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AsstrACT. This paper introduces and studies the notions of the length and the mean of a hyperstructure in
Hilbert algebras. By employing these notions, we define the concepts of length fuzzy ideals and mean fuzzy
ideals of Hilbert algebras and investigate their fundamental properties. Several characterization theorems
are established, describing the necessary and sufficient conditions for a hyperstructure to form a length
(resp., mean) k-fuzzy ideal for k € {1, 2, 3, 4}. Relationships between length (resp., mean) fuzzy ideals and
hyperfuzzy ideals are examined in detail. Furthermore, we provide results connecting these classes of fuzzy
ideals with their upper-, lower-, and equal-level subsets, and demonstrate that particular combinations of
constant and fuzzy structures naturally lead to length- or mean-type fuzzy ideals. Illustrative examples
and counterexamples are presented to validate the main results.
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1. INTRODUCTION

The theory of hyperstructures (also known as multialgebras) was first introduced by Marty [14]
in 1934 at the 8th Congress of Scandinavian Mathematicians. Since then, hyperstructures have found
extensive applications across several branches of pure and applied mathematics, providing a rich
framework for generalizing classical algebraic structures. Comprehensive accounts of hyperstructure
theory and its applications in Mathematics and Computer Science can be found in [5,6]. Moreover,
Corsini [4] presented a detailed historical overview of hyperstructure theory and proposed several
new research directions, highlighting its potential connections with fuzzy systems, algebraic logic, and

computational structures.
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The concept of a Hilbert algebra was introduced by Henkin [11] in the early 1950s as an algebraic
framework for investigating implications in intuitionistic and other non-classical logics. Subsequently,
Diego [7] developed the algebraic properties of Hilbert algebras and proved that they form a locally
finite variety. Further studies by Busneag [1,2] and Jun [12] explored their deductive systems and
structural properties, while Dudek [8-10] extended these ideas by introducing the fuzzification of
subalgebras, ideals, and deductive systems within Hilbert algebras.

In recent years, the interplay between hyperstructures and fuzzy algebraic systems has gained
significant attention, as it allows researchers to model uncertainty and generalization simultaneously
within algebraic frameworks. Despite the growing literature on hyperfuzzy sets and hyperfuzzy ideals,
the notions that capture the quantitative characteristics of such fuzzy structures—particularly the
length and the mean of a hyperstructure—remain unexplored in the context of Hilbert algebras.

Recently, several researchers have extended the study of fuzzy structures by incorporating the notions
of length and mean into various algebraic systems. Tacha, Phayapsiang, and lampan [16] introduced
and investigated length and mean fuzzy UP-subalgebras of UP-algebras, providing foundational re-
sults that connect algebraic operations with quantitative fuzzy measures. More recently, Rajesh, Oner,
Iampan, and Senturk [ 15] examined the concepts of length and mean fuzzy ideals within the framework
of Sheffer stroke Hilbert algebras, further generalizing the classical fuzzy ideal theory. These develop-
ments motivate the exploration of similar ideas in broader algebraic contexts. In particular, the present
work extends these notions to hyperstructures in Hilbert algebras, establishing new characterizations
and relationships with hyperfuzzy ideals.

Motivated by this observation, this paper introduces and studies the notions of the length and the
mean of a hyperstructure in Hilbert algebras. Based on these notions, we define and investigate the
new concepts of length fuzzy ideals and mean fuzzy ideals. Several characterization theorems are
established, providing necessary and sufficient conditions for a hyperstructure to form a length (resp.,
mean) k-fuzzy ideal for k € {1,2,3,4}. Furthermore, we explore the relationships between these new
classes of fuzzy ideals and existing hyperfuzzy ideals, as well as their connections with upper-, lower-,
and equal-level subsets. The results not only extend the classical theory of fuzzy ideals but also open

new perspectives for future studies in the algebraic structures of logic and hyperfuzzification.

2. PRELIMINARIES

In this section, we recall some basic definitions and fundamental results that will be used throughout
the paper. For completeness, we briefly review the essential notions related to Hilbert algebras, fuzzy
ideals, and hyperstructures. The classical properties of Hilbert algebras and their deductive systems

provide the algebraic framework for our study, while the concept of a hyperfuzzy set serves as the
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foundation for defining fuzzy and hyperfuzzy ideals. These preliminaries are necessary to establish

the concepts of length fuzzy ideals and mean fuzzy ideals in the subsequent sections.

Definition 2.1. [/] A Hilbert algebra is a triplet with the formula X = (X, *,1), where X is a non-empty set,

* is a binary operation, and 1 is a fixed member of X that is true according to the axioms stated below:

(Ve,ye X)(z* (y*xx)=1) (2.1)
(Ve,y,z € X)((x*x (y*2))*x (zxy)* (xx2)) =1) (2.2)
Ve,ye X)(zxy=1lyxx=1=>2x=1y) (2.3)

In [8], the following conclusion was established.

Lemma 2.1. Let X = (X, *,1) be a Hilbert algebra. Then

In a Hilbert algebra X = (X, %, 1), the binary relation < is defined by
Ve,ye X)(z<yezxy=1),
which is a partial order on X with 1 as the largest element.

Definition 2.2. [13] A non-empty subset S of a Hilbert algebra X = (X, *, 1) is called a subalgebra of X if
zxy € Sforallz,y e S.

Definition 2.3. [3] A non-empty subset S of a Hilbert algebra X = (X, x, 1) is called an ideal of X if the
following conditions hold:

(1) 1eS8

(2) Vr,ye X)(ye S=xzxyecS)

(3) (Vz,y1,2 € X)(y1, 12 € S = (1% (2 xx)) xx € 9).

A fuzzy set [17] in a nonempty set X is defined to be a function i : X — [0, 1], where [0, 1] is the unit

closed interval of real numbers.

Definition 2.4. Let X be a non-empty set. A mapping f : X — P([0,1]) is called a hyperfuzzy set over X,
where P([0,1)) is the family of all non-empty subsets of [0, 1]. An ordered pair (X, f) is called a hyperstructure

over X.
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Definition 2.5. Given a hyperstructure (X, f) over a non-empty set X, we define two fuzzy structures (X, fins)
and (X, foup) in X as follows:

finf 2 X = [0,1]; 2 > inf{f(z)}

foup : X = [0,1]; 2 = sup{ f()}

3. ON k-FuzzyY IDEALS

In this section, we recall the concept of fuzzy ideals in Hilbert algebras and generalize them into the
notion of k-fuzzy ideals, where k € {1, 2,3, 4}. The classification of fuzzy ideals into four types provides
a flexible framework for analyzing various levels of algebraic membership and logical strength within
a fuzzy structure. These generalized ideals capture the behavior of fuzzy subsets under the algebraic
operation of a Hilbert algebra and play a crucial role in formulating the notions of length fuzzy ideals
and mean fuzzy ideals developed in the subsequent sections. Moreover, the results presented here
serve as fundamental tools for establishing several characterization theorems concerning hyperfuzzy

and k-fuzzy structures in Hilbert algebras.

