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AsstrAcT. In this article, we investigate the solution of constrained optimization problems using the Aug-
mented Lagrangian method with single-valued neutrosophic triangular number coefficients. Our approach
introduces a new neutrosophic arithmetic operations applied to the parametric representations of neutro-
sophic numbers, along with the neutrosophic ranking of the parametric forms of Triangular neutrosophic
numbers. The primary objective of this study is to solve constrained Single-Valued Neutrosophic Nonlinear
Programming Problems using the Augmented Lagrangian method, actively managing uncertainty and
imprecision in optimization. We present and prove an important theorem for the Augmented Lagrangian
condition under neutrosophic environments, contributing to the theoretical foundation of this method.
Furthermore, a detailed numerical example illustrates the practical application of the proposed approach.
The results are compared with those of existing methods, demonstrating the activeness and advantages of
the neutrosophic-based solution.
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1. INTRODUCTION

Nonlinear Programming Problems (NLPPs) are widely used to model optimization problems in
engineering, economics, management, and decision sciences where the objective function or constraints
are nonlinear in nature. Traditional nonlinear programming assumes that all parameters are precisely
known; however, real-world problems often involve uncertainty, vagueness, and indeterminacy. To
address these limitations, neutrosophic set theory, introduced by Florentin Smarandache, provides a
powerful framework by representing information through truth, indeterminacy, and falsity membership

functions. A Neutrosophic Nonlinear Programming Problem (NNLPP) incorporates neutrosophic
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numbers into the objective function and constraints, enabling a more realistic representation of uncertain
and inconsistent data.

The integration of neutrosophic theory with nonlinear optimization has gained significant attention
because it offers effective tools for handling complex decision-making situations under uncertainty.
Consequently, NNLPPs have become an important research area, with applications in resource alloca-
tion, production planning, engineering design, and multi-criteria decision-making problems where
imprecise information cannot be ignored. A new fuzzy arithmetic designed for fuzzy calculus and to
solve fuzzy linear equations was developed by Ming Ma et al. [2]. Chakraborty et al. [ 1] extended the
concept of neutrosophic numbers, suggesting that nonlinear neutrosophic numbers are more suitable
for decision-makers than their linear counterparts. Sudha and Hepzibah [14] explored the substitution
of fuzzy coefficients in the objective functions and constraints with single-valued triangular neutro-
sophic numbers. They reformulated a quadratic programming problem with triangular neutrosophic
number coefficients into a Fuzzy Neutrosophic Linear Complementarity Problem (FNLCP) and devel-
oped an algorithm to solve the resulting model effectively. Purnima Raj and Ranjana [11] presented
a method for solving FNLPPs with inequality constraints often encountered in practical cases and
involves transforming the FNLPP into sharp equality constraints by applying the Karush-Kuhn-Tucker
conditions.

Reig-Mullor and Salas-Molina [12] explored an alternative definition of nonlinear neutrosophic
numbers (NLNN) to address certain limitations highlighted in existing research. They also exam-
ined the fundamental properties of NLNN, including «, 3, y-cuts, variance, standard deviation and
possibilistic mean. Irene and Sudha [3] examined a new method to address Neutrosophic Fuzzy
Quadratic Programming Problems (FNQPP) by employing a Taylor Series expansion. A comparison
of the convergence performance of widely used solvers for both constrained and unconstrained cases
was conducted by Lavezzi et al. [6] provided recommendations for choosing the solvers for nonlinear
programming problems.

Khalifa et al. [4] addressed a challenging nonlinear programming problem in which the coefficients
of the objective function are expressed as neutrosophic numbers, and the constraints are governed by
fuzzy inequalities. Lachhwani [5] conducted extensive research on nonlinear neutrosophic numbers
(NLNNs) and nonlinear neutrosophic linear programming problems (NLN-LPPs). Maissam Jdid [7,5]
illustrated how binary integers can be utilized to transform specific nonlinear models into linear
forms, ensuring integer solutions that align with the inherent characteristics of the problems under
consideration. Also, their work explored significant methods for solving nonlinear models focusing on
the Lagrangian multiplier approach for models with equality constraints, which were subsequently

reformulated using neutrosophic science principles.
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A fuzzy mathematical model incorporating Beale’s condition to address such nonlinear program-
ming problems (NLPPs) was discussed by Palanivel and Muralikrishna [9]. This model illustrated
how quadratic programming problems could be solved using membership functions (MFs). Vanaja
and Ganesan [ 15, 16] proposed an innovative interior fuzzy penalty function approach for address-
ing Fuzzy Nonlinear Programming Problems (FNLPPs). Their methodology incorporated advanced
fuzzy arithmetic and ranking techniques based on the parametric representation of triangular fuzzy
numbers. Additionally, they developed an exterior penalty method utilizing fuzzy-valued functions,
offering an effective framework for solving these fuzzy nonlinear programming problems. Our ap-
proach introduces new neutrosophic arithmetic operations applied to the parametric representations
of neutrosophic numbers, along with the neutrosophic ranking of the parametric forms of Triangu-
lar Neutrosophic Numbers. The primary objective of this study is to develop a robust framework
for solving constrained Single-Valued Neutrosophic Nonlinear Programming Problems using the

Karush-Kuhn-Tucker condition, effectively managing uncertainty and imprecision in optimization.

