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Abstract. Let K be the function field of a smooth projective variety over an algebraically closed field

of characteristic zero. We study sequential projective dynamics Pn+1 = Φn(Pn), where the morphisms

have fixed degree r ≥ 2, relative to moving hypersurfaces Dn = V (Gn) of fixed degree δ. Assume that

h(Pn) → ∞, that h(Φn) + h(Gn+1) = o(h(Pn)), and that each pullback Gn+1 ◦ Φn admits q selected

pairwise nonassociate K-defined factors in general position. Put CN = ⌊(N + 2)2/4⌋. If q > CN , then for

every 0 ≤ θ < (q − CN )/(δr) only finitely many n satisfy Pn+1 /∈ Dn+1 and

NS(Dn+1, Pn+1) ≤ θ
(︁
δh(Pn+1) + h(Gn+1)

)︁
.

In particular, the set of strict integral times is finite. The proof uses a function-field Subspace Theorem for

moving hypersurfaces without algebraic nondegeneracy, a minimal coefficient-field variety, and resultant

estimates for pullback errors.
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1. Introduction

Integral and quasi-integral points in arithmetic orbits have been studied since Silverman’s work on

rational maps [1]. Over function fields, integral orbits and effective quasi-integrality were studied

in [4, 5]; higher-dimensional and uniform variants are treated in [2, 3, 6, 7]. Here we study finiteness of

quasi-integral times over function fields when both the morphism and the target divisor vary along the

sequence.

We consider the non-autonomous system

Pn+1 = Φn(Pn), n ≥ 0, (1)
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whereΦn : PNK → PNK has fixed degree r ≥ 2. Height theory for sequences of morphisms was developed

in [8, 9]; semigroup quasi-integrality over number fields was considered in [10]. Our base field is

K = k(B), with B smooth projective and k algebraically closed of characteristic zero. Fix a finite set S

of prime divisors and moving hypersurfaces Dn = V (Gn) of fixed degree δ. For P /∈ Dn, put

NS(Dn, P ) =
∑︂
p/∈S

λp,Gn(P ),

where λp,Gn is the associated local Weil function. The product formula gives∑︂
p∈MK

λp,Gn(P ) = δh(P ) + h(Gn).

Thus NS(Dn, P ) = 0 is strict S-integrality relative to the moving target, while an upper bound by a

fixed proportion of the total height expresses quasi-integrality. PullingDn+1 back throughΦn produces

moving hypersurface factors; the main Diophantine difficulty is that the points may be algebraically

degenerate over their moving coefficient field.

This one-step formulation differs from iteration by a fixed morphism. The factor family and its

coefficient field change with n, so a moving-target theorem requiring algebraic nondegeneracy cannot

be applied directly. We therefore seek an argument that depends only on relative height growth and

the distinct pullback factors, without requiring canonical heights or a finite collection of maps. These

requirements motivate the two auxiliary estimates developed below.

The main Diophantine input is a Subspace Theorem for moving hypersurfaces over function fields.

Fixed-target results include [12–15]; moving-target forms were developed in [16–21]. Over function

fields, moving hyperplanes were treated in [24], while the moving-hypersurface theorem of [25]

assumes algebraic nondegeneracy over the coefficient field. Degenerate fixed-target results are given

in [22,23]. Over number fields, Ji, Yan, and Yu [28, Theorems 1.1 and 1.2] proved amoving-hypersurface

estimate without algebraic nondegeneracy and applied it to sequences of semi-decomposable form

inequalities.

We follow the minimal-variety strategy of [26, Theorem 8 and its proof]; see also Section 3 of that

paper. Quang’s theorem is stated over number fields and involves a distributive constant; it does not

directly supply the function-field, general-position, cofinite estimate proved here. Persistent relations

define a minimal projective variety over the moving coefficient field; Wang’s theorem supplies the

hyperplane estimate, divisorial valuations replace number-field norms, and an explicit colon-ideal ar-

gument avoids any Cohen–Macaulay assumption. Unlike [25], no algebraic nondegeneracy is imposed,

although the resulting universal constant is larger than the coefficient N + 1 in the nondegenerate case.

The proof uses one filtration at a time.

The minimal variety is defined overRA,Q and need not descend to a fixedK-variety, so replacement

and filtration are carried out in its homogeneous coordinate ring. The argument has three components: a
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cofinite moving-hypersurface estimate over function fields without nondegeneracy, a resultant-transfer

estimate uniform in the varying morphism, and the finiteness criterion obtained by combining these

tools with the product formula. The dynamical step uses only relative height growth and does not

require a Northcott property.

For functions on an infinite index set, a = o(g)means that |a(α)| ≤ εg(α) outside a finite subset for

every ε > 0; the same convention applies after restriction.

Put

CN =

⌊︃
(N + 2)2

4

⌋︃
. (2)

Theorem 4.4 proves the required moving-hypersurface estimate with coefficient CN and no algebraic

nondegeneracy assumption. On a minimal coefficient-field variety of dimension ℓ, its proof first obtains

the sharper coefficient (N − ℓ+ 1)(ℓ+ 1) and then maximizes over 1 ≤ ℓ ≤ N .

The main result is the following.

Theorem 1.1 (Main theorem). Let (Pn) satisfy (1), where every Φn has degree r ≥ 2, and let Dn = V (Gn)

have degree δ. Assume that

h(Pn) −→ ∞ and h(Φn) + h(Gn+1) = o(h(Pn)).

Suppose that, for every sufficiently large n, there is a factorization with the same fixed integer q ≥ 1:

Gn+1 ◦ Φn = cnUn

q∏︂
j=1

Q
an,j
n,j ,

where cn ∈ K∗, Un is a nonzero homogeneous polynomial, and the Qn,j are pairwise nonassociate nonconstant

homogeneous polynomials overK, with dn,j := degQn,j ∈ Z>0 and an,j ∈ Z≥1. Thus q counts selected distinct

factors; neither their multiplicities an,j nor any further factor occurring in Un increases q. Assume that every

N + 1 of the hypersurfaces V (Qn,j) have empty intersection in PN (K). If q > CN , then, for every real number

0 ≤ θ <
q − CN
δr

,

there are only finitely many indices n for which Pn+1 /∈ Dn+1 and

NS(Dn+1, Pn+1) ≤ θ
(︁
δh(Pn+1) + h(Gn+1)

)︁
. (3)

The condition Pn+1 /∈ Dn+1 ensures that the counting function appearing in the statement is defined.

The case θ = 0 gives finiteness of strict integral times. The theorem does not require the maps or

divisors to belong to a finite collection, and it imposes no algebraic nondegeneracy condition on the

orbit.

The proof combines the following two estimates:

(3), product formula =⇒
∑︂
p∈S

q∑︂
j=1

1

dn,j
λp,Qn,j (Pn) ≥ (q − θδr)h(Pn)− o(h(Pn)),



Asia Pac. J. Math. 2026 13:184 4 of 30

(41) =⇒
∑︂
p∈S

q∑︂
j=1

1

dn,j
λp,Qn,j (Pn) ≤ (CN + o(1))h(Pn).

The resultant estimates contribute only an o(h(Pn)) error. Hence an infinite set of quasi-integral times

would imply q − CN ≤ θδr.

Sections 2–4 develop the Diophantine input, Sections 5–6 prove the dynamical result, and Section 7

gives examples.

2. Function-Field Heights and Moving Targets

We fix the notation used throughout the paper. We use the normalization for moving targets over

function fields from [24,25].

2.1. Valuations and heights. Let B be a smooth projective variety over an algebraically closed field k

of characteristic zero, and letK = k(B). Fix a projective embedding of B. We denote byMK the set

of prime divisors of B and by deg p the projective degree of p. We use the convention ordp(0) = +∞

when taking minima of coefficient or coordinate orders. For a ∈ K∗, the product formula is∑︂
p∈MK

ordp(a) deg p = 0. (4)

For a ∈ K, set h(a) = h([1 : a]). Thus h(0) = 0, and for a ̸= 0,

h(a) = −
∑︂

p∈MK

min{0, ordp(a)} deg p.

In particular, for a ∈ K∗ and each fixed p,

|ordp(a)| deg p ≤ h(a). (5)

Let P = [x0 : · · · : xN ] ∈ PN (K). Set ep(x) = mini ordp(xi). The height of P is

h(P ) = −
∑︂

p∈MK

ep(x) deg p. (6)

By (4), this definition is independent of the chosen homogeneous coordinates.