Definition 3.1. A fuzzy structure (X, f) in a Hilbert algebra X = (X, , 1) is said to be a

(1) fuzzy ideal of X with type 1 (briefly, 1-fuzzy ideal of X) if

(Vz € X)(f(1) > f(x)) (3.1)
(Vo,y € X)(f(x*y) > f(y)) (3.2)
(Vz,y1,92 € X)(f((y1 * (y2 * ) * ) > min{f(y1), f(y2)}) (3.3)

(2) fuzzy ideal of X with type 2 (briefly, 2-fuzzy ideal of X) if

(Ve € X)(f(1) < f(x)) (3.4)
(Va,y € X)(f(zxy) < f(y)) (3.5)
(Vz,y1,92 € X)(f((y1 * (y2 x ) * ) <min{f(y1), f(y2)}) (3.6)

(3) fuzzy ideal of X with type 3 (briefly, 3-fuzzy ideal of X) if

(Vz € X)(f(1) > f(x)) (3.7)
(Vz,y € X)(f(zxy) > f(v)) (3.8)

(Y2, 91,52 € X)(f((y1 % (y2 * 7)) * ) = max{f(y1), f(y2)}) (3.9)
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(4) fuzzy ideal of X with type 4 (briefly, 4-fuzzy ideal of X)) if

(Ve € X)(f(1) < f(2)) (3.10)

(Va,y € X)(f(zxy) < f(y)) (3.11)

(Y, y1,52 € X)(f((y1 * (y2 * 2)) * ) < max{f(y1), f(y2)})- (3.12)

Theorem 3.1. For any fuzzy structure (X, f) over a Hilbert algebra X = (X, *, 1), the following assertions are

valid:
(1) Every 3-fuzzy ideal of X is a 1-fuzzy ideal of X.
(2) Every 2-fuzzy ideal of X is a 4-fuzzy ideal of X.

Proof. (1) Let (X, f) be a 3-fuzzy ideal of X and z,y;,y2 € X. Then

f((y1 * (y2 *x ) * @)

v

max{f(y1), f(y2)}
min{ f(y1), f(y2)}-

v

Hence, (X, f) is a 1-fuzzy ideal of X.
(2) Let (X, f) be a 2-fuzzy ideal of X and z,y1,y2 € X. Then

f((yr* (y2x2)) x2) < min{f(y1), f(y2)}
< max{f(y1), f(y2)}-

Hence, (X, f) is a 4-fuzzy ideal of X.

The following example shows that the converse of Theorem 3.1 is not true.

Example 3.1. Let X = {1,x,y, z, w, 0} with the following Cayley table:

* |1 =z y z w O
111 =z y 2z w O
z|1 1 1 2 w 1
y|1l 1 2z w 0
z|1 1 1 1 1 1
w|l  y z 1 0
0|1 2z 1 2 w 1

Then X is a Hilbert algebra. We define a fuzzy set f on X as follows:

o 1 z y 2z w O
~\0.9 0306 0.20.6 0.6

Then f is an 1-fuzzy ideal of X. Since f((1* (zxy))*y) = f(1*1)xy) = f(1*xy) = f(y) = 0.6 £ 0.9 =

max{0.9,0.2} = max{f(1), f(2)}. Hence, X is not an 3-fuzzy ideal of X.
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Example 3.2. Let X = {1,x,y, 2z, w, 0} with the following Cayley table:

* |1 z y 2z w 0O
111 =z y 2 w O
z |1 1 1 1 0
y|ll 2 1 z w 0
z|1 =z 1 1 w O
w|l =z 1 1 1 0
0|1 = 1 1 w 1

Then X is a Hilbert algebra. We define a fuzzy set f on X as follows:

Fo 1 2 y 2z w 0
~\0.30.705 0.6 0.7 0.7

Then f is an 4-fuzzy ideal of X. Since f((1* (z * w)) *xw) = f(1x1) *xw) = f(1*w) = f(w) = 0.7 £
0.3 = min{0.3,0.7} = min{ f(1), f(x)}. Hence, X is not an 2-fuzzy ideal of X.

4. LENGTH OF A HYPERSTRUCTURE IN HILBERT ALGEBRAS

In this section, we introduce the notion of the length of a hyperstructure in Hilbert algebras. The
notions of length fuzzy ideals of Hilbert algebras are introduced, and related properties are investigated.
Relations between length fuzzy ideals and hyperfuzzy ideals are established. Moreover, we discuss the
relationships among the length fuzzy ideals and upper-, lower-, and equal-level subsets of the length

of a hyperstructure in Hilbert algebras.

Definition 4.1. Given a hyperstructure (X, f) over a non-empty set X, we define a fuzzy structures (X, f;) in
X as follows:

fo: X = [0.2):2 > fap(@) = fur(2)
which is called the length of .

Definition 4.2. A hyperstructure (X, f) over a Hilbert algebra X is called a length 1-fuzzy (resp., 2-fuzzy,
3-fuzzy, 4-fuzzy) ideal of X if the fuzzy structure (X, f)isa 1-fuzzy (resp., 2-fuzzy, 3-fuzzy, 4-fuzzy) ideal of
X.

Example 4.1. Let X = {1,z,y, 2z, w, 0} with the following Cayley table:

* 11 zy z w 0
111 2z y 2 w O
z|1 1 y =z 1 1
yl1 1 1 2 1 1
z|1 1 1 1 1 1
w|l z y z 1 0
0|1 =z vy 2z w 1
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Then X is a Hilbert algebra. Let (X, f) bea hyperstructure over X in which fis given as follows:

( (0.1,1) ifr=1

0.2,0.3) U (0.7,0.8] ifz=a

FiX = B(0,1]):z 0.3,08] fz=y
[0.2,0.3) ifr==z

(0.1,0.8] ifr=w

[0.1,0.4) U (0.4,0.9) ifz = 0.

Thus, we get a fuzzy structures (X, fi) by define a fuzzy set on X as follows:

f (1 z y z w 0

'~ 10.9 0605 0107 08

Then f, is an 1-fuzzy ideal of X. Hence, a hyperstructure (X, f) over a Hilbert algebra X is a length 1-fuzzy
ideal of X.

Proposition 4.1. Given a hyperstructure (X, f) over a Hilbert algebra X = (X, *,1), we have the following

assertions:

(1) If (X, f) is a length k-fuzzy ideal of X for k € {1, 3}, then

(Va,y € X)(z <y = filz) < fi(y)),

(2) If (X, f) is a length k-fuzzy ideal of X for k € {2,4}, then

(Va,y € X)(z <y = filz) > fily)).

Proof. Let z,y € X be such that x < y. Then z xy = 1. If (X, f) is a length k-fuzzy ideal of X for
k € {1,3}, then

filty) = J(lxy)

> min{f[(x * y),f[(fﬁ)}
= min{fi(1), fi(z)}

= fi@),

fily) = flxy)

= fil(((zxy)* (z*y)) *y)
> max{f[(x *y), fl(x)}

— max{f[(l),fl(x)}

> fi().
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If (X, f) is a length k-fuzzy ideal of X for k € {2, 4}, then

fly) = f(lxy)
Fil((@#y) * (z xy)) *y)
min{ fi(z * y), fi(z)}
min{ fi(1), fu(z)}
),

f(lxy)

Jil((@ #y) * (z xy)) *y)
max{ fi(z *y), fi(z)}
max{fi(1), fi(z)}

().

I IA

IN

fily)

mIA

O

Theorem 4.1. For any hyperstructure (X, f) over a Hilbert algebra X = (X, *, 1), the following assertions are

valid:
(1) Every length 3-fuzzy ideal of X is a length 1-fuzzy ideal of X.
(2) Every length 2-fuzzy ideal of X is a length 4-fuzzy ideal of X.

Proof. The result follows directly from Theorem 3.1. O
The following example shows that the converse of Theorem 4.1 is not true.

Example 4.2. Let X = {1,z,y, z, w, 0} with the following Cayley table:

* |1 =z y z w O
111 =z y 2 w O
z|1 1 y z w O
yl1l 1 2z w 1
z|1 1 1 1 1 1
w|(l 1 1 =z 1 1
0|1 2z ¥y 2z w 1

Then X is a Hilbert algebra. Let (X, f) be a hyperstructure over X in which f is given as follows:

(0.2,0.9] ifx=1
[0.2,0.3) U(0.3,0.4] ifz==x
(0.1,0.2) U (0.4,0.5) ifz =y

[0.7,0.8) ifr==z

(0.8,0.9] ifr=w
[0.4,0.7) U (0.7,0.9) ifz = 0.

f:X = P(0,1);z —
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Thus, we get a fuzzy structures (X, ) by define a fuzzy set on X as follows:

~ 1 =z y 2 w 0

fr= (0.7 0.2 0.4 0.1 0.1 0.5)
Then fy is an 1-fuzzy ideal of X. Thus, a hyperstructure (X, f) over a Hilbert algebra X is a length 1-fuzzy
ideal of X. Since fi((y * (1%0))%0) = fi((y*0) % 0) = fi(1%0) = £i(0) = 0.5 # 0.7 = max{0.4,0.7} =
max{fi(y), fi(1)}. Then f is not an 3-fuzzy ideal of X. Hence, (X, f) over a Hilbert algebra X is not a length
3-fuzzy ideal of X.

