman models [26]; Taylor matrices were used for Emden-Fowler pantograph
equations [27]; and shifted Pell matrices reduced third-order Rosenau-Hyman and Gilson-Pickering
equations to algebraic systems [28]. Additional developments include multi-term variable-order
fractional equations [29], a shifted Dickson collocation method for the fractional Huxley equation [30],
a Chelyshkov treatment of time-space fractional reaction—diffusion [31], and an eighth-kind Chebyshev
method for fractional Kawahara equations [32]. More recent related developments include robust
numerical techniques for nonlinear ordinary and fractional differential problems [33 ], Fibonacci level-
m polynomial collocation algorithms for classical and time-fractional fifth-order Korteweg—de Vries
equations [34], and a shifted one-parameter Horadam polynomial framework for a time-fractional
supergeneralized viscous Burgers equation [35]. Other operational-matrix approaches can be found
in [36,37].

The present work selects a shifted Jacobi family with a fixed difference between its parameters and

develops the derivative identities required for computation. The resulting operational matrices are
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incorporated into a collocation algorithm for beam-type boundary value problems describing micro-
and nanoscale cantilever actuators.

The paper is arranged as follows. Section 2 recalls the shifted Jacobi basis and derives its differentia-
tion formulas. Section 3 formulates the collocation algorithm for two cantilever nano-electromechanical-
system (NEMS) models. Section 4 establishes an approximation bound, Section 5 reports the numerical

experiments, and Section 6 concludes the study:.

2. AN OVERVIEW OF THE SHIFTED ]Ps

On [0, 1], the shifted normalized Jacobi sequence {gb,(f’e) () }k>0 is defined by where «, 0 > —1,

o KT(a+1 a
400 = STt oo

T T(k+a+1)Fk 2¢-1), M)

where P}ga,e) (2¢ — 1) denotes the corresponding shifted Jacobi polynomial. The normalized family
satisfies

/ 088 0(Q) 6500w = b B, 2)
where 0

_ nll(a+1)?T(n+0+1)
" 2n+NT(n+a+1)T(n+A)’

w@()=1-0*¢", A=a+0+1,

and 0y, ,, is the Kronecker symbol. A power representation is

n

N B ()" pIT(1+a) (1+0)n(1+a+0)nir .,
o1 0)(4)_2(nfr)!r!F(l+n+a)(1+9)r(1+a+g)”g ' )

r=0

Conversely, a monomial of degree r has the basis expansion
- ('r—rm)(l +a)m<1 +m+9)7’—m

¢ _mz:o(1+m+a+0)m(2+2m+a+9)r_m

o500 (4)
Additional Jacobi-polynomial properties are available in [38,39].

2.1. Selected shifted Jacobi basis functions. We specialize the shifted Jacobi basis by imposing
0 = o + 2, with @ > —1, and retain the notation ¢§€a’a+2) (¢) for the selected functions.

With this parameter choice, Egs. (3) and (4) yield the power form

k
ot =d" 6o (5)
r=0

where
o _Dletl)(atk+)(a+k+ 2) (=DM EIT(k + 7 + 20+ 3)
ok r'T(k+2a+3)(k—r)!T(r+a+3)

The corresponding inverse relation is

. (6)

mo— - (mﬂir) (a+1)p(r+ o+ 3)mr (a,a+2)
S DY e e N T -

r
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Equations (5) and (7) will be combined to express derivatives of d),(f’aw)

directly in the original
basis. The following terminating-series evaluation is required to remove the hypergeometric term from

the final coefficient.

Lemma 1. Forp € Ny, q € N, and parameter values for which all denominator factors are defined, the terminating
series satisfies
-p, =3 —2k+p+2¢—-20, -2—-k -«

eV 1
—2-2k—-2a, 2—-k+q—«

- 23+2k+2a1‘\(1 =+ k‘—|—0¢) y
Cw(g—DITB+k — g+ a)D(3 + 2k + 2a)

(8)
i(2k2 +p? —2k(=3+p+q—2a)+p(—3 +2q — 2a) _2(_2+q_a)(1+a))r(%p)

FrE+¢)r(+k-5+a)T(2+k—-L5—q+a), p even,
FA+89)r (32 +)T2+k—2+a)I (3+k—%—q+a), p odd.
Proof. Introduce the abbreviation

—p, —3—2k+p+29—2a, 2—k—«
Hp,k,q =3k Ly,
—2—-2k—-20a, 2—k+q—«
and apply Zeilberger’s algorithm [40]. It produces the recurrence
~(p-D(p+2¢—2)(~p+2+k—q+a) Hy 94— (5+2k —2p—2q + 2a)x
(2ap + 2aq + 2kp + 2kq — p* — 2pq — 2¢*> — 2a — 2k + 5p + 6q — 4) Hy_1 44 (9)
+(4—p+2k—2¢+20)2a+2k —p+3)(a+k—p—q+3)° Hypy =0,
with the initial conditions:

Hygy= 1
YT A k+ )2+ k—qta)

Hoak7q = 17

Solving this recurrence subject to the two initial values gives

Hp,k,q

- P3+220T(1 4 k + o) .
Cw(g—- DTGB+ k—q+a)l(3+2k +2a)

12k +p? = 2k(=3+p+q—2a) +p(—3+2¢ — 2a) —2(—2+ ¢ — @) (1 +a)) [ (£2) (10)
FZ+q¢)l(2+k-24a)l(2+k—L—qg+a), p even,
FrA+)r(*32+q)r2+k-2+a)T(3+k-2—-q+a), p odd.

