Asia Pac. ] Math. 2026 13:174 ASIA PACIFIC ACADEMIC

NEW IDENTITIES FOR CERTAIN NON-CLASSICAL GENERALIZATION OF LAGUERRE
POLYNOMIALS

AMR KAMEL AMIN

Department of Mathematics, Adham University College, Umm Al-Qura University, Makkah 28653, Saudi Arabia
akgadelrab@uqu.edu.sa

Received Sep. 9, 2026

AsstrAcT. This work derives a collection of operational identities for a non-classical Laguerre sequence,
referred to as Laguerre-type polynomials (LTPs). A finite power representation is obtained together with
its inverse, followed by explicit conversion formulas linking the LTP and classical Laguerre bases. These
formulas are then used to express derivatives of any integer order. The differentiated LTPs are represented
not only in their own basis but also in the Laguerre, Hermite, Bernoulli, normalized ultraspherical, and
generalized Fibonacci polynomial families. We derive repeated antiderivatives in both the LTP and Laguerre
bases. The same relations also yield several ordinary and weighted definite integrals. Every coefficient is
given by a finite expression, which is useful for symbolic computation as well as numerical work. These
results provide tools for using the LTP family in later approximation schemes.
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1. INTRODUCTION

Special functions play an important role in mathematical physics, quantum models, and numerical
computation [1-3]. Among the best-known examples are the Jacobi, Hermite, and Laguerre families.
They satisfy second-order differential equations and form complete weighted L? systems, so finite
expansions in these bases are natural tools for approximation. Many recent studies illustrate the
range of applications of these polynomial bases. Recent applications cover several different settings.
Laguerre-based tools were employed for space-fractional diffusion [4], whereas Laguerre wavelets
were used for biological models [5]. Hermite wavelets have also been applied to parabolic Volterra
partial integro-differential equations [6,7]. For fractional and diffusion-wave problems, shifted Jacobi
constructions were considered in [8-10]. Related Legendre approaches occur in interface and optimal-

control problems [11,12], and Chebyshev schemes appear in other differential models [13, 14].

DOI: 10.28924/ APIM/13-174


https://doi.org/10.28924/APJM/13-174

Asia Pac. J. Math. 2026 13:174 2 of 21

Polynomial sequences defined by algebraic recurrences give another useful class of approxima-
tion bases. For algebraically generated bases, convolved Fibonacci connections were studied in [15].
Fibonacci coefficient polynomials have also been used in a highly accurate Galerkin treatment of modi-
fied anomalous time-fractional sub-diffusion equations [ 16]. Broader construction procedures were
developed in [17, 18], and recent operational identities for Leonardo-type polynomial bases were estab-
lished in [19]. Pell-type bases have recently entered several tau schemes: Pell coefficient polynomials
were used for hyperbolic equations [20], shifted Pell polynomials for third-order Rosenau-Hyman
and Gilson-Pickering equations [21], and shifted Pell-Lucas polynomials for classical and fractional
Rosenau-Hyman models [22]. A Lucas-based tau method for the telegraph equation was given in [23].
Other examples are the generalized ¢-Laguerre-Appell family [24], hybrid Legendre-Laguerre polyno-
mials [25], new operational identities for Mott polynomials [26], generalized Fermat systems [27], and
a shifted Dickson polynomial scheme for the time-fractional Huxley equation [28]. On the symbolic
side, recent work includes second-kind Bernoulli polynomials [29], probabilistic poly-Bernoulli formu-
las [30], three-parameter non-symmetric Fibonacci polynomials and their structural identities [31],
and probabilistic relations for degenerate Bernoulli and Euler families [32,33].

A further direction concerns nonclassical modifications of orthogonal polynomial families. In
contrast with classical families associated with second-order operators, such modifications often arise
from higher-order differential equations, added point masses, or Sobolev inner products. Classical
references for Legendre-, Laguerre-, and Jacobi-type extensions include [34]. Fourth-order Legendre-
type and higher-order Laguerre equations were investigated in [35,36]. Generalized ultraspherical
equations and relations involving modified weights are treated in [37, 38]. Operator-theoretic and
Sobolev-related treatments are available in [ 39-41]; further examples involving Gegenbauer, Chebyshev
polynomials of the second kind, and Jacobi-type families occur in [42-44]. Of particular interest here
is the Laguerre-type sequence of [45]: its degree-independent differential equation has finite order
exactly for nonnegative integral values of the relevant parameter.

The remainder of the paper is arranged as follows. Section 2 presents an overview of the classical,
Laguerre-type, and auxiliary polynomial bases. Section 3 derives the power inversion and the two-
way Laguerre connections. The next two sections develop differentiation identities in the LTP and
comparison bases. Repeated antiderivatives are treated in Section 6, and Section 7 records weighted-

integral consequences. Section 8 closes the paper.

2. BACKGROUND ON LAGUERRE AND AUXILIARY PoLyNoOMIAL FAMILIES

2.1. Generalized Laguerre polynomials. For later use, we write the generalized Laguerre polynomial

in the finite form

- n « l’k
Lffé)(g;):Z(—l)k< + >k| n > 0. (2.1)

n—=k
k=0
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Conversely, a monomial can be expanded in this basis as

2" = nl Z <" + a) L (). (2.2)

The classical Laguerre case follows by taking o = 0:

L) = fj(—n (Z) e (2.4)

" = ’“( )Lk (2.5)

2.2. The Laguerre-type sequence. The family {L%" (z)},>0, introduced in [45], is orthogonal with
respect to a Laguerre measure augmented by a point mass. Its governing differential operator is
finite-order when « is a nonnegative integer and infinite-order otherwise. For x > 0, its degree-n

member obeys
Rzaz ) + 2y’ (2) + (@ + 1 - 2)y/(z) + ny(z) =0,
The continuous functions a;(x) do not depend on the degree. The corresponding orthogonality measure
on [0, 00) is
w(z) =x% " + Kko(x),

where o > —1, k > 0, and 9 is the Dirac mass at zero. The link with the generalized Laguerre basis is

[on(z) = (1 + %Zt‘f)) L) () + H<” M a) %L,(f‘) (@),

Further details of this construction can be found in [45].

Remark 2.1. In the rest of the paper we set a = 0. This choice retains the discrete mass modification
while allowing all subsequent formulas to be expressed using the ordinary Laguerre polynomial family.

Therefore

L) = LY%(z) = (1 + nk) Lu(a) + H% L, (). (2.6)

Remark 2.2. For this specialized family, explicit formulas for inversion, differentiation, integration, and

changes of basis are still limited. The following sections derive these relations.
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2.3. Auxiliary Polynomial Bases. Take {P,(z)},>0 to be a symmetric orthogonal family and
{Qn(z)}n>0 to be an arbitrary polynomial family, not necessarily orthogonal. Their power repre-

sentations are written as follows:

[n/2] ,

Po(z) = > cjna™ %, (2.7)
j=0

Qn(z) = Z ejna" Y, (2.8)
j=0

where the arrays c; , and e;,, are prescribed.