Example 4.3. Let X = {1,x,y, z, w, 0} with the following Cayley table:

* |1 =z y z w O
111 2z y 2 w O
z|1 1 y 2 1 0
y|ll 1 2z 1 1
z|1 1 y 1 1 0
w|l z y 2 1 0
0|1 =z vy 2z w 1

Then X is a Hilbert algebra. Let (X, f)bea hyperstructure over X in which fis given as follows:

(0.8,1] ifr=1

[0.2,0.8] ife=ux

FiX = B0,1]):iz (0.1,09) fz=y
[0,0.7) ifr==z

(0.2,0.7] ifr=w

[0.5,0.7) U (0.7,0.9) ifz = 0.

Thus, we get a fuzzy structures (X, D) by define a fuzzy set on X as follows:

~ 1 =z y 2 w 0

fi= (0.2 0.6 0.8 0.7 0.5 0.4)
Then fy is an 4-fuzzy ideal of X. Thus, a hyperstructure (X, f) over a Hilbert algebra X is a length 4-fuzzy
ideal of X. Since fi(0% (z*x))*z) = fi((0% 1) *x) = fi(l xz) = fi(z) = 0.6 £ 0.4 = min{0.4,0.7} =
min{f[(o), ﬁ(z)}. Then f is not an 2-fuzzy ideal of X. Hence, (X, f) over a Hilbert algebra X is not a length
2-fuzzy ideal of X.

Theorem 4.2. Given an ideal S of a Hilbert algebra X = (X,,1) and By, By € P([0,1]), let (X, f)bea
hyperstructure over X given by

By Zf{E es,

B1 otherwise.

f:X = P(0,1]);2 — {
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(1) If By C By, then (X, fisa length 1-fuzzy ideal of X.

(2) If By C By, then (X, f) is a length 4-fuzzy ideal of X.

Proof. If z € S, then f(z) = By and so fi(x) = fsup(w) — fint(2) = sup f(z) —inf f(z) = sup By — inf By.
If z ¢ S, then f(z) = By and so fi(z) = ﬁup(x) — fins(z) = sup f(z) — inf f(z) = sup By — inf By.

(1) Assume that By C Bsy. Then sup Bs — inf By > sup By — inf B;. Since 1 € S, we have f[(l) =
Faup(1) = fint(1) = sup By — inf By > fi(x) forall z € X.

Casel: Letx € X and y € S. Then f[(y) = sup By —inf Bs. Since S'is an ideal of X, we have xxy € S
and so fi(z * y) = sup By — inf By. Thus, f[(x *y) = sup By — inf By = f[(y)

Case 2: Letz € X andy ¢ S. Then ﬁ(y) = sup B; — inf By. Since S is an ideal of X, we have
xxy € Sorz*xy ¢ S and so ﬁ(m % y) = sup By — inf By or f[(az x y) = sup By — inf By. Thus,
filz xy) > sup By — inf By = fi(y).

Case 1: Letz € X and y1,y2 € S. Then ﬁ(yl) = sup By — inf By and ﬁ(yQ) = sup By — inf By. Thus,
min{ fi(y1), fi(y2)} = sup By — inf B. Since S is an ideal of X, we have (y; * (y2 * z)) * = € S and so
fil(y1 % (y2 %)) ¥x) = sup By —inf By. Thus, fi((y1 % (y2%x))*x) = sup By —inf By = min{ fi(v1), fi(ya)}-

Case 2: Letx € X and y1,y2 ¢ S. Then f[(yl) = sup By — inf B} and ﬁ(yg) = sup By — inf By, so
min{ fi(y1), fi(y2)} = sup By —inf By. Thus, fi((y1  (y2 %)) #x) > sup By —inf By = min{ fi(y1), fi(y2)}-

Case3: Letz € X, y1 ¢ Sand ys € S. Then fi(y1) = sup By — inf By and fi(y2) = sup By — inf By, so
min{ fi(y1), fi(y2)} = sup By —inf By. Thus, fi((y1  (y2 %)) #x) > sup By —inf Bi = min{ fi(yn), fi(y2)}-

Case4: Letz € X,y € Sand ys ¢ S. Then fi(y1) = sup By — inf By and fi(y2) = sup By — inf By, so
min{f(y1), fi(y2)} = sup By —inf By. Thus, fi((y1 * (y2 %)) *z) > sup By —inf By = min{fi(y1), fi(y2)}.

Hence, f; is a 1-fuzzy ideal of X and so (X, f) is a length 1-fuzzy ideal of X.

(2) Assume that By C Bj. Then sup By — inf By < sup By — inf B;. Since 1 € S, we have f[(l) =
fsup(l) — fing(1) = sup By — inf By < fi(z) forall z € X.

Casel: Letxz € X andy € S. Then ﬁ(y) = sup By —inf Bs. Since S'is an ideal of X, we have xxy € S
and so fi(z * y) = sup By — inf By. Thus, ﬁ(:c % y) = sup By — inf By = f[(y)

Case 2: Letz € X andy ¢ S. Then f[(y) = sup B; — inf By. Since S is an ideal of X, we have
xxy € Sorzx*xy ¢ S and so f[(:n % y) = sup By — inf By or f[(x x y) = sup By — inf By. Thus,
fila xy) < sup By — inf By = fi().

Casel: Letxz € X and y1,y2 € S. Then ﬁ(yl) = sup By — inf By and ﬁ(yQ) = sup By — inf By. Thus,
max{ﬁ(yl), ﬁ(yg)} = sup By — inf Bs. Since S is an ideal of X, we have (y; * (y2 * x)) * x € S and so
Fil(yr# (y2x2)) x2) = sup By —inf Bo. Thus, fi((y1 * (yo*z))*z) = sup Ba —inf By = max{ fi(y1), fi(y2)}.

Case 2: Letxz € X and y1,y2 ¢ S. Then f[(yl) = sup B; — inf By and ﬁ(yQ) = sup By — inf By, so
max{ fi(y1), fi(y2)} = sup By —inf By. Thus, fi((y1 * (y2 %)) xz) < sup By —inf By = max{fi(y1), fi(y2)}.

Case3: Letz € X, y; ¢ Sand y, € S. Then f[(yl) = sup By — inf By and ﬁ(yg) = sup By — inf By, so
max{ fi(y1), fi(y2)} = sup By —inf By. Thus, fi((y1 * (y2 %)) xx) < sup By —inf By = max{fi(y1), fi(y2)}.
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Case4: Letz € X,y; € Sand yy ¢ S. Then ﬁ(yl) = sup By — inf By and ﬁ(yg) = sup B; — inf By, so

max{ fi(y1), fi(y2)} = sup Bi —inf By. Thus, fi((y1%(y2#x))*x) < sup B —inf By = max{fi(y1), fi(y2)}-
Hence, fi is a 4-fuzzy ideal of X and so (X, f) is a length 4-fuzzy ideal of X. O

Definition 4.3. Let (X, f) be a fuzzy structure in a non-empty set X. For any t € [0, 1], the sets
U(f,t) ={r e X[ f() 2 t},

L(ft) ={z e X[ f(z) <t}

E(fit) ={re X | f(x) =t}
are called an upper t-level subset, a lower t-level subset, and an equal t-level subset of f, respectively.