2. PRELIMINARIES

We explored Neutrosophic definitions, which capture the core of Neutrosophy by presenting subtle
viewpoints on concepts frequently experienced in situations of uncertainty. By employing these
definitions, our objective is to shed light on the complex nature of ambiguity and offer valuable

perspectives on its impact on both theoretical frameworks and practical applications.

Definition 2.1. [13] A single valued neutrosophic set (SVNS) M~ over X is characterized by a truth-
membership function T ,, indeterminacy-membership function I and falsity-membership function Fyy
where Ty i Lipws Figr + X — [0, 1]. The single valued neutrosophic set (SVNS) is defined as M = {<
(T (), Lypn (), Fyp (x) > /o € X}, where 0 < Ty () + Ly () + Fyypv () < 3forall x € X.

Definition 2.2. The («, 3,)-cut of neutrosophic set is denoted by F(«, 3,7), where (o, 3,7) € [0, 1] and
are fixed numbers, such that o + 5 + v < 3 and is defined as F(«, 3,7v) = (pr(z), pr(x), pr(x)), where
z € X,pur(z) > a,ur(z) < B, pr(z) <.

Definition 2.3. [13] A single valued neutrosophic set (SVNS)
MY ={<x,(Tyy (x), L (), Fyyu (x) > /o € X} is called neutrosophic normal, i.e. there exists at least

three points xq, x1,x2 € X such that Ty (o) = 1; Iy (1) = 1; Fyp (22) = 1

Definition 2.4. [13] A single valued neutrosophic set (SVNS)
MY ={< a,(Tyx (x), [0 (%), Fyyu (¥) > /o € X} is called neutrosophic convex, if for all x1,z5 € X

and X € [0, 1] the following conditions are satisfied.

(1) Typow Ay + (1 = Na2) > min{T; . (21), Tyyr (22)}



Asia Pac. J. Math. 2026 13:182 40f 18

(2) IMW()\xl"l_(l_)\)xQ) SmaX{IMW(‘Tﬂ,IMW(‘TQ)}
(3) FMW()\QZl—F(l—)\)JIz) gmaX{FMW(xl),FMW(xg)}
ie., M is neutrosophic convex, if its truth membership function is fuzzy convex, indeterminacy membership

function and falsity membership function is fuzzy concave.

Definition 2.5. [13] A Single Valued Neutrosophic set (SVNN)
MY ={<x,(Tyn (x), Ly (), Fyyu (x)) > |z € X}, subset of a real line, is called a neutrosophic number
if
(1) M~ is neutrosophic normal, i.e. there exists atleast three points g, 1,y € X such that Ty (x0) =
Ll (x1) =1 Fyp (22) = 1.
(2) M+ is neutrosophic convex.
(8) Ty (x) is upper semi-continuous, I 4 (x) is lower semi continuous and Fy;_y (x) is lower semi
continuous.

(4) M7 is support, i.e. S(M‘/V) =vcx:Tyy >0,154 <1,Fy4 <1isbounded.

Definition 2.6. [13] A single valued neutrosophic number M~"" is a Triangular Neutrosophic Number (TNN)
and is denoted by
M/V = (TM«/" ; IMK/V ) FM“‘/) = (<mT1 , iy, mT3>; <m]1 , My, m13>; (mFl y MEy, mF3>) having the member-

ship function, indeterminacy function and non-membership function as follows. M

T —mm
-, mm <z < mr,
mr, —mmn
_ mp; — T
pr(x) = . mp, <z <mp
mry — My
0, elsewhere
r—mp
——, mp <z <my,
mp, —mpn
— mr; — %
pr(e)={ DBTE < <y,
m13 —my,
0, elsewhere
r — Mmeg
——, mp <z <mp
mgp, —Mpg
mpg, — X
pp(z) =¢ ————  mp, <z <mp
mp; — Mg,
0, elsewhere

We use F'(R) to represent the set of all triangular neutrosophic numbers defined on R.

Definition 2.7. [13] A triangular neutrosophic number M~ can also be represented as a pair Mz =

(mp; mr), M{" = (mp; mp), My = (myp; W) of functions
my(B), mr(B),m(B), m1(B), mp(B), Mmr(B), 0 <r < 1 which satisfy the following requirements:

o my () is a bounded monotonic increasing left continuous function for membership function.
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o mr(B) is a bounded monotonic decreasing left continuous function for membership function.
e m;(f3) is a bounded monotonic increasing left continuous function for indeterminacy function.
o m(3) is a bounded monotonic decreasing left continuous function for indeterminacy function.

\S 3

B) is a bounded monotonic increasing left continuous function for non-membership function.