This is precisely the claimed evaluation. O
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Theorem 1. Ifk,q € Zt and k > q, then

dq¢gha+2) (1a+2
where F), are given by
. ATk +1)(2a+2p+3)T(p+ 2 +3)

Pk (a+p+1)(a+p+2)T(p+1)I(k+2a + 3)
(@)1 (g (207 +K+20(k+p+8) +3k+p°+3p—¢*+q+4)D(§ (k+ptq+3)+a)

1 (30—p=0) T (3 (k+p—a+5)+a) o (k—g-pjeven,  (12)
X
U($(k—p+q+1))0 (4 (k+p+g+4)+a) o
(q—D! T(§ (k—p—q+1))T (3 (k+p—g+4)+a)’ (k=p—q)odd.
Proof. Termwise differentiation of the finite expansion (5) gives
Ao ) (L +k+ )2+ k+a)kT(1 + ) y
d(a N L3 +k+2a) 13)
13
k
2’ DT(1+ a)T(3+ 2k — £+ 2a) ckt-a,
— Mk—l—qTB+k—1+0a)

Substituting the inverse expansion (7) into this expression yields

a1 o) (k)2 k k(1 + )2 T8 (<1)T(3+ 2k — £ + 2a)

dca T3+ + 2a) 20k — (- q)TB+k—(+a)
- (14)
k—L0— —0—
Zq (k: £ q)(1+a)k — q75(3+k—€—q—s+a)s (a,a+2) (g)
— (22+k—L-q—s5+0a)B+k—l—q—s+2a)—r—g-s k—l=gq=si>/r
Reindexing the two finite sums gives
dw("‘a” ©) _(1+k—|—a)(2+k‘+a)’§ (3+2k —2p —2¢+20)k'IT(3+k —p—q+2a)
dca  I'(3+k+2a) —~ (l+k—-p—q+a)2+k—p—q+a)(k—p—q)
- (15)

~  (D)TB+k—t—g+a)(3+2k—L+2a)
Zﬁ(p 0)

Sia ()
TB+k—fl+a)T(4+2k—L—p—2¢+2a) F 1P

The inner finite sum may equivalently be collected into a terminating hypergeometric series:

d1 6 (¢)  MDB 4k — g+ a)D(3 + 2k + 20)
dga - TA+k+a)l(3+k+2a)

Zf’3+21<:—2p 20+ 20 (14+k—p—q+a)TB+k—p—q+20)

k—p-—TB+k-—p—gral@d+2k—p—2¢+2a) (16

-p, —3—2k+p+2¢q—2a, -2—-k—-« 2)
3Fy 1 ¢;(ga(;+p (©)
—2-2k—-2a, 2—k+q—«

Applying Lemma 1 to this 3F5(1) term separates the even and odd contributions:
de ¢(a,a+2 (©) | 552 2 [3(k—g-1)] )
p— (ot (a,o+
kdgq Z R 7kQ¢k q— 2p(C) Z Rp,kq by q—2p— 1(0 (17)

p=0
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where
. - 2_1+2q( 3 2I<:+2q—|—4p—204)/€'r( + k- p+a) (3+]€_q_2p+20‘)(Q)P «
PR Itk —q=2+a)2+k—g—2p+a)pllk—q—2)T (3 +k—g—p+a)TB+k+20) (15

(—2—k*+q+3p—2p(g+p) +k(—3+q+2p—2a) —3a+ (q+2p)a —a?),
_ 22g(—1—2k+2¢+4p—20)kT (3 +k—p+a)T(2+k—q—2p+2a)(1 +q)p

R = — . (19
Pl (k—q—2p—|—o4)(1+k—q—2p+oz)p!(k—q—2p—1)!F(%+k—q—p+a)F(3+k—|—2a) (19)
Relabeling the resulting basis indices therefore gives
d4 (b o a+2 -
aci }: 9 Bier2)(), (20)
with the coefficients Fg’ . given as in (12). O
Corollary 1. The first four derivatives of ¢ at) (C ) consequently have the expansions
(a, a+2
d
(Z) Z a a+2 ) (21)
d2¢aa+2 (C) k—2 -
T T Zng ¢1(g a2 (), (22)
p=0
d3¢aa+2 (C) k=3 -
d—Cg =Y E3 o\t (), (23)
p=0
d4¢o¢a+2 (C) k—4 -
d—C4 =Y FloletD(0), (24)
p=0

where the coefficients I, are defined in (12).

Proof. The proof of this corollary can be easily obtained after putting respectively ¢ = 1,2,3,4 in
Theorem 1. O

Remark 1. Let ¢(¢) = | éa (), (), QSE\O/"QH) (O)F. Corollary 1 gives the following matrix

representations for its first four derivatives:

de(¢)

) as) 25)
) (26)
T80 — e, 27)
f§0=2¢@, (28)

where A = (I, 1), B= (F; k), C = (Fg ) and Z = (F;{ i) are the operational matrices of derivatives each of
order (N"+ 1) x (N + 1) whose entries can be calculated from (12).
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For illustration, setting N' = 6 and « = 3 produces the matrices
0 0 0 0 0 0
0 0o 0o 0 0
e 0 0 0 0
A=| % 2 % 0 0 0 (29)
205 51 1053 157 715 55
0 0 0 0 0 0
0 0 0 0 0 0
60 0 0 0 0
B=| & 20 9 0 0 0 (30)
moamo om0 g g
Wome 4oae o o
Boup g onum am o
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
c=| 106 ¢ 0 0 00 (31)
% 3342980 0 0 0 0
% 1022140 @ 0 0 0
18 74 73 2 92 7677 2 1 41323160 481724124 0 0
and
0 0 0 0 0 0
0 0 0 0 00
0 0 0 0 00
zZ = 0 0 0 0 0 0 (32)
13312 0 0 000
6384 76800 0 000
47?%60 263;41140 121383560 00 0
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3. CoLLOCATION ALGORITHM FOR THE Two CANTILEVER NEMS MODELS

This section constructs the discretization for a cantilever NEMS boundary value problem containing

negative powers of the unknown function [41]:

d4
7X+V7};+%+%:0, 0<(¢<1, K =3,4. (33)

For a single cantilever, the model is supplemented by

x(0)=1, X' (0)=0, x"(1)=0, x"(1)=0, (34)

x(0)=1, X(0)=0, x(1)=1, x'(1)=0. (35)
Remark 2. Setting v = 0 in (33) recovers the corresponding micro-electromechanical model.