Theorem 4.3. A hyperstructure (X, f) over a Hilbert algebra X = (X, *, 1) is a length 1-fuzzy ideal of X if
and only if the set U(fi,t) is an ideal of X forall t € [0,1] with Ufi,t) £ 0.

Proof. Assume that a hyperstructure (X, f) over X is a length 1-fuzzy ideal of X and let ¢ € [0, 1] be
such that U(f;, t) is non-empty. Obviously, 1 € U(fi,t). Let 2,y € X be such that y € U(f;,t). Then
fily) > t, which imply from (3.2) that filz xy) > fily) > t. Hence,  xy € U(fi, t). Let z,y1,y2 € X be
such that y; € U(fi,t) and yo € U(fi,t). Then fi(y1) > t and fi(y2) > t, which imply from (3.3) that
Fil(yr % (y2 % 2)) *2)) > min{ fi(y1), fi(y2)} > t. Hence, (y1 * (yo * x)) % = € U(f1,t), and therefore U( i, t)
is an ideal of X.

Conversely, suppose that /(i t) is an ideal of X. If f(1) < fi(a) for some a € X, then a € U(f;, fi(a))
and hence U (f;, fi(a)) is anideal of X. Thus, 1 € U( /i, fi(a)), and so fi(1) > fi(a). This is a contradiction,
and thus fi(1) > fi(z) for all z € X. Assume that there exist a, b € X such that fi(a = b) < fi(b). Taking
t = fi(b) implies that b € U(f;,t). Since U(f;,t) is an ideal of X, we have a * b € U(fi,t). Hence,
f[(a xb) >t = f[(b), which is a contradiction. Hence, f[(x xy) > f[(y) forall z,y € X. Assume that there
exist a, by, by € X such that fi((by * (by x a)) * a) < min{fi(b1), fi(b2)}. Taking ¢ = min{fi(b1), fi(b2)}
implies that (b * (b2 % a)) *xa € U(fi,t). Since U(fi, t) is an ideal of X, we have a € U(f,t). Hence,
fila) > t = min{fi(a * b), fi(b)}, which is a contradiction. Hence, fi(z) > min{fi(z * y), fi(y)} for all

z,y € X. Therefore, (X, f) is a length 1-fuzzy ideal of X. O

Corollary 4.1. If (X, fisa length 3-fuzzy ideal of a Hilbert algebra X = (X, x, 1), then the set U(fi,t) is an
ideal of X for all t € [0,1] with U(fi, t) # 0.

Proof. This follows directly from Theorems 4.1 (1) and 4.3. O

Theorem 4.4. A hyperstructure (X, f) over a Hilbert algebra X = (X, *, 1) is a length 4-fuzzy ideal of X if
and only if the set L(fi,t) is an ideal of X forall t € [0, 1] with L(fi,t) # 0.
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Proof. Assume that a hyperstructure (X, f) over X is a length 4-fuzzy ideal of X and let ¢ € [0, 1] be
such that £(f;, ) is non-empty. Obviously, 1 € L(fi,t). Let z,y € X be such that y € £(fi,t). Then
ﬁ(y) < t, which imply from (3.11) that ﬁ(:n xy) < ﬁ(y) <t.Hence, zxy € E(f[, t). Letz,y1,y2 € X
be such that y; € L£(fi,t) and yo € L(fi,t). Then fi(y1) < t and fi(y2) < ¢, which imply from (3.12)
that fi((y1 * (y2 % 2)) * x)) < min{fi(y1), fi(y2)} < t. Hence, (y1 * (y2 * ) * = € Ly(f,t), and therefore
Ly(f,t) is an ideal of X.

Conversely, suppose that L(fi,t)is anideal of X. If fi(1) > fi(a) for some a € X, thena € L(f;, fi(a))
and hence L(fi, fi(a)) is anideal of X. Thus, 1 € L(f;, fi(a)), and so fi(1) < fi(a). Thisis a contradiction,
and thus f(1) < fi(z) for all z € X. Assume that there exist a,b € X such that fi(a x b) > f(b). Taking
t = fi(b) implies that b € L(fi,t). Since L(fi,t) is an ideal of X, we have a x b € L(fi,t). Hence,
filaxb) < t = fi(b), which is a contradiction. Hence, fi(z*y) < fi(y) forall z,y € X. Assume that there
exist a, by, by € X such that fi((by * (by * a)) * a) > max{fi(b1), fi(b2)}. Taking ¢ = max{fi(b1), fi(b2)}
implies that (b  (by x a)) * a € L(fi,t). Since L(fi,t) is an ideal of X, we have a € L(fi,¢). Hence,
fila) <t = max{fi(a*b), fi(b)}, which is a contradiction. Hence, fi(z) < max{fi(x *y), fi(y)} for all

z,y € X. Therefore, (X, f) is a length 4-fuzzy ideal of X. O

Corollary 4.2. If (X, f) is a length 2-fuzzy ideal of a Hilbert algebra X = (X, *,1), then the set L(f,t) is an
ideal of X for all t € [0,1] with L(fi,t) # 0.

Proof. This follows directly from Theorems 4.1 (2) and 4.4. O

Theorem 4.5. If (X, fisa hyperstructure over a Hilbert algebra X = (X, *, 1) in which (X, fint) is constant
and (X, f;up) is a 1-fuzzy ideal of X, then (X, f) is a length 1-fuzzy ideal of X.

Proof. Assume that (X, fisa hyperstructure over X in which (X, fing) is constant and (X, fsup) isa
1-fuzzy ideal of X. Let z,y € X. Since (X, ﬁnf) is constant, we have fmf(x) = ﬁnf(l) forallz € X.

Since (X, f;up) is a 1-fuzzy ideal of X, we have

(Vz € X)(fap(1) > foup(x))
(Vz,y € X)(Jéup(a3 *y) > Jéup(y))

(Vo y1,y2 € X)(JFsup((yl * (y2 x @) *x ) > min{fsup(yl)7 .}V.Sup(y2)})-

Letx € X. Then

fi1) = faap(1) = fine(1)
> faup(®) = fine(1)
= foup(®) = fint(2)
= fil).
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Letz,y € X. Then
flwxy) = fap(x*y) = fiui(z xy)
fsup(y) - ﬁnf(1>
(
)-

Y

= foup(®¥) = fut(®)
= fily
Let z,y1,y2 € X. Then
Flr* (2 x2) % 2) = foup((yr* (g2 % 2)) * 2) — frne((y1 * (g2 %)) * @)
= Jiup((yl * (Y2 xx)) % x) — fmf(l)

> min{ fap(¥1), feup(y2)} — Fine(1)
= min{fuup(y1) = fiur(1), foup(y2) — fine(1)}
= min{ fup (1) — it (01): foup (v2) = Fint (32)}
min{ fi(y1), fi(y2)}-
Hence, (X, fi) isa 1-fuzzy ideal of X, that is, (X, fisa length 1-fuzzy ideal of X. O

Corollary 4.3. If (X, f) is a hyperstructure over a Hilbert algebra X = (X, %, 1) in which (X, finf) is constant
and (X, foup) is a 3-fuzzy ideal of X, then (X, f) is a length 3-fuzzy ideal of X.

Proof. This follows directly from Theorems 3.1 (1) and 4.5. g
Corollary 4.4. For j € {1,3}, every (2(3), j)-hyperfuzzy ideal of a Hilbert algebra X = (X, x, 1) is a length
1-fuzzy ideal of X.

Proof. This follows directly from Theorem 4.5 together with Corollary 4.3. O

Theorem 4.6. If (X, fisa hyperstructure over a Hilbert algebra X = (X, *, 1) in which (X, fint) is constant
and (X, f;up) is a A-fuzzy ideal of X, then (X, f) is a length A-fuzzy ideal of X.