F(
r(B) is a bounded monotonic decreasing left continuous function for non-membership function.
7(

E S\

Definition 2.8. (Parametric Form) [13]

Let M+" = (mq, mr, mp) be a triangular neutrosophic number and

mr(B) = mr, — (mry — mn,)B, mp(B) = mr + (mr, —mn,)p

my(B) = m, — (mg; —mp,)B, mi(6) = mr, + (mr, —mrp,)p

mF(ﬁ) =Mp; — (mFg - mF2)67 mF(/B> =mpg + (mF2 - mFl)B? B € [07 1]

The parametric form of the TNN is defined as
M =Ty Iyw; Fyw ) = ((mpy, mo, mpe); (myy, mp, ,mp=); (mp,, mp,, mp-))

where my, = mq, — mp and mp« = M —myq, mp, = my, —myand mp =My —my,, Mg, = Mp, —Mp
and mp- = mp — mp, are the left and right fuzziness index functions respectively.

myp(1) +mr(l m(1) +my(1
The number mTO = <T( ) T( )> 7m10 — (I()I()>,

2 2
mpr(l)+mp(l
S EHUELD
mr,, ME, = ME,.

> is called the location index number. When 8 = 1, we get mg, = mmp,, my, =

2.1. Arithmetic Operations on Neutrosophic Numbers. We develop a new fuzzy arithmetic using
the parametric form of triangular neutrosophic numbers. This involves expressing the triangular
neutrosophic numbers in terms of location index and fuzziness index functions for membership,
indeterminacy, and non-membership functions. The lattice rule, which involves the least upper bound
and greatest lower bound in the lattice L, defines the fuzziness index functions and the location
index number corresponds to standard arithmetic. That is for m,n € L, m Vn = max{m,n} and
m An = min{m,n}.

For any two neutrosophic numbers

MJV = (TM(/V;IMJV;FM(/V) = (<mToamTme*>; <mfoam1*7m]*>; <mFoamF*7mF*>)

N = Ty Iy Fyo) = ((nmy, ng, s ); (ngg,nr,, npe); (npy, np,, s )
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The arithmetic operations are defined as

MY 5« N =((mgy, mz,, mpe); (mpy, mp,,mp); (mp,, mp, , mp+))
* ((nay, s e )5 (g s r,, e ); (Mg, ML, M)
=((mg, * ng,, mr, V nr,,mps V nrs), (mg, * ng,,mr, Vnr,mp NV ngs),
(mp, *xng, mp, Vg, mes V nps))

In particular for any two M~"', N* € F(R), we have

Addition:
MY + N =((may, m,, mp+); (miy, my, , mpe); (mg,, me, , me-))
+ ((nzy, na s nee)s (nag, no. e )s (npy, np,, npe )
=((mx, + nq,,mz, V ng,, mps NV nps), (mp, + ng,,mr, Vo, mps V ngs),
(mp, +ng,mp, Vg, mps V nps))
Subtraction:
M — N =((may, mr, , mpe); (myy, my, , mpe); (mg,, me, , me-))
— ({ny, nry s e ); (N ot e ); (Mpy, MEL, M)
=((mg, — ng,, mr, V nr,,mp« NV nps), (mg, —ng,, mr, Vg, mp V),
(mp, —nE,,mp, Vg, mps \V nps))

Multiplication:

M 5« N =((mgy, mz,,mpe); (mpy, my, ,mp); (mpy, mp,, mp+))
x ({n1y, nr,,nr+); (n1y, nr,, 0y ); (MR, NE,, NE*))
=((mq, X nq,,mz, Vg, mps NV nps=), (mp, X ng,, mr, NV nr,,mps V nps),
(mp, X npy, mp, Vg, mps V ngpx))
Division:
MY = NY =((mx,, mr,, mr=); (M, mr,,mp); (Mg, mp,, Mp+))
=+ ((n1y, nr, nre)s (g, ., s ) (N M, e ))
=((mmg, = ng,, mr, Vnr,,mp« NV nps), (mg, = ng,, mr, Vg, mp V),

<mFO ~ NFy, ME, Vnp, , mpx \/nF*>)7

provided nr,, ng,, nr, # 0.
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2.2. Ranking of Neutrosophic Numbers. [ 16] The ranking of neutrosophic numbers plays an essential
role in the decision-making process within a fuzzy environment. Various authors in the literature have
proposed different types of ranking methods. This article uses a highly effective ranking technique
based on the graded mean.

For M¥ = ((may,, mq,, mp«); (mp,, mr,,mr=); (mg,, mp,, mp+)) € F(R), define R : F(R) — R by

R(Tgn) = <<mn + 47?0 + mT*>) |

R(Ljpn) = <<ml* +47ZI° +ml*>> .