Since {qﬁ & a+2)( )} is an orthogonal basis of L? e a+2>(<)( 1), a function x € L? w(@at2) (0) (0,1) admits

the expansion

Truncation after degree N gives
J 2
X~ xn =2 %60 = %7 $(0), (37)
i=0

where X* = [Xo0, X1, ., xn] and ¢(() is the vector in Remark 1. Substitution into (33) defines the

residual

dhxw % Y
R = e ST e

_dixw 38
=gl +ur X X ! (38)

=X"Z¢(Q) + vk (R d(QO)) T+ R HQ)) P +v (X ()

Enforcing this residual at the selected nodes yields

X'Z0(G) +vi (X $(G) 7 +u (R (G) T+ (X A(G) T =0, i=1,2 N=3, (39
where (; are the first NV — 3 selected Jacobi collocation nodes. The conditions (34) and (35) become,
respectively,

X" o(0)=1, xTA0)=0, X'Bp(1)=0, x'CP(1)=0, (40)
and
X" o(0)=1, xTAP0)=0, x"¢(1)=1, x"A¢(1)=0. (41)

Together, (39) and the appropriate set of algebraic conditions, (40) or (41), form (N + 1), nonlinear

equations. Newton iteration is used to compute the coefficient vector.
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4. Error BounD

We next estimate || x — x| 22

I in a Jacobi-weighted Sobolev framework. Define
wl®et2) (o)

H:Un(a,a+2)(<) (07 ]-) = {X : Dlg X € Li)(a,aJrQ)(O (07 ]-)7 O S k S m}u (42)

with inner product, norm, and seminorm

Ms

(Xav) (DCX7DC ) )
w(a a+2) w(a,a+2)
(C) P +2)(¢) (43)
Il = O e = D8N
where m € N.
Lemma 2 ( [42]). Letn> 1, n+r > 1,and n+ s > 1, where r and s are fixed constants. Then
I'(n+r)
N 7 < T, —S8 44
where
r—s 1 (r —s)?
o° = . 45
n exp<2(n—|—s—1)+12(n—|—r—1)+ n > (45)

Remark 3. For fixed r and s, the factor oy, satisfies

o =1+0(n").

N 0o
Theorem 2. Let yn = Z)&igbga’aw)(g“), be the degree-N truncation of x = Z;@qﬁga’““)(g) €
i=0 i=0
ﬁ“’”‘*”(() (0,1). For 0 < k <m < N + 1, the following estimate holds:

1
I1DE (x = x| 2 SN 2R | DE A 2 (46)

w(osa+2) (©) wlo, Oc+2)( )

Here, a < b means that a < cb for a constant c independent of the truncation degree.

Proof. Subtracting the truncated expansion from the full series and differentiating k times gives

k (o, a+2 . Ga T+ 1) r—k
DE (x — x) Z Xn D¢ ¢y, Z xnzrr_kJrl ¢ (47)
n=N+1 n=N+1 r=k
Taking the squared weighted L? norm on both sides yields
> " Fz(r—l— Dr2(r—k+a+3)'(a+1)

D} (x — ] n . (48

H C(X XN)"Li(a7a+2)(> _;Jrl‘x ; k+1) ( (r—k+a+2)) ( )
Similarly, the mth derivative of the full expansion satisfies

> GO‘) C2r+1)TR2F—-m)+a+3)T(a+1)
m 2 . 49
1D XHLi,(aaw Z Tz;n 2r—m+1)T2Fr—-—m+a+2) (49)
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Multiplying and dividing the summand in (48) by the corresponding mth-derivative quantity gives

- s (G2,.)? T2(r+1) T(2 (r—k)+a+3) T(a+1)
Dk (v — 2 _ - 9 Lur=k I2(r—k+1)T(2 (r—k+a+2))
"= D rem T2(r—m+ 1) T(2 (r—m+a+2)) (50)

n(Ge) T2r + )T (2(r —m) +a+3) T (a+1)
> C2r—m+ )2 —m+at?2)

Stirling’s formula gives the two estimates
F2(T+1)F(2(T—k)+a+3) <7‘2k (2(7"—]{;))7(0‘+1)
Mr—k+1DT2r—k+a+2) "~ ’

2r+1)T 2 —m)+a+3) < p2m 2 (r_m>)—(o¢+1) (51)
2(r—m+1)T2(r—m+a+2) "~ '

Introduce A} = maxp<,<n{(G2,)?} and A5 = max,,<,<n{(G2,)?}. The quotient is then bounded by

s (G2,)° T2(r+1) T(2 (r—k)+a+3) (a+1)

r=k 20T T2 (r—kFat2) _ 2=k -k )N
s (G2n)° P2+ TR (r—m)+a+3) Ta+1) ~ p2m (2 (n — m)) "D (n —m 4 1) A
r=m I2(r—m+1)T(2 (r—m+a+2))
2k (n— k)" Pn—k+2)T(n—m+1)  (52)

<
~n2m (i —m) ) T —m4+2)T(n—k + 1)

< p2em) (MR
~ n—m '

Another application of the same asymptotic estimate gives

—E\ @
< g - m) Snmelm=h), (53)
and hence (52) reduces to
s (ng) 2(r41) T(2 (r—k)+a+3) T'(a+1)
r=k I2(r—k+1)T(2 (r—k+a+2)) < n(k,m) (a+2)' (54)
s (G2,)’ T2(r4+1) (2 (r—m)+a+3) T(at1) ™~
r=m I2(r—m+1) (2 (r—m+a+2))
Substitution of (54) into (50) now yields
1D (x = xa)[72 S W Em (ed2)y
w(@at2)(¢)
Z a2 Z FQ(T+1)F(2(r—m)+a+3)F(a+1)
L An r2r—m+1)r(2(r—m+a+2))
<N+ 1)Emm (@ 2) | Dy 12, (55)
w(@at2) ()
T(N +2) (k—m) (a+2)
= (=22 D
<F(N+ 1)) 5 XHL?U(“ at2) ()

< (k—m) (a+2) Dm
N @ Dy
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Taking square roots completes the proof. 0
Corollary 2. Suppose x s is the approximate solution of x € H!", .12 © (0,1). Then, for 0 < m < N + 1, we
have
— < N7 (@t2)  pm
= xlez,,,  SNECD DI, (56)
Proof. Setting k = 0 in Theorem 2 yields the desired result. 0

5. ILLUSTRATIVE EXAMPLES
Because an exact solution of (33) is unavailable, accuracy is assessed through the absolute residual

d*xy = vk ho

£ = NE ST A
a¢t  xX& X oxw

(57)

5.1. For Cantilever NEMS Model Subject to (34). For the single-cantilever conditions (34), we exam-
ine (K =3,v3=0.2,u=0.5,7=0.25) and (K =4,v4 =1,u= 1.5, = 0.5).
e AtK=3,1v3=0.2, 4 =0.5,v=0.25:
Table 1 compares the £ obtained with A/ = 18 against the value reported in [41] for m = 15.
Figure 1 plots £ for o = 1 and illustrates the accuracy achieved at low degrees. The £ and
computed deflection for V' = 18 are displayed in Figure 2, while Table 2 records the effect of A/
and a.
e AtK=4,1y=1,p=15 v=0.5:
Table 3 compares the present result at N = 21 with the m = 7 result of [41]. Figure 3 shows
that the £ remains small over the interval when o = 0.5. Additional values for different A and

« appear in Table 4, and Figure 4 presents both the £ and the approximation for ' = 18 and

a=1.5.
TaBLE 1. Comparison of the &.
Proposed method at A/ = 18
Method in [41] at m = 15 a=1 a=15 a=2

6.95319x 1010 9.77107x 1071  1.01569x10712 1.68837x10~ 12

5.2. For double Cantilever NEMS Model subject to (35). For the double-cantilever configuration,
computations are performed for (K = 3,13 =02, = 0.5,y =0.25) and (K =4,1y =1, u=1.5,7 =
0.5).
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1076

1010

Error

i CRARRARRERRR g
, e o HERgguaA
10-14 ﬁ‘\i 7:.’““ u\’v i

0.0 0.2 0.4 0.6 0.8 1.0
4
N=4 = N=7 — N=10 x N=13 -o- N=15 N=18

Ficure 1. The € at o = 1.

1.x10712F ‘ ‘ ‘ ‘ B 1.0000 f-
8.x10713} S 0.9999}
) =]

» S 09998
5 6.x107"°+ P 0.9997F
5 4 x10-3] £ 0.9996¢
. S 0.9995}
2.x107r § 0.9994

ol | 0.9993 | | . | |

00 02 04 06 08 10 00 02 04 06 08 10

4 4

Ficure 2. The £ (left) and approximate solution (right) at ' = 18 and a = 1.

TaBLE 2. The £ at various values of N and «.

N 6 9 12 15 18

a=0.5 9.79338x10~° 5.89878x10~7 2.28372x10710 3.39863x10~11 2.25095x10~12

a =25 674534x107° 6.44518x10~7 2.61771x10710 4.87164x10~11 1.97484x10~'2

TabLE 3. Comparison of the £.

Proposed method at N = 21

Method in [41]atm =7 a=05 a=1 a=15

4.9544x107° 6.91258x 10712 3.04412x10712 5.42771x10~ !
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Error

0.0 0.2 0.4 0.6 0.8 1.0

4
N=4 = N=6 —— N=9 -a- N=12
-~ N=15 N=18 — N=21

Ficure 3. The £ at o = 0.5.

TaBLE 4. The £ at various values of N and a.

N 6 9 12 15 18

a=13 583217 x10~* 1.19006 x 107° 1.30689 x 10~% 2.12696 x 10~2 4.38116 x 10~12
a=234 407048 x 10~* 1.27243 x 107° 1.45748 x 10~8 2.77071 x 10~9 2.85938 x 1012

4. < 10_12 »' - 10000 [
S

3.x 10712} § 0.9995
o) o

5 21077 © 0.9990}
<
1.x10712} o

) S 0.9985f
0 <

00 02 04 06 08 10 00 02 04 06 08 10
q q

FiGUre 4. The £ (left) and approximate solution (right) at V' = 18 and o = 1.5.

e At K =3, v3=02, u=0.5, v=0.25:
Table 5 compares the £ at N' = 21 with the result of [41] for m = 15 and ¢ = 0.1. Figure 5
displays € for o = 3, and Figure 6 tracks its maximum as « varies. Both results demonstrate

the stability of the spectral approximation.
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e AtK=4,1vy=1p=15 v=0.5
Table 6 reports € for several values of N and «. Figure 7 shows the £ and approximate deflection

for N =18 and o = 6.5.

TabLe 5. Comparison of the £.

Proposed method at N = 21

Method in [41] atm = 15and ¢ = 0.1 a=0."7 a=1.7 a=2.7
6.95319x 1019 6.2029x 10712 4.56463x107 12 2.19807x10 11
10_2 T T T T T T T
10-5
1078

Error

10-1"
10°™
AAA
L Ad ok
ok 2aa 4Rgaa, onpd
107 | . . . I . . . I . . . | . . . | . . . |
0.0 02 04 06 08 1.0
4
N=4 = N=8 — N=12 5 N=16 -o- N=18
Ficure 5. The £ at o = 3.
TaBLE 6. The £ at various values of A and «.
N 6 9 12 15 18 21

a=1 1.10556 x 1072 1.58149 x 10~% 8.35685 x 10~7 5.27454 x 1079  2.75626 x 10~11  2.35849 x 1011
a=25 103711 x 1072 1.57535 x 10~%  9.10583 x 107  6.43889 x 10~  3.68761 x 10~  3.26811 x 10— 13

6. CoNcLUDING REMARKS

An operational collocation method based on a nonsymmetric shifted Jacobi basis was developed for

two nonlinear beam-type boundary value models. Closed differentiation formulas supplied the first
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103 \

1077

Errors

1070

10-M \.

1073 L I ! ‘ ‘ ‘ ‘ .

4 6 8 10 12 14 16 18
N

a=0.2 = a=1.5 — a=4.5

Ficure 6. The maximum £ at different values of a.

7.x1071" | | | | | < 1.00F
6.x107"} 2
5.x10-11} s 098
5 4.x107""} 2 096}
I 3.x10°} £
2_)(10_11- g 0.94
1.x107" S 092!
0} : : : : 4 < , , , , , :
00 02 04 06 08 1.0 00 02 04 06 08 10
¢ ¢

Ficure 7. The £ (left) and approximate solution (right) at /' = 18 and o = 6.5.

four derivative matrices and enabled a compact algebraic treatment of the single- and double-cantilever
configurations. A weighted Sobolev estimate quantified the decay of the truncation error, while the
numerical tests produced small residuals with moderate polynomial degrees and improved upon the
cited comparison values. The same construction may be extended to other nonlinear boundary value

systems, and related Jacobi parameter choices may provide useful bases for further applied models.

7. APPENDIX

This appendix records representative polynomial approximations associated with the computations

in Section 5.

7.1. For Cantilever NEMS Model subject to (34).
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e At K =3, 13=02, =05 y=025and o= 1:

18 = 1.4699346766628793x 10~ 13¢'® — 1.1363751870994975x 10 *2¢*" + 1.0132391171549881x 10~ 3¢ '6
X
+ 2.2708072645257543x 10~ ¢ 15 — 9.385240084365552x 10 ¢ 4 1.8348450492568057 x 10~ 10¢ 13

— 2.024255326744748x 10~ 2¢"? 4 1.1069995967352228 x 10~ 3¢ — 2.5760644271918167x 10~ 5¢*°
(58)
+ 2.8238977405041403x 10 3¢® — 1.5473072886777265x 10 °¢® + 6.140312676457934x 10 6¢”

— 7.164338194198936x 10 %¢® — 5.003279028260078 x 10~ *%¢® — 0.0114583¢* + 0.0229238¢?

—0.0114629¢% — 1.2537925511287161 x 1072°¢ + 1.
e AtK=4,vy=1,pu=15vy=05and a = 1.5:

x1s = 1.1036997781736625x 10~ 12¢*® — 1.280824565166019x 10711 (17 — 1.4992207995243877 %10~ 1016
+ 1.5243600216785256 x 10~ 2¢® — 5.459046405515413x 10~ 9¢* + 1.0302524078049404 x 10 8¢ 13
— 4.621124281469219x1078¢*2 4 2.1737472651511653x 10~ "¢ — 4.970877858594983x 10710
4 5.437841990130826 x 10~ 7¢% — 0.0000109017¢® + 0.0000426648¢” — 0.000049788¢5 &)
— 6.147163737779161x1071°¢5 — 0.0286458(* + 0.0573415¢% — 0.0286779¢2
+ 6.810222444107002x10719¢ + 1.

7.2. For Double Cantilever NEMS Model Subject to (35).
e AtK=3,113=02, 4u=0.5,vy=0.25and a = 0.7:

xo21 = 4.8190765230852815x 1011 ¢! — 4.5415158123783503x 10~ 10¢%0 4 1.979818619434358 x 10~ 9¢*°
— 5.297940469268769x 10~ ¢ '® + 9.740513089383888 x 10~ ¢'7 — 1.3060086234223809x 10~ 8¢ 6
+1.328817632732132x 10~ 8¢5 — 1.0839503070453524 x 10~ 8¢ + 8.460994111420299x 10~ 9¢13
— 1.0614403566183882x 10~8¢12 4 3.259049421027811x 10~ 8¢ — 1.306359713050125x 10710 (60)
+ 3.4844069803012235x10~7¢? — 2.00733816265014x 10~6¢® + 0.0000124198¢" — 0.0000436932¢®
+ 6.8547194621433504x 107 1°¢% — 0.0114583¢* + 0.0463673¢3 — 0.0699092¢>

— 6.84327947328559x 107 18¢ + 1.
e At K=4,vy=1,p=15v=05and o = 6.5:

x1s = 9.109637421005977 x 10~ 12¢1® — 6.94979606226183 x 1011 ¢17 + 2.3673947319016526x 10~ 10¢ 16
— 4.379039325484592 x 10~ 10¢ 15 4 2.3164751205212906 x 10~ 10¢ 1 + 1.3528364474059845x 10~ 9¢ 13
— 6.929818432218372x 107 ¢'? + 3.10317928326883 x 10~ 3¢ — 1.3009402208603777 x 10~ ¢1°
+ 3.482855138093635x 10~ 7¢% — 2.0073017511100918 x 10~9¢® + 0.0000124198¢7 (e
— 0.0000436932¢5 — 1.1144581533625278x 10~ 13¢5 — 0.0114583¢* + 0.0463673¢>

— 0.0699092¢% — 6.8564025418385534x 10~ 8¢ + 1.



Asia Pac. J. Math. 2026 13:172 17 of 19

Authors” Contributions. All authors have read and approved the final version of the manuscript. The

authors contributed equally to this work.

Funding. This research work was funded by Umm Al-Qura University, Saudi Arabia, under grant

number: 26UQU4331287GSSR09.

Acknowledgments. The authors extend their appreciation to Umm Al-Qura University, Saudi Arabia,

for funding this research work through grant number: 26UQU4331287GSSR09.

Conflicts of Interest. The authors declare that there are no conflicts of interest regarding the publication

of this paper.

REFERENCES

[1] R.P. Agarwal, Boundary Value Problems from Higher Order Differential Equations, World Scientific, Singapore, 1986.
https://doi.org/10.1142/0266.

[2] D. Gottlieb, S.A. Orszag, Numerical Analysis of Spectral Methods: Theory and Applications, CBMS-NSF Regional Con-
ference Series in Applied Mathematics 26, SIAM, Philadelphia, 1977. https://doi.org/10.1137/1.9781611970425.

[3] C. Brezinski, Padé-Type Approximation and General Orthogonal Polynomials, International Series of Numerical
Mathematics 50, Birkhduser, Basel, 1980. https://doi.org/10.1007/978-3-0348-6558-6.

[4] D. Funaro, Polynomial Approximation of Differential Equations, Lecture Notes in Physics Monographs 8, Springer,
Berlin, 1992. https://doi.org/10.1007/978-3-540-46783-0.

[5] W. Gautschi, Orthogonal Polynomials: Computation and Approximation, Oxford University Press, Oxford, 2004.
https://doi.org/10.1093/0s0/9780198506720.001.0001.

[6] J.C. Mason, D.C. Handscomb, Chebyshev Polynomials, Chapman & Hall/CRC, Boca Raton, 2003. https://doi.org/10.
1201/9781420036114.

[7] M.H. Heydari, M. Razzaghi, Jacobi Polynomials Method for a Coupled System of Hadamard Fractional Klein-Gordon—
Schrodinger Equations, Alexandria Eng. J. 107 (2024), 73-86. https://doi.org/10.1016/j.aej.2024.07.016.

[8] H. Singh, R.R. Pathak, Jacobi Spectral Method for the Fractional Reaction-Diffusion Equation Arising in Ecology, Math.
Methods Appl. Sci. 47 (2024), 5031-5045. https://doi.org/10.1002/mma.9852.

[9] HM. Ahmed, Enhanced Shifted Jacobi Operational Matrices of Integrals: Spectral Algorithm for Solving Some Types
of Ordinary and Fractional Differential Equations, Bound. Value Probl. 2024 (2024), 75. https://doi.org/10.1186/
s13661-024-01880-0.

[10] J. Singh, J. Kumar, D. Baleanu, Numerical Computation of Fractional Bloch Equation by Using Jacobi Operational Matrix,
J. King Saud Univ. Sci. 36 (2024), 103263. https://doi.org/10.1016/j. jksus.2024.103263.

[11] S. Patel, B.L. Panigrahi, Jacobi Spectral Projection Methods for Fredholm Integral Equations of the First Kind, Numer.
Algorithms 96 (2024), 33-57. https://doi.org/10.1007/s11075-023-01638-2.

[12] M.M. Alsuyuti, E.H. Doha, S.S. Ezz-Eldien, Numerical Simulation for Classes of One- and Two-Dimensional Multi-Term
Time-Fractional Diffusion and Diffusion-Wave Equation Based on Shifted Jacobi Galerkin Scheme, Math. Methods Appl.
Sci. 48 (2025), 8217-8244. https://doi.org/10.1002/mma. 9659.

[13] J.P. Boyd, Chebyshev and Fourier Spectral Methods, 2nd ed., Dover Publications, Mineola, 2001.

[14] J. Shen, T. Tang, L.-L. Wang, Spectral Methods: Algorithms, Analysis and Applications, Springer Series in Computational
Mathematics 41, Springer, Berlin, 2011. https://doi.org/10.1007/978-3-540-71041-7.


https://doi.org/10.1142/0266
https://doi.org/10.1137/1.9781611970425
https://doi.org/10.1007/978-3-0348-6558-6
https://doi.org/10.1007/978-3-540-46783-0
https://doi.org/10.1093/oso/9780198506720.001.0001
https://doi.org/10.1201/9781420036114
https://doi.org/10.1201/9781420036114
https://doi.org/10.1016/j.aej.2024.07.016
https://doi.org/10.1002/mma.9852
https://doi.org/10.1186/s13661-024-01880-0
https://doi.org/10.1186/s13661-024-01880-0
https://doi.org/10.1016/j.jksus.2024.103263
https://doi.org/10.1007/s11075-023-01638-2
https://doi.org/10.1002/mma.9659
https://doi.org/10.1007/978-3-540-71041-7

Asia Pac. J. Math. 2026 13:172 18 of 19

[15]

[17]

[19]

[21]

[23]

[25]

[26]

[27]

M. Samiee, E. Kharazmi, M.M. Meerschaert, M. Zayernouri, A Unified Petrov—Galerkin Spectral Method and Fast
Solver for Distributed-Order Partial Differential Equations, Commun. Appl. Math. Comput. 3 (2021), 61-90. https:
//doi.org/10.1007/s42967-020-00070-w.

V.B. Awati, A. Goravar, M. Kumar N., Spectral and Haar Wavelet Collocation Method for the Solution of Heat Generation
and Viscous Dissipation in Micro-Polar Nanofluid for MHD Stagnation Point Flow, Math. Comput. Simul. 215 (2024),
158-183. https://doi.org/10.1016/j.matcom.2023.07.031.

W.M. Abd-Elhameed, A.H. Al-Mehmadi, N.M.A. Alsafri, O.M. Alqubori, A K. Amin, A.G. Atta, Numerical Solution for
Gas Dynamics Equation Involving Caputo-Time Fractional Derivative Using a Family of Shifted Chebyshev Polynomials,
Fractal Fract. 10 (2026), 299. https://doi.org/10.3390/fractalfract10050299.

G. Manohara, S. Kumbinarasaiah, An Innovative Fibonacci Wavelet Collocation Method for the Numerical Approxi-
mation of Emden—Fowler Equations, Appl. Numer. Math. 201 (2024), 347-369. https://doi.org/10.1016/j.apnum.
2024.03.016.

M.M. Alsuyuti, E.H. Doha, S.S. Ezz-Eldien, Galerkin Operational Approach for Multi-Dimensions Fractional Differential
Equations, Commun. Nonlinear Sci. Numer. Simul. 114 (2022), 106608. https://doi.org/10.1016/j.cnsns.2022.
106608.

M. Gamal, M. A. Zaky, M. El-Kady, M. Abdelhakem, Chebyshev Polynomial Derivative-Based Spectral Tau Approach
for Solving High-Order Differential Equations, Comput. Appl. Math. 43 (2024), 412. https://doi.org/10.1007/
s40314-024-02908-y.

H.F. Ahmed, W.A. Hashem, A Fully Spectral Tau Method for a Class of Linear and Nonlinear Variable-Order Time-
Fractional Partial Differential Equations in Multi-Dimensions, Math. Comput. Simul. 214 (2023), 388—408. https:
//doi.org/10.1016/j.matcom.2023.07.023.

W.M. Abd-Elhameed, ].A.T. Machado, Y.H. Youssri, Hypergeometric Fractional Derivatives Formula of Shifted Cheby-
shev Polynomials: Tau Algorithm for a Type of Fractional Delay Differential Equations, Int. J. Nonlinear Sci. Numer.
Simul. 23 (2022), 1253-1268. https://doi.org/10.1515/ijnsns-2020-0124.

S.C. Shiralashetti, PI. Kulkarni, S.I. Hanaji, Ultraspherical Wavelet Operational Matrix of Derivative Method to Analyze
the Ternary Hybrid Nanofluid Flow over a Moving Fin under Magnetic Field, Iran. J. Sci. 49 (2025), 1173-1189. https:
//doi.org/10.1007/s40995-025-01786-1.

W.M. Abd-Elhameed, A.G. Atta, Numerical Scheme for Modified Anomalous Time-Fractional Sub-Diffusion Equations
Using the Shifted Dickson Polynomials of the Second Kind, Mathematics 14 (2026), 1008. https://doi.org/10.3390/
math14061008.

AM. Nagy, A.A. El-Sayed, A Novel Operational Matrix for the Numerical Solution of Nonlinear Lane-Emden System of
Fractional Order, Comput. Appl. Math. 40 (2021), 85. https://doi.org/10.1007/s40314-021-01477-8.

W.M. Abd-Elhameed, H.M. Alshehri, M.H. Alharbi, O.M. Alqubori, A.K. Amin, A.G. Atta, Shifted Pell-Lucas Polynomial-
Based Algorithms for Fractional and Classical Rosenau-Hyman Models, Fractal Fract. 10 (2026), 359. https://doi.
org/10.3390/fractalfract10060359.

N. Saha, R. Singh, Numerical Algorithm for Solving Third-Order Emden—Fowler Type Pantograph Differential
Equations: Taylor Operational Matrix Method, Soft Comput. 29 (2025), 2563-2579. https://doi.org/10.1007/
s00500-025-10599-8.

M.A. Abdelkawy, W.M. Abd-Elhameed, S.S. Alzahrani, A.G. Atta, A. Biswas, Numerical Solutions via Shifted Pell
Polynomials for Third-Order Rosenau-Hyman and Gilson-Pickering Equations, Mathematics 14 (2026), 582. https:
//doi.org/10.3390/math14030582.


https://doi.org/10.1007/s42967-020-00070-w
https://doi.org/10.1007/s42967-020-00070-w
https://doi.org/10.1016/j.matcom.2023.07.031
https://doi.org/10.3390/fractalfract10050299
https://doi.org/10.1016/j.apnum.2024.03.016
https://doi.org/10.1016/j.apnum.2024.03.016
https://doi.org/10.1016/j.cnsns.2022.106608
https://doi.org/10.1016/j.cnsns.2022.106608
https://doi.org/10.1007/s40314-024-02908-y
https://doi.org/10.1007/s40314-024-02908-y
https://doi.org/10.1016/j.matcom.2023.07.023
https://doi.org/10.1016/j.matcom.2023.07.023
https://doi.org/10.1515/ijnsns-2020-0124
https://doi.org/10.1007/s40995-025-01786-1
https://doi.org/10.1007/s40995-025-01786-1
https://doi.org/10.3390/math14061008
https://doi.org/10.3390/math14061008
https://doi.org/10.1007/s40314-021-01477-8
https://doi.org/10.3390/fractalfract10060359
https://doi.org/10.3390/fractalfract10060359
https://doi.org/10.1007/s00500-025-10599-8
https://doi.org/10.1007/s00500-025-10599-8
https://doi.org/10.3390/math14030582
https://doi.org/10.3390/math14030582

Asia Pac. J. Math. 2026 13:172 19 of 19

[29] T. Eftekhari, J. Rashidinia, A Novel and Efficient Operational Matrix Method for Solving Multi-Term Variable-Order
Fractional Differential Equations, J. Math. Model. 13 (2025), 629—-644. https://doi.org/10.22124/jmm.2025.29744.
2655.

[30] O.M. Alqubori, S.A. Alsulami, A.G. Atta, A K. Amin, WM. Abd-Elhameed, Numerical Scheme for Solving the Time-
Fractional Huxley Equation Using Shifted Dickson Polynomials, AIMS Math. 11 (2026), 13744-13766. https://doi.
org/10.3934/math.2026566.

[31] L.Zhang, K. Lu, G. Wang, An Efficient Numerical Method Based on Chelyshkov Operation Matrix for Solving a Type of
Time-Space Fractional Reaction Diffusion Equation, J. Appl. Math. Comput. 70 (2024), 351-374. https://doi.org/10.
1007/s12190-023-01971-8.

[32] HM. Ahmed, R.M. Hafez, WM. Abd-Elhameed, A Computational Strategy for Nonlinear Time-Fractional Generalized
Kawahara Equation Using New Eighth-Kind Chebyshev Operational Matrices, Phys. Scr. 99 (2024), 045250. https:
//doi.org/10.1088/1402-4896/ad3482.

[33] W.M. Abd-Elhameed, H.S. Alahmadi, O.M. Alqubori, A.K. Amin, A.G. Atta, Robust Numerical Techniques for Solving
Nonlinear Ordinary and Fractional Partial Differential Problems, Electron. Res. Arch. 34 (2026), 8119-8139. https:
//doi.org/10.3934/era.2026346.

[34] M. Adel, A.G. Atta, N.M.A. Alsafri, M.A. El-Naggar, W.M. Abd-Elhameed, Fibonacci Level m Polynomial Collocation
Algorithms for Classical and Time-Fractional Fifth-Order Korteweg—de Vries Equations, AIMS Math. 11 (2026), 30509—
30544. https://doi.org/10.3934/math.20261209.

[35] W.M. Abd-Elhameed, H.S. Alahmadi, O.M. Alqubori, N.M.A. Alsafri, A.K. Amin, A.G. Atta, A Shifted One-Parameter
Horadam Polynomial Framework for the Time-Fractional Supergeneralized Viscous Burgers Equation, Fractal Fract. 10
(2026), 687. https://doi.org/10.3390/fractalfract10100687.

[36] D. Zaidi, I. Talib, M.B. Riaz, P. Agarwal, Novel Derivative Operational Matrix in Caputo Sense with Applications, J.
Taibah Univ. Sci. 18 (2024), 2333061. https://doi.org/10.1080/16583655.2024.2333061.

[37] S. Aghchi, H. Sun, H. Fazli, Operational Matrix Approach for Solving Fractional Vibration Equation of Large Membranes
with Error Estimation, Filomat 38 (2024), 2205-2216. https://doi.org/10.2298/FIL2406205A.

[38] G.E. Andrews, R. Askey, R. Roy, Special Functions, Encyclopedia of Mathematics and Its Applications 71, Cambridge
University Press, Cambridge, 1999. https://doi.org/10.1017/CB09781107325937.

[39] E.D. Rainville, Special Functions, The Macmillan Company, New York, 1960.

[40] W. Koepf, Hypergeometric Summation: An Algorithmic Approach to Summation and Special Function Identities, 2nd
ed., Universitext, Springer, London, 2014. https://doi.org/10.1007/978-1-4471-6464-7.

[41] J.-S. Duan, R. Rach, A.-M. Wazwaz, Solution of the Model of Beam-Type Micro- and Nano-Scale Electrostatic Actuators
by a New Modified Adomian Decomposition Method for Nonlinear Boundary Value Problems, Int. J. Non-Linear Mech.
49 (2013), 159-169. https://doi.org/10.1016/j.ijnonlinmec.2012.10.003.

[42] X.Zhao, L.-L. Wang, Z. Xie, Sharp Error Bounds for Jacobi Expansions and Gegenbauer-Gauss Quadrature of Analytic
Functions, STAM J. Numer. Anal. 51 (2013), 1443-1469. https://doi.org/10.1137/12089421X.


https://doi.org/10.22124/jmm.2025.29744.2655
https://doi.org/10.22124/jmm.2025.29744.2655
https://doi.org/10.3934/math.2026566
https://doi.org/10.3934/math.2026566
https://doi.org/10.1007/s12190-023-01971-8
https://doi.org/10.1007/s12190-023-01971-8
https://doi.org/10.1088/1402-4896/ad3482
https://doi.org/10.1088/1402-4896/ad3482
https://doi.org/10.3934/era.2026346
https://doi.org/10.3934/era.2026346
https://doi.org/10.3934/math.20261209
https://doi.org/10.3390/fractalfract10100687
https://doi.org/10.1080/16583655.2024.2333061
https://doi.org/10.2298/FIL2406205A
https://doi.org/10.1017/CBO9781107325937
https://doi.org/10.1007/978-1-4471-6464-7
https://doi.org/10.1016/j.ijnonlinmec.2012.10.003
https://doi.org/10.1137/12089421X

	1. Introduction
	2. An Overview of the Shifted JPs
	2.1. Selected shifted Jacobi basis functions

	3. Collocation Algorithm for the Two Cantilever NEMS Models
	4. Error Bound
	5. Illustrative Examples
	5.1. For Cantilever NEMS Model Subject to 
	5.2.  For double Cantilever NEMS Model subject to 

	6. Concluding Remarks
	7. Appendix
	7.1. For Cantilever NEMS Model subject to 
	7.2. For Double Cantilever NEMS Model Subject to 
	Authors' Contributions
	Funding
	Acknowledgments
	Conflicts of Interest

	References