Proof. Assume that (X, fisa hyperstructure over X in which (X, Jfing) is constant and (X, f’;up) isa
4-fuzzy ideal of X. Let z,y € X. Since (X, finf) is constant, we have ﬁnf(x) = ﬁnf(l) forallz € X.
Since (X, faup) is a 4-fuzzy ideal of X, we have

(V€ X)(foup(1) < foup())
(Vz,y € X)(faup(® * ) < faup(¥))
(Y, y1,52 € X)(foup((y1 * (y2 % 2)) * ) < max{ foup(y1), foup (¥2)}).

Let x € X. Then
() = Ffap(l) - (1)
< fsup(x) (1)
= foup(@) = fint(@)
= fi(=).
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Letz,y € X. Then

flzxy) = foapl@xy) = fut(z y)
< fsup(y) - ﬁnf(1>
= Jo(¥) = fine ()
= Jfily).
Let z,y1,y2 € X. Then
Fllyr* (2 x2) v x) = fap((r = (g2 ) % 2) = finr((1 % (y2 %)) % @)
= fap((1 * (2% @) * 2) = finr(1)
< max{foap¥1), foup(¥2)} — fine(1)
= max{ frup(y1) — fur (1), foup (v2) — finr(1)}
= max{fap(¥1) — Fint (1), frup(¥2) — Fine(v2)}
= max{fi(y), filya)}-
Hence, (X, fi) is a 4-fuzzy ideal of X, that is, (X, fisa length 4-fuzzy ideal of X. O

Corollary 4.5. If (X, f) is a hyperstructure over a Hilbert algebra X = (X, %, 1) in which (X, ﬁnf) is constant
and (X, foup) is a 2-fuzzy ideal of X, then (X, f) is a length A-fuzzy ideal of X.

Proof. This follows directly from Theorems 4.1 and 4.6. O

Corollary 4.6. For j € {2,4}, every (2(3), j)-hyperfuzzy ideal of a Hilbert algebra X = (X, x, 1) is a length
4-fuzzy ideal of X.
Proof. This follows directly from Theorem 4.6 together with Corollary 4.5. O

Theorem 4.7. If (X, fisa hyperstructure over a Hilbert algebra X = (X, *, 1) in which (X, f;up) is constant
and (X, fing) is a A-fuzzy ideal of X, then (X, f) is a length 1-fuzzy ideal of X.

Proof. Assume that (X, fisa hyperstructure over X in which (X, f;up) is constant and (X, fif) is a
4-fuzzy ideal of X. Let z,y € X. Since (X, f’;up) is constant, we have f;up(x) = f;up(l) forall x € X.
Since (X, ﬁnf) is a 4-fuzzy ideal of X, we have

(V2 € X)(finr(1) < fint(2)),
(Vz,y € X)(fuut( ¥ y) < fint (1)),
(Yo, y1, 92 € X)(fint (1 * (g2 * @) * ) < max{ finr(y1), fint (v2)}).

Letx € X. Then

f[(l) = fsup 1) - finf(l)
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Letz,y € X. Then
flzxy) = foapl@xy) = fut(zy)
Faup(1) = Fnt(y)
(
).

Y

= fsup y) fmf( )
~ Al
Let z,y1,y2 € X. Then
Al = e #2) #2) = fap((y1* (2% @) ) — fine((y1 * (32 * 2)) * 7)
= Jiup(l) - ﬁnf((yl * (y2 * ) * )

> foup(1) = max{ fint(y1), finr (v2)}
= min{fap(1) = fiurW1), fup(1) = Finr(y2)}
= min{fap(n) = finr(¥1), foup (2) = finr(v2)}
min{ fi(y1), fi(y2)}-
Hence, (X, fi) is a 1-fuzzy ideal of X, that is, (X, fisa length 1-fuzzy ideal of X. O

Corollary 4.7. If (X, f) is a hyperstructure over a Hilbert algebra X = (X, *, 1) in which (X, f‘;up) is constant
and (X, fin) is a 2-fuzzy ideal of X, then (X, f) is a length 1-fuzzy ideal of X.

Proof. This follows directly from Theorems 4.1 and 4.7. O
Corollary 4.8. For i € {2,4}, every (i,2(3))-hyperfuzzy ideal of a Hilbert algebra X = (X, x,1) is a length
1-fuzzy ideal of X.

Proof. This follows directly from Theorem 4.7 together with Corollary 4.7. O

Theorem 4.8. If (X, fisa hyperstructure over a Hilbert algebra X = (X, , 1) in which (X, }Zup) is constant
and (X, fing) is a 1-fuzzy ideal of X, then (X, f) is a length A-fuzzy ideal of X.

Proof. Assume that (X, fisa hyperstructure over X in which (X, ﬁup) is constant and (X, finf) is a
1-fuzzy ideal of X. Let 2,y € X. Since (X, f;up) is constant, we have f;up(a:) = ﬁup(l) forall x € X.
Since (X, finf) is a 1-fuzzy ideal of X, we have

(V2 € X)(fint(1) > fint(z))
(Va,y € X)(fint(z * y) > fint(v))
V2, 91,92 € X)(Funt (g1 * (y2 * @) * 2) > min{ fiur (1), Fint (y2)})-

Let x € X. Then
A1) = fap(l) = finr(1)
< fsup(l) (93)
= foup(@) = fint(@)
= fi(=).
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Letz,y € X. Then

filzxy) = fapl@xy) = fnr(z*y)
< fap(1) = fint ()
= fsup(y) fmf( )
= fily).
Let z,y1,y2 € X. Then
Al =2+ 2) % 2) = fap((r* (2% 2)) % 2) — frur((1 * (2 % 7)) * 2)

= fap(1) = Fint (1 * (y2 % 7)) % 2)

< foup(1) — min{ fine (41, fine (32)}

= max{ foup(1) — fint (1), Foup(1) — fint(y2)}
= max{ foup(¥1) — Fint(v1), Foup(y2) — Fint (y2)}
= max{fi(y1), fi(y2)}-

Hence, (X, f|) is a 4-fuzzy ideal of X, that is, (X, f) is a length 4-fuzzy ideal of X. O

Corollary 4.9. If (X, fisa hyperstructure over a Hilbert algebra X = (X, *, 1) in which (X, f;up) is constant
and (X, finr) is a 3-fuzzy ideal of X, then (X, f) is a length A-fuzzy ideal of X.

Proof. This follows directly from Theorems 3.1 (1) and 4.8. g

Corollary 4.10. For i € {1, 3}, every (i, 2(3))-hyperfuzzy ideal of a Hilbert algebra X = (X, *,1) is a length
4-fuzzy ideal of X.

Proof. This follows directly from Theorem 4.8 together with Corollary 4.9. 0

5. MEAN OF A HYPERSTRUCTURE IN HILBERT ALGEBRAS

In this section, we introduce the notion of the mean of a hyperstructure in Hilbert algebras. The
notions of mean fuzzy ideals of Hilbert algebras are introduced, and related properties are investigated.
Relations between mean fuzzy ideals and hyper fuzzy ideals are established. Moreover, we discuss the
relationships among the mean fuzzy ideals and upper-, lower-, and equal-level subsets of the mean of

a hyperstructure in Hilbert algebras.

Definition 5.1. Given a hyperstructure (X, f) over a non-empty set X, we define a fuzzy structures (X, fu) in
X as follows:

J?sup (z) + ﬁnf (2)

Jo: X = [0,1];2 — 5

which is called the mean of f.
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Definition 5.2. A hyperstructure (X, f) over a Hilbert algebra X is called a mean 1-fuzzy (resp., 2-fuzzy,
3-fuzzy and 4-fuzzy) ideal of X if the fuzzy structure (X, fu) is a 1-fuzzy (resp., 2-fuzzy, 3-fuzzy and 4-fuzzy)
ideal of X.