R(Fyy ) = ((mp* +4Trépo +mF*>) |

For any two triangular neutrosophic numbers
MY = (Typws Igprs Fig ) = ((may, ma ,mps); (mpy, my,, mys); (mpg,, mg,, mps))and
NY = (Txnilgy; Fyw) = (i, ., np); (gg, nr,, nus); (g, ne,, nps)) € F(R),
we have the following comparison:

o If R(Tyyn) < R(Tiw ); R(Iiyon)
o If R(Tyyn) > R(Tin ); R(Iiyon)
o HR(Tiyn)=R(T5n )i R(Lgn)

(Fg ), then M < N
(Fg ), then M = N
R(Fg.v ), then M ~ N

(INW)vT‘)'( MY )
or )s R(Eypor)
R(INW)aR(FMW)

R R
R R

v A
v A

2.3. Differential Calculus of Neutrosophic Single Valued Function.

Definition 2.9. [10] Let f : R™ — F(R) be a neutrosophic-valued function. We say that f*" is continuous
at ¢ € R™ ifand only if for every e > 0, there exists a § = (c, €) > 0 such that d(f* (z), ' (c)) < ¢, for all
x € R™" with ||z — c|| < 9. That is,

lim - (2) = ().

Tr—cC

Definition 2.10. [10] Let X be a subset of R. A neutrosophic single valued function f : X — F(R) is said

to be differentiable at x° € X if and only if there exists a neutrosophic number D f* (x°) such that the limits
1

(with respect to metric d) D f(z°) = limj,_,g+ — ® [fu (20 + h) — f (20)| exists. In this case, D f¥ (2°) is

h
called the derivative of f* at 2. If f is differentiable at every x € X, we call f** differentiable over X.

Definition 2.11. [10] Let f**" be a neutrosophic single valued function defined on an open subset X of R" and
let 20 = (29,...,29) € X be fixed. We say that f** has the ith partial derivative D;f*" (x°) at 2° if and only

if the neutrosophic-valued function g (x;) = f* (29,...,29 |, z;, ad 4, ..., a)) is differentiable at «? with

N ~ Ve
derivative D; f*" (z°). We also write D; f* (2°) as (8;’ ) (29).
z;
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Definition 2.12. [10] We say that f* is differentiable at x° if and only if one of the partial derivatives
of " Joxy,...,0f " |dx, exists at z° and the remaining (n — 1) partial derivatives exist on some neighborhoods
of 2° and are continuous at z° (in the sense of neutrosophic-valued function). The gradient of f* at ¥ is
denoted by

Vit @) = (DY (@), Duf Y (@),
and it defines a neutrosophic single valued function from X to F"(R) = F(R) x --- x F(R) (n times), where
each D;f* (2°) is a neutrosophic number for i = 1,...,n. We say that ¥ is differentiable on X if it is

differentiable at every 2° € X.

Definition 2.13. [10] We say that ¥ is continuously differentiable at x° if and only if all of the partial
derivatives & " /x;,i = 1,...,n, exist on some neighborhoods of z° and are continuous at x° (in the sense of
neutrosophic single valued function). We say that f-'" is continuously differentiable on X if it is continuously

differentiable at every x° € X.

3. NeutrosopHIC NON LINEAR PROGRAMMING PrOBLEMS (NNLPPs)

Consider a general neutrosophic nonlinear programming problem:

min /" (%)
subject to g{(@) = (or) = Oforj=1,2,---,m
- N (3.1)
hj/’/(j;) ~0forj=1,2,---,m,
%0,
where f » §‘1/V, il E{V AR ile/ are continuous neutrosophic valued functions defined on R".

Definition 3.1. A vector X = (Z1,%2,%3, -+ ,Zy) is said to be a feasible solution to the NNLPP (3.1) if it
meets all the constraints and adheres to the non-negativity condition of the NNLPP (3.1).

The collection of all such feasible solutions is known as the feasible region, which is defined by these

criteria.
F={xeF(R)"/hi" (x)~0, fori=1,2,3,--- 1, 5" (x) 20, for j =1,2,3,--- ,m}.

Definition 3.2. A feasible solution X° to the NNLPP (3.1) is said to be an optimal solution to the NNLPP (3.1)
if f¥(x%) < f¥(x), forall x € F.

Theorem 3.1. Let X* be a local solution at which the linear independence constraint qualification is satisfied (that
is, the gradients V¢;(X*), i € &, are linearly independent vectors), and the second-order sufficient conditions are

satisfied for A = \*. Then there is a threshold value [i such that for all ;n > i, X* is a strict local minimizer of

‘CA()Z’ A H)
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Proof. We prove the result by showing that X* satisfies the second-order sufficient conditions to be a

strict local minimizer of £ 4(x, A\*; i) for all 4 sufficiently large; that is,
VLa(X, A5 0) ~0,  Vigla(X*,A*5p) = 0. (3.2)

Because x* is a local solution for which linear independence constraint qualification is satisfied, we

can apply theorem to deduce that
VzLa(X*,A")~0 and V¢(x*)~0, foralli e &€ (3.3)

so that
Vsl (XN p0) ~ F1 (&) = YA — pe(x)] Ve (%)
€€

~ ) = S AIVaRY) & VLA (R 2 0
€€

(3.4)

verifying the first part of (3.2), independently of 4.
For the second part of (3.2), we define A to be the constraint gradient matrix to be evaluated at x*,

and write
VLR N5 ) ~ Vag L(X*,N) + pAT A,

If the claim in (3.2) were not true, then for each integer k£ > 1, we could choose a vector w;, with

||Wk|| = 1 such that
0= Wl V2L (K7, k)W~ W V2 LR N )W + e [ Ay 5. (35)
and therefore
~ 1
| Avrg |3 < - WLV L(X* N )Wy — 0,  ask — oo. (3.6)

Since the vectors { Wy, } lie in a compact set (the surface of the unit sphere), they have an accumulation

point w. The limit (3.6) implies that Aw ~ 0. Moreover, by rearranging (3.5), we have that
Wi VL (X", N W, < —K|| Aw |3 < 0,
so by taking limits we have
wIVZ, L(X*, \)W =< 0.
However, this inequality contradicts the second-order conditions and hence we must have
WV LXK N)W =0

for all nonzero vectors w with Aw ~ 0. Hence, the second part of (3.2) holds for all ;. sufficiently large.

O
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4. ALGORITHM FOR AUGMENTED LAGRANGIAN METHOD

Step 1. Express the given NNLPP in its parametric form.

Step 2. Construct the augmented Lagrangian neutrosophic valued function:

iﬁ

Loa(@, A\ ) +ZA(”E

and convert the NNLPP as an unconstrained optimization problem.
Step 3. Apply the necessary condition for £4(z, (), u(*)) and find the extreme points.
Step 4. Initialize the Augmented Lagrange Multipliers(LM) A A for R () and choose an initial solution
#(¥). Set the penalty parameter ;(*)and iteration counter k = 0, )\Z(-O) =0, 49 = 1. Update the penalty
parameter if necessary: ,u(”“) = fy,u(”), where v > 1 is a constant.
Step 5. Update the LM: A" = A" () x50,
Step 6. Check the convergence criteria: If || (2(**1))|| < ¢; (for a small tolerance e ).
If the change in (%) is small enough, i.e., (|1 — (9| < €).

Step 7. If the convergence criteria are met, stop the algorithm. Otherwise, go to step 3.

5. NumMmericaL ExamprLE

Consider a problem of constrained optimization with single-valued neutrosophic triangular coeffi-

cients discussed by Vanaja et.al. [16].
max [ (%1, Z2) =((1,2,3); (0.6,0.4,0.1))Z; + ((2,3,4); (0.2,0.3,0.5))Z2
—((1,2,3);(0.6,0.4,0.1))z2
subject to hy" (&) =((0,1,2); (0.2,0.3,0.5))&; + ((3,4,5); (0.4,0.3,0.2)) 7o
< ((3,4,5);(0.4,0.3,0.2)) (5.1)
hs' (%) =((0,1,2); (0.2,0.3,0.5))1 + ((0,1,2); (0.2,0.3,0.5)) 2
< ((1,2,3);(0.6,0.4,0.1))
F1,32 = 0.
Express the SVNNLPP (5.1) in its parametric form as

max f(1,%2) = ((2,1—38,1—0);(0.6,0.4,0.1))7;
+((3,1— 8,1 —5);(0.2,0.3,0.5)) &5
—{((2,1—5,1—0);(0.6,0.4,0.1)) %

subjectto  §'(2) = ((1,1—8,1—0);(0.2,0.3,0.5))i1

+((4,1 = B,1 = B);(0.4,0.3,0.2)) &9
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A

(4,1 = ,1—);(0.4,0.3,0.2)),
3 (%) = ((1,1=8,1-75);(0.2,0.3,0.5))% (5.2)
+((1,1 = 3,1 = 6);(0.2,0.3,0.5)) >

((2,1—-p,1-0);(0.6,0.4,0.1)),

IA

Z1, %9 = 0.

Construct the augmented Lagrangian neutrosophic valued function

L@\ p) = f(&)+ Z Aihi (%) + g Z(Ez’(f))Q
i—1 i—1

Then the corresponding unconstrained optimization problem is
La(@ A ) = (2,1 = B,1— B); (0.6,0.4,0.1))F1 + (3,1 — 8,1 — 8); (0.2,0.3,0.3)) i
—{(21= 8,1 = 8); (0.6,04,0.1)3 + X (1,1 = 8,1 = 8): (02,0.3,05))d
+{(4,1= 8,1 - 8); (0.4,03,0.2))3 — (4,1 - 5,1 - £); (0.4,0.3,0.2)))
+ A2(<(1, 1—B,1—8);(0.2,0.3,0.5)F + (1,1 — 8,1 — B); (0.2,0.3,0.5))5
—{(2,1— 8,1 - B);(0.6,0.4, 0.1)>> + g<<(1, 1- 8,1 $);(0.2,0.3,0.5))7;
(41— 8,1 B);(0.4,0.3,0.2))F5 — (4,1 — 8,1 — B); (0.4, o.3,o.2)>>2

+ g(((l, 1—8,1—8);(0.2,0.3,0.5))F + (1,1 — 8,1 — 3); (0.2,0.3,0.5))

—{(2,1 - B,1 - B);(0.6,0.4, 0.1)>)2.

The necessary condition for £4(Z, A, 1) to have an extreme point can be written as

%éf = ((2,1—B,1— B);(0.6,0.4,0.1)) — 2((2,1 — B,1 — B); (0.6,0.4,0.1)) 71
+ A (1,1 = 3,1 = B);(0.2,0.3,0.5)) + Ao ((1,1 — 8,1 — $);(0.2,0.3,0.5))
+ u(<(1, 1—B,1—8);(0.2,0.3,0.5))F + (4,1 — 8,1 — B); (0.4,0.3,0.2)) &,
— (41— B,1—B);(0.4,0.3,0.2)) + (1,1 — 8,1 — B); (0.2,0.3,0.5))d4
+((1,1— 8,1 —B):(0.2,0.3,0.5))d2 — (2,1 — 8,1 — B); (0.6,0.4, o.1)>) ~ 0.
and
gé‘;‘ = ((3,1—B,1—$);(0.2,0.3,0.3)) + M\ ((4,1 — 3,1 — B); (0.4,0.3,0.2))

+22((1,1 - 8,1~ £);(0.2,0.3,0.5))

+u{(4,1 = B,1— B);(0.4,0.3,0.2)) (((1, 1—8,1—4);(0.2,0.3,0.5))%;
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+{((4,1 = B,1— B);(0.4,0.3,0.2))d5 — (4,1 — 3,1 — 3); (0.4,0.3, 0.2)>>
+u(<(1, 1—B,1—p):(0.2,0.3,0.5)& + (1,1 — 3,1 — 3); (0.2,0.3,0.5)) 5

—((2,1— 8,1 - B);(0.6,0.4, 0.1))) ~ 0.

Then the values of Z; and 3 are given by

(4Mk +2- Agk)) - <4uk +3- Agk)) _ 3\
a:gk) = 1 ! andacgk) _1 4x1 + 4 4:: : (5.3)
TaBLE 1. Iterations of the Augmented Lagrangian Method.

koop T T2 f (@)

o 1 (B1-B1-0):(06,04,05) (18161 F):(0.6,04,0.5) (975,151 );(0.6,0.4,0.5)
25 16 256

L1 (B1=B8.1-0):(06,04,05) (15,1 68,1—8):(0.6,0.4,0.5) (890,151~ £);(0.6,04,0.5)
20 16 256

5 00 (B.1-8,1-0):(06,04,05) (20,1 5,1 5):(0.6,04,0.5) (835,151 3);(0.6,0.4,0.5)
40 32 256

3 1000 (L1-B.1-5):(0.6,0.4,0.5) (117,151 5):(06,04,05) (822,1- 5,1~ ();(0.6,04,0.5)
128 128 256

4 10000 (1781 F):i(0.6,0.4,05) (59,1 8,1 F):;(0.6,0.4,05) (819,151~ B):(0.6,04,0.5)
16 64 256

5 100000 Brl=B1- f()a; (0.6,0.4,0.5) (59,1 — 3,1 —6ﬂ4); (0.6,0.4,0.5) (818,1— 3,1 —2556); (0.6,0.4,0.5)

Hence the optimal solution of the given SVNNLPP (5.2) is
_ <(57 1— 67 1— 5)7 (067 047 05)) s~ <(597 1— ﬁ? 1-— B)a (067 0'47 05))
(16,1 5,1 8);(0.6,04,05))" (64,1 — 5,1 B);(0.6,0.4,0.5))
. ((818,1—3,1—/);(0.6,0.4,0.5))

. PN _
with max " (21, 2Z2) = ((256,1 — 3,1 —f3);(0.6,0.4,0.5))"

That is the optimal solution of the SVNNLPP (5.1)is

—11000000 5 21
T1 = _— _—— — N . 4 .
€1 << 16 +B716716 5)’(0670 705)>’

) ~5 59 123
By — <<64 +8, 50 - B) ,(0.6,0.4,0.5)>

. SN 562 818 1074
with maxf'/’/(xl,xg) = <(256 + 3, 256’ 956 B) ;(0.6,0.4, 0.5)> )

The Neutrosophic optimal solution of the SVNNLPP (5.1) for different values of /3 is shown in Table

2 and in figure 1.
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TasLE 2. Single-valued neutrosophic optimal solution for various values of 8 € [0, 1].

B 7 To (@)
o (55,59,123);(0.6,04,05) (~11,5,21)5(0.6,04,05)  (362,818,1074);(0.6,04,0.5)
64 16 256
0ps  (1,59,107):(0.6,04,05)  (=7,5,17);(0.6,0.4,0.5)  (626,818,1010); (0.6,0.4,0.5)
64 16 256
s (2739.91)5(0.6,0.4,05)  (~3,5,13)5(0.6,0.4,0.5)  (690,818,946); (0.6,0.4,0.5)
64 16 256
ops (43,75,123)1(0.6,04,05)  (1,5,9):(0.6,04,05)  (754,818,882);(0.6,0.4,05)
64 16 256
L (95959 (LL1) 59 (5.55):(L1L1) _ 5 (SI88I8,818);(1,1,1) _ 818
64 64 16 16 256 256

1.00 4

(D)
0.60 it g
gl o

7 éflf

r - values

0.30 4

0.10 4

2.195

FiGure 1. Single-valued neutrosophic optimal solution for various values of 8 € [0, 1]

6. AN APPLICATION TO ADVERTISING STRATEGY

Himaja and Co. wishes to plan its advertising strategy for which there are two media under con-
sideration, namely Raja Cable and Srija Channel. Both Raja Cable and Srija Channel have a reach of
potential customers proportional to the square of the number of appearances. The cost per one-minute
advertisement is approximately Rs. 6,000 in Raja Cable and Rs. 9,000 in Srija Channel, respectively. The
total advertising budget available to Himaja and Co. is approximately Rs. 80,000 per month. Further-
more, the total reach among customers whose annual income is below Rs. 60,000 should not exceed
approximately 3,000 potential customers. The reach in Raja Cable and Srija Channel for this income
group is approximately 300 and 150 potential customers, respectively. The objective is to determine the

optimal number of one-minute advertisements in Raja Cable and Srija Channel so as to maximize the

total customer reach.
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The Single-valued neutrosophic nonlinear programming model is formulated as follows:
2

max f(X) ~ &2 + &4

subjectto 637 + 932 < 80,
(6.1)

where

Z1 = number of one-minute advertisements in Raja Cable,

Z9 = number of one-minute advertisements in Srija Channel.

Suppose that the coefficients in the objective function and in the constraints are uncertain and are

modeled as Single-valued triangular neutrosophic numbers, then the SVNNLPP (6.1) becomes

sub. to B{V(a?) ~  6i1 + 97y < 80
~ 3 } R (6.2)
by ()~ 2% + 1% < 80

%1, 39 = 0.

Q

Assume, 2 ~ (1,2,3);(0.6,0.3,0.2),1 ~ (0,1,2);(0.9,0.7,0.5),6 ~ (5,6,7);(0.8,0.6,0.4),9
(8,9,10); (0.6,0.3,0.6), 80 ~ (79,80, 81);(0.9,0.7,0.6), and 20 ~ (19, 20, 21); (0.8, 0.6, 0.4).
Now the SVNNLPP (6.2) becomes,

max ' (z) = (0,1,2); (0.9,0.7,0.5)#% 4 (0,1, 2); (0.9,0.7,0.5) 73

subject to (5,6,7); (0.8,0.6,0.4)F; + (8,9,10); (0.6,0.3,0.6)&, < (79,80, 81); (0.9,0.7,0.6)

(6.3)
(1,2,3);(0.6,0.3,0.2)71 + (0,1,2);(0.9,0.7,0.5)z2 < (19,20,21);(0.8,0.6,0.4))
1,79 = 0.
The parametric form of (6.3) is given by
max () = (1,1 —r,1—7);(0.9,0.7,0.5)%% 4 (0,1,2); (0.9,0.7,0.5) %3
subject to (5,6, 7); (0.8,0.6,0.4)z, + (8,9,10); (0.6,0.3,0.6)z2 = (79, 80,81);(0.9,0.7,0.6)
(6.4)

(1,2,3); (0.6,0.3,0.2)F1 + (0,1,2); (0.9,0.7,0.5)F5 =< (19,20,21); (0.8,0.6, 0.4))

F1, %9 > 0.
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Now the SVNNLPP (6.4) is converted into and equivalent minimization SVNNLPP as
min f(Z) = — (1,1 —r,1 —r);(0.9,0.7,0.5)Z% — (0,1,2); (0.9,0.7,0.5)Z3

subject to (5, 6,7); (0.8,0.6,0.4)& + (8,9,10); (0.6,0.3,0.6)F < (79,80,81); (0.9,0.7,0.6)

(6.5)
(1,2,3);(0.6,0.3,0.2)1 + (0,1,2);(0.9,0.7,0.5)Z2 < (19,20,21);(0.8,0.6,0.4))
F1,@9 = 0.
Construct the augmented Lagrangian neutrosophic valued function
Lale ) = F@) + > Abi(@) + 5> (hi(@)? (6.6)
i=1 i=1

Then the corresponding unconstrained optimization problem is
L@\ p) = —{((1,1—8,1—/);(0.9,0.7,0.5))77 — (1,1 — 8,1 — ); (0.9,0.7,0.5))73
+ M (((6,1—B,1—B);(0.8,0.6,0.4))F1 + ((9,1 — B,1 — $);(0.6,0.3,0.6)) 72
—((80,1 = 3,1 —0);(0.9,0.7,0.6))) + A2(((2,1 — 8,1 — 3);(0.6,0.3,0.2)) &4
+((1,1 - 8,1 - B);(0.9,0.7,0.5))&5 — ((20,1 — B,1 — B); (0.8,0.6,0.4)))

+ E(((6,1= 8,1 — B); (0.8,0.6,0.4))F + (9,1 — 8,1 — 8); (0.6,0.3,0.6))

2
— ((80,1— B,1— B); (0.9,0.7,0.6)))° + %(((2, 1- 5,1 B);(0.6,0.3,0.2))71

+((1,1=B,1—$):(0.9,0.7,0.5))F5 — (20,1 — 8,1 — 8); (0.8,0.6,0.4)))°.

By applying the the Augmented Lagrangian Method, the optimal solution of the SVNNLPP (6.2) is
i, = (8.3333, 10 — 1083, 10 — 103), (6.7)
Fy = (3.3333, 10 — 1083, 10 — 103), (6.8)
with the maximum objective function value
max f() = (80.2948, 10 — 108, 10 — 108).. (6.9)
Therefore, the optimal solution of the SVNNLPP (6.1) is
71 = (—1.6667 4 104, 8.3333, 18.3333 — 1053), (6.10)
iy = (—6.6667 + 1083, 3.3333, 13.3333 — 108) (6.11)
with the corresponding optimal objective function value

F(#) = (70.2948 + 108, 80.2948, 90.2948 — 103) . (6.12)
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TabLE 3. Optimal solution of the SVNNLPP (6.1) for different values of .

3 1 T JE(@)

0 | (—1.6667, 8.3333, 18.3333) | (—6.6667, 3.3333, 13.3333) | (70.2948, 80.2948, 90.2948)
0.25| (0.8333, 8.3333, 15.8333) | (—4.1667, 3.3333, 10.8333) | (72.7948, 80.2948, 87.7948)
0.5 | (3.3333, 8.3333, 13.3333) | (—1.6667, 3.3333, 8.3333) | (75.2948, 80.2948, 85.2948)
0.75 | (5.8333, 8.3333, 10.8333) (0.8333, 3.3333, 5.8333) | (77.7948, 80.2948, 82.7948)

1 (8.3333, 8.3333, 8.3333) (3.3333, 3.3333, 3.3333) | (80.2948, 80.2948, 80.2948)

= 8.3333 = 3.3333 = 80.2948

0.60 <

r - values

0.30 4

90.2948

80.2948

70.2948

Ficure 2. Single-valued neutrosophic optimal solution for various values of 3 € [0, 1]

Hence, Himaja and Co. should plan for

z1 = (—1.6667 + 103, 8.3333, 18.3333 — 100)

and

T9 = (—6.6667 + 1043, 3.3333, 13.3333 — 105)

appearances of one-minute advertisements in Raja Cable and Srija Channel, respectively, to achieve the
maximum total reach

F(#) = (70.2948 + 108, 80.2948, 90.2948 — 103) .



Asia Pac. J. Math. 2026 13:182 17 of 18

7. Resurrs anD Discussions

From Table 4, we see that the single-valued neutrosophic optimal solution obtained by the pro-
posed Augmented Lagrangian Method coincides with the single-valued neutrosophic optimal solution
obtained by Vanaja et al. [16] using the Karush-Kuhn-Tucker method. But the optimal solution is
obtained with fewer iterations by applying the proposed method.

TaBLE 4. Comparison of the Single-Valued Neutrosophic Optimal Solution

Value Vanaja et al. Proposed method

. (=11, 5, 21); (0.6,0.4,0.5) (—11, 5, 21); (0.6,0.4,0.5)
' 16 16

N (=5, 59, 123);(0.6,0.4,0.5) (—5, 59, 123);(0.6,0.4,0.5)

- 64 64

- (562, 818, 1074); (0.6,0.4,0.5) (562, 818, 1074); (0.6,0.4,0.5)
256 256

8. CoNCLUSION

We discussed a solution concept for SVNNLPP involving neutrosophic triangular numbers. First,
the given SVNNLPP is expressed in terms of its location index number, left and right fuzziness index
functions. In the parametric form of neutrosophic numbers, a new type of neutrosophic arithmetic
and neutrosophic ranking are introduced and utilized. The neutrosophic versions of the Augmented
Lagrangian (ALM) method is used, and the neutrosophic optimal solution of the SVNNLPP is obtained
without having to convert the given problem into its equivalent crisp form. The neutrosophic optimal
solution of the given SVNNLPP is tabulated for different values of § € [0, 1]. It is important to note
that by utilizing the suggested procedure and selecting an appropriate value for 5 € [0, 1], the decision
maker has the flexibility to select his or her preferred optimal solution based on the situation. The

numerical solutions have been presented and discussed.
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