Let

Q =
∑︂
|I|=d

aIX
I ∈ K[X0, . . . , XN ]

be a nonzero homogeneous polynomial of degree d. Set

ep(Q) = min
I

ordp(aI).

We define

h(Q) = −
∑︂

p∈MK

ep(Q) deg p. (7)

Thus h(Q) is the height of its coefficient point, and h(cQ) = h(Q) for every c ∈ K∗.



Asia Pac. J. Math. 2026 13:184 5 of 30

If Φ = [F0 : · · · : FN ] : PN → PN is a morphism of degree r, where the Fi have no common nontrivial

zero, set

ep(Φ) = min
0≤i≤N

ep(Fi), h(Φ) = −
∑︂

p∈MK

ep(Φ) deg p.

This is again independent of a common scalar multiple of the Fi.

2.2. Local Weil functions. For P /∈ V (Q), define

λp,Q(P ) =
(︁
ordpQ(x)− dep(x)− ep(Q)

)︁
deg p. (8)

The ultrametric inequality shows that λp,Q(P ) ≥ 0. This quantity is unchanged if either x or Q is

multiplied by a nonzero element ofK.

The Gauss property of the divisorial valuation gives ep(QR) = ep(Q) + ep(R). Hence, whenever the

values involved are defined,

λp,QR(P ) = λp,Q(P ) + λp,R(P ), h(QR) = h(Q) + h(R). (9)

Both identities in (9) are exact. Scalar invariance follows from the product formula. Applying (4) to

Q(x) ∈ K∗ yields the global identity∑︂
p∈MK

λp,Q(P ) = dh(P ) + h(Q). (10)

2.3. Movinghypersurfaces and coefficient fields. LetΛ be an infinite index set. Amoving hypersurface

of positive degree d ∈ Z>0 is a family

Q(α) =
∑︂
|I|=d

aI(α)X
I , α ∈ Λ,

where aI(α) ∈ K and the coefficients are not all zero. We consider a finite family Q = {Q1, . . . , Qq},

with degQj = dj .

Let A ⊂ Λ be infinite. Denote by R0
A the ring of equivalence classes of maps from cofinite subsets of

A toK, where two maps are identified if they agree outside a finite subset. Constant maps identifyK

with a subfield ofR0
A.

Write aj(α) for the coefficient vector of Qj(α). The set A is coherent with respect to Q if, for every

polynomial F overK that is homogeneous in each block of variables corresponding to a1, . . . ,aq, the

function

α ↦−→ F
(︁
a1(α), . . . ,aq(α)

)︁
either vanishes for all α ∈ A or vanishes at only finitely many indices. Every infinite index set contains

an infinite coherent subset; see [24, Lemma 4] for the hyperplane coefficient-block precedent. The same

Noetherian argument applied to the enlarged finite family of hypersurface coefficient blocks and one

additional point block gives the extension used here. Moreover, every infinite subset of a coherent set
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remains coherent, and the corresponding normalized coefficient fields are canonically identified by

restriction.

Choose homogeneous coordinates x(α) = (x0(α), . . . , xN (α)) for a moving point x(α). We say that

A is coherent with respect to Q and x if the same zero alternative holds for every polynomial overK

that is homogeneous in each coefficient block aj and homogeneous in the additional block x. This

property is independent of rescaling the individual blocks after restricting to a cofinite subset. The

usual Noetherian coherence argument applies to the enlarged finite collection of blocks, exactly as in

the joint-coherence construction of [26, Section 3]. Thus every infinite index set has an infinite subset

coherent with respect to Q and x.

For each j, choose a coefficient aj,Ij that is nonzero on a cofinite subset of A. The normalized

coefficient fieldRA,Q is the fraction field of the integral domain overK generated inR0
A by

aj,I
aj,Ij

, 1 ≤ j ≤ q, |I| = dj .

Coherence implies that this definition is independent of the discarded finite subsets. A different choice

of the normalizing coefficients gives the same field.

If A is jointly coherent and F ∈ RA,Q[X0, . . . , XN ] is homogeneous, then

F (x(α)) = 0 for infinitely many α =⇒ F (x(α)) = 0 outside a finite subset of A.

This follows by clearing denominators and multihomogenizing the coefficient and point blocks.

Lemma 2.1 (Coefficient–point domain and persistent kernel). Assume that A is jointly coherent with

respect to a finite moving familyQ and a point family x. Choose a coordinate xi0 which is nonzero outside a finite

subset of A, and put

zi = xi/xi0 (0 ≤ i ≤ N), zi0 = 1.

Let TA,x be the subring of R0
A generated by RA,Q and the germs zi. Then TA,x is an integral domain. If

E = Frac(TA,x), the homomorphism

evx : RA,Q[X0, . . . , XN ] −→ E[T ], Xi ↦−→ ziT,

has a homogeneous prime kernel. For each d ≥ 0, put

Ix,d =
{︁
F ∈ RA,Q[X0, . . . , XN ]d : F (α)(x(α)) = 0 outside a finite subset of A

}︁
,

where the subscript d denotes the homogeneous degree-d component. Then

ker(evx) = Ix :=
⨁︂
d≥0

Ix,d.
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Proof. Take an element of TA,x and write it as a polynomial in finitely many coefficient-field elements

and the zi. Replace each coefficient-field element by a quotient of polynomials in the normalized

coefficient ratios, clear all denominators, and restrict to the common cofinite subset on which these

denominators and xi0 are nonzero. If the resulting homogeneous polynomial were the zero germ,

the original element would be zero in R0
A. Otherwise joint coherence says that its value vanishes at

only finitely many indices. Thus every nonzero element of TA,x is nonzero outside a finite subset. The

product of two such elements has the same property, so TA,x has no zero divisors.

The evaluation map is therefore well-defined, and its kernel is prime because E[T ] is a domain. If

F =
∑︁

d Fd is the homogeneous decomposition, then

evx(F ) =
∑︂
d

Fd(z0, . . . , zN )T
d.

This is zero exactly when every coefficient Fd(z0, . . . , zN ) is zero in E. Since Fd is homogeneous and

xi0 is nonzero outside a finite subset, this is equivalent to Fd ∈ Ix,d for every d. Hence the kernel is

homogeneous and equals
⨁︁

d≥0 Ix,d. □

Remark 2.2 (Descent obstruction). ForK = k(t) and n ∈ Z≥0, let

Qn = X1 − tnX0, x(n) = [1 : tn : tn
2
], a(n) = tn.

Then X1 − aX0 = 0 is persistent, whereas no fixedK-hyperplane contains a cofinite subfamily, since

det(1, tni , tn
2
i )3i=1 ̸= 0 (n1 < n2 < n3).

Indeed, in the expansion of this determinant the monomial tn2+n2
3 has strictly larger exponent than

every other monomial and occurs with coefficient 1. Here Qn(x(n)) = 0, so the avoidance hypothesis

fails.

Lemma 2.3 (Cofinite extraction principle). Let P(α) be a property indexed by an infinite set Λ. Assume that

every infinite subset T ⊂ Λ contains an infinite subset A ⊂ T such that P(α) holds for all but finitely many

α ∈ A. Then P(α) holds outside a finite subset of Λ.

Proof. If the failure set were infinite, take it for T . The hypothesis would produce an infinite subset A

of failures on which the property holds after deleting finitely many indices, a contradiction. □

When A is jointly coherent, every infinite subset of A is jointly coherent as well. In particular,

restriction induces an injective map on the normalized coefficient field: a nonzero class cannot become

zero after restriction, since that would give infinitely many zeros onA. Thus a persistent relation cannot

be created by any of the further infinite refinements used below.
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The family Q is in general position if there is a cofinite subset Λ0 ⊂ Λ such that, for every α ∈ Λ0

and every set of distinct indices j0, . . . , jN , the equations

Qj0(α) = · · · = QjN (α) = 0

have no common point in PN (K). Equivalently, every N + 1 members have nonzero resultant on a

cofinite subset.

Let x : Λ → PN (K) be a family of points with h(x(α)) → ∞. We say that Qj moves slowly with

respect to x if

h(Qj(α)) = o(h(x(α))). (11)

If every member of Qmoves slowly, then each f ∈ RA,Q satisfies

h(f(α)) = o(h(x(α))) (12)

on a cofinite subset on which f is defined. This follows from the standard height inequalities for sums,

products, and quotients inK.