Example 5.1. Let X = {1, z,y, z,w, 0} with the following Cayley table:

*x |1 z y 2z w 0O
111 =z y =z 0
z|1 1 y =z 1
y|1l 1 1 1 1 1
z|1 z y 1 w 1
wll z y =z 1 1
0|1 z y 2z w 1

Then X is a Hilbert algebra. Let (X, f) bea hyperstructure over X in which fis given as follows:

(0.8,1) ifx=1

[0.4,0.5) U (0.5,0.9) ifz =z

FiX = P([0,1]):2 0,02 fo=y
(0.3,0.6) U (0.6,0.7) ifx =2

(0.1,0.5] ifr=w

0.6,0.9)U(0.9,1] ifz=0.

Thus, we get a fuzzy structures (X, fu) by define a fuzzy set on X as follows:

f (1 z y z w O
" \0.90.70.105 03 08
Then fr is an 1-fuzzy ideal of X. Hence, (X, f) over a Hilbert algebra X is a mean 1-fuzzy ideal of X.

Proposition 5.1. Given a hyperstructure (X, f) over a Hilbert algebra X = (X, *,1), we have the following

assertions:

(1) If (X, f) is a mean k-fuzzy ideal of X for k € {1, 3}, then
(V2 € X)(fu(1) = ful)).
(2) If (X, ) is a mean k-fuzzy ideal of X for k € {2,4}, then

(Vm € X)(J?m(l) < fm(x))

Proof. (1) Let (X, f) be a mean k-fuzzy ideal of X for k € {1,3}. Then

J?sup(l) + J?inf(l)

~ 2

fsup(-r) + finf(x)
2

fm(l) =

v

= fu(2).
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(2) Let (X, f) be a mean k-fuzzy ideal of X for k € {2,4}. Then

,]?m(l) _ fsup(l) ;—finf(l)

.]?;up (x) + ﬁnf(x)
2

IN

= fm(:ﬁ)
O

Theorem 5.1. For any hyperstructure (X, f) over a Hilbert algebra X = (X, *,1), the following assertions are

valid:

(1) Every mean 3-fuzzy ideal of X is a mean 1-fuzzy ideal of X.
(2) Every mean 2-fuzzy ideal of X is a mean 4-fuzzy ideal of X.

Proof. The result follows directly from Theorem 3.1. O

Example 5.2. Let X = {1, z,y, z,w, 0} with the following Cayley table:

|1 z y 2z w 0O
111 2z y 2 w O
z|1l 1 yv 1 w 1
y!1 1 1 1 w 1
z|1 z y 1 w 0O
w|l  y 1 1 1
0|1 =z »y 1 w1

Then X is a Hilbert algebra. Let (X, f) bea hyperstructure over X in which fis given as follows:

(

(0.6,0.8) ifo =1

0.3,0.4) U (0.4,0.5] ifz =z

FoX = P(0,1]);x 0.1,0.5] fo=y
[0.2,1) ifx==z

(0.3,0.7] ifr=w

0.1,0.7) U (0.7,0.9) ifz = 0.

Thus, we get a fuzzy structures (X, fu) by define a fuzzy set on X as follows:

= < 1 2y 2z w 0 )
" \0.7 04 0.3 0.6 05 0.5
Then fy is an 1-fuzzy ideal of X. Thus, a hyperstructure (X, f) over a Hilbert algebra X is a mean 1-fuzzy ideal
of X. Since fu((z % (ww)) *w) = fu((z% 1) xw) = fu(1 ¥ w) = fn(w) = 0.5 # 0.6 = max{0.6,0.5} =
max{ fu(2), fm(w)}. Then fu is not an 3-fuzzy ideal of X. Hence, (X, f) over a Hilbert algebra X is not a
mean 3-fuzzy ideal of X.
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Example 5.3. Let X = {1,z,y, 2z, w, 0} with the following Cayley table:

*x |1 z y 2z w 0O
111 =z y = 0
z |1 1 y 2 0
yl1l 1 1 2z 1 0
z|1 z y 1 w O
wll 1 y 2z 1 0
0|1 2z y 1 w1

Then X is a Hilbert algebra. Let (X, f) bea hyperstructure over X in which fis given as follows:

r (0,0.2) ifo =1

(0.1,0.3) ifr=u

FiX = P([0,1));2 0.3,0.5] fo=y
[0,1) ifr==z

[0.2,0.4] ifex=w

0.8,0.9)U (0.9,0.1) ifx = 0.

Thus, we get a fuzzy structures (X, ) by define a fuzzy set on X as follows:

P < 1 2z y 2z w 0 >
0.1 0.2 0.4 0.5 0.3 0.9
Then fu is an A-fuzzy ideal of X. Thus, a hyperstructure (X, f) over a Hilbert algebra X is a mean 4-fuzzy ideal
of X. Since fu((w* (1% w)) *xw) = fu((w*w)*w) = fu(l*w) = fu(w) = 0.3 £ 0.1 = min{0.3,0.1} =
min{ fu(w), fu(1)}. Then fu is not an 2-fuzzy ideal of X. Hence, (X, ) over a Hilbert algebra X is not a mean
2-fuzzy ideal of X.

Theorem 5.2. Given an ideal S of a Hilbert algebra X = (X, *,1) and B, By € P([0,1)), let (X, f) bea

hyperstructure over X given by

FiX = P([0,1);2 {32 fres

Bi otherwise.

(1) Ifsup By > sup By and inf By > inf By, then (X, f) is a mean 1-fuzzy ideal of X.

(2) Ifsup By < sup Bj and inf By < inf By, then (X, f) is a mean 4-fuzzy ideal of X.

Proof. If x € S, then f(z) = By and so

~ B ]?Sup(x) + ﬁnf(x) _ sup f(x) +inf f(x)  sup By + inf By
fu(z) = 5 = 5 = 5 .




Asia Pac. J. Math. 2026 13:19 20 of 26

Ifz ¢ S, then f(z) = B and so

~ B f;up(x) + finf(:c) _ sup f(z) +inf f(z)  sup B +inf By
fu(z) = 5 = 5 = 5 .

(1) Assume that sup By > sup By and inf By > inf B;. Then

sup By + inf By >supBl+infBl
2 - 2 '
By +inf B By +inf B
sup 2;—111 2 and fm(y) _ sup 2;11& 2‘

. Since S is an ideal of X, we have z x y € S and so fm(:c xy) =

Case 1: Let 2,y € S. Then fu(z) =

min{ fa(0), faly)} = T2
sup By ;— inf BQ' Thus, J?m(ZL“ ry) = sup By ;— inf By _ min{fm(x), fm(y)}
Case 2: Let z,y ¢ S. Then fm(x) _ P B ;—inf B and fm(y)
min{ fo(z), Jon(y)} = 22PN up By +int By
Case 3: Letz ¢ Sandy € S. Then fu(z) =

.7 ~ sup B; +inf B ~
mln{fm(ﬁ)afm(y)} = P21 5 1. Thus, fm({L‘ *y) >
Case 4: Letz € Sandy ¢ S. Then Fulz) = sup By + inf By

, SO
. . 2
min{ fo(r), Fon(y)} = 22T W BB inf ). Fu(0).

Hence, fn is a 1-fuzzy ideal of X and so (X, f) is a mean 1-fuzzy ideal of X.
sup By + inf By < Sup B +inf By

Thus,

sup B; + inf By
2 7
= min{fm(aﬂ); fm(y)}

~ B, + inf B
and fu(y) = 2P so

' 2
sup By + inf By = min{ fu(z), fu(y)}.

and fm(y) _ sup B +inf By

. Thus, fm(m *y) >
sup By + inf B

. Thus, fu(z *y) >

(2) Assume that sup By < sup By and inf By < inf B;. Then

2
Bs +inf B ~ By +inf B
sup 2;111 2 and Fulw) sup 2;111 2, .

. Since S is a ideal of X, we have x x y € S and so fm(:v xy) =

= max{fm(x), fm(y)}

Case 1: Let z,y € S. Then fm(:c) =

max{ i (z), fuly)) = S B2 100 B>

2
By +inf B -
P B2 D2 gy, Fu (e y) =

sup By + inf By

2 2
s By +inf B ¥ By +inf B
Case 2: Let z,y ¢ S. Then fn(z) = Sup 1;_m Land fuly) = sup 1;1D L 5o
~ ~ sup B; + inf B ~ sup B1 +inf B ~ ~
max{ fn (@), fin(y)} = =05+ Thus, fu(a +y) < =m0 = max{ fu(@), fu(y)).
7 By +inf B ~ By +inf B
Case 3: Letz ¢ Sandy € S. Then fu(z) = —© 1;’““ ! and fa(y) = P 2;-111 2

sup B1 + inf By
2

Sup By T By T (@), (1))

sup By + inf By

. Thus, fu(z *y) <
sup By + inf By

max{fm(ﬂﬁ), fm(y)} =

Case 4: Letz € Sandy ¢ S. Then fu(z) = and fu(y) = 5 , SO
~ ~ sup B1 +inf B ~ sup B1 +inf B ~ ~
max{Jn (@), Ju(y)} = =55t Thus, fa(ey) € =00t = max{fu(@), fa(v)}.
Hence, fm is a 4-fuzzy ideal of X and so (X, f) is a mean 4-fuzzy ideal of X. O

Theorem 5.3. A hyperstructure (X, f) over a Hilbert algebra X = (X, *, 1) is a mean 1-fuzzy ideal of X if and
only if the set U( fu, t) is an ideal of X for all t € [0,1) with U(fm,t) # 0.

Proof. Assume that a hyperstructure (X, f) over X is a mean 1-fuzzy ideal of X and let ¢ € [0, 1] be
such that 2(fn, t) is non-empty. Obviously, 1 € U (fm:1). Let 2,y € X be such that y € U(fu, t). Then



Asia Pac. J. Math. 2026 13:19 21 of 26

fm(y) > t, which imply from (3.2) that fm(:zj *y) > fm(y) > t. Hence, z xy € Z/{(fm, t). Letz,yp,y2 € X
be such that y; € U(fm,t) and yo € U(fm,t). Then fu(y1) >t and fu(y2) > t, which imply from (3.3)
that fu((y1 % (y2x2)) *2)) > min{ fm(y1), fm(y2)} > t. Hence, (y1 * (y2 x2)) xx € U(fm, t), and therefore
U(fm, t) is an ideal of X

Conversely, suppose that I/ (fu,t) is an ideal of X. If fu(1) < fu(a) for some a € X, then a €
U(fm, fm(a)) and hence U(fu, fm(a)) is an ideal of X. Thus, 1 € U(fu, fu(a)), and 50 fu(1) > fu(a).
This is a contradiction, and thus fu (1) > fu(z) forall z € X. Assume that there exist a, b € X such that
Fm(a*b) < fu(b). Taking t = fu(b) implies that b € U(fn,t). Since U(fn,t) is an ideal of X, we have
a*b€U(fum,t). Hence, fu(a*b) >t = fu(b), which is a contradiction. Hence, fu (2 % y) > fu(y) for all
2,y € X. Assume that there exist a, b, by € X such that fo((by * (b % a)) * a) < min{ fu(b1), fum(b2)}.
Taking ¢ = min{ fu(b1), fm(b2)} implies that (by * (by * a)) * a € U(f,t). Since U(fm,t) is an ideal of
X, we have a € U(f,t). Hence, fu(a) > t = min{fu(a % b), fu(b)}, which is a contradiction. Hence,
Ju(x) > min{ fu(z % y), fu(y)} for all z,y € X. Therefore, (X, f) is a mean 1-fuzzy ideal of X. O

Corollary 5.1. If (X, f) is a mean 3-fuzzy ideal of X, then U(fu,t) is an ideal of X for all t € [0,1] with

Proof. This follows directly from Theorems 5.1 (1) and 5.3. O

Theorem 5.4. A hyperstructure (X, f) over a Hilbert algebra X = (X, *, 1) is a mean 4-fuzzy ideal of X if and
only if the set L(fu, t) is an ideal of X for all t € [0, 1] with L(fn,t) # 0.

Proof. Assume that a hyperstructure (X, f) over X is a mean 4-fuzzy ideal of X and let ¢ € [0,1] be
such that £(f, t) is non-empty. Obviously, 1 € L(fm,t). Let 2,y € X be such that y € £(fu,t). Then
fm(y) < t, which imply from (3.11) that fm(aﬁ xy) < fm(y) <t. Hence, z xy € E(]?, t). Letz,y1,y2 € X
be such that y; € E(fm, t)and yo € E(fm, t). Then fm(yl) < tand fm(yg) < t, which imply from (3.12)
that fu((y1* (yo*2)) *2)) < min{ fm(y1), fm(y2)} < t. Hence, (y1 * (y2 x2)) x 2 € L(fm,t), and therefore
L(fm, t) is an ideal of X.

Conversely, suppose that L(fm,t) is an ideal of X. If fn(1) > fu(a) for some a € X, then a €
L(fm, fm(a)) and hence L(fm, fu(a)) is an ideal of X. Thus, 1 € L(fam, fu(a)), and 50 fu(1) < fu(a).
This is a contradiction, and thus fu(1) < fu(z) forall z € X. Assume that there exist a, b € X such that
Fu(a*b) > fu(d). Taking t = fu(D) implies that b € L(fm, t). Since L(fm,t) is an ideal of X, we have
axbe E(f, t). Hence, fm(a xb) <t= fm(b), which is a contradiction. Hence, fm(a: xy) < fm(y) for all
2,y € X. Assume that there exist a, by, by € X such that fu((by * (bs * a)) * @) > max{ fu(b1), fm(b2)}.
Taking t = max{ fum(b1), fm(b2)} implies that (b1 * (by x a)) *xa € L(fm,t). Since L(fu,t) is an ideal of
X, we have a € L(fn,t). Hence, fu(a) < t = max{fu(a *b), fu(b)}, which is a contradiction. Hence,
Ju(@) < max{fu(z % y), fu(y)} forall 2,y € X. Therefore, (X, f) is a mean 4-fuzzy ideal of X. O
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Corollary 5.2. If (X, f) is a mean 2-fuzzy ideal of X, then L(fm,t) is an ideal of X for all t € [0,1] with
L(fmrt) # 0.

Proof. This follows directly from Theorems 5.1 (2) and 5.4. O

Theorem 5.5. If (X, f) is a hyperstructure over a Hilbert algebra X = (X, %, 1) in which (X, finr) is constant
and (X, fsup) is a 1-fuzzy ideal of X, then (X, f) is a mean 1-fuzzy ideal of X.

Proof. Assume that (X, fisa hyperstructure over X in which (X, fing) is constant and (X, f‘;up) isa
1-fuzzy ideal of X. Let z,y € X. Since (X, finf) is constant, we have finf(a:) = ﬁnf(].) forallz € X.
Since (X, f;up) is a 1-fuzzy ideal of X, we have f‘;up((yl * (ya x x)) *x) > min{f;up(yl), f;up(yg)}. Thus,

Foup((y1 * (y2 % 7)) % ) + fine((y1 * (y2 * @) * )

faul( * (2 # 2)) % 2) =

_ (1 ¢ (32 * X)) * T) i fian(l)
~ i fsup2<y1> . ﬁnf2<m> } . fsu;m
_ fsup2<y1> . ﬁnf;l)? f;up2<y2> . ﬁnf2<1>
R };up(yl);' finf($)’ Faup(32) -21- Fnt (y2)
= min{fu(y1), fm(v2)}-
Hence, (X, fu) is a 1-fuzzy ideal of X, thatis, (X, f) is a mean 1-fuzzy ideal of X. O

Corollary 5.3. If (X, f) bea hyperstructure over a Hilbert algebra X = (X, *, 1) in which (X, fint) is constant
and (X, f;up) is a 3-fuzzy ideal of X, then (X, f) is a mean 1-fuzzy ideal of X.

Proof. This follows directly from Theorems 3.1 (1) and 5.5. O

Corollary 5.4. For j € {1,3}, every (2(3), j)-hyperfuzzy ideal of a Hilbert algebra X = (X, *, 1) is a mean
1-fuzzy ideal of X.

Proof. This follows directly from Theorem 5.5 together with Corollary 5.3. 0

Theorem 5.6. If (X, f) is a hyperstructure over a Hilbert algebra X = (X, *, 1) in which (X, fint) is constant
and (X, faup) is a A-fuzzy ideal of X, then (X, f) is a mean A-fuzzy ideal of X.

Proof. Assume that (X, fisa hyperstructure over X in which (X, fing) is constant and (X, f’;up) isa
4-fuzzy ideal of X. Let z,y € X. Since (X, fmf) is constant, we have ﬁnf(x) = finf(l) forallz € X.
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Since (X, foup) is a 4-fuzzy ideal of X, we have foup((y1 * (y2 * ) * ) < max{ faup(y1), foup(y2)}. Thus,

Faup (1 % (y2 % 2)) % 2) + fne((y1 * (y2 ¥ 2)) * @)
~ 2
Joup((y1 * (y2 *x x)) * ) n fine(1)

2 - 2 _
fsup(yl) + fsup(y2)} + finf(l)

faul(yr * (2 v 7)) % 2) =

<
= T 2 2
— max fsup(yl) + finf(l)’ fsup(yQ) + finf(l) }
2 2 2 2
— max fsup(yl) +finf(y1)’ fsup(yQ) +finf(y2)}
2 2
= max{fm(y1)7 fm(?ﬂ)}-
Hence, (X, fn) is a 4-fuzzy ideal of X, that is, (X, /) is a mean 4-fuzzy ideal of X. O

Corollary 5.5. If (X, f)bea hyperstructure over a Hilbert algebra X = (X, , 1) in which (X, fint) is constant
and (X, f;up) is a 2-fuzzy ideal of X, then (X, f) is a mean A-fuzzy ideal of X.

Proof. This follows directly from Theorems 3.1 (2) and 5.6. g

Corollary 5.6. For j € {2,4}, every (2(3), j)-hyperfuzzy ideal of a Hilbert algebra X = (X, *, 1) is a mean
4-fuzzy ideal of X.

Proof. This follows directly from Theorem 5.6 together with Corollary 5.5. O

Theorem 5.7. If (X, fisa hyperstructure over a Hilbert algebra X = (X, *, 1) in which (X, jzup) is constant
and (X, fing) is a A-fuzzy ideal of X, then (X, f) is a mean A-fuzzy ideal of X.

Proof. Assume that (X, fisa hyperstructure over X in which (X, ]A‘;up) is constant and (X, finf) is a
4-fuzzy ideal of X. Let z,y € X. Since (X, f;up) is constant, we have f;up(:r) = f;up(l) for some x € X.
Since (X, finf) is a 4-fuzzy ideal of X, we have finf((yl x (yaxx)) *x) < max{finf(yl), finf(yz)}. Thus,

Falln s (s a)) sa) = Tunl@x@oxo) o)+ fini(yr* (92 2) * 2)

_ N 2
_ fsup(l) + finf((yl * (yZ * .%')) * x)

N 2
~ Jaup(D) | finr((y1 * (y2 x @) * x)
2 + 2
o T { Fne(1) Fo(32) }

2 2 2

—  max fsu};(l) + finf2(y1)7 fsug(l) + finfz(yQ)}
s f;up@l);ﬁnf(yl)? J’f;up@g);ﬁnf(m)}

= maX{fm(yl)a fm(yQ)}
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Hence, (X, fn) is a 4-fuzzy ideal of X, that is, (X, /) is a mean 4-fuzzy ideal of X. O

Corollary 5.7. If (X, f)bea hyperstructure over a Hilbert algebra X = (X, *,1) in which (X, fsup) is constant
and (X, fing) is a 2-fuzzy ideal of X, then (X, f) is a mean A-fuzzy ideal of X.

Proof. This follows directly from Theorems 3.1 (2) and 5.7. O

Corollary 5.8. Fori € {2,4}, every (i, 2(3))-hyperfuzzy ideal of a Hilbert algebra X = (X, *,1) is a mean
4-fuzzy ideal of X.

Proof. This follows directly from Theorem 5.7 together with Corollary 5.7. 0

Theorem 5.8. If (X, f) is a hyperstructure over a Hilbert algebra X = (X, *,1) in which (X, fsup) is constant
and (X, fint) is a 1-fuzzy ideal of X, then (X, f) is a mean 1-fuzzy ideal of X.

Proof. Assume that (X, fisa hyperstructure over X in which (X, f;up) is constant and (X, fins) is a
1-fuzzy ideal of X. Let 2,y € X. Since (X, f;up) is constant, we have f’;up(a:) = f;up(l) forall x € X.
Since (X, fin) is a 1-fuzzy ideal of X, we obtain Fint (1 * (y2 * 2)) * 2) > min{ fint (1), fint (y2)}. Thus,

Faup ((y1 * (y2 * 7)) * ) + funt (41 * (92 * 7)) * )
~ - 2

fsup(l) + finf((yl * (y2 * (E)) * (L’)

_ - 2

fsup(l) finf((yl * (y2 * f)) * -T)

- o 7 2

Fup(1) 4 min Fint(y1) ﬁnf(yQ)}

ful(yr # (y2 ¥ @) x2) =

2 2 ’ 2
Foup(1) +fmf<y1> faup(1) +fmf<y2>}

= min ,
2 2 2 2

i f;up<y1>2+ﬁnf<y1>7 f;up<yg>2+ﬁnf<y2>}

= min{fm(y1)7 fm(yQ)}

Hence, (X, fu) is a 1-fuzzy ideal of X, that is, (X, ) is a mean 1-fuzzy ideal of X. O

Corollary 5.9. If (X, fisa hyperstructure over a Hilbert algebra X = (X, *, 1) in which (X, f;up) is constant
and (X, fing) is a 3-fuzzy ideal of X, then (X, f) is a mean 1-fuzzy ideal of X.

Proof. This follows directly from Theorems 3.1 (1) and 5.8. g

Corollary 5.10. Fori € {1, 3}, every (i, 2(3))-hyperfuzzy ideal of a Hilbert algebra X = (X, *,1) is a mean
1-fuzzy ideal of X.

Proof. This follows directly from Theorem 5.8 together with Corollary 5.9. 0
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CONCLUSION

In this paper, we have introduced and investigated the notions of the length and the mean of a
hyperstructure in Hilbert algebras. Based on these concepts, we defined two new classes of fuzzy ideals,
namely, length fuzzy ideals and mean fuzzy ideals, and studied their fundamental properties. The
four types of k-fuzzy ideals for k € {1,2, 3,4} were employed as a general framework to characterize
these structures and to examine their algebraic behaviors.

Several characterization theorems have been established to provide necessary and sufficient con-
ditions for a hyperstructure to form a length (resp., mean) k-fuzzy ideal. Moreover, we explored in
detail the interrelations between length (resp., mean) fuzzy ideals and hyperfuzzy ideals, as well as
their connections with upper-, lower-, and equal-level subsets. These results extend and generalize
classical theories of fuzzy ideals in Hilbert algebras.

The study reveals that specific combinations of constant and fuzzy structures naturally yield length- or
mean-based fuzzy ideals, thereby strengthening the link between hyperfuzzification and the underlying
algebraic operations. The examples and counterexamples provided illustrate the validity and the non-
reversibility of some implications, offