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AsstrACT. This article presents a study of the optimality conditions for multiobjective optimisation prob-
lems in so-called E-convex sets. This study focused on the application of the reductive approach of
exponential penalisation at the level of E-convex sets and functions and the study of Karush-Kuhn-Tucker
and Pareto optimality conditions. The theoretical results from this study demonstrate the efficiency of
the exponential penalty approach in finding Pareto optimal solutions in the space of E-convex sets and
functions.

2020 Mathematics Subject Classification. 90C25; 90C26; 90C29; 90C30; 90C46.

Key words and phrases. multi-objectives optimization; Pareto optimal solution; E-convex; Karush-Kuhn-

Tucker; expenential penalty.

1. INTRODUCTION

Multi-objective programming is characterised by considerable development in methods and ap-
proaches that enable the identification of good compromise solutions known as Pareto optimal solutions.
Upstream, several forms of the problems have been developed, modelling real phenomena. These prob-
lems fall into the category of linear, non-linear, fractional, linear and non-linear problems with fuzzy
variables. Some are categories mentioned above and define convex or non-convex geometries [6]. Ab-
dulaleem [2] studies E-convex single-objective optimisation problems and optimality properties using
Karush-Kuhn-Tucker conditions through the use of the exact penalisation method L;. Tadeusz Antczac
and Najeeb Abdulaleem [7] focused on E-fractional multi-objective optimisation problems. They stud-
ied the optimality conditions for this category of optimisation problems. It should be noted that several

studies have been conducted on optimisation problems in the E-convex domain [1, 3-5].However,
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an extension to the study of multi-objective optimisation problems on E-convex domains using the
exponential penalty function has not been considered.

In this article, we define another approach to solving E-multi-objective optimisation problems
using the exponential penalty function. Indeed, the exponential penalty function [9] has proven its
worth through its use in transforming multi-objective optimisation problems into single-objective
optimisation problems via the Alienor transformation [8]. Using this approach will enable us to study
the optimality conditions for E-multi-objective optimisation problems, particularly at the various stages
of transforming the multi-objective optimisation problem into a single-objective optimisation problem.
These stages are punctuated by demonstrations of the equivalence between . These stages are marked
by demonstrations of the equivalence between these different stages.

In the main body of our work, we will first begin with a preliminary section consisting of establishing
definitions and properties that will enable us to develop the theoretical approach of our technique.
Next, in a second section, we will have the E-convex multi-objective programming at which point we
will proceed with the transformation into a problem of minimising the sum of the values of the objective
functions. , we will have the E-convex multi-objective programming at which point we will proceed
to transform it into a multi-objective optimisation problem using the one-to-one and onto operator.
E : R"™ — R". This procedure will lead us to multi-objective programming using the operator £ via
the exponential penalty function. We will then apply this to /—convex test problems. We will conclude

our work with a summary.

2. PRELIMINARIES

In this section, we will define some concepts and properties of E-convex sets and functions. Let

S C R" be asubset and F : R — R"™ a one-to-one and onto operator defined on R™.

Definition 1. A set S C R" is said to be E-convex if and only if the following relation holds:
AE(x)+ (1 —=XN)E(y) € S, Vz,y € Sand A € [0,1].

We observe that if S C R" is E-convex, then E(S) C S. If E(S) is convex, then E(S) C S and S is

E-convex.

Definition 2. Let S be a non-empty E-convex set of R". Let jn : S — R, then f is said to be E-convex if and
only if:
HAE(z) + (1= N E(y) < Au(E(2)) + (1 = Mu(E(y)),

where z,y € S, A € [0,1].

Strict E-convexity is defined by strict inequality. We define the notion of differentiability in E-convex

space through the operator £ : R" — R".
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Definition 3. Let E : R™ — R" be an operator and p : S — R a differentiable function at a point o € S.
We say that p is E-differentiable at the point o € S if and only if ju o E is differentiable at o € S and according
to: (no E)(z) = (no E)(a) + V(o E)(a)(x — a) + oo,z — a)||lx — af|; where oo, x — o) — 0 when

r — Q.

In the remainder of our work, we introduce the concept of an E-multiobjective function. Note that a
multiobjective optimisation problem is differentiable when all objective functions p; and all constraints

h; are differentiable.

3. MuLtIOBJECTIVE E-CONVEX PROPRAMMING
Let us begin by outlining a multi-objective optimisation problem. It is defined by the representation:

min (/A1(ZB),M2($)7"‘ aﬂj($)7"‘ vﬂp(fU))
hz) <0 (1)
z € R".

s.t:

Considering the operator E : R" — R", we define the E-multiobjective problem as

min (1 (E(x)), p2(E(x)), - pi(E(x)), -, pp(E(x)))
h(E(z)) <0 (2)
r € R",

where p1; : R — R, h : R® — R™, this implies the presence of m inequality constraints in
problem (2). Multi-objective programming requires the characterisation of certain domains. This is

the domain of admissible solutions. It is defined by the set
D ={z eR", hi(z) <0,i€1,m}.
A projection into E-convex space is also defined by
D ={z € R", hi(E(z)) <0,i € 1,m},

resulting from problem (2) and E is one-to-one and onto operator. We have E(Dg) = D.
Let us now examine the optimality conditions for the E-multiobjective problem (2). We begin with

the concept of E-Pareto optimality, which reflects the Pareto optimality of problem (2).

Definition 4. Let ;o : S — RP? be an E-differentiable vector and E : R™ — R"™ an operator. Let z* € S

where S is an E-convex subset. x* is said to be an E-Pareto optimal solution if and only if

By € S.y(B(y)) < 1 (E@"),Vj € L,p, and for some k € {1,--- ,p}, ui(E()) < pn(E(2))
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Theorem 5. Let E : R™ — R"™ be a one-to-one operator. Let x* € D be a Pareto optimal solution to problem(1),
then there exists z* € Dp such that x* = E(z*) and z* is a Pareto optimal solution to problem(2), and vice

versa.

Proof. Suppose that * € D is a Pareto optimal solution of problem(1), then there exists z* € Dp such
that 2* = E(z*). Suppose that z* is not a Pareto optimal solution of (2). So there exist € Dg such that
wi(E(z)) < pi(E(z*)),Vj € 1,pand forone k € {1,--- ,p}, up(E(z)) < ur(E(z*)). Since E(z*) = z*,
we have p;(E(x)) < pj(x*),Vj € {1,--- ,p} and forone k € {1, -+ ,p}, ux(E(x)) < pr(x*). Setting
E(z) = &, we have ;j(2) < p;(z*),Vj € I,pand forone k € {1, -+ ,p}, ui(Z) < px(2*). This is absurd
because z* is a Pareto optimal solution to problem(1).

Conversely, suppose that z* € D, is a Pareto optimal solution to problem (2). There exists 7 € D
such that 7 = E(z*). Suppose that 7 is not a Pareto optimal solution to problem (1), then there
exists y € D such that p;(y) < p;(%),Vj € 1,p and for some k € {1,---,p}, pur(y) < uip(T). Then
there exists & € Dp such that y = E(Z). Thus we have p;(E(z)) < p;(E(z*)),Vj € 1,p and for one
ke{l,---,p}, ue(E(Z)) < pip(E(z*)). This is absurd, so Z € D is a Pareto optimal solution to problem
(1). O

Proposition 6. Given that x* € Dg is a Pareto optimal solution to problem(2), then E(x*) is an E-Pareto

optimal solution to problem (1) and vice versa.

Proof. Suppose that 2* € Dp; is a Pareto optimal solution to problem (2), then since 2* € Dp, there exists
z € Dsuchthatz = E(z*). Now suppose that £(z*) is not a Pareto optimal solution to problem (1), then
there exists y € D such that u;(y) < pj(E(2*)),Vj € I,pand foronek € {1,--- ,p}, pux(y) < pr(E(x)).
Sincey € D, thenthereexistsy € D suchthaty = E(y), whichleadsto u;(E(7)) < pj(E(z*)),Vj € 1,p
and forone k € {1, - ,p}, w(E(9)) < px(E(z*)), which is absurd because z* is a Pareto optimal
solution to problem (2).

Conversely, let E(z*), x € D be a Pareto optimal solution to problem(1). Suppose that 2* is not a

Pareto optimal solution to problem(2), then there exists j € D such that 1;(E(y)) < p;(E(z*)),Vj €

I,pand forone k € {1,--- ,p}, ux(E(y)) < pr(E(z*)). There exists y € D such that y = E(y) =
wi(y) < wpi(E(z*)),Vj € 1,p and for a certain k € {1,---,p}, ur(y) < pp(E(x*)) . This is absurd

because E(x*) is a Pareto optimal solution to problem(1). O

Let us now examine Pareto optimality using the Karush-Kuhn-Tucker theorem defined by the theorem

below.

Definition 7. Let y1; and h;, Vj € J and i € I be differentiable functions. Let E be a univocal operator and
x* € Dg. E(z*) is an E-Pareto optimal solution if E(x*) satisfies: do; and ~;,Vj € J, © € I such that
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p m
> V(o B)(@*) + Y 7iV(hio E)(z*) =0, (3)
7j=1 =1
iV (hio E)(z*) =0; Viel, (4)
v €RT, Viel (5)

Definition 8. It is said that (E(z*),«,y) € D x RP x R™ is called an E-Karush-Kuhn-Tucker point or an
E-KKT point for problem (1) if the necessary optimality conditions (3)-(4) are satisfied at E(x*) under the

Lagrange multipliers v, .

4. MAIN RESUSLTS

In this part of our work, we establish the results from the study on the theoretical convergence of
the application of exponential penalisation to E-multiobjective problems. This is done by developing
the theoretical foundations that underpin this theoretical convergence. This involves studying Pareto

optimality in the E-convex domain using the exponential penalty technique.

4.1. E-Convex multiobjective programming with exponential penalty E-function. Most multi-
objective optimisation problems are commonly solved by programming, which involves transforming
the multi-objective problem into a single-objective optimisation problem. This is known as scalarisation.
One of the techniques also used in multi-objective programming is penalisation. This involves con-
verting the multi-objective problem into a single-objective problem without constraints. Exponential
penalisation is one such technique used in programming and solving multi-objective optimisation
problems. The technique we refer to as the “exponential penalty E-multiobjective function” is defined
by its general form:

P(E(w),p) = 3 e (B, ©)

P e

For our programming, the function f in relation (7) will represent our scalarisation function, which
will be the weighted Chebyshev distance. This function is renowned for its use in various studies
concerning multi-objective programming and, above all, for its ability to solve convex optimisation

problems. It is defined by the relation:

Using this function transforms problem (1) into this optimisation problem:

min f(z,A) = max{Xjlu; -z}
h(z) <0 (8)

r € R"™.

s.t:
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We define, with regard to problem (8), the E-scalar problem defined by the following problem:
min f(E(z), A) = max{A;|u;(E(x)) — 77}
h(E(z)) <0 ©)
s.t:
x € Dg.
Where 7 = {71, - , 7, } is the ideal point defined by the above problem and A = {\,--- , A\, } such that
P

Z Aj = 1. Applying the exact L; penalty E-multiobjective penalty technique gives us the following
j=1
relationship:

We define the properties defined by the following theorem:

Lemma 9. Considering the set D compact, we have:

1
o ifr € Dg,then lim - E ePhi(E@)) —
Ry eyt

1
o ifx & Dg, then lim — E ePhi(E(@)) — 4 .
f §é E p—+00 P el
Thus, the problem shifts from a multi-objective optimisation problem to a single objective function

problem according to:

min I'g(z, p, \)

s.t: { z € Dg. (1)

Theorem 10. Let E be a one-to-one and onto operator and T € D. Then there exists x € D such that © = E(T)

is an optimal solution to problem (9). Then x = E(T) is an optimal solution to problem (8) and vice versa.

Proof. Let x € D be the optimal solution to problem(8) such that x = E(Z) where € Dg. Suppose
that E(z) is not the optimal solution to problem(9), then there exists Z € D such that f(E(Z),\) <
f(E@),\) = f(z,\) < f(z,\), with z = E(Z), which is absurd because 7 is the optimal solution.
Conversely, suppose that 2 € D is not the optimal solution to problem(8), then there exists * € Dg
such that x = E(z) is the optimal solution to problem(9). Then 3z € D, f(z,\) < f(x,\). Since
E(Dg) = D, there exists & € Dg such that 7 = E(%), which leads to a f(FE(z),\) < f(E(x*),\), which

is absurd because E(z*) is the optimal solution to problem(9). O

Theorem 11. Let z € R™ be the optimal solution to problem(8). Then there exists x* € D such that x = E(x*)

and x* is the optimal solution to problem(11), and vice versa.

Proof. Suppose that z € R" is the optimal solution to problem (8). Suppose that * € Dp is not
the optimal solution to problem (11), then there exists z € Dg and Z € D such that Z = E(z) and
I'(Z,7) < I'(z,A) & f(E(2),A) + P(E(2), p) < f(E(z"),A) + P(E(z"), p).
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Since z,z* € Dg, then lim — Zep (hjoB)(2) = 0 and lim - Zep (hjoB) (") — q,
p—r+00 p p—r+00 p

Then Jpg > 0, p > po, we have the inequality f(E(z),\) < f( (z*), A) because z* € Dpg. This
implies f(Z,\) < f(x, ), which is absurd because z is the optimal solution to problem(8).
Conversely, suppose that * € Dp is the optimal solution to problem(11). Suppose that z € R" is

not the optimal solution to problem(8), then

e D; fly,A) < flz,A). (12)

Since D = E(Dg), then there exist y* € Dg such that y = E(y*) and we have

1< .
: - (hjoE)(y*) _ + (hjoE)(
pgrfoo ; jEZl eP\ioPIY ) = () and pgliloo p E e =0.

Then 3y > 0 such that Vp > 79, we have

Zep (hjoE)( < Z ep (hjoE)( (13)
Adding (12) and (13), we have F(y, A) < I'(z, A), which is absurd. O

Theorem 12. Let 2* € Dp be a KKT point of problem(2) satisfying conditions (3) and (4) of Theorem 7 at
point * with Lagrange multipliers o« € RP and § € R™. Suppose the following hypotheses hold:

a) if u;,vj € {1,2,--- ,p} is E-differentiable and E-convex at point x*,

b) each constraint h;, Vi € {1,2,--- ,m} is E-differentiable and E-convex at point x*,

1
If th It terp< ——— i€l

c) If the penalty parameter p < max{ai}’l €
then x* is an optimal solution to the penalised problem(11).
Proof. Let 2* € D be a KKT point of problem (2). Then there exist Lagrange multipliers o € R? and

1
R™ satisfying conditions (3) and (4) at point z*. Suppose that there exists p < ﬁ’i € I. Then
max{a;

we have I'(z, p) = f(E(x),\) + — Z ePhi°B)(@) Since f and h;, Vi € I are convex, then we have:

F(E(x),A) = f(E(z%),A) = VF(E(z%), \)(z — 2%), (14)

hi(E(z)) — hi(E(z*)) > Vhi(E(z*))(x — x*), Vi € I. We have:

> aihi(B(@) =) aihi(B(x*)) > Z @i Vhi(E(z*))(x — z*), (15)
=1 =1

Adding (14) and (15), we obtain:

F(B(x),\) = f(B(*),)) + > aihi(E(@) = > ashi(E(x
=1 =1

Vhi(BE(z*)(x — 2%) + Y a;Vhi(E(x*))(z — 2%),

i=1
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= F(E@), ) — FEE) N + 3 ahi(B@) — 3 ashi(B@*)) >
i=1 i=1
[Vhi(E@) + > aiVhi( )] (z — 2°),
=1

According to condition(3) of KKT’s theorem, we have

F(B(x),\) = f(E(2*),\) + Y ashi(B(z)) = > aihi(E(x*)) > 0, then
=1 =1

F(B(2),A) + Y aihi(E(2)) 2 f(E(2),N) + ) aihi(B(a")). (16)
i=1 =1
. < . . .
Since p < max{as]’ i € I, then the inequality (16) becomes
f(E(z),\) + 1Z:e"’“(E(“T)) > f(E(z"),\) + ! Ze”hi(E(:”*)). Then z* is the optimal solution to
P P
problem(11). O

Definition 13. Suppose that E(x*) is a Pareto optimal solution to problem(1). Suppose also that the assumptions

of theorem(12) are satisfied and E(x*) is a KKT point. Then E(x*) is an E-Pareto optimal solution to problem(2).

Theorem 14. Let T € D be an optimal solution to problem(8), then there exists Z € D such that T = E(Z)

and Z is a solution to problem(9) and vice versa.

Proof. Suppose that Z € D is an optimal E-solution to problem(8). Since E(Dg) = D, there exists
Z € Dg such that 7 = E(Z). Let us show that Z is an optimal solution to problem(9). Suppose that
Z is not, then there exists z* € D such that f(E(z*,\)) < f(E(Z,\)) & I}léi}({)\jmj(E(z*)) — 77} <
glg}({)\jmj(E(E)) — 7;|}. Since z* and 7 € Dg, there exist 7 and z* € D such that 7 = E(%) and
x* = F(z*).Which gives I}lea}{)\j\uj(x*) -7} < I?Ea}{)\j\uj(f) — 77|} & f(@,A) < f(%,A),which
is absurd because 7 is the optimal solution to problem(8).

Conversely, suppose that 7 is an optimal solution to problem (8). Let us show that 7 is the optimal
solution to problem(9), then there exists y € D such that f(y,\) < f(Z, \). Since D = E(Dg), there
exist & and @ such that y = F(«) and T = E(a), so we have: f(E(a),\) < f(E(Z), ). Then E(«) is the
optimal solution to problem (8), but E(«) = y. This is absurd, hence the result. O

Theorem 15. Let T € D be a Pareto optimal solution to problem (1). Then there exists y € Dp such that
T = E(y) and y is a Pareto optimal solution to problem(2).

Proof. LetZ € D be a Pareto optimal solution to problem(1), such that £(y) = 7. Suppose that 7 is not a
Pareto optimal solution, then there exists y € Dg such that Vj = {1,--- ,p}, quadp;(E(y)) < pi(E(W))
and for at least one k£ € {1,2,--- ,p} up(E(y)) < pr(E(y)). Since E(Dg) = D, there exists x € D
such that E(y) = zand E(y) = = and we have: p;(z) < pi(z), Vj = {1,---,p} and px(z) <
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pi(Z), and for at least k = {1,--- , p}. This makes « € D an optimal solution to problem(1), which is
absurd, so 7 is a Pareto optimal solution to problem (2).

Conversely, suppose that 7 € Dp is a Pareto optimal or E-Pareto optimal solution to problem (2).
Then there exists £ € D such that £ = E(y). Suppose that E(y) is not a Pareto optimal solution to
problem (1), then there exists € D such that Vj € {1,2,--- ,p}, uj(z) < p;j(E(y)) and for some
ke {1,2,---,p} such that ux(z) < up(E(y)). Sincey € Dg, and = = E(y). ThenVj € {1,2,--- ,p},
pi(z) < p;(z) and for some k, pux(z) < px(T). Then z is a Pareto optimal solution, which is absurd,

hence equivalence. O
Theorem 16. Let x* be an optimal solution to problem(9), then E(x*) is a Pareto optimal solution to problem(1).

Proof. Let z* € Dp be an optimal solution to problem (9) and suppose that E(z*) is not a Pareto optimal
solution to problem (1). Then there exists y € D such thatVj € {1,2,--- ,p} p;(y) < p;(E(z*)) and for
some k € {1,2,--- ,p}, pr(y) < pr(E(z*)). Since y* € RP is the ideal point and A € RP? is the weighted
point, so we have m]ax{)\jmj(y) -2} < m?x{)\jmj(E(x*)) — 2|} and for some k € {1,2,---,p}
max el () — 251} < mas{lue(B@) — 1) = £ \) < f(E("), \). Since &* € Dy, then there
exist £ € D such that = E(z*) = f(y,\) < f(Z, A) that is absurd because z* is the optimal solution

of the mono objective problem(9). a

Theorem 17. Let E : R" — R" be a continuous map and let x* be an optimal solution to the E-penalised
problem (11). Further, let E(z) be an E-KKT point of the multi-objective problem (1) and satisfying the
conditions (3) and (4) of theorem (7) at point E(Z) with Lagrange multipliers o € RP and R™. Let us assume
that the following hypotheses are verified:

a) if pj,¥j € {1,2,--- ,p} is E-differentiable and E-convex at the point & on R",

b) each constraint h;, Vi € {1,2,--- ,m} is E-differentiable E-convex at point Z,

¢) Suppose that domain D is compact and that the penalty parameter p < el

max{a;}’
then E(x*) is an E-Pareto optimal solution to problem (1).

Proof Suppose that z* is the optlmal solution to problem (11), then Vz € Dg, we have f(E(z*),\) +

1
= Zeph F(E(z),\)+=- Zeph i(E@) Since z* € Dy, 3po > 0,VYp > po, we have f(E(z*),\) <
=1
1 m
F(E(x), ) +;Zeﬂhi<E<w>> and f(E(z*),\) < f(E(x),\) because z € Dp.
=1

This means that f(£(.), A) is bounded on the set Dg. Since f is continuous, then according to
Weierstrass’s theorem, f(E(.), A) has a global minimum Z on Dp. Let us show that E(z*) € D. Suppose
the contrary, i.e. E(z*) notinD. Since f has a global minimum Z € Dg, then E(Z) is the global minimum
of problem (8), and any global minimum of problem (8) is a Pareto optimal solution to problem (2).

Thus, according to the KKT conditions, there exists «;, Vi € I such that E(z) satisfies the KKT conditions.
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Therefore, we have

fi(B(@")) = fi(E(x)) = Vf;(E(@)) (2" - ), (17)
hi(E(z")) — hi(E(T)) = Vhi(E(Z))(«" - ). (18)

Multiplying (18) by the Lagrange multiplier &, we obtain the summation
Y ahi(B(e) =Y ahi(B(&) > Y aiVhi(B(#)) (" - ). (19)

Adding (17) and (19) together, we obtain:

F(E@) = f(E@)+Y ahi(B(x") =) ahi(B(F)) 2 V fi(B(@) (" =2)+)_ &Vhi(E(@))(«" - &)
i=1 i=1 =1
= [i(B@) = f{(B@®)+ ) dihi(E(z") =Y aihi(BE(&)) > [V{(E@)+ ) &Vhi(BE(#))] (=" - ).
i=1 i=1 i=1

The KKT conditions imply
Fi(B@) = [{(B@) + ) dashi(B(x*) = Y dihi(EB(E)) > 0.
i=1 '

+
WE

= fi(E(z*) + Y ahi(E(z")) > f;(E(Z)) a;hi(E(Z)).
i=1 i=1
1
Since ¥ € Dgetxz* € Dg,3dp < ————, i € I such that

max{d;}’
fi(E(z")) + /1) > e EED) > fi(B(E) + /1) 3 erhiE@),
i=1 P

Since 2%, € Dg then Jpg > 0, Vp > py we have f;(E(z*)) > f;(E(Z)). Since 7} is the ideal point of
problem(13), then it follows directly that.

max{ ] f5(E(e")) = 751} = max{%|f5(E(@)) - 771}

Furthermore, given that *,2 € Dg

m m

3p >0, Yp > p,max{\;|f;(E(z")) —Tf’}‘F} Z e (EE@) > max{\;|f;(E(Z)) =77} + ! Z ePhi(E@®),
J P J P

This is absurd because z* is the optimal solution to problem(11). Hence, E(z*) is the global minimum

of problem(1). O

4.2. Discussion of the new approach.

The algorithm for finding Pareto optimal solutions is defined as follows:
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Algorithm 1.

(1) Begin

(2) Enter the value of p;

p
(4) Choose \;j such as Z Aj=1

(5) forjfrom1top

)
)
(3) Define the operator E : R™ — R"™ and the E-multiobjective problem;
)
)

() F(E@),A) «— max{Ajlu; (E(w)) = 771}

(b) I'p(z,p, ) «— {f(E(x), A) + ;Z epfn(E(x))},.

el

(c) z* «— Argmin(Ig(x,p,N));

end for

(6) Display the solution x of the problem which is one of the best compromise corresponding to fixed \j;

(7) End

TABLE 1.

E-EXPONENTIAL PENALTY OPTIMIZATION ALGORITHM

In this section, we propose a study of the complexity or efficiency of the above algorithm. We will

conduct a complexity study for each step of the algorithm. The scalarisation step of the problem consists

of a comparison in which we seek to find the maximum of the quantity majc{)\ jlij(E(z)) — 77|} This
j€

operation has a complexity of (p?). The penalty stage is characterised by a sum of m + 1 elements.

This operation has a complexity of (m). For a given value \;, the complexity of finding the solution

x* depends on the algorithm that will search for the solution. We can estimate the complexity of this

search algorithm as (1), n > 0. Thus, for ¢ pairs of weightings, the complexity of our work is defined by

the table below:

Steps Complexity
Scalarization (p*)
Penalisation (m)

Search for a solutions

n)

Final complexity

(
max{ (1p?); (vm); (1)}

TabLE 2. Table of complexity

The complexity of the method is in the class of polynomial complexity algorithms. We can therefore

conclude that our approach is effective.
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5. ConcLusioN

This study enabled us to lay the theoretical foundations for the impact of exponential penalisation
in the search for Pareto optimal solutions for multi-objective optimisation problems in E-convex sets.
Indeed, this study has established satisfactory results regarding the guarantee of obtaining Pareto
solutions. However, the difficulty looming on the horizon is the availability of E-convex test problems
for an in-depth study of Pareto front visualisation and performance analysis of methods on multi-
objective optimisation problems in the E-convex domain. This could be a starting point for further

research.

Conflicts of Interest. The authors declare that there are no conflicts of interest regarding the publication

of this paper.

REFERENCES

[1] Youness, E.A, E.A. Youness, Characterization of Efficient Solutions of Multi-Objective E-Convex Programming Problems,
Appl. Math. Comput. 151 (2004), 755-761. https://doi.org/10.1016/s0096-3003 (03) 00526-5.

[2] N. Abdulaleem, S. Treantd, Optimality Conditions and Duality for E-Differentiable Multiobjective Programming
Involving V-E-Type I Functions, OPSEARCH 60 (2023), 1824-1843. https://doi.org/10.1007/s12597-023-00674-9.

[3] E.A. Youness, E-Convex Sets, E-Convex Functions, and E-Convex Programming, J. Optim. Theory Appl. 102 (1999),
439-450. https://doi.org/10.1023/a:1021792726715.

[4] E.A. Youness, Optimality Criteria in E-Convex Programming, Chaos, Solitons Fractals 12 (2001), 1737-1745. https:
//doi.org/10.1016/s0960-0779(00) 00036-9.

[5] E.A. Youness, T. Emam, Strongly E-Convex Sets and Strongly E-Convex Functions, J. Interdiscip. Math. 8 (2005), 107-117.
https://doi.org/10.1080/09720502.2005.10700394.

[6] PM. Pardalos, A. Zilinskas, J. Zilinskas, Non-Convex Multi-Objective Optimization, Springer, Cham, 2017. https:
//doi.org/10.1007/978-3-319-61007-8.

[7] T. Antczak, N. Abdulaleem, Optimality and Duality Results for E-Differentiable Multiobjective Fractional Programming
Problems Under E-Convexity, J. Inequal. Appl. 2019 (2019), 292. https://doi.org/10.1186/s13660-019-2237-x.

[8] A.Som, K. Some, A. Compaore, Hybrid Method Based on Exponential Penalty Function and Moma-Plus Method for
Multiobjective Optimization, J]. Comput. Sci. Appl. Math. 5 (2023), 35-51. https://doi.org/10.37418/jcsam.5.2.1.

[9] S. Liu, E. Feng, The Exponential Penalty Function Method for Multiobjective Programming Problems, Optim. Methods
Softw. 25 (2010), 667-675. https://doi.org/10.1080/10556780903049959.


https://doi.org/10.1016/s0096-3003(03)00526-5
https://doi.org/10.1007/s12597-023-00674-9
https://doi.org/10.1023/a:1021792726715
https://doi.org/10.1016/s0960-0779(00)00036-9
https://doi.org/10.1016/s0960-0779(00)00036-9
https://doi.org/10.1080/09720502.2005.10700394
https://doi.org/10.1007/978-3-319-61007-8
https://doi.org/10.1007/978-3-319-61007-8
https://doi.org/10.1186/s13660-019-2237-x
https://doi.org/10.37418/jcsam.5.2.1
https://doi.org/10.1080/10556780903049959

	1. Introduction
	2. Preliminaries
	3. Multiobjective E-convex propramming
	4. Main resuslts
	4.1. E-Convex multiobjective programming with exponential penalty E-function
	4.2. Discussion of the new approach

	5. Conclusion
	Conflicts of Interest

	References