The family x is linearly nondegenerate with respect to Q if, for every infinite coherent subset A ⊂ Λ,

its coordinate functions are linearly independent over RA,Q. It is algebraically nondegenerate with

respect toQ if, for every suchA, no nonzero homogeneous polynomial inRA,Q[X0, . . . , XN ] vanishes at

x(α) outside a finite subset of A. These notions will be used only inside the proofs of the moving-target

theorems. No algebraic nondegeneracy assumption is imposed on the dynamical sequence in the main

theorem.

2.4. Moving counting functions. Let D(α) = V (G(α)) be a moving hypersurface of degree δ and let

P (α) /∈ D(α). For a finite subset S ⊂MK , set

NS(D(α), P (α)) =
∑︂
p/∈S

λp,G(α)(P (α)). (13)

By (10), the total height relative to D(α) is

TD(α)(P (α)) = δh(P (α)) + h(G(α)). (14)

We call P (α) strictly S-integral with respect to D(α) if NS(D(α), P (α)) = 0. Given θ ≥ 0, it is θ-quasi-

integral if

NS(D(α), P (α)) ≤ θTD(α)(P (α)). (15)

All these definitions are unchanged when G(α) is multiplied by an arbitrary element ofK∗.
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3. A Maximum Theorem for Moving Hyperplanes

Let L1, . . . , Lt be fixedK-linear forms onKm+1, let IL be the collection of subsets on which they are

linearly independent overK.

Proposition 3.1 (Fixed-target maximum form of Wang). Let S ⊂ MK be finite and let L1, . . . , Lt be

nonzero fixedK-linear forms onKm+1. There is a finite union Z of properK-linear subspaces of Pm, depending

only on the forms. For every ε > 0 there are constants c0(ε), c1(ε), depending on the displayed data and ε, such

that every z ∈ Pm(K) satisfying

z /∈ Z ∪
t⋃︂

j=1

V (Lj), h(z) > c0(ε),

also satisfies ∑︂
p∈S

max
J∈IL

∑︂
j∈J

λp,Lj (z) ≤ (m+ 1 + ε)h(z) + c1(ε). (16)

This isWang’sMain Theorem [11,Main Theorem]with the local normalization−ep(Lj) deg p inserted.

For fixed forms and finite S, the resulting difference is O(1). The exceptional set Z is independent of ε.

LetH = {H1, . . . ,Hq} be moving hyperplanes in PM (K) indexed by an infinite set Λ. Write

Lj(α)(X) =

M∑︂
i=0

aj,i(α)Xi

for a defining linear form. For each α, let I(α) be the collection of subsets J ⊂ {1, . . . , q} for which the

forms Lj(α), j ∈ J , are linearly independent overK.

Proposition 3.2 (Maximum moving-hyperplane theorem). Let S ⊂MK be finite and let y : Λ → PM (K)

satisfy h(y(α)) → ∞. Assume that:

(1) y is linearly nondegenerate with respect toH;

(2) h(Hj(α)) = o(h(y(α))) for 1 ≤ j ≤ q;

(3) y(α) /∈
⋃︁q
j=1Hj(α) outside a finite subset.

Then, for every ε > 0, inequality∑︂
p∈S

max
J∈I(α)

∑︂
j∈J

λp,Hj(α)(y(α)) ≤ (M + 1 + ε)h(y(α)) (17)

holds outside a finite subset of Λ.

Proof. If S = ∅, the left-hand side is zero and the proposition is immediate. Assume from now on that

S ̸= ∅.

Fix ε > 0. By Lemma 2.3, it suffices to work on an infinite coherent subset A. Normalize each Lj by a

coefficient that is nonzero outside a finite subset of A:

Lj(α)(X) =
M∑︂
i=0

ξj,i(α)Xi,
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where one coefficient is 1 and every ξj,i belongs to RA,H. By the slow-movement assumption and (12),

h(ξj,i(α)) = o(h(y(α))). (18)

Each rank condition is expressed by finitely many coefficient minors, so coherence makes the collec-

tion I(α) constant outside a finite subset of A. Since S and this collection are finite, we may pass to

a further infinite subset and choose, for every p ∈ S, a fixed set Jp at which the maximum in (17) is

attained. OverRA,H, complete the forms with indices in Jp to a basis

Lp,0, . . . , Lp,M

of the dual vector space, choosing the additional forms among the coordinate forms. The determinant

of this basis is a nonzero element of RA,H; by coherence, after deleting finitely many indices its

specialization is aK-basis for every p ∈ S. Since local Weil functions are nonnegative, it is enough to

prove ∑︂
p∈S

M∑︂
l=0

λp,Lp,l(α)(y(α)) ≤ (M + 1 + ε)h(y(α)). (19)

Let C be the finite set of normalized coefficients of all the forms Lp,l. For s ≥ 0, let V (s) be the

K-vector subspace of RA,H generated by the monomials of total degree at most s in the elements of C.

Put us = dimK V (s). Then V (s) ⊂ V (s+ 1), and the standard Hilbert-function argument gives

lim inf
s→∞

us+1

us
= 1. (20)

This is the coefficient-space estimate used in Wang’s proof of the function-field subspace theorem [11];

see also [24].

Choose η > 0 with (M + 1)η < ε/3, and then choose s such that us+1 ≤ (1 + η)us. Take a K-basis

b1, . . . , bus+1 of V (s+ 1) such that b1 = 1 and b1, . . . , bus is a basis of V (s). Define

Y (α) = [bµ(α)yi(α)]1≤µ≤us+1, 0≤i≤M ∈ P(M+1)us+1−1(K). (21)

The functions bµ are small with respect to y. From the definition of height,

h(Y (α)) = h(y(α)) + o(h(y(α))). (22)

Write

Lp,l =
M∑︂
i=0

ap,l,iXi.

For 1 ≤ ν ≤ us, multiplication by each coefficient maps bν into V (s+1), so there are unique cp,l,ν,i,µ ∈ K

such that

ap,l,ibν =

us+1∑︂
µ=1

cp,l,ν,i,µbµ.
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Thus the fixedK-linear form

˜︁Lp,l,ν(Y ) =

M∑︂
i=0

us+1∑︂
µ=1

cp,l,ν,i,µYµ,i

satisfies ˜︁Lp,l,ν(Y ) = bνLp,l(y). Denote its hyperplane in P(M+1)us+1−1(K) by ˜︁Hp,l,ν . For each fixed p ∈ S,

the hyperplanes ˜︁Hp,l,ν , 0 ≤ l ≤M, 1 ≤ ν ≤ us,

are linearly independent overK. Indeed, a linear relation among their defining forms gives

M∑︂
l=0

clLp,l = 0, cl ∈ V (s).

The formsLp,l are independent overRA,H, so every cl is zero. The independence of b1, . . . , bus then gives

the assertion. By the injectivity of coherent restriction noted in Section 2, thisK-linear independence

persists after every coherent refinement used below.

After a finite deletion, bνLp,l(y) ̸= 0. This follows from hypothesis (3) for the original forms, from

linear nondegeneracy for the added coordinate forms, and from bν ̸= 0 in the coefficient field.

Apply Proposition 3.1 in dimension (M + 1)us+1 − 1. If Y lay in a fixed exceptional subspace on an

infinite subset, then, after a coherent refinement, one of the nonzero fixed linear equations defining

that subspace would give
M∑︂
i=0

us+1∑︂
µ=1

cµ,ibµ(α)yi(α) = 0, cµ,i ∈ K,

outside a finite subset. Put ai =
∑︁us+1

µ=1 cµ,ibµ. Then ai ∈ RA,H. Not all the ai are zero: otherwise the

K-linear independence of b1, . . . , bus+1 would force every cµ,i to vanish. We would therefore obtain the

nontrivial relation
M∑︂
i=0

aiyi = 0

over RA,H, contrary to linear nondegeneracy. Thus the fixed exceptional set is avoided outside a finite

subset. The bounded-height alternative is excluded by (22). Proposition 3.1 therefore yields, for any

ε0 > 0, the following estimate. For each p, the displayed subfamily is linearly independent and is

therefore bounded by the local maximum in Wang’s theorem:

∑︂
p∈S

M∑︂
l=0

us∑︂
ν=1

λ
p, ˜︁Hp,l,ν

(Y (α)) ≤
(︁
(M + 1)us+1 + ε0

)︁
h(Y (α)) +O(1). (23)

By construction, ˜︁Lp,l,ν(Y (α)) = bν(α)Lp,l(α)(y(α)).

Moreover,

ep(Y (α)) = ep(y(α)) + min
1≤µ≤us+1

ordp bµ(α).



Asia Pac. J. Math. 2026 13:184 12 of 30

Since S is finite and all the bµ and the coefficients of the moving forms are small, (5) gives

λ
p, ˜︁Hp,l,ν

(Y (α)) = λp,Lp,l(α)(y(α)) + o(h(y(α))) +O(1), (24)

uniformly for the finitely many indices involved.

Summing (24), using (22) in (23), and dividing by us, we obtain

∑︂
p∈S

M∑︂
l=0

λp,Lp,l(α)(y(α)) ≤
(︃
(M + 1)

us+1

us
+
ε0
us

+ o(1)

)︃
h(y(α)).

Choose ε0 > 0 sufficiently small and restrict A so that the o(1) term is smaller than the remaining part

of ε. The choice of s then gives (19), and hence (17). Lemma 2.3 now shows that the failure set of (17)

is finite. □

4. Slowly Moving Hypersurfaces without Nondegeneracy

We next pass from hyperplanes to hypersurfaces. The point family may be algebraically degenerate

over the moving coefficient field. We replace the ambient projective space by the smallest variety

defined over that field on which the family is algebraically nondegenerate.

We use the following replacement statement.

Lemma 4.1 (Uniform replacement). Let F be a field containing the infinite field k, let W ⊂ PNF be an

irreducible projective variety of dimension ℓ ≥ 1, and let Q1, . . . , QN+1 ∈ F [X0, . . . , XN ] be homogeneous

polynomials of the same positive degree. Assume that the Qi have no common zero in PN (F ) and thatW is not

contained in any V (Qi). Then there are constants ct,j ∈ k and polynomials

P0 = Q1, Pt =
N−ℓ+t+1∑︂

j=1

ct,jQj , 1 ≤ t ≤ ℓ,

such thatW ̸⊂ V (Pt) for 0 ≤ t ≤ ℓ and

dim

(︄
W ∩

t⋂︂
i=0

V (Pi)

)︄
≤ ℓ− t− 1, 0 ≤ t ≤ ℓ. (25)

In particular,W ∩
⋂︁ℓ
i=0 V (Pi) = ∅.

Proof. SinceW ̸⊂ V (Q1), the assertion holds for t = 0. Suppose that P0, . . . , Pt−1 have been chosen.

Every component of dimension ℓ− t in

W ∩
t−1⋂︂
i=0

V (Pi)

fails to be contained in at least one of V (Q1), . . . , V (QN−ℓ+t+1). Otherwise that component would be

contained in an intersection of dimension at most ℓ− t− 1. To verify this bound, putm = N − ℓ+ t+1.

Since the full collection has no common projective zero, the homogeneous ideal (Q1, . . . , QN+1) has
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heightN +1. The generalized principal ideal theorem, applied successively in the catenary polynomial

ring F [X0, . . . , XN ], says that deleting one generator can lower the height by at most one. Hence

ht(Q1, . . . , Qm) ≥ (N + 1)− (N + 1−m) = m.

The reverse inequality follows from Krull’s height theorem. The same height calculation holds after

extension to F , so the corresponding projective dimension bound is valid geometrically. Therefore

ht(Q1, . . . , Qm) = m, and

dimV (Q1, . . . , Qm) ≤ N −m = ℓ− t− 1.

For each of the finitely many components, the coefficient vectors producing a linear combination that

vanishes identically on that component form a proper F -linear subspace of FN−ℓ+t+1. The coefficient

vectors for which the same combination vanishes identically on W form another proper F -linear

subspace, because none of the Qj contains W . The intersection of each of these subspaces with

kN−ℓ+t+1 is a proper k-linear subspace, since the standard basis over k spans the ambient space over F .

Because k is infinite, finitely many such subspaces cannot cover kN−ℓ+t+1. We may therefore choose

the ct,j in k so that Pt contains neitherW nor any component of maximal dimension. This proves (25)

by induction. □

The following algebraic computation is used in the filtration argument and is valid without assuming

that the homogeneous coordinate ring is Cohen–Macaulay.

Lemma 4.2 (Hilbert-weight asymptotics). Let R be a field and fix an algebraic closure R of R. Let

A = R[X0, . . . , XN ]/I

be a standard graded domain such thatW = Proj(A) has dimension ℓ ≥ 1 and degree∆. LetD1, . . . , Dℓ ∈ A be

homogeneous elements of the same positive degree d. Assume that the geometric intersectionWR∩V (D1, . . . , Dℓ)

has dimension at most zero, whereWR =W ×R R. For L divisible by d, put

τL = {i ∈ Zℓ≥0 : d|i| ≤ L}

and order τL lexicographically, with the convention that at the first coordinate where two multi-indices differ, the

one with the larger coordinate comes later. Filter AL by

Fi(L) =
∑︂
e∈τL
e≥lexi

De1
1 · · ·Deℓ

ℓ AL−d|e|.

If i+ is the successor of i in τL, set

∆i(L) = dimR

(︁
Fi(L)/Fi+(L)

)︁
,
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and set Fi+(L) = 0 when i is maximal in τL. Then∑︂
i∈τL

∆i(L)it =
∆Lℓ+1

(ℓ+ 1)!d
+O(Lℓ), 1 ≤ t ≤ ℓ. (26)

The implied constant may depend onW and the Di, but not on L.

Proof. Put J = (D1, . . . , Dℓ). The hypothesis on the common zero set and faithful flatness of R/R give

dim(A/J ) ≤ 1. For every minimal prime q over J , Krull’s height theorem and the dimension formula

give

dim(A/J ) ≥ dim(A/q) = ℓ+ 1− ht q ≥ 1.

Thus dim(A/J ) = 1 and htJ = ℓ. For the Corvaja–Zannier filtration [27], we use the colon-space

argument of [29, Section 3]; no Cohen–Macaulay hypothesis is imposed.

For i ∈ Zℓ≥0 and n ≥ 0, put

Ji,n =

⎧⎪⎪⎪⎨⎪⎪⎪⎩γ ∈ An : Diγ ∈
∑︂

e∈Zℓ≥0

e>lexi

DeAn+d|i|−d|e|

⎫⎪⎪⎪⎬⎪⎪⎪⎭ ,

where Di = Di1
1 · · ·Diℓ

ℓ and a graded component of negative degree is understood to be zero. Then

Ji =
⨁︁

n≥0 Ji,n is a homogeneous ideal: multiplication of a defining relation by a ∈ As puts aγ in

Ji,n+s. Multiplication by Di induces an isomorphism

Fi(L)/Fi+(L) ≃ AL−d|i|/Ji,L−d|i|. (27)

The map γ ↦→ Diγ is surjective and has kernel Ji,L−d|i|.

If j− i ∈ Zℓ≥0, multiplying a defining relation for Ji by Dj−i gives

Ji ⊆ Jj. (28)

The set of ideals {Ji : i ∈ Zℓ≥0} is finite. Indeed, if infinitely many distinct ideals occurred, choose

one multi-index for each of them. Dickson’s lemma gives an infinite componentwise nondecreasing

subsequence

i1 ≤ i2 ≤ · · · .

After deleting repetitions of multi-indices, the corresponding ideals remain pairwise distinct. Equa-

tion (28) would then give the strictly increasing chain

Ji1 ⊊ Ji2 ⊊ · · · ,

contrary to the ascending-chain condition in the Noetherian ring A.
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For every i, J ⊆ Ji, since DiDtγ = Di+etγ occurs later in the lexicographic order. Since Proj(A/J )

is zero-dimensional,

ci(n) = dimR

(︁
An/Ji,n

)︁
is uniformly bounded and eventually constant. Since only finitely many ideals Ji occur, the maximum

of their stabilization indices gives an integer n0 valid for every i. The same finiteness, together with

J ⊆ Ji, gives a single bound for all the values ci(n), including the finitely many degrees n ≤ n0.

Let ci denote this stable value, choose i0 for which ci0 is minimal, and set c0 = ci0 . If i − i0 ∈ Zℓ≥0,

then (28) gives ci ≤ ci0 ; minimality therefore gives ci = c0. Form = L/d, define the interior set

τ0L =
{︂
i ∈ τL : L− d|i| > n0, i− i0 ∈ Zℓ≥0

}︂
.