The corresponding inverse power representations are

(/2]

2" =" CjnPnogi(2), (2.9)
=0

" = /é\j,n Qn—j(x)v (210)
=0

with ¢; , and €;,, denoting the inverse coefficient arrays.
Among the auxiliary families needed below, the normalized Jacobi polynomials are taken in the
form [46]

—n,ntat+B+1 |1y

@B (z) = o7y 5 (2.11)
a+1
Choosing equal Jacobi parameters produces the normalized ultraspherical family:
11
CV(z) = S04 (), (2.12)

We also employ the symmetric generalized Fibonacci family {F{?) () }n>0, specified by the recur-

rence

Fb (@) = aa P (@) + bF (@), n>2, (213)
F[()a’b) (x) = 1’ Fga’b) ((L‘) = ax.

3. Core ALgeBRrRAIC RELATIONS FOR THE LTP Basis

We begin with the algebraic identities needed later: two conversion formulas between the LTP and

Laguerre bases and a pair of inverse power expansions.

3.1. Two-way transformations between LTPs and Laguerre polynomials. We first give the LTP-to-

Laguerre conversion.

Theorem 3.1. For each r > 0, an LTP can be expressed in the Laguerre basis as

r—1
Li(z) = (14 ) Lo(z) — /@Z Li(z). (3.1)
i=0
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Proof. Using the standard Laguerre derivative identity [47]

d 1
ZL(@) = -1, (2).

For parameter one, this polynomial equals the finite sum

r—1

LY (@) = Y Li(a).

=0

Using the first relation inside the second one reduces the derivative to

d r—1
TLe(2) = - > Li(x)
=0

Replacing the derivative term in (2.6) by the preceding finite sum proves (3.1).

Theorem 3.2. Conversely, each L,.(z), r > 0, satisfies

Li@) | N~ Lj ()
kr 41 +H;} (Kl+1)((C+1)r+1)

L,.(z) =

Proof. Define
Sr(z) = i Li(z).
i=0
The definition shows that adjacent partial sums are related through
Sp(x) =Sr—1(x) + Ly (), r>1.

Using (3.1) together with (3.2), we obtain

L) = (1 + kr)Lp(z) — KSp_1(z), 7> 1.

Rearranging this equality with respect to L, (z) gives

L) K

L —
r(x) 1+ kr 1+ wr

Sr—1(x).
Insert the preceding expression in (3.5); after collecting the two terms one obtains

CLE(x) | 1+R(r+1)

Sr(@) = 1+ kr 1+ kr Sr-1(®).
Dividing the recurrence by 1 + x(r + 1):
Sr(@) Ly (x) Sr-1()

1+k(r+1) A+xr)1+r(r+1) 14k’
With T, =S, (x)/(1 + &(r + 1)), the last identity reduces to
Ly(x)

Tr=Tr1= (1+rr)(1+rk(r+1))

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.8)

(3.9)

(3.10)
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Adding these consecutive relations from ¢ = 0 through » — 1 gives
r—1 T
Li (@)
T,1= £ : 3.11
! ;(1+€/€)(1+K—|—£n) (3.11)
Consequently, this relation can be written as
r—1 T
Li(x)
r— =(1 . 12
Sr-1(@) = ( ”’")z;(uzl-;)(umm (3.12)
Using this expression for the partial sum in (3.7) produces the desired representation
~ 1l ~
Ly (x) Li(x)
Ly(z) = — .
@) =T +'€§ (11 tr)(1+ £ + Cr)
This establishes the connection in the reverse direction. O
3.2. Direct and inverse monomial expansions.
Theorem 3.3. For r > 0, the following finite monomial form holds:
~ (=) ((r s+ )+ R(r+ 1) (r—s)
Li(z) = e 3.13
r(@) ; stir—s+ 1! (r—s)! v (3.13)
Proof. Insert (2.4) into (2.6) to get
4 - (=) ! i—1
Ly 1 R 3.14
r(@) = +TH)ZO(Z)2(T x—'—mzz'z—l r—z)w (3.14)
Reindex the differentiated part by setting i = v + 1; its contribution then takes the form
T r—1
~ (—=1)%r! (=1)%r!
Li(z) = (1 —e ¥ - b 3.15
(@) =( +TH)UZO( N2Z(r — )lx Kuzz()(u—i—l)!u!(r—u—l)!x (315)
Terms carrying the same power of z may now be grouped, which gives
~ (=1 ! (w4 1) + K(r + 1)u)
Li(z) = b 3.16
r(@) ; (u+ D! (r —u)! v (3:16)
Writing the coefficients in descending-power order gives the asserted form
~ (=) ((r s+ )+ R(r+ 1) (r—s)
Li(x) = e 3.17
r(@) sz:;) stir—s+ 1) (r—s)! v (3.17)
The displayed coefficient formula is therefore obtained. 0

We now derive the inverse of (3.17). For degree zero, 2° = Lf(z) = 1; the positive-degree case is

stated below.

Theorem 3.4. For every positive integer r,

r (=), (D) (4 DR —8)rl(r = 1)1 <
v kr+1 LT(SC)+Z(m(r—s—l—l)+1)(/<cr—f<;s+1)(r—s)!s'

Ly_s(x).

(3.18)
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Proof. Start with the standard Laguerre inversion formula

- (T
r_ _1)\¢ ! Lz : Z ‘ R
P (e vz (319)
Replace each Laguerre polynomial using the LTP expansion in (3.3):
4 T r -1 ~
r_ 1\ r . L?(x) . 0T ' Lg(l’)
x ;( 1) (E)r.l_i_’%—i—/fg( (., T'Zo(l+m)(1+(v+1)n)' (3.20)

Since both sums are finite, their order may be interchanged; this transforms the two finite sums into

2" = ZT:(—N(Z)H fi(?f +

=0

r—1 T

kr! VY
(1+£r)(1+ (£ + k) ( > (D) <Z>> Li (x). (3.21)

1=0+1

(]

=0

For the inner alternating binomial sum we use

Z (_1)1 <:> _ (_1)£+1£!(7(«r__gl_)!1)!’ 0<i<r-— 1, (322)

1=0+1

Insert this binomial evaluation into (3.21); the resulting expression is

r_ r r L“(:U) r— (—1)”1,%7"!(7" —1)! .
to g(_l)é<€>r! Trntt KZ:; A5+ (03 Dol — =1y £ @) (3.23)

Separate the last term corresponding to £ = r. The remaining part becomes

r—1

o - CEEEE [ ()t

=0

(1) krl(r — 1)! ~
" (L+Lr)(1+ (£ + D)) (r — £ — 1);] Li (). (3.24)

After combining the two rational terms over one denominator, we arrive at

r—1

. (=1)rILE(2) (r+ (r + )rl)r!(r — 1)!
 1+4kr +Z(_1)€(1 +Uk) (14 (L4 1)k)e(r —¢)

T

! Ly (x). (3.25)
£=0

Finally, reverse the order of the index in the last finite sum. This gives

s (CUTLE @)~ (CD T+ A r)s(r — )l — 1)~
R P 521 I+ r(+7—5)(1+rk—rs)(r—s)ls! Ly (). (3.26)

This establishes the assertion. O

4. Di1rrereNTIATION IN THE LTP aND LAGUERRE Bases

The differentiation results below are organized in three forms:

e higher derivatives of LIPs in the LTP basis;
e higher derivatives of LTPs in the classical Laguerre basis;

e higher derivatives of classical Laguerre polynomials in the LTP basis.
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4.1. An LTP-to-LTP differentiation formula. Before deriving the differentiation formula, we introduce

a finite identity that will be used to reduce its coefficient.

Lemma 4.1. Ifn > v > lareintegersand 0 < s <n —v — 1, then

i (=1t Hi(n — v —i—1)! (

i —am (Fnt (nsin =) —i)

=0
x(n—v4+rn—s—v)(l+n—v—1i)—i
(=) v(v+2)s—2(n —v —s)!

sln!

x(1+1/+r<;(2n—s—y+1)(1+1/)

+x*(n(n—s —v+1)(1+v) +s(s+u))).

Proof. Let

s (_1)s+u+i

Seny = 7Z;(1+n_l,)!(s_i)!i!(1—i—n—i—(1—1—71)/<a(n—z')—z’)

x(n—u—i—m(n—s—l/)(l—i—n—y—i)—i)(n—y—i—l)!.

(4.1)

(4.2)

Applying Zeilberger summation to this finite term produces the following recurrence for the auxiliary

quantity
(s+1)(n—1/—s)(1+l/+ﬁ(2n—s—u—l—1)(1+u)
+r*(n(n—s—v+1)(1+v)+s(s+ u)))ssﬂ,w
= (s+u)(1+u+/€(2n—s—y)(1+y)
+r*(nn—s—v)(1+v)+ (s+1)(s+v+ 1)))587%”,
subject to

(1)1 +nk) 1+ (1 4+n—v)k)(n— V)!.

n!

SO,n,u =
Its closed solution is

(=)’ v(v+2)s_2(n—v —s)! "
sln!

Ss,n,l/ =
<1+V—&—/ﬁ(2n—s—y—|—l)(l+y)+/@2(n(n—s—y—|—l)(l+y)+s(s+y))),
which verifies the lemma.

Theorem 4.2. For integers n > v > 1, the derivative of order v has the LTP expansion

(I1+nk)— 1+ K+ nk)i ~
1—|—7’LI€—/€ (v+41i))il(n—i+1)!

n—v
D"Ly(x) = (=1)"n! Z n—i—v(T)
=0
n—v
1/

(I+n-s+(1+n)(n—s)kn!

1—|—7’LI€—/€8—|—IJ))'< (n—s+1)!

s=1

(4.3)

(4.4)
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v Qs nu(s+v—1)!
1+k(l4+n—s—v))(v+1)!

Ly, (), (4.5)
where
Qs =14+v+6(1—s+n’k(l+v)+ (ss —v)(s+v) —n(l+v)(-2+ k(-1 +s+v)). (46)

Proof. Differentiate the finite LTP power series term by term to obtain

VTR S ED"T A4t A tn)an—i) i) (I tn—v =iy .,
D" Ly (x) :n!; ( (n—1)! (1+n—1)'1') o 7

Express each remaining monomial using

n—i—v

= Y cMILE (@), (4.8)
v=0

where
n—v—i+r(l+n—v—i)ln—v—i—0o)
1+rk(l4+n—v—i—v)(1+kn—v—1i) —kKkv)

(n—v—i—1)(n—v—1)!

CI(]n,i,zz) _ (_ 1)n—u—i—v

(n—v—i—ov)h!
After this substitution, the derivative gives

(=1)n!
(I+nk—r(v+1i)(1+n—1)!

M |

DVLE(z) = (1+n+ (1+n)r(n—i) —1i)

x L ()

n—i—v
n—v

+ Z; (n — 5)1(1)4_ n — i)l (1 +n+ (1+n)k(n—1i)— z)

x(L+n—v—i), Y CMILE () (4.10)

v=1
Set s = 7 + v and interchange the finite summations:

n

v

(—=1)"n!

D¥Ly(x) = 1+ nk—r(w+0)1+n— )l

7

I\
=)

><1+n+(1+n) (n—1i) —i)Li_,_,(2)

n—i—v
n—v 5
-1 s+v+1
(s 2
— 1+ﬁ1+n—s—y))(1+nm—3n—fw)

><( + (1 +n)k(n —i) — 1)

x(n—v+rn—s—v)(1+n—v—1i)—1)

nl(n—v—i—1)! ~
X(n—s—y) (1+n—z)'(s—i)!i!>L”VS(x)‘ (4.11)
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Lemma 4.1 reduces the inner coefficient to

871 st Hi(n —v —i —1)!
1 1 —1i)—1
; 1+n—z (s = )1 (1+n+ (1+n)k(n—1i)—1i)
x(n—v+rn—s—v)(l+n—v—i)—i
(=1)"(n—s—vo)!
B nls!
(1+n—s+1+n)(n—s)k)n!
><<— st (1+r(l+n-s—v))
vQsnu(s+rv—1)!
— 412
(v+1)! ) (4.12)
Inserting the simplified coefficient into the preceding expansion yields (4.5). O
Theorem 4.3. If 1 < v < n, the same derivative in the Laguerre basis is
dx” L ( 1 (v 4 K(nw = 8)) Ly—y—s(z). (4.13)

s=0

Proof. Differentiate each monomial in the finite power representation separately. This leads to

|
]

& . B n (_1)n—i | (1 + (n — 7,)(1 + K,(TL + 1))) n—i—v
T Li(z)= - m—it+ il (n—i—0v) x : (4.14)

Next use the monomial inversion in the Laguerre basis

, g ~ n—i—v
n—i—v s n 1—V—0 Ln—i—u—v . 415
x (n—i—v) ZZ:O ( . > (x) (4.15)
which changes (4.14) into
d” — (n—v—1i)!
1 —1)(1 1
T Ly( 2 —|—n—7,)'z' (1+ (n—i)(1+4r(n+1)))
n—i—v (_1)7171/71‘71)
Loi (). 4.16
% UZZO (n—v—i—wv)lvl (z) (4.16)
After setting s = i + v and reversing the summations,
d” i Zs: (—1)Tv+ipl (n — v — i)
dxv La — n—u—s) — (n—i+ 1) (s—1i)li!

x((n—i+1) +/€(n+1)(n—z’))>
WLy s(a). (4.17)

Denote the inner finite coefficient by

. Z (D)l (n—v— i)t (n =i+ 1)+ /(n+ 1(n - 1))

(n—i+1)!(s—i)li! (4.18)

1=0



Asia Pac. J. Math. 2026 13:174 11 of 21

Zeilberger summation applied to the inner finite sum provides the recurrence
(s+1)(n—v—s)(v+r(nw —s)) Reyinpy = (s +v) (v + k(v — s = 1)) Ry, (4.19)

together with the initial value
Ropny = (—1)"(1 +nk)(n —v).

The recurrence, together with its starting value, has the closed solution

Ry = (—81!)'/ v+ 1)1 (n—v—s) (v + K(nw — 5)). (4.20)

Replacing the auxiliary coefficient in (4.17) by its closed form gives

dv . - n—v (=) (v +1)s-1 (1/ + k(nv — s))
dzyLn(x)——gég 5 Lyys(2). (4.21)
This proves the Laguerre-basis formula. 0

We now express the same derivative through several comparison bases; only the basis-conversion

step changes from one case to another.

5. Derivative CoNNECTIONS WITH OTHER PoLyNOMIAL BAsEs

Theorem 5.1. For n,v € Nwith 1 < v < n, the Bernoulli expansion is

dv ~ (z) = n!nif (—1)n—s+1 (s—n— 1)(3 + Kk —nk+ sk+n(—1+ S,{))

e s=0 (s+Dsln—s+ Dl (n—s—v)
1
—l—-s,n—s+-——
o Ltrtne 11 B,y (). (5.1)
1+n*s’n*3*1+7
14+ k+nk

Proof. The formula is obtained by combining the series representation of the LTPs in (3.17) and the

inverse power expansion for the Bernoulli polynomial family. O

Theorem 5.2. Under the same restrictions, the normalized Jacobi representation is

Lhi(z) =Y A8 jleh) .
dxv n(x) yort 8,V Jn—u—s(x)’ (5 2)
where ‘
o il(n—i+ 1) (n—i—v) n—i-vn—v—s’

i=0
and, for 0 < k <m,

(o,8) k( T(k+a+B8+1)I(k+a+1)
jm,k =2

T(a+ DI(k+B+1)

m—k‘) Fk+B+j+1)
j JT@Rk+a+p+j+2)

> 3

>@k+a+ﬂ+D

=

X (1y”—k—121<

=0

.
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Proof. The formula is obtained by combining the series representation of the LTPs in (3.17) and the

inverse power expansion for the normalized Jacobi polynomial family. O

Theorem 5.3. For 0 < v < n, the Hermite-basis form is

av ~
dx”Lg(l.) = Z asnu n—v— 25( )
|24
+ bs,n,u Hn7V72871(x)7 (53)
s=0
where the even-parity coefficient is
1 n n s 1" 1
(=127 (1 + 1K) 227 27 7T 2 2(1+k+nk)
ERONZ F: —4 1, 4
Asm, sl(n—2s—v)l 7 ron_ 1 G4
27 2 201+ k+nk)
whereas the odd-parity coefficient is
1 n n 1+f~c—n(1—|—nf<;)
b (=Dt (g — k4 nk) ml2 2 2 & 21+ rK+nkK) | _y, (5.5)
Sy sl(n—2s—v—1)! 452 3 k—n(l+nk) : ’
2’ 2(1+ Kk +nk)

Proof. The formula is obtained by combining the series representation of the LTPs in (3.17) and the

inverse power expansion for the Hermite polynomial family. O

Theorem 5.4. For 0 < v < n, the expansion of the v-th derivative of L’ () in the normalized ultraspherical

basis is
237
d’ Tk - n,v A
L) = u(t) G, ()
s=0
\‘n ; 1
+ Z e, o (@), (5.6)

where, on putting
A, =14+k(n+1),
the even-parity coefficient is

(_1)n 2—n+u(1 + nﬁ;)l—‘()\ (n —v—25+ )\) (2)\)7171/—25

(nyv) _ )
s slln—v—=2s)ITln—v—s+A+1)
n n+l n 1
-8, ——, — ,Sstr—m—A 1——-—
2 2 2 2A,
X5F2 1 n 1 4 ) (57)
27 2 27,

and the odd-parity coefficient is

(=t H i (n 4 k(n? = 1)) TA) (n—v — 25 = 14+ X) (2A)n—p—2s—1
stn—v—2s=1)IT(n—v—s5+ )

V()
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n 1l—n L4 st \ 3—n 1
STy Ty ATV A T T oA
3 1—n 1

27 2 2A,

><5F2 4. (58)

Both hypergeometric series terminate because of the upper parameter —s.

Proof. Using (3.17), differentiate termwise and expand the resulting monomials in the normalized
ultraspherical basis. Separating the even and odd powers and simplifying the corresponding finite

sums yields the two terminating 5 F coefficients in (5.7) and (5.8), respectively. O

Theorem 5.5. For 0 < v < n, the generalized Fibonacci representation is

& - 2] .
e mx) = fs(n,l/) Fna;y_25($)
s=0
=42 b
+ ggnﬂf) Fnaiz/f2sfl(x)’ (59)
s=0
where
) (=)™ a0 (14 nk) (14 n— 25 —v)
° st(n—s—v+1)!
_%_gv _%’ —571—g—m, —l=nt+st+vi o
52 1 n 1 -5 610
27 2 2(1+k+nk)
and
() (=)™ a ™" b (1 + K+ 1K) /7 (0 — 25 — V)
& sl(n—s—v)!
1
3—nm— ———
«T 1+Kk+nk
2
1
R AR
~ 9 ’_57 —S, 2 ,_n+S+V a2
512 -5 (5.11)
3 r—n{l+nk)
2" 2(1+ Kk + nk)

Proof. The formula is obtained by combining the series representation of the LTPs in (3.17) and the

inverse power expansion for the generalized Fibonacci polynomial family. O

6. REPEATED ANTIDERIVATIVES IN THE LAGUERRE AND LTP Bases

This section contains two principal results for repeated antiderivatives of the Laguerre-type polyno-
mials: the first gives their representation in the classical Laguerre basis, while the second expresses

them in their original LTP basis.
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Theorem 6.1. We first express the repeated antiderivative in the classical Laguerre basis. For n,v € N, denote a

v-fold primitive of L5 (x) by Sy (x) , namely
//-../Eg(x) dr. (6.1)
——

v times

Its representation in ordinary Laguerre polynomials is

n £+V v—/ 1% w(l nv
% ( +1)€[; 1( + k(0 + )) Lnsy—e(z) + py_1(z), (6.2)

where p, 1 is an arbitrary polynomial of degree no greater than v — 1.

Proof. Apply v antiderivatives separately to every monomial in (3.17). The polynomial part is then

n'z (n—1) 13:1(11;:()71(?:)1)_0 T prea(@), (6.3)

where deg p,—1 < v — 1. Each resulting monomial is converted to the Laguerre basis by (2.5), leading

to

S/ (x) — 1+n+(1+n) (n—1i)—1)
B n'z (n—i)l(n—i+ 1)l (n—i+1),

n+l/z_n+,jlvn I/—i!2
- Z . n—l—u—(i ——:1)!1)! b Lnitr—o () + py-1(2). (6.4)

Put ¢ = i + v and interchange the summations:

‘
S(z) = (D) (n+v—i)! L
- n'; nf€+ v)! <; (n—i+ 1l —q)li! (1+"+(1+”)“(n_2)_2)>
XLn+V7€()
+pov—1(z). (6.5)

Define the finite coefficient

¢ v+i . ) .
S@ny_z(_l)g—‘r P14+ n+ (14 n)k(n—i) —1i) (ntv—i)

pard (n—1+ 1)1 (0 —1q)l! (66)
With this notation, (6.5) becomes
Su() =S S ) 4 (). (67)
prd (n—0+v)!
The finite coefficient can be evaluated by Zeilberger summation, and its closed form is
Stny = (D) (v =L+ 1)y (v+ KL+ ) (R + v — E)!. (68)

n!

Replacing the auxiliary sum by this closed value produces the announced expansion:

(=1 (v — 1 (v+k nv
SZ(x):Z( 1) ( £+1)€l; 1( - (€+ )) Ln+l/—€(x)+pl/—1(x)'

=0
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The stated identity follows. 0

To derive the repeated-antiderivative formula in the original LTP basis, we first establish the following

finite identity, which is used to simplify the coefficients arising in that representation.

Lemma 6.2. For every integer ¢ > 1, define

¢ Z+u+z
" (n+v—i—1)! N
Qo = ; (—Z'z'n—z+1) (1+n+ (1+n)s(n — i) — i)
X(n+v+rn—L+v)(1+n+v—1i)—i). (6.9)
Then
—1)!
(—1)V+1VW[1+/€(2n+v)+%2(n2+ny+l)], 0=1,
Qf = |
n, (=1)*v(n4v -0 v —L0+1)_ Bén) ’ (>0
n) Y
where
Bﬁzy——1+V+f’~('/—1)(—€+2n+v+1)+ﬁ2 U(—L+v)+nlv—1)(—L+n+v+1)|.

Proof. Applying Zeilberger’s algorithm to the summand in (6.9) yields the first-order recurrence

(£+1)(n—|—y—£) éan€+1nV

+ (V - E)Bélj—)l,n,ugﬁiz,u = O’

with the initial value

n+v—1)!

ol®) = (—1)”+1V( [1+m(2n+u)+ﬁ2(n2+nl/+1)]

n!

Solving this recurrence gives

() v+ v — O — L+ Doy )
0nl v

Q@nV: t=2,

which, together with the initial value, proves the result. 0

Theorem 6.3. For n,v € N, the repeated antiderivative of L% (x) admits the following representation in the
original LTP basis:

3

S (1) nin + v — i
" — (1+r(n+rv—10)(n—i)(n—i+iln—it+1),

2

x(1+n+ (1 +n)k(n—i)—i) L, (z)

n

n!
+
— 1+K(n—€+u))(1+fi(1+n—€+ v))(n—L€+v)!
®) n—l—u—ﬁ)
Ln,v n7€+1)

X ((1 +n)(1+nk)— (1+rx+ nn)ﬂ) (1 +r(l+n—L0+ 1/)) Ly _o(z)

+pv-1(z), (6.10)
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where p,_1(x) is an arbitrary polynomial of degree not exceeding v — 1, and ngz,y is given explicitly in

Lemma 6.2.

Proof. Integrating the finite power expansion (3.17) successively v times gives

5v | ) 1+n—|—(1+n) (n—14)—i) i,
= nE x
m=—i)ln—i+ Dl (n—i+1),

+pH(x), (6.11)

where
degpy,—1 <v-—1.

Expanding every monomial in (6.11) by means of (3.18) gives

(=) (14 n+ (14 n)k(n —i) —i)n!
ZZ: (n—)!(n—i+1)id(n—i+1),

(=)t =i(n 4 v —4)! ~

8 1+ k(n+v—1)

nfiJru(m)

n— z+1/

—) it v+ k(l+n+v—i)(n—L+v—i)—i)
+Z (1-—rl+rn+rv—0)(1+rsl+n—L+v—1i)

n+v—i—1)n+v—il~,
( €!(n—€—i)-(u—z). )LM+M())

+py1(@). (6.12)

Collecting the coefficients of the same LTP basis elements, we obtain

. _ (-1)"(1+n+ A +n)kn—1i) —i)nl(n+v—1d! -,
Sul@) = ;(1+/s(n+1/fi))(nfi)!(nfi+1)!i!(nfi+1)1, n-ity ()

n!
Z(l—l—f@n—ﬁ—l—u))(l—l—/@(l+n—€+u))(n—€—|—y)!

L (D) 4y — i — 1))

X(i:o (=il (n—i+4+1)!

(1+n+ (1 +n)s(n—1i)—1)

X(n+v+rmn—LC+v)(1+n+v—i) —i))zz+yz(x)
pua (@), (6.13)

By (6.9), the finite sum in (6.13) is the complete sum Qé’g , with its terminal i = / term removed.
Therefore,

-1 l+u+z(

n+1/7i71)!(

— (1)
Z (=l (n—i+1)!

=0

L4+ n+ (1+n)k(n —i) —1i)

x(n+v+rn—L+v)(1+n+v—i)—i)
(—1)"(n+v—20)!
(- t+1)!

X ((1 +n)(1+nk)—(1 —|—/€—|—m€)€) (1 +r(l4+n—0+ l/)) (6.14)
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Substituting (6.14) into (6.13) and using the closed form for Qgﬁ’y obtained in Lemma 6.2 yields
(6.10). O

7. WEIGHTED-INTEGRAL CONSEQUENCES

Corollary 7.1. Let n,v € Nand ¢ € Ny, with1 <v <nand 0 < { <n — v. Then the Hermite projection of

the derivative is

oo dljiﬁl
/ ) d;(x) He(z)e ™ dz = Zns, (7.1)
where
hean—v—e ., ifn—v —{is even,
Zn,u,@ - 2 (72)
h[ bn—u—ﬁ—l n.v? @fn—l/—ﬁls Odd,
2 (A
and
he = 241/ (7.3)

More precisely, the Hermite orthogonality relation is

/ Ho(2)He(z)e ™ dz = 2U00/7 6re = hy S0 (7.4)
Proof. Start with (5.3):
~ | 23] [ 2=5=]
dVLE(x)
n - s,n,v anz/f s s,n,v anz/f s— ) 7.
dr? gg% asn, 25(7) + 2 bs,n, 25—1() (7.5)

where ag ,,, and by ,, , are defined in (5.4) and (5.5). Multiply by He(z)e =" and then integrate over R:

[e.o] VNH |~n_y
/ &L (@) He(x) e dr =

14
oo dx

2 J o0 5
Asn,v / Hn—u—?s(x>H£(x>eix dx
s=0 —o©
=== 00

+ Z bs7n7,,/ Hn,y,gs,l(x)HE(m)e_””de. (7.6)
s=0 >

Hermite orthogonality gives

/ Ho (2)He(z)e™ dz = hy 6,0, (7.7)
hence
~ [%5*]
oo VLK (z) 2
o H v = s,n,v n—v—2s
/_OO da? g(x)e dx ;) asn, hed 25,0
===
+ bs,n,u hé 5n—u—25—1,€~ (78)
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For even n — v — £, we have

v Li(x) e
/;OOWH[(x)e dr = hﬁanfélfé’n’y. (7.9)
For odd n — v — ¢, we have
< Lk (x) e
/;oode H[(l‘)@ dr = h@ bn7u272717n7y. (710)
The two cases are summarized by
o0 dl/j[:lﬁ?
/_OO d;(‘r) He(x) e de = Zp 0y, (7.11)
which proves the assertion. O
Corollary 7.2. Let n,v,s € N, 1 <v <n,and 0 < s <n — v. Then the Laguerre projection is
00 VT K —1)¥ — —s5—1)!
/ e_an(x)Ls(x)dx:( )Y+ r(—n+v+nv+s))(n—s ). (7.12)
0 dxv vi(n—v—s)!

Proof. Multiply (4.13) by e~ *L,(x) and integrate. Laguerre orthogonality eliminates every term except

the degree-s coefficient. O

8. CoNcLUDING REMARKS

A finite operational framework has been established for the Laguerre-type sequence associated with
a Laguerre measure containing a discrete mass. Starting from its defining relation, we obtained both
directions of the connection with the ordinary Laguerre family and derived mutually inverse finite
power representations. These identities were then used to express derivatives of arbitrary integer order
in the LTP, Laguerre, Hermite, Bernoulli, normalized ultraspherical, and generalized Fibonacci bases.
Repeated antiderivatives were treated in both the Laguerre and LTP bases, with the arising finite sums
reduced to explicit coefficients. The final weighted-integral consequences follow by combining the
derivative expansions with the relevant orthogonality relations. Since every coefficient appearing in
these formulas is finite, the results can be used directly in symbolic calculations and can also support

later spectral or operational-matrix constructions based on this mass-modified Laguerre family.

Funding. This research work was funded by Umm Al-Qura University, Saudi Arabia, under grant

number: 26UQU4331287GSSR10.

Acknowledgments. The authors extend their appreciation to Umm Al-Qura University, Saudi Arabia,

for funding this research work through grant number: 26UQU4331287GSSR10.

Conflicts of Interest. The author declares that there are no conflicts of interest regarding the publication

of this paper.



Asia Pac. J. Math. 2026 13:174 19 of 21

REFERENCES

[1] J.C. Mason, D.C. Handscomb, Chebyshev Polynomials, Chapman and Hall/CRC, 2002. https://doi.org/10.1201/
9781420036114.

[2] E. Marcellan, W. Van Assche (Eds.), Orthogonal Polynomials and Special Functions: Computation and Applications,
Lecture Notes in Mathematics 1883, Springer, 2006. https://doi.org/10.1007/b128597.

[3] J.P. Boyd, Chebyshev and Fourier Spectral Methods, Dover Publications, 2001.

[4] M. Ayalew, M. Ayalew, M. Aychluh, Numerical Approximation of Space-Fractional Diffusion Equation Using Laguerre
Spectral Collocation Method, Int. . Math. Ind. 17 (2025), 2450029. https://doi.org/10.1142/52661335224500291.

[5] S.R.Khirsariya, N. Noori, Fractal-Fractional Modeling of Chronic Myelogenous Leukemia Immune Dynamics Using
Laguerre Wavelets Method, Sci. Rep. 16 (2026), 14106. https://doi.org/10.1038/s41598-026-43767-3.

[6] Y. Rostami, An Effective Computational Approach Based on Hermite Wavelet Galerkin for Solving Parabolic Volterra
Partial Integro Differential Equations and Its Convergence Analysis, Math. Model. Anal. 28 (2023), 163-179. https:
//doi.org/10.3846/mma.2023.15690.

[7] S.Santra, R. Behera, Simultaneous Space-Time Hermite Wavelet Method for Time-Fractional Nonlinear Weakly Singular
Integro-Partial Differential Equations, Commun. Nonlinear Sci. Numer. Simul. 140 (2025), 108324. https://doi.org/
10.1016/j.cnsns.2024.108324.

[8] H.R. Khodabandelo, E. Shivanian, S. Abbasbandy, A Novel Shifted Jacobi Operational Matrix for Solution of Nonlinear
Fractional Variable-Order Differential Equation with Proportional Delays, Int. J. Ind. Math. 14 (2022), 415-432. https:
//doi.org/10.30495/1jim.2022.64043.1555.

[9] S.S. Mirshojaei, E. Shivanian, B. Ghayebi, S.J. Hosseini Ghoncheh, A Computational Method Based on Shifted Jacobi
Polynomials for the Fractional Differential Equations, J. Nonlinear Math. Phys. 32 (2025), 15. https://doi.org/10.
1007/s44198-025-00273-w.

[10] K. Sadri, D. Amilo, E. Hingal, A Combination of Classical and Shifted Jacobi Polynomials for Two-Dimensional Time-
Fractional Diffusion-Wave Equations, Chaos Solit. Fractals 198 (2025), 116569. https://doi.org/10.1016/j.chaos.
2025.116569.

[11] M. W, J. Zhou, C. Guan, J. Niu, A Numerical Method Using Legendre Polynomials for Solving Two-Point Interface
Problems, AIMS Math. 10 (2025), 7891-7905. https://doi.org/10.3934/math.2025362.

[12] K. Mamehrashi, A Novel Numerical Approach for 3D Fractional Optimal Control Problems Using Legendre Polynomials,
Mediterr. J. Math. 23 (2026), 15. https: //doi.org/10.1007/s00009-025-03011-0.

[13] S.S. Alzahrani, A.A. Alanazi, A.G. Atta, Numerical Treatment of the Time Fractional Diffusion Wave Problem Using
Chebyshev Polynomials, Symmetry 17 (2025), 1451. https://doi.org/10.3390/sym17091451.

[14] S.M. Sayed, A.S. Mohamed, E.M. Abo-Eldahab, Y.H. Youssri, A Compact Combination of Second-Kind Chebyshev
Polynomials for Robin Boundary Value Problems and Bratu-Type Equations, J. Umm Al-Qura Univ. Appl. Sci. 11 (2025),
766-783. https://doi.org/10.1007/s43994-024-00184-4.

[15] W.M. Abd-Elhameed, O.M. Alqubori, A. Napoli, On Convolved Fibonacci Polynomials, Mathematics 13 (2025), 22.
https://doi.org/10.3390/math13010022.

[16] M. Adel, WM. Abd-Elhameed, N.M.A. Alsafri, M.A. El-Naggar, A.G. Atta, Highly Accurate Galerkin Approach for
Modified Anomalous Time-Fractional Sub-Diffusion Equations Based on Fibonacci Coefficient Polynomials, Fractal

Fract. 10 (2026), 514. https://doi.org/10.3390/fractalfract10080514.


https://doi.org/10.1201/9781420036114
https://doi.org/10.1201/9781420036114
https://doi.org/10.1007/b128597
https://doi.org/10.1142/S2661335224500291
https://doi.org/10.1038/s41598-026-43767-3
https://doi.org/10.3846/mma.2023.15690
https://doi.org/10.3846/mma.2023.15690
https://doi.org/10.1016/j.cnsns.2024.108324
https://doi.org/10.1016/j.cnsns.2024.108324
https://doi.org/10.30495/ijim.2022.64043.1555
https://doi.org/10.30495/ijim.2022.64043.1555
https://doi.org/10.1007/s44198-025-00273-w
https://doi.org/10.1007/s44198-025-00273-w
https://doi.org/10.1016/j.chaos.2025.116569
https://doi.org/10.1016/j.chaos.2025.116569
https://doi.org/10.3934/math.2025362
https://doi.org/10.1007/s00009-025-03011-0
https://doi.org/10.3390/sym17091451
https://doi.org/10.1007/s43994-024-00184-4
https://doi.org/10.3390/math13010022
https://doi.org/10.3390/fractalfract10080514

Asia Pac. J. Math. 2026 13:174 20 of 21

[17] F.A. Costabile, M.I. Gualtieri, A. Napoli, Polynomial Sequences: Elementary Basic Methods and Application Hints.
A Survey, Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. 113 (2019), 3829-3862. https://doi.org/10.1007/
513398-019-00682-9.

[18] F.A. Costabile, M.I. Gualtieri, A. Napoli, General Odd and Even Central Factorial Polynomial Sequences, Mathematics
10 (2022), 978. https://doi .org/10.3390/math10060978.

[19] AK.Amin, N.M.A. Alsafri, M.A. Abdallah, WM. Abd-Elhameed, New Identities and Operational Formulas for Leonardo-
Type Polynomial Bases, Symmetry 18 (2026), 1403. https://doi.org/10.3390/sym18081403.

[20] W.M. Abd-Elhameed, M.A. Abdelkawy, O.M. Alqubori, A.G. Atta, Pell Coefficient Polynomials for Solving Linear
Hyperbolic First-Order Partial Differential Equations via the Tau Approach, Electron. Res. Arch. 33 (2025), 6012-6035.
https://doi.org/10.3934/era.2025267.

[21] M.A. Abdelkawy, WM. Abd-Elhameed, S.S. Alzahrani, A.G. Atta, A. Biswas, Numerical Solutions via Shifted Pell
Polynomials for Third-Order Rosenau-Hyman and Gilson-Pickering Equations, Mathematics 14 (2026), 582. https:
//doi.org/10.3390/math14030582.

[22] WM. Abd-Elhameed, H.M. Alshehri, M.H. Alharbi, O.M. Alqubori, A.K. Amin, A.G. Atta, Shifted Pell-Lucas Polynomial-
Based Algorithms for Fractional and Classical Rosenau-Hyman Models, Fractal Fract. 10 (2026), 359. https://doi.
org/10.3390/fractalfract10060359.

[23] M.H. Salama, H.A. Zedan, WM. Abd-Elhameed, Y.H. Youssri, Shifted Lucas Polynomial-Driven Tau Approach for the
Telegraph Equation: Theoretical and Numerical Insights into Accuracy and Stability, Comput. Appl. Math. 45 (2026),
397. https://doi.org/10.1007/s40314-026-03791-5.

[24] N. Ahmad, W.A. Khan, A New Generalization of ¢g-Laguerre-Based Appell Polynomials and Quasi-Monomiality,
Symmetry 17 (2025), 439. https://doi.org/10.3390/sym17030439.

[25] W.A. Khan, S.A. Wani, M. Ayman-Mursaleen, K. Kotecha, P. Jadhav, Extended Forms of Legendre-Laguerre-Based
Hybrid Polynomials and Their Characteristics via Fractional Operator Approach, J. Inequal. Appl. 2026 (2026), 24.
https://doi.org/10.1186/s13660-026-03437-4.

[26] W.M. Abd-Elhameed, A.K. Amin, New Operational Identities for Mott Polynomials, Asia Pac. J. Math. 13 (2026), 154.
https://doi.org/10.28924/APJM/13-154.

[27] WM. Abd-Elhameed, O.M. Alqubori, N.M.A. Alsafri, A.K. Amin, A.G. Atta, A Matrix Approach by Convolved Fermat
Polynomials for Solving the Fractional Burgers’ Equation, Mathematics 13 (2025), 1135. https://doi.org/10.3390/
math13071135.

[28] O.M. Alqubori, S.A. Alsulami, A.G. Atta, A K. Amin, WM. Abd-Elhameed, Numerical Scheme for Solving the Time-
Fractional Huxley Equation Using Shifted Dickson Polynomials, AIMS Math. 11 (2026), 13744-13766. https://doi.
org/10.3934/math.2026566.

[29] WM. Abd-Elhameed, O.M. Alqubori, N.M.A. Alsafri, A K. Amin, New Formulas of Bernoulli Polynomials of the Second
Kind Using Several Approaches, Mathematics 14 (2026), 2091. https://doi.org/10.3390/math14122091.

[30] W. Liu, Y. Ma, T. Kim, D.S. Kim, Probabilistic Poly-Bernoulli Numbers, Math. Comput. Model. Dyn. Syst. 30 (2024),
840-856. https://doi.org/10.1080/13873954.2024.2427306.

[31] W.M. Abd-Elhameed, O.M. Alqubori, N.M.A. Alsafri, M.A. Abdallah, A.K. Amin, A New Three-Parameter Family
of Non-Symmetric Fibonacci Polynomials and Associated Structural Formulas, Symmetry 18 (2026), 1734. https:
//doi.org/10.3390/sym18101734.

[32] T.Kim, D.S. Kim, J. Kwon, Probabilistic Identities Involving Fully Degenerate Bernoulli Polynomials and Degenerate
Euler Polynomials, Appl. Math. Sci. Eng. 33 (2025), 2448193. https://doi.org/10.1080/27690911.2024.2448193.


https://doi.org/10.1007/s13398-019-00682-9
https://doi.org/10.1007/s13398-019-00682-9
https://doi.org/10.3390/math10060978
https://doi.org/10.3390/sym18081403
https://doi.org/10.3934/era.2025267
https://doi.org/10.3390/math14030582
https://doi.org/10.3390/math14030582
https://doi.org/10.3390/fractalfract10060359
https://doi.org/10.3390/fractalfract10060359
https://doi.org/10.1007/s40314-026-03791-5
https://doi.org/10.3390/sym17030439
https://doi.org/10.1186/s13660-026-03437-4
https://doi.org/10.28924/APJM/13-154
https://doi.org/10.3390/math13071135
https://doi.org/10.3390/math13071135
https://doi.org/10.3934/math.2026566
https://doi.org/10.3934/math.2026566
https://doi.org/10.3390/math14122091
https://doi.org/10.1080/13873954.2024.2427306
https://doi.org/10.3390/sym18101734
https://doi.org/10.3390/sym18101734
https://doi.org/10.1080/27690911.2024.2448193

Asia Pac. J. Math. 2026 13:174 21 of 21

[33] L. Chen, D.V. Dolgy, T. Kim, D.S. Kim, Probabilistic Type 2 Bernoulli and Euler Polynomials, AIMS Math. 9 (2024),
14312-14324. https://doi.org/10.3934/math.2024696.

[34] L.L. Littlejohn, S.D. Shore, Nonclassical Orthogonal Polynomials as Solutions to Second Order Differential Equations,
Can. Math. Bull. 25 (1982), 291-295. https://doi.org/10.4153/CMB-1982-040-2.

[35] W.N. Everitt, L.L. Littlejohn, Differential Operators and the Legendre Type Polynomials, Differ. Integral Equ. 1 (1988),
97-116. https://doi.org/10.57262/die/1371747585.

[36] R.Koekoek, H.G. Meijer, A Generalization of Laguerre Polynomials, SIAM J. Math. Anal. 24 (1993), 768-782. https:
//doi.org/10.1137/0524047.

[37] R. Koekoek, Differential Equations for Symmetric Generalized Ultraspherical Polynomials, Trans. Am. Math. Soc. 345
(1994),47-72. https://doi.org/10.1090/S0002-9947-1994-1260202- 3.

[38] H. Bavinck, On Polynomials Orthogonal with Respect to an Inner Product Involving Differences, J]. Comput. Appl. Math.
57 (1995), 17-27. https://doi.org/10.1016/0377-0427 (93) E0231-A.

[39] W.N. Everitt, K.H. Kwon, L.L. Littlejohn, R. Wellman, Orthogonal Polynomial Solutions of Linear Ordinary Differential
Equations, J. Comput. Appl. Math. 133 (2001), 85-109. https://doi.org/10.1016/50377-0427(00) 00636- 1.

[40] C. Markett, On the Differential Equation for the Laguerre-Sobolev Polynomials, J. Approx. Theory 247 (2019), 48-67.
https://doi.org/10.1016/j.jat.2019.07.007.

[41] W.N. Everitt, C. Markett, Solution Bases for the Fourth-Order Bessel-Type and Laguerre-Type Differential Equations,
Appl. Anal. 90 (2011), 515-531. https://doi.org/10.1080/00036810903438463.

[42] M.A. AlQudah, Characterization of the Generalized Gegenbauer Polynomials, Appl. Math. Sci. 9 (2015), 5089-5096.
https://doi.org/10.12988/ams . 2015.53272.

[43] M.A. AlQudah, Generalized Chebyshev Polynomials of the Second Kind, Turk. J. Math. 39 (2015), 842-850. https:
//doi.org/10.3906/mat-1501-44.,

[44] C. Markett, An Elementary Representation of the Higher-Order Jacobi-Type Differential Equation, Indag. Math. 28
(2017),976-991. https://doi.org/10.1016/j . indag.2017.06.015.

[45] J. Koekoek, R. Koekoek, On a Differential Equation for Koornwinder’s Generalized Laguerre Polynomials, Proc. Amer.
Math. Soc. 112 (1991), 1045-1054. https://doi.org/10.1090/50002-9939-1991-1047003-9.

[46] WM. Abd-Elhameed, O.M. Alqubori, A.K. Amin, New Results for Certain Jacobsthal-Type Polynomials, Mathematics
13 (2025), 715. https://doi.org/10.3390/math13050715.

[47] G.E. Andrews, R. Askey, R. Roy, Special Functions, Cambridge University Press, 1999. https://doi.org/10.1017/
CB09781107325937.


https://doi.org/10.3934/math.2024696
https://doi.org/10.4153/CMB-1982-040-2
https://doi.org/10.57262/die/1371747585
https://doi.org/10.1137/0524047
https://doi.org/10.1137/0524047
https://doi.org/10.1090/S0002-9947-1994-1260202-3
https://doi.org/10.1016/0377-0427(93)E0231-A
https://doi.org/10.1016/S0377-0427(00)00636-1
https://doi.org/10.1016/j.jat.2019.07.007
https://doi.org/10.1080/00036810903438463
https://doi.org/10.12988/ams.2015.53272
https://doi.org/10.3906/mat-1501-44
https://doi.org/10.3906/mat-1501-44
https://doi.org/10.1016/j.indag.2017.06.015
https://doi.org/10.1090/S0002-9939-1991-1047003-9
https://doi.org/10.3390/math13050715
https://doi.org/10.1017/CBO9781107325937
https://doi.org/10.1017/CBO9781107325937

	1. Introduction
	2. Background on Laguerre and Auxiliary Polynomial Families
	2.1. Generalized Laguerre polynomials
	2.2. The Laguerre-type sequence
	2.3. Auxiliary Polynomial Bases

	3. Core Algebraic Relations for the LTP Basis
	3.1. Two-way transformations between LTPs and Laguerre polynomials
	3.2. Direct and inverse monomial expansions

	4. Differentiation in the LTP and Laguerre Bases
	4.1. An LTP-to-LTP differentiation formula

	5. Derivative Connections with Other Polynomial Bases
	6. Repeated Antiderivatives in the Laguerre and LTP Bases
	7. Weighted-Integral Consequences
	8. Concluding Remarks
	Funding
	Acknowledgments
	Conflicts of Interest

	References

