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AsstrAcT. This work is part of the sustainable management of certain aquatic resources through the study
of predator—prey models integrating harvesting. We propose an approach that structures the predator
population into age classes (immature and mature) and introduces two independent fishing efforts applied
respectively to the prey and the mature predators. Starting from a qualitative analysis of the model, we
study the equilibria, their stability, and the impact of harvesting efforts on population dynamics. Then, by
using Pontryagin’s Maximum Principle, we propose a harvesting strategy that maximizes revenue while
ensuring species sustainability. The results show that dissociating the efforts allows for a strategy adapted
to the biological specificities of the species, thus contributing to better population sustainability while
optimizing economic yield.
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1. INTRODUCTION

Prey—-predator models are fundamental tools in the study of population dynamics and sustainable
resource management, particularly in aquatic ecosystems. Numerous works have investigated such
models under various biological and environmental assumptions [12-15]. In these studies, special
attention has been paid to the impact of harvesting and environmental factors such as fluctuating water
levels on fish populations.

In recent years, harvesting strategies in predator—prey systems have been increasingly studied using
the optimal control approach [4,7,22]. Some studies have addressed variants of the predator-prey

model with optimal harvesting and complex ecological factors, including the consideration of Allee
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effects [10,17,19], spatial approaches [11], multi-species optimization [3], and stochastic effects [16].
In a previous work, we proposed a model where only the prey population was exploited, with the
fishing effort considered as a time-dependent variable [20]. Subsequently, we introduced a structure in
the predator population by distinguishing between immature and mature individuals, and considered
harvesting both the prey and the mature predators [21]. However, a harvesting strategy using a single
effort E applied to both species was considered, which does not accurately reflect the diversity of
practices observed in real-world fisheries [1,5]. In practice, harvesting techniques and effort intensity
often differ between prey and mature predators, making it necessary to consider two independent
fishing efforts to better represent and optimize management strategies. In this article, we extend the
analysis of a predator—prey model with harvesting by considering two distinct control efforts, denoted
Eq and E,, applied respectively to the prey and the mature predators. This approach allows for targeted
adjustment of fishing pressure on each population, promoting both species sustainability and economic
yield. The introduction of two independent efforts modifies the formulation and the resolution of the
optimal control problem. The main objective of this work is therefore to propose a new harvesting
strategy that accounts for this dissociation of efforts, derive the optimality conditions using Pontryagin’s
Maximum Principle [18].

The diagram below illustrates the interactions between the different species, highlighting the dy-

namics between prey, predators, and harvesting.

FiGURrE 1.

e u, v and w represent prey, immature predators and mature predators densities, respectively, at
time ¢;
o1y, 1o, K, By, Eo, 01,02, ¢,a,b D,vy,mi, my, qi, q2 are positive constants: r; is the growth rate of prey,

1o is the growth rate of predators, K is the limiting capacity of the environment, 6, is the mortality rate
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of immature predators, 6, is the mortality rate of mature predators, e is the conversion rate of prey to
predators, a is the predation rate, D measures other causes of prey mortality outside of predation,  is
the maximum amount of food mature predator needs per unit time, b denotes the proportionality
constant of transformation of immature to mature predators, £y, E»: constant fishing efforts applied to
prey and mature predators, m is the fraction of the prey stock available for harvesting and my is the
fraction of the mature predators stock available for harvesting with m;, ma €]0, 1], ¢2 is the catchability

coefficient of prey, ¢ is the catchability coefficient of mature predator;
au

w+ D

is the amount of food a mature predator has access to per unit time;

D ’y) is the amount of food a mature predator receives per unit time.
w

Thus, the model under consideration is given by the following system:

d—u—ru(l—£>—min - w—myq1 E1u

dt_l K w_'_Da’y 191L1U,

d

dfvzrgw—bv—le,

! (1.1)
dﬂ_b@—i—emin au w — Bow — Mmaoge Fow

dt - w+D7’Y 2 242 LW,

u(0) =up >0, v(0)=v9>0, w(0)=mwo=>0.

The remainder of the paper is structured as follows: Section 2 the mathematical analysis of the
system. In Section 3, we propose the optimal harvesting strategy for effective management. Finally,
Section 4 offers a conclusion and perspectives.

In each part, our main theoretical results are validated through numerical simulations.

Remark 1.1. If the fishing efforts are equal, i.e., £y = Ey = E, this model reduces to the one already
studied in [21].

2. MATHEMATICAL ANALYSIS

Proposition 2.1. If the fishing effort E; satisfies E1 > L then the prey population u(t) strictly decreases,
qaimy

. du(t)
ie, —

< 0. In the long run, this decline will lead to the extinction of both species.

Proof. The first equation of system (1.1) gives us:

2

d—u*u(r -m E)—ﬂ—min ) w
a 1 191 £1 K w—i—D’ﬂY

We observe that if m1q1 Eq > 71, then the term x(r1 — m1q1E1) < 0 for u > 0. Consequently, we have
du(t)
dt

< 0, since the other two terms are also negative. O
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Therefore, we make the following assumption:

1

(Ho) . B < .
qimq

Lemma 2.2. [20] Let G be banach spaces, f: G — R be a function and v € R. Set h: G — R, x —

min (f(2),7) -
If f is locally lipschitzian, then the function h is locally lipschitzian.

Lemma 2.3. [4] Let a and b be two strictly positive real numbers.

dx ) .
o IfE < x(t) (a — bx(t)) with 2(0) > 0, then tLIeroo sup z(t) <

SEUS RS

. gf% > () (a — ba(t)) with #(0) > 0, then lim infa(t) >

t——+00

Theorem 2.4. Let us consider the following assumption:

1

By > rg —62) >0 H

2> T2 02) 2 (H1)
Under this assumption, the system (1.1) admits a unique solution for any initial condition (w(0),v(0),w(0)) €
R3.
Moreover, if for all t > 0, v(t) remains non-negative, then the solution is positive and belongs to the following set:

A={(u,v,w) eRL|0<u<K, 0<eut+v+w<Q},

er1 K

47 7

where Q= with 7= min(qimiE1, w1, gamaEs+ 02 —12).

Proof. According to Lemma (2.2) and the Cauchy-Lipschitz theorem, for any initial conditions u(0) =
ug, v(0) = vp, and w(0) = wy, there exists a real number Ty such that the system (1.1) admits a
unique solution (u(t), v(t), w(t)) for all t € [0, Tmax)-
Let us show that the solution belongs to the set A.
From the first equation of system (1.1), we can write:
dzit) > {7“1 (1 - %) - z(t?% - Q1m1E1}Ua

which implies:

du(t)
> dt 2.1
w = el v) dh (1)
u aw
where p(u,v,w) = (1 - E) “wiD qami Ey.

Integrating equation (2.1) over the interval [0, ¢], we obtain:

u(t) > u(0) exp ( / o, v, ) dt) >0, V> 0.

By assumption, v(t) > 0 for all ¢ > 0.

do(t)

We can also show that ~J > 0 for all t > 0. Suppose the contrary: there exists £; > 0 such that

t1 =inf{t > 0:0(t) =0}, ando(t1)|, =row(t;) <0,

(t1)=0
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which implies w(t;) < 0. However, since v(t) > 0 for t € [0,¢;) and w(0) > 0, the function w(t) must

vanish at some earlier time and then become negative. That is, there exists t5 € [0, ;) defined by:
to :=1inf {t € [0,¢;) | w(t) = 0 and there exists § > 0 such that w(s) < Oforall s € (¢t,t+9)}.

By definition of ¢3, we then have:

Wy (t2) = lim w(ty +h) —w(ta) _ i w(ty +h)

< 0.
h—0+ h h—0+ h

But according to the last equation of the system, w(t2) = bv(t2) > 0, which is a contradiction.

Hence, o(t) > 0 for all ¢ > 0.

Since dzgt) > 0, by the second equation of the system (1.1), we obtain:

Thus, the solution (u(t), v(t),w(t)) € R3.

Now, using the first equation again, we get:

B0 <1 )

From Lemma (2.2), we deduce:

limsupu(t) < K.

t——+o0

Therefore, for any €1 > 0, there exists 77 > 0 such that
u(t)§K+€1, Vi > T7.

Now define:
X(t) = eu(t) + v(t) + w(t).
Then,
dX(t) du(t) dv(t) dw(t)

=e + + :

dt dt dt dt
<eriu (1 - %) —1(eu+v+w),

with 7 = min(qym1 E1, 01, gamaEs + 03 — r2), under hypothesis (H;).

This implies:
dX(t) ernK
< _
T TX(t)
Therefore:
. €ry K
limsup X (t) < = Q.

t— 400 4r
So for any €2 > 0, there exists 7o > 0 such that X(¢) < @ + ¢2 for all ¢ > T5. This completes the

proof. O

Proposition 2.5. Assume that:
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")/(’U)O + D) 4T17D(92 + QZm2E2) > (HQ)

a < min ,
< Uuo K(r1 4+ ggmaoFEs — ymy Ey + 602)?

then for all t > 0, we have:

au(t) <y (w(t)+ D).

Proof. Let k(t) = au(t) — v (w(t) + D).

Let’s show that if the hypothesis (H2) is verified, then u(t) is strictly negative for all ¢ > 0.
D

For t = 0, we have: £(0) = au(0) — y(w(0) + D) = ug <a _Awo+ D)

g
~v(wy + D)
ug

>, with ug > 0. Now according

. Thus £(0) < 0.

dk(to)
dt

to the hypothesis (Hs), a <

Suppose there is a positive ¢y such that k(tp) = 0 and > 0.

Using the system (1.1), we obtain:

dk(t ar
CEtO) = —?I(U(to))z +a(r1 + 02 + gemaEs — gimi Eq)u(to)
w(to)
— —————u(tg) — vbu(tg) — vD(6 E
a(a+67)w(t0) +Du( 0) — Ybu(to) — vD(02 + gama Ea),
ar
< —fl(u(t()))2 + a(r1 + 02 + gemaEy — qimi Er)u(ty) — yD(02 + gamaE»).
. dk(to) . . .
So under the hypothesis (Hs), < 0, and this constitutes a contradiction.
dk(t
Thus, for all ¢t > 0, we have k(t) # 0 or d(t ) < 0.
This means that for all ¢ > 0, k(t) < 0. O

Remark 2.6. Under the hypothesis of the previous proposition, the system (1.1) can be rewritten in a

simplified form as follows:

du B (1 U ) auw >
ar K) wyp #mEw
d
dit) = row — bv — b1 v, (2.2)
dw bo + eauw 0 >
— =bv — Oz — gomo Eow.
W w+t D 2 gama i

Theorem 2.7. In addition to assumption (Hy),(H,) and (Hz), let’s assume that the following assumption is
true:
eaf . K
—>D H. tht = — —a— Ey),
p2 + gamoEo (Hs), i & 1 (n—a=amky)
then system (1.1) is uniformly persistence.

Proof. Note that according to thoeorem (2.4), we have:

li <K li < li <Q.
t_)lfrnoosupu(t) <K, t_grnoosupv(t) <Q, t_}inoosupw(t) <Q
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K
with Q = 621 .
T

Posing Ms> = max(K, Q) and U(t) = (u(t),v(t), w(t))T.
We have:

lim supU(t) < Mos.

t——+oo
Using the first equation of system (2.2), we have:

du(t) o au@

> — E
a = mu KU QO+ D qimiLau,
>(r1—a—qgmE)u— %uz.
According to the lemma (2.3), we get:
lim_infut) > - E) =
t_grnooln u = rn —a—qimity) = P1.

Under hypothesis (H3), (1 > 0.

Now from the third equation of the system (2.2), we have:

dfzu eauw
dt —w+ D

— (02 + gama Es)w,

> w [eaﬂl — (92 + QngEg)w — D(92 + q2m2E2)] .

Q+D
So, according to the lemma (2.3), we have:

S ea
| fw(t) > —— — D := [3s.
t>too wlt) 2 02 + gama By &

Under hypothesis (H3), (2 > 0.
Similarly, the second equation of the system (2.2) yields:

dv
— > — .
T 7939 (b + 91)1)

As a resutl, we obtain:

L 7232
> = (3.
Hm info(t) = =g = fs
Taking M = min(f1, B2, 53), we have . 1i£rn inf U(t) > M;. This completes the proof. O
— 400

Proposition 2.8. The system (2.2) admits three equilibrium points:

(i) The point Py(0,0,0),

(ii)  The point Py (u, 0, 0) exists under hypothesis (Hy),

(iii) A positive equilibrium point P*(u*, v*, w*) exists under hypothesis (Hy), and the following additional
hypotheses:

FEi >

— >0 HS
qQma (Tl a) = ( 3)7
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1 eaDK

Ey > -0 Hy),

27 gama [(52 + D)? 2] (H)

wp < Wq (H5)7

where
D(r1 — qym1 Ey) b
Wy = and wp, = ————v, Yv>0.

T at+qmiB —n "7 0y + maEs

Proof. @ The case 7) is obtained by substituting the variables (u, v, w) with (0,0, 0) in system (2.2).

e The abscissa of point P; is the solution to the equation:
u
T (1 — E) — q1m1E1 =0.

e To determine the existence of the equilibrium point P*, we use the method of isoclines.

Let us show that P* is the solution of the following equations:

u aw
ri(l - g) “wiD qmi By =0, (2.3)
row — bv — 61v =0, (2.4)
bu + 6“;‘:% — (03 + qumaEa)w = 0. (2.5)

Using equations (2.3) and (2.5), we check for the existence of u* and w*. The existence of v* follows

directly from equation (2.4), which can be written as:

row™

b+61

v* =

(i) Study of the isocline (2.3)

o If u = 0, then:
~ D(ri—qmiEr)

= = Wg.
a+qgmiE —r

Under hypothesis (Hy) : r1 > gim; E1, the numerator is strictly positive. Therefore, the value

wy, is strictly positive under hypotheses (Hy) and (H5), where:

(Hg) By >

(Tl—a>>0

q1mi

o Ifw=0:

U K
1 (1 — E) — q1m1E1 =0 = u = 7(7”1 — qlmlEl) = Ugq-
1

Under (Hp), we have u, > 0.

Slope of the isocline

Let:

flu,w) =mr; (1 - —
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Then:
of
dw ou 1 9
— = — D )
i~ 0f T RapW PN <0
ow

This analysis shows that the curve defined by isocline (2.3) is strictly decreasing. Under hypotheses
(Hp) and (HS), it passes through the points (u4,0) and (0, w,) in the positive quadrant.
(ii) Study of the isocline (2.5)

o If u=20:
b

v — (02 + gamaEs)w w 0 + amaFs

V1= Wy,
which is strictly positive for all v > 0.
o Ifw=0:
bv+0=0 = wv=0.
In this case, no specific value of u can be deduced, hence u = w; can take any strictly positive
value, i.e., uy € RY.

Slope of the isocline

Let:
eauw
= P E —
ol 0) = b+ S 9, 1 o =0
Then:
dg
di” _ ou _ eau(w + D)
du 09 (62 + gamoEs)(w + D)? — eaDu
ow
This slope is positive if:
(w+ D)2 2 + qamalu.

Since:

lim supu(t) < K and lim infw(t) > B,

t—+00 t—+00

for sufficiently large ¢, we have:
eaDu(t) eaDK

(w(t) + D)* = (B2 + D)*

Thus, le% > 0 if the following inequality holds:

eaDK <4 o B> 1[eaDK
— m
(B + D)2 = 2T BT Ty (B2 + D

Under hypothesis (H,), the curve defined by isocline (2.5) is strictly increasing. It passes through the

)2—92} >0 (Hy)

points (0, wp) and (wp, 0) in the positive quadrant.
In conclusion, the two isoclines (2.3) and (2.5) intersect at a unique point (v*, w*) in the positive

quadrant if the following condition holds:

wp < Wq. (Hs)
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O

Proposition 2.9. e The point P is stable under hypothesis (H,), and unstable under the hypothesis
1
(ch) = Fy < P (Tg — 92).
o The equilibrium point Py is unstable under hypothesis (Hs), and stable under hypothesis (HS) and the

condition Sy < 0, where

eafy eatl
HS):=———<D,and So = — (b+ 6, + 6 Ey — —
(HY) 92+q2m2E2< ana o3 ( + 01+ 02 + gomo Lo D)
e The point P* is locally asymptotically stable under hypothesis (Hy).
Proof. The Jacobian matrix J of system (2.2) is given by:
2riu aw —aDu
e gmE B
"TK Twtp M4 0 (w+ D)2
J(u,v,w) = 0 —(b+6y) r2
eaw eaDu
b — — (0 E
w+ D (w+ D)? (62 + qoms B)

e The characteristic polynomial P of the matrix J(P) is:
P(A) = (r1 — qumu By — A) [N+ (b + 01 + 02 + gemaE2) X + (b+ 01) (02 + gamaEa) — bro] .

Hence, the point Py is unstable under hypothesis (Hp).

e The characteristic polynomial P of the matrix J(P) is:

P()) = <;{”_‘ - /\>

x [N (b4 01+ 02+ o B %) A= (b+01) (% — 6y — By — bra)

Therefore, the equilibrium point P; is unstable under hypothesis (H3), and stable under (HY) and if
Sy < 0.
e Consider the matrix J(P*) defined by:

ail a2 ais
J(P*) — | a21 agz2 a3
azr asz2 as3
The characteristic polynomial of .J(P*) is of the form:
P(\) = X3+ A10% + Ao\ + A3,
where:
Ay = —(an + a2 + asz),
A = ar1a22 + a11a33 + a2a33 — a13a31 — a23a32,

A3 = 11023032 + 013022031 — (11G22033.
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Under hypothesis (H4), we have A; > 0, A3 > 0, and A; Ay — A3 > 0.
According to the Routh-Hurwitz criterion [2], all eigenvalues of the matrix J(P*) have negative real
parts. Therefore, the point P* is locally asymptotically stable.
O

For the figures below, the values of the constants are as: 7 = 12,rp =9, K = 40,a = 11, D =5,

g1 =6,02=5m1 =mg=0.75,e=120,F =24,FE,=19,0; =0.45,0, =0,4.

(uv,w)
~
&

Ficure 2. Convergence of the solution towards the equilibrium point P*

Theorem 2.10. The equilibrium point P* is globally asymptotically stable if the assumption (Hs) and the
following hypothesis

1 ro(re + 1) ]
Ey > — s, H
2 qomso |: 4(b + 91) 2 ( 6)

are satisfied.
Proof. Let V be a function defined by:

1 1
V(u,v,w) =« [(u —u*) —u’ ln(%)} + i(v —v*)2 4 i(w —w*)?,
u
where « is a positive constant to be determined.
e Wehave: V(u*,v*,w*) =0 and V(u,v,w)>0, V (u,v,w)# (u*,v* w").

o Let's calculate —.
dt

dt u dt dt dt
This implies that:
dV  —ar 2 w2 eaDu* 2
A — — — _ By — _
7 e (u—u*)” = (b+61)(v —v*) 02 + gama E (" + D)(w + D) (w —w")
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eqw aaD . . . .
+ wtD (w*—i—D)(w—i—D)] (u—u")(w—w*)+ (re +b)(v —v*)(w — w").
By choosing oo = W, we have:
ﬂ__ﬁrl 2 _oR\2 . eaDu’ _%\2
il (u—u™) (b+601)(v—2") 0y + qgamoEo (w + D)(w+ D) (w—w*)

+ (r2 +b)(v —v")(w — w").

The right hand side is a quadratic form in the variables (u — u*),(v — v*) and (w — w*) which can be

written as
XTAX,

where X7 = [(u — u*), (v — v*), (w —w*)] and

—Briu*

% 0 0
A= 0 —(b+61) %(rg—l—b)
0 %(M +0) (w fj)?(ijL Dy~ (02 + gama Es)
dv . e : .
o < 0, if the matrix A is is negative definite.
Therefore, % < 0 under the assumptions (H4) and (Hg).
So according to Lyapunov’s theorem [6] the positive equilibrium P* is globally asymptotically stable.

O

Ficure 3. Phase portrait
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Remark 2.11. The distinction between fishing efforts allows maintaining a controlled pressure on the
prey (E1) while modulating the effort on mature predators (E»), in order to regulate predation and
support the prey biomass. For instance, for £y = 2.3 and E» = 1 (Figure 4)(a), the prey biomass is
lower than that of mature predators and close to extinction, which does not favor either fishing activity
or species sustainability. Therefore, fishers can maintain the same pressure (E7) on the prey when it

is economically advantageous, and adjust (E2) to regulate predation and support the prey biomass
(Figure 4) (b,c,d).

(a) (E1, B2) = (2.3,1) (b) (Ey, Es) = (2.3,1.2)

(u,v,w)
(uv,w)

(¢) (B, o) = (2.3,1.4) (d) (E1, B») = (2.3,1.8)

(u,v,w)
IS

FiGURE 4.

3. OpriMUM HARVESTING STRATEGY

Determining an optimal fishing strategy remains a key challenge for policymakers. The objective
is to strike a balance between present and future harvests, while ensuring both economic viability
and political feasibility. This section focuses on the profit-oriented aspect of fisheries management, as
highlighted in [5]. In this context, we apply Pontryagin’s Maximum Principle to derive an optimal

harvesting strategy by considering a function that represents the continuous-time flow of income.
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The net economic revenue is defined by:
m(u,v,w, B, Ea,t) = (pigimi Evu — c1Ev) + (pagamaoEaw — coEs) (3.1)

where:
e ¢; and ¢ denote the harvesting costs per unit effort for the prey and mature predator species,
respectively,
e p; is the price per unit biomass of the prey population u,
e p» is the price per unit biomass of the mature predator population w.
We assume that p1, p2, ¢1, and ¢y are positive constants.

Let U,q denote the admissible control set, defined by:
Uaa = {E; : [0, +o0[— [0, E{"*], i = 1,2, Lebesgue measurable} . (3.2)
Consider J a cost function defined by:

+o0
J(El,EQ) = / 6_6t’/’l’(u,’l),w,E1,E2,t)dt,
0

“+oo
= / e [(pgimiu — 1) By + (pagemaw — c2) Es] dt.
0

where § is the instantaneous annual discount rate, £, F» € Uy is the control function.
Our objective is to maximize the functional J. Since J is convex and U, is compact, then we can show
that an optimal control exists [&].

The the Hamiltonian function is defined by:

H =e % [(prgymiu — 1) Ey + (pagamaw — c2) Es] + M\ {ﬁu — %UQ — waiwD - Q1m1E1U]
+ g [row — bv — 61v] + A3 [bv -+ iaj_“f) —Oyz — qznggw] , (3.3)

with A1,A2 and A3 as adjoint variables.

Assuming that the control constraints are note binding. We must have singular control given by:

0H _
9B~ © M prgymiu — 1) — Miqmiu = 0, (34)
1
OH _
— =e &(pqumgw —¢2) — Aagamow = 0, (3.5)
0E»
Using equations (3.4) and (3.5), respectively, we obtain:
A = e~ (p1 . ) , (3.6)
Qmiu

Ao = €70 <p2 R ) . (3.7)

ga2mow
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According the Pontryagin maximum principle [9], we get:

22 S U 2riu aw eaw
T ngmiEr — A\ <7“1 K w+D q1m1E1> )\Sw+D’ (3.8)
dA
22 — (b4 01)As — bAs, (3.9)
dt
dA3 _ot aDu eaDu
— = B4+ M |——s| —rmr— A3 | ———= — (0 Ey)|. 3.10
7 e “'pagamaEs + My {(w_FD)Q} T2M2 — A3 [(w—i—D)? (02 + g2ma2 Es) (3.10)
According to equation (3.7), we have:
Ao = —6e 0 <p2 @ > (3.11)
q2maw
The use of equations (3.7) and (3.11) in equation (3.9) allows us to obtain:
1 _ C2
A3 = e (po— b+ 61 +6 3.12
3= € <P2 q2m2w) (b+61 +9) (3.12)

Thus, the shadow price ¢} (i = 1,2, 3) remain constant over time in optimal equilibrium when they
satisfy the transversality condition at ¢ = oo, i.e they remain bounded as t — oc.

Using the equilibrium conditions, equation (3.8) becomes:

d\i s r1U eaw
o = ¢ mamibit A <?> 301 D (3.13)
By substituting A\; and A3 into equation (3.13), and then integrating, we obtain:
1 _ cl riu 1 C
A= e Ey—(p1— —— )+ (p2— b+ 01 +6 3.14
1= ¢ [P1Q1m1 1 <p1 q1m1u> ( K ) T3 (pQ q2m2w> (b+ 61 + )] (3.14)
From equations (3.6) and (3.14), we have the following equality:
c 1 c U
e (p1— — = e pigmiBr — (p1— —— (17>
qmiu o qgmiu) \ K
. (3.15)
+<p2— = )(b+01+5)]
b gamaw
From equation (3.15), the optimal control F is given by:
1
(o-gie) -5 ) g
_ Q1M amiu) \ K b Gamaow
By = (3.16)
Pigima
Similarly, using the equilibrium conditions, equation (3.10) becomes:
dA3 _ot aDu 1 ea Duw?
—— =- Es4+ M | — 35| —rm+X|—(b+ —— 3.17
a € " p2qamatiz + Ay [(w—i—D)Q} T2A2 + A3 [w ( + (w+ D)2 (3.17)
By substituting A\; and A3 into equation (3.13), and then integrating, we obtain:
1 _ c aDu c
Ag = e [pQQszEQ - <p1 - > < 2) + 72 <p2 o )
J gmiu) \ (w+ D) gamaw (3.18)

1 ) eaDuw?
i (7= o) 40040 (0 255 ) |
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From equations (3.12) and (3.18), we obtain the following equality:

1 _5 c2 1 _5 c1 aDu
= = b+01+6) = - E, — —
5 <P2 q2m2w>( + 61 +9) 56 |Prazmabr =\ p1— (w+ D)
c
+ 72 <p2 - )
g2maw

1 o eaDuw?
i (72 ) 00+ (04 <w+D>2>]
(3.19)

From equation (3.19), the optimal control E; is given by:

1 ) co > < c1 ) < aDu ) < c2 >
By = ~(p2 - b+01+6)+ (p1— —ry (p2—
> pagomo [b <p2 gamaw (b6 +0)+ (P qmiu) \ (w+ D)? 2\ amaw
1 co eaDuw?
b (72 ) 00049 (o4 2T )|

Thus, by solving the equilibrium equations using the relations (3.16) and (3.20), we obtain the optimal

(3.20)

solution and the corresponding optimal efforts.

4. CONCLUSION

In this work, we studied a prey—predator model with harvesting, in which the predator population is
structured into age classes (immature and mature). Two distinct fishing efforts were applied respectively
to the prey and to the mature predators. Based on a qualitative analysis of the model, we examined the
equilibria, their stability, and the impact of harvesting efforts on population dynamics. This approach
makes it possible to maintain the prey biomass at a viable level, regulate predation, and optimize
economic yield. The application of Pontryagin’s Maximum Principle allowed us to propose a harvesting

strategy aimed at maximizing revenue while ensuring the sustainability of the species.
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