Its complement has O(Lℓ−1) elements: a fixed-width boundary shell and the strips it < (i0)t. By (27),

∆i(L) = c0 (i ∈ τ0L), ∆i(L) = O(1) (i ∈ τL), (29)

uniformly in i and L.

The successive quotients exhaust AL. Hence the Hilbert polynomial ofW and (29) give

∆Lℓ

ℓ!
+O(Lℓ−1) = dimRAL =

∑︂
i∈τL

∆i(L) = c0
Lℓ

dℓℓ!
+O(Lℓ−1).

Thus

c0 = ∆dℓ. (30)

it = O(L) on τL. The boundary estimate in (29), together with (30), therefore gives∑︂
i∈τL

∆i(L)it = ∆dℓ
∑︂
i∈τL

it +O(Lℓ).

The lattice identity ∑︂
i∈Zℓ≥0

|i|≤m

it =

(︃
m+ ℓ

ℓ+ 1

)︃
=

mℓ+1

(ℓ+ 1)!
+O(mℓ)

now gives ∑︂
i∈τL

∆i(L)it = ∆dℓ
(︃
L/d+ ℓ

ℓ+ 1

)︃
+O(Lℓ) =

∆Lℓ+1

(ℓ+ 1)!d
+O(Lℓ).

This proves (26). □

The next lemma applies this computation to a different system of parameters at each place in S.

Lemma 4.3 (Filtration estimate). Let S ⊂MK be finite, letQ be a finite family of moving hypersurfaces on an

infinite index set A, and let x : A→ PN (K) satisfy h(x(α)) → ∞. Assume that A is jointly coherent with Q
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and x, put R = RA,Q, and assume that every element of R is small with respect to x. Let Ix ⊂ R[X0, . . . , XN ]

be the full homogeneous ideal of relations of x, and fix an algebraic closure R of R. Put

W = Proj(R[X0, . . . , XN ]/Ix).

Assume that W is irreducible of dimension ℓ ≥ 1. For every p ∈ S, let Pp,0, . . . , Pp,ℓ ∈ R[X0, . . . , XN ] be

homogeneous polynomials of the same positive degree d, with coefficients small relative to x, and assume that

their geometric common zero set onWR = W ×R R is empty. Assume also that Pp,t(α)(x(α)) ̸= 0 outside a

finite subset, for all p ∈ S and 0 ≤ t ≤ ℓ. Then, for every ε > 0, after passing to an infinite subset of A,

1

d

∑︂
p∈S

ℓ∑︂
t=0

λp,Pp,t(α)(x(α)) ≤ (ℓ+ 1 + ε)h(x(α)). (31)

Proof. If S = ∅, the left-hand side of (31) is zero, so the assertion is immediate. Assume from now on

that S ̸= ∅.

The Nullstellensatz gives a commonm ≥ d and homogeneous Cp,k,t of degreem− d such that

Xm
k −

ℓ∑︂
t=0

Cp,k,tPp,t ∈ Ix.

Their coefficients are small. Fix p and choose k with ordp xk = ep(x). In the identity above, at least one

nonzero summand on the right has order at mostmep(x). For such a summand, the definition of the

local Weil function (and degCp,k,t = m− d) gives

ordp
(︁
Cp,k,t(x(α))Pp,t(x(α))

)︁
≥ mep(x) + ep(Cp,k,t(α)) + ep(Pp,t(α)) +

λp,Pp,t(α)(x(α))

deg p
,

and hence
λp,Pp,t(α)(x(α))

deg p
≤ −ep(Cp,k,t(α))− ep(Pp,t(α)).

Taking the minimum over t and using (5) (coefficientwise for the finitely manyCp,k,t and Pp,t), together

with the nonnegativity of local Weil functions, yields

min
0≤t≤ℓ

λp,Pp,t(α)(x(α)) = o(h(x(α))). (32)

After restricting A, fix for each p the ℓ largest local Weil functions. Let Z be a positive-dimensional

component of their common zero set over R. If Z were contained in the omitted hypersurface, it would

lie in the common zero set of all ℓ+1 polynomials. Otherwise the projective variety Z would meet that

positive-degree hypersurface. Both alternatives contradict the assumed empty intersection. Hence the

selected ℓ polynomials have geometric common zero set of dimension at most zero. Faithful flatness

descends this dimension statement to R. Since the homogeneous coordinate ring ofW has dimension

ℓ+ 1, Krull’s height theorem now shows that the ideal generated by these ℓ polynomials has height

exactly ℓ.
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Enumerate the selected auxiliary parameter polynomials as Dp,1, . . . , Dp,ℓ (these are distinct from

the target divisors Dn). For a multi-index i = (i1, . . . , iℓ), let |i| = i1 + · · · + iℓ and put Ix,L =

Ix ∩R[X0, . . . , XN ]L. Set

Fp,i(L) =
∑︂
e∈τL
e≥lexi

De1
p,1 · · ·D

eℓ
p,ℓR[X0, . . . , XN ]L−d|e| (mod Ix,L).

These spaces form a finite filtration, and Lemma 4.2 applies.

Let ∆ = degW . For a sufficiently large integer L divisible by d, write

ML = dimR(R[X0, . . . , XN ]L/Ix,L).

The Hilbert polynomial gives

ML =
∆Lℓ

ℓ!
+O(Lℓ−1). (33)

If ∆p,i(L) denotes the dimension of the successive quotient at i, Lemma 4.2 gives

ΓL,p,t =
∑︂
i

∆p,i(L)it =
∆Lℓ+1

(ℓ+ 1)!d
+O(Lℓ), 1 ≤ t ≤ ℓ. (34)

The error is uniform for p ∈ S, since S is finite. Define

ΓL = min
p∈S, 1≤t≤ℓ

ΓL,p,t. (35)

Then ΓL has the same asymptotic expansion as the right-hand side of (34). We use the minimum

because the lower-order terms need not be identical for different parameters.

Fix an R-basis ϕ1, . . . , ϕML
of the degree-L component and define

FL(x(α)) = [ϕ1(α)(x(α)) : · · · : ϕML
(α)(x(α))]. (36)

Joint coherence and ϕj /∈ Ix imply that, after a finite deletion, ϕj(α)(x(α)) ̸= 0 for every j. Hence

FL(x(α)) is defined. The coefficients of the ϕi are small. Comparing this basis with the degree-L

monomials gives

h(FL(x(α))) = Lh(x(α)) + o(h(x(α))). (37)

The corresponding local comparison is as follows. Since {ϕj}ML
j=1 is an R-basis of the degree-L

component, choose finite transition coefficients cj,I , bI,j ∈ R such that

ϕj ≡
∑︂
|I|=L

cj,IX
I , XI ≡

ML∑︂
j=1

bI,jϕj (mod Ix).

For a fixed p ∈ S, let uC and uB be the minima of the p-orders of the nonzero transition coefficients cj,I
and bI,j , respectively. Their smallness gives |uC |+ |uB| = o(h(x(α)))/ deg p. If e = ep(x(α)), then

ep(FL(x(α))) ≥ Le+ uC .
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Choosing a nonzero coordinate xk with ordp xk = e and evaluating the second transition for XL
k gives

Le ≥ ep(FL(x(α))) + uB.

Consequently,

ep(FL(x(α))) = Lep(x(α)) + o(h(x(α)))/deg p. (38)

For each p, choose a basis adapted to the filtration. A basis element belonging to the quotient indexed

by imay be represented in the form

Di1
p,1 · · ·D

iℓ
p,ℓγ,

where γ is homogeneous of degree L− d|i|. These elements are linear combinations of the ϕi and hence

defineML moving hyperplanes in PML−1. They are linearly independent over R. The determinant of

each adapted basis is therefore a nonzero element of R; joint coherence lets us delete finitely many

indices so that its specialization is nonzero for every p ∈ S. Their coefficients belong to R, so their

normalized coefficient field is contained in R and their heights are o(h(FL(x(α)))) by (12) and (37).

After a finite deletion, FL(x) avoids the adapted hyperplanes. Indeed, each adapted basis element

represents a nonzero class in the degree-L component, and hence does not belong to Ix; joint coherence

then excludes infinitely many zeros at x(α).

Their normalized coefficient field RH embeds in R. Suppose that, on an infinite coherent subset, the

coordinates of FL(x) satisfied a nontrivial relation
ML∑︂
j=1

ajϕj(x) = 0, aj ∈ RH .

By the injectivity of coherent restriction, the coefficients may be viewed as elements of R, not all zero.

Since ϕ1, . . . , ϕML
form an R-basis of the degree-L component, the polynomial

ψ =

ML∑︂
j=1

ajϕj

represents a nonzero class and therefore ψ /∈ Ix. On the other hand, the displayed relation and

joint coherence imply that ψ(x(α)) = 0 outside a finite subset, so the definition of Ix gives ψ ∈ Ix, a

contradiction. Hence FL(x) is linearly nondegenerate with respect to these hyperplanes.

Proposition 3.2, in dimensionML − 1with error 1, gives

∑︂
p∈S

ML∑︂
i=1

λp,Hp,i(α)(FL(x(α))) ≤ (ML + 1)h(FL(x(α))) (39)

outside a finite subset. For an adapted basis element indexed by i, write ψ = Di1
p,1 · · ·D

iℓ
p,ℓγ and write

ψ =
∑︁

j vjϕj modulo Ix. Put uv = minvj ̸=0 ordp(vj) and letHψ be the corresponding hyperplane. Then

λp,Hψ(FL(x(α)))

deg p
= ordp ψ(x(α))− ep(FL(x(α)))− uv,
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ℓ∑︂
t=1

it
λp,Dp,t(α)(x(α))

deg p
= ordp(D

i1
p,1 · · ·D

iℓ
p,ℓ)(x(α))− d|i|ep(x(α))−

ℓ∑︂
t=1

itep(Dp,t).

Here ordp γ(x(α)) ≥ (L− d|i|)ep(x(α)) + ep(γ). Using (38), all coefficient-order terms are small (for

fixed L). Subtracting the two displayed expressions and using ep(FL) ≤ Lep(x)− uB gives

λp,Hψ(FL(x(α)))

deg p
−

ℓ∑︂
t=1

it
λp,Dp,t(α)(x(α))

deg p
≥ uB + ep(γ)− uv +

ℓ∑︂
t=1

itep(Dp,t)

≥ −o(h(x(α)))/ deg p.

Hence

λp,Hp,i(α)(FL(x(α))) ≥
ℓ∑︂
t=1

itλp,Dp,t(α)(x(α))− o(h(x(α))).

Summing over an adapted basis and using nonnegativity with (34)–(35) gives

ΓL
∑︂
p∈S

ℓ∑︂
t=1

λp,Dp,t(α)(x(α)) ≤
∑︂
p∈S

ML∑︂
i=1

λp,Hp,i(α)(FL(x(α))) + o(h(x(α))). (40)

Here L is fixed before α→ ∞, so all coefficient errors are o(h(x(α))).

Combining (33)– (40), we obtain

1

d

∑︂
p∈S

ℓ∑︂
t=1

λp,Dp,t(α)(x(α)) ≤
(︃
ℓ+ 1 +O

(︃
1

L

)︃
+ o(1)

)︃
h(x(α)).

The local comparison errors are uniform over p ∈ S, since S is finite. The order of choices is as follows:

first fix a sufficiently large multiple L of d so that the term O(1/L) is smaller than ε/2; then restrict A by

deleting finitely many indices so that the remaining o(1) term is smaller than ε/2. Adding the omitted

term via (32) proves (31). □

Theorem 4.4 (Moving hypersurfaces without nondegeneracy). Let S ⊂MK be finite, let Λ be an infinite

index set, and let Q1, . . . , Qq be moving hypersurfaces in PN (K) of fixed degrees d1, . . . , dq ∈ Z>0, where

q ≥ N + 1. Let x : Λ → PN (K) satisfy h(x(α)) → ∞. Assume that:

(1) Q1, . . . , Qq are in general position;

(2) h(Qj(α)) = o(h(x(α))) for every j;

(3) x(α) /∈
⋃︁q
j=1 V (Qj(α)) outside a finite subset.

Then, for every ε > 0, inequality

∑︂
p∈S

q∑︂
j=1

1

dj
λp,Qj(α)(x(α)) ≤ (CN + ε)h(x(α)) (41)

holds outside a finite subset of Λ, where CN is given by (2).
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Proof. If S = ∅, the left-hand side is zero and the theorem is immediate. Assume from now on that

S ̸= ∅.

By Lemma 2.3, begin with an arbitrary infinite subset of Λ. Let d = lcm(d1, . . . , dq). Replacing Qj by

Q
d/dj
j gives

1

dj
λp,Qj (x) =

1

d
λ
p,Q

d/dj
j

(x).

This preserves supports, general position, avoidance, and slow movement. After a joint coherent

refinement A, assume degQj = d and put R = RA,Q.

For each j, choose a coefficient aj,Ij that is nonzero outside a finite subset of A and replace Qj by the

normalized representative ˜︁Qj = Qj
aj,Ij

. (42)

From now on, write Qj for ˜︁Qj . Then Qj ∈ R[X0, . . . , XN ], one of its coefficients is 1, and all of its

coefficients are small with respect to x. Heights, local Weil functions, supports, and general position

are unchanged; see [20, Remark 1.5(ii)].

The resultant of every selected N + 1 normalized forms is nonzero in R. Hence these forms have no

common zero in PN (R).

Joint coherence gives a coordinate xi0 that is nonzero outside a finite subset. Apply Lemma 2.1 to

obtain the coefficient–point domain TA,x and let E = Frac(TA,x). The graded homomorphism

R[X0, . . . , XN ] −→ E[T ], Xi ↦−→ (xi/xi0)T,

has a homogeneous prime kernel Ix. By the lemma, this kernel is the full homogeneous ideal of

persistent relations. Consequently,

W = Proj(R[X0, . . . , XN ]/Ix)

is irreducible. Write ℓ = dimW .

We have ℓ ≥ 1. Indeed, if ℓ = 0, every coordinate ratio of x is algebraic over R. For each i, choose a

relation of minimal positive degree

ai,0 + ai,1Z + · · ·+ ai,miZ
mi = 0, ai,mi ̸= 0,

with coefficients in R, satisfied by Z = xi/xi0 . Divide by ai,mi and put ci,ν = ai,ν/ai,mi . If p is a pole of

Z and w = − ordp Z > 0, the leading term has order −miw. The ultrametric inequality forces some

ν < mi with

ordp ci,ν − νw ≤ −miw,

and therefore

(mi − ν)w ≤ − ordp ci,ν .
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Summing over all poles gives the root-height estimate

h(xi(α)/xi0(α)) ≤
mi−1∑︂
ν=0

h(ci,ν(α)).

Every term on the right is o(h(x(α))) by (12). On the other hand,

h(x(α)) ≤
∑︂
i̸=i0

h(xi(α)/xi0(α)).

This gives h(x(α)) = o(h(x(α))), a contradiction. Thus 1 ≤ ℓ ≤ N .

Fix p ∈ S. On a further infinite subset, order the local Weil functions as µ1 ≥ · · · ≥ µq, with

corresponding indices jp,1, . . . , jp,q. General position implies that, for some integerm and every 0 ≤

k ≤ N , there are homogeneous polynomials Bk,i ∈ R[X0, . . . , XN ] of degreem− d such that

Xm
k =

N+1∑︂
i=1

Bk,iQjp,i . (43)

All coefficients occurring here are fixed elements of R and are therefore small relative to x. Specialize

(43) at α, evaluate it at x(α), and choose k with ordp xk(α) = ep(x(α)). At least one nonzero summand

Bk,i(α)(x(α))Qjp,i(α)(x(α)) has order at mostmep(x(α)). Since degBk,i = m− d, the definition of the

local Weil function gives

λp,Qjp,i (α)(x(α))

deg p
≤ −ep(Bk,i(α))− ep(Qjp,i(α)).

Coefficientwise application of (5) gives(︁
−ep(Bk,i(α))− ep(Qjp,i(α))

)︁
deg p = o(h(x(α))).

Only finitely many coefficient polynomials occur, so the bound is uniform in i and k. Therefore

min
1≤i≤N+1

µi = µN+1 = o(h(x(α))).

Since every omitted function is at most µN+1 and q is fixed, we obtain

q∑︂
j=1

λp,Qj(α)(x(α)) ≤
N+1∑︂
i=1

λp,Qjp,i (α)(x(α)) + o(h(x(α))). (44)

Lemma 4.1 gives degree-d polynomials Pp,0, . . . , Pp,ℓ with no common zero onW and Pp,t /∈ Ix. Joint

coherence gives Pp,t(α)(x(α)) ̸= 0 outside a finite subset. The triangular form gives

N+1∑︂
i=1

µi ≤ (N − ℓ+ 1)µ1 +
ℓ∑︂
t=1

µN−ℓ+t+1.

The definition of Pp,t and slow movement imply µ1 = λp,Pp,0 and

µN−ℓ+t+1 ≤ λp,Pp,t + o(h(x(α))).
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The inequality follows from the ultrametric inequality and the smallness of the normalized coefficients.

Consequently,
N+1∑︂
i=1

λp,Qjp,i (α)(x(α)) ≤ (N − ℓ+ 1)
ℓ∑︂
t=0

λp,Pp,t(α)(x(α)) + o(h(x(α))). (45)

Each Pp,t is a fixed k-linear combination of slowly moving hypersurfaces and is therefore slow relative

to x.

Sum (44) and (45) over S, and apply Lemma 4.3. For every positive η, after restricting the index set,

1

d

∑︂
p∈S

q∑︂
j=1

λp,Qj(α)(x(α)) ≤
(︁
(N − ℓ+ 1)(ℓ+ 1) + η

)︁
h(x(α)).

Finally,

(N − ℓ+ 1)(ℓ+ 1) ≤
⌊︃
(N + 2)2

4

⌋︃
= CN .

Choosing η < ε proves (41). Lemma 2.3 now shows that the failure set of (41) is finite. □

Remark 4.5. The proof gives the coefficient (N − ℓ + 1)(ℓ + 1) on the coherent subset selected in the

argument. The dimension ℓ is the dimension of the minimal coefficient-field variety of that refinement

and need not be uniform under a different refinement. We use the universal constant CN in the

dynamical theorem. If the point family is algebraically nondegenerate over the moving coefficient field,

then ℓ = N and the coefficient reduces to N + 1.

5. Resultants and Pullback Estimates

Let

Φ = [F0 : · · · : FN ] : PNK −→ PNK

be amorphism of degree r ≥ 1. Denote itsMacaulay resultant byRes(Φ). This resultant is homogeneous

of degree rN in the coefficients of each Fi. Its total coefficient degree is

DN,r = (N + 1)rN . (46)

For p ∈MK , define the resultant defect

ρp(Φ) = ordpRes(Φ)−DN,rep(Φ). (47)

We use the local resultant inequality, in additive valuation form, [30, Proposition 9]. Although that

proposition is stated over a complete algebraically closed nonarchimedean field, for each p it applies

after passing to the completed algebraic closure of the completion ofK at p; all quantities below are

valuations of elements of K, so the resulting inequality descends to K. For x ∈ KN+1 \ {0}, after

scaling the coefficients of Φ and x so that ep(Φ) = ep(x) = 0, one has

min
0≤i≤N

ordp Fi(x) ≤ ordpRes(Φ). (48)
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The invariant form used below is τp(Φ, P ) ≤ ρp(Φ), with the defects defined in the proposition immedi-

ately below. This form is unchanged when the coordinate vector of P or all coefficients ofΦ are rescaled.

After the local normalizations above, it is equivalent to (48), and it is the only resultant estimate needed

below.

Proposition 5.1 (Resultant and composition estimates). Let P = [x0 : · · · : xN ] ∈ PN (K) and set

F(x) =
(︁
F0(x), . . . , FN (x)

)︁
.

For a chosen homogeneous coordinate vector x of P , set

τp(Φ, P ) = ep
(︁
F(x)

)︁
− rep(x)− ep(Φ). (49)

This quantity is unchanged when x is multiplied by an element ofK∗. It is also unchanged when all the Fi are

multiplied by a common element ofK∗. Thus the notation τp(Φ, P ) is well defined. The same coefficient rescaling

leaves ρp(Φ) unchanged. Then

0 ≤ τp(Φ, P ) ≤ ρp(Φ) (50)

and ∑︂
p∈MK

ρp(Φ) deg p = DN,rh(Φ). (51)

Consequently,

rh(P )− (DN,r − 1)h(Φ) ≤ h(Φ(P )) ≤ rh(P ) + h(Φ). (52)

Let G ∈ K[Y0, . . . , YN ] be homogeneous of degree δ and putH = G ◦ Φ. HereH denotes only this pullback

polynomial; it is unrelated to the hyperplane familyH in Section 3. Define

σp(G,Φ) = ep(H)− ep(G)− δep(Φ). (53)

Then σp(G,Φ) ≥ 0 and, whenever H(P ) ̸= 0,

λp,H(P ) = λp,G(Φ(P )) +
(︁
δτp(Φ, P )− σp(G,Φ)

)︁
deg p. (54)

In particular,

λp,H(P ) ≤ λp,G(Φ(P )) + δρp(Φ) deg p, (55)

and

h(H) ≤ h(G) + δh(Φ). (56)

Proof. The resultant is a polynomial with coefficients in the prime field, every monomial of which has

total degree DN,r. Hence ρp(Φ) ≥ 0. The first inequality in (50) follows directly from the ultrametric

inequality applied to Fi(x).
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To prove the second inequality, scale the coefficients of Φ and the coordinates of P locally so that

ep(Φ) = ep(x) = 0. The normalization gives (48) and hence

min
0≤i≤N

ordp Fi(x) ≤ ordpRes(Φ).

Thus τp(Φ, P ) ≤ ρp(Φ). Formula (51) follows from the product formula applied to Res(Φ).

By definition,

ep
(︁
F(x)

)︁
= rep(x) + ep(Φ) + τp(Φ, P ).

Summing overMK gives the exact identity

h(Φ(P )) = rh(P ) + h(Φ)−
∑︂

p∈MK

τp(Φ, P ) deg p. (57)

Equations (50) and (51) now give (52).

Each coefficient of H is a sum of products consisting of one coefficient of G and δ coefficients of the

Fi. Thus σp(G,Φ) ≥ 0. Directly from (8),

λp,H(P )− λp,G(Φ(P ))

=
(︁
δep(F(x)) + ep(G)− δrep(x)− ep(H)

)︁
deg p.

This is (54). The upper estimate follows from (50) and σp ≥ 0. Finally,

h(H) = h(G) + δh(Φ)−
∑︂

p∈MK

σp(G,Φ)deg p,

which proves (56). □

Corollary 5.2 (Factor and transfer estimates). Retain the notation above. Put D = V (G) and suppose that

H = cU

q∏︂
j=1

Q
aj
j , (58)

where c ∈ K∗, the Qj are pairwise nonassociate nonconstant homogeneous polynomials of degrees dj ∈ Z>0, U

is a nonzero homogeneous polynomial, and aj ∈ Z≥1. Then

h(H) = h(U) +

q∑︂
j=1

ajh(Qj). (59)

If H(P ) ̸= 0, then ∑︂
p/∈S

q∑︂
j=1

1

dj
λp,Qj (P ) ≤ NS(D,Φ(P )) + δDN,rh(Φ), (60)

and ∑︂
p∈S

q∑︂
j=1

1

dj
λp,Qj (P ) ≥ qh(P )−NS(D,Φ(P ))− δDN,rh(Φ). (61)

Moreover,

h(Qj) ≤ h(G) + δh(Φ), 1 ≤ j ≤ q. (62)
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Proof. Equation (59) follows from (9). In particular,

h(Qj) ≤ h(H) ≤ h(G) + δh(Φ),

which proves (62).

Since dj ≥ 1 and aj ≥ 1, multiplicativity of local Weil functions gives

q∑︂
j=1

1

dj
λp,Qj (P ) ≤

q∑︂
j=1

ajλp,Qj (P ) ≤ λp,H(P ).

Sum this inequality over p /∈ S and use (55) and (51). This proves (60).

For each j, (10) gives ∑︂
p∈MK

1

dj
λp,Qj (P ) = h(P ) +

h(Qj)

dj
≥ h(P ).

Summing over j and subtracting (60) gives (61). □

In particular, if h(Φ) + h(G) = o(h(P )), then every selected factor Qj moves slowly with respect to

P , and the resultant term in (60) is o(h(P )).

6. Sequential Dynamics and Quasi-Integral Times

Proof of Theorem 1.1. Fix a real number θ in the stated range. Suppose, contrary to the conclusion, that

there is an infinite set Λ of indices n such that Pn+1 /∈ Dn+1 and (3) holds.

For every sufficiently large n ∈ Λ, use the factorization supplied by the hypothesis:

Gn+1 ◦ Φn = cnUn

q∏︂
j=1

Q
an,j
n,j . (63)

The degrees of its selected factors belong to the finite set {1, . . . , δr}. After passing to an infinite subset

and relabeling the factors, we may assume that degQn,j = dj is independent of n for every j.

Since Pn+1 = Φn(Pn) and Pn+1 /∈ Dn+1, we have

(Gn+1 ◦ Φn)(Pn) = Gn+1(Pn+1) ̸= 0.

In particular, Qn,j(Pn) ̸= 0 for all j. Moreover, (62) gives

h(Qn,j) ≤ h(Gn+1) + δh(Φn) = o(h(Pn)). (64)

Because q > CN ≥ N + 1, all assumptions of Theorem 4.4 are satisfied by the moving points Pn and

the moving hypersurfaces Qn,1, . . . , Qn,q. Moreover,

q ≤
q∑︂
j=1

dj ≤ δr.
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Thus the upper endpoint (q −CN )/(δr) is always strictly smaller than 1. Consequently, for every ε > 0,

outside a finite subset of Λwe have

∑︂
p∈S

q∑︂
j=1

1

dj
λp,Qn,j (Pn) ≤ (CN + ε)h(Pn). (65)

On the other hand, Corollary 5.2, applied to (63), yields

∑︂
p∈S

q∑︂
j=1

1

dj
λp,Qn,j (Pn) ≥ qh(Pn)−NS(Dn+1, Pn+1)− δDN,rh(Φn). (66)

The quasi-integrality assumption and the upper estimate in (52) imply

NS(Dn+1, Pn+1) ≤ θ
(︁
δh(Pn+1) + h(Gn+1)

)︁
≤ θδrh(Pn) + θδh(Φn) + θh(Gn+1).

(67)

Combining (65)– (67), we obtain

(︁
q − CN − θδr − ε

)︁
h(Pn) ≤

(︁
θδ + δDN,r

)︁
h(Φn) + θh(Gn+1). (68)

Put γ = q − CN − θδr. By the choice of θ, we have γ > 0. Take ε = γ/2 in (68) and divide by h(Pn).

The left-hand side is γ/2, whereas the right-hand side tends to zero by the slow-movement hypothesis.

This is a contradiction. Hence Λ is finite. □

Corollary 6.1 (Strict integral times). In the setting of Theorem 1.1, if q > CN , then there are only finitely

many indices n such that Pn+1 /∈ Dn+1 and

NS(Dn+1, Pn+1) = 0.

Proof. Apply Theorem 1.1 with θ = 0. □

Corollary 6.2 (Nondegenerate refinement). Retain the setting of Theorem 1.1 and all its hypotheses except

the numerical condition q > CN . Assume additionally that, for every infinite set Λ of sufficiently large indices,

there is an infinite subset A ⊂ Λ on which the q factors can be relabeled as Qn,1, . . . , Qn,q so that degQn,j is

independent of n and the point family n ↦→ Pn is algebraically nondegenerate with respect to this moving family

in the sense of Section 2. The factors remain in general position by the hypotheses of Theorem 1.1. If q > N + 1,

then, for every

0 ≤ θ <
q −N − 1

δr
,

there are only finitely many indices n for which Pn+1 /∈ Dn+1 and

NS(Dn+1, Pn+1) ≤ θ
(︁
δh(Pn+1) + h(Gn+1)

)︁
.
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Proof. If the conclusion failed, apply the additional hypothesis to the resulting infinite failure set. Write

dj = degQn,j on the resulting subset, put d = lcm(d1, . . . , dq), and set

ˆ︁Qn,j = Q
d/dj
n,j .

Take a further infinite subset jointly coherent with the original factors, the powered factors, and the

point family. Let R and R′ be the normalized coefficient fields of the original and powered families,

respectively. Every normalized coefficient of ˆ︁Qn,j is a rational expression in the normalized coefficients

of Qn,j ; hence R′ ⊆ R. Algebraic nondegeneracy over R therefore implies algebraic nondegeneracy

over R′. Thus the ideal Ix used in the proof of Theorem 4.4 is zero, so W = PNR′ and ℓ = N . By

Remark 4.5, the moving-hypersurface upper bound therefore has coefficientN +1. Repeating the proof

of Theorem 1.1 with CN replaced by N + 1 gives the stated range. □

7. Examples

7.1. A varying constant-coefficient family. LetK = k(t), let B = P1
k, and let S consist of the places

t = 0 and t = ∞. Fix an integer r ≥ 3. Choose arbitrary sequences αn, βn, ηn ∈ k∗ and define

Φn([X : Y ]) = [αnX
r : βnY

r], Gn = X − ηnY, P0 = [t : 1]. (69)

Thus Dn = V (Gn) has degree δ = 1. Since all coefficients belong to the constant field,

h(Φn) = h(Gn) = 0.

Define A0 = B0 = 1 and

An+1 = αnA
r
n, Bn+1 = βnB

r
n.

Then the sequential orbit is

Pn = [Ant
rn : Bn], h(Pn) = rn. (70)

Hence h(Pn) → ∞, and the slow-movement hypothesis holds.

For each n, choose ξn ∈ k∗ such that ξrn = ηn+1βn/αn. Since k is algebraically closed, such a choice is

always possible. The relevant pullback has the factorization

Gn+1 ◦ Φn = αnX
r − ηn+1βnY

r = αn
∏︂
ζ∈µr

(X − ζξnY ), (71)

where µr ⊂ k∗ is the group of rth roots of unity. The factors in (71) are distinct because char k = 0.

Any two of them have no common zero in P1, so they are in general position. Hence we may take q = r.

The restriction r ≥ 3 is specific to this construction and is used only to ensure q = r > C1 = 2; the main

theorem itself allows every degree r ≥ 2. Since C1 = 2, Theorem 1.1 applies for every

0 ≤ θ <
r − 2

r
. (72)
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The counting function can also be computed directly. From (70),

Gn(Pn) = Ant
rn − ηnBn.

This polynomial has exactly rn simple zeros in k∗. All corresponding places lie outside S, and the local

Weil function equals one at each of them. Therefore

NS(Dn, Pn) = rn = h(Pn) = h(Pn) + h(Gn). (73)

Thus NS(Dn, Pn) = h(Pn), so these points are not θ-quasi-integral for 0 ≤ θ < 1. The ratios αn/βn and

the constants ηn may be chosen to take infinitely many values.

7.2. Positive map height. Choose cn, ηn ∈ k∗ and set

Φn([X : Y ]) = [(cnt)
rXr : Y r], Dn = V (X − ηnY ), P0 = [t : 1].

Then h(Φn) = r and h(Gn) = 0. Writing Pn = [κnt
En : 1] gives

κ0 = 1, κn+1 = crnκ
r
n, E0 = 1, En+1 = r(En + 1), h(Pn) = En −→ ∞,

so h(Φn) = o(h(Pn)). Since k is algebraically closed, choose ωn ∈ k∗ with ωrn = ηn+1. The pullback

(cnt)
rXr − ηn+1Y

r =
∏︂
ζ∈µr

(cntX − ζωnY )

again has r distinctK-defined factors in general position. Moreover, κntEn − ηn has En simple zeros in

k∗, and hence

NS(Dn, Pn) = En = h(Pn).

7.3. Prescribed finite exceptional sets. Let F ⊂ Z≥1 be finite and, for eachm ∈ F , replace only the

target polynomial Gm by

GFm = X −
(︁
κmt

Em + tam
)︁
Y, am ≥ 1.

Then GFm(Pm) = −tam ̸= 0. For every p /∈ S, the element t and all nonzero constants are p-units. Hence

ep(Pm) = ep(G
F
m) = 0, ordpG

F
m(Pm) = 0.

Thus every local Weil function outside S vanishes, and

NS

(︁
V (GFm), Pm

)︁
= 0, m ∈ F.

Since F is finite, the asymptotic hypotheses are unchanged. The strict integral times in this construction

are precisely the indices in F .



Asia Pac. J. Math. 2026 13:184 29 of 30

8. Conclusion

Theorem 1.1 combines the moving-hypersurface estimate, the resultant transfer inequality, and the

product formula. It depends on the number of distinct pullback factors; their multiplicities do not

enter the coefficient q. Under the algebraic nondegeneracy hypothesis in Corollary 6.2, the coefficient

CN is replaced by N + 1. The theorem is stated for morphisms of fixed degree; rational maps with

indeterminacy, unbounded degree sequences, and targets in subgeneral position are not considered.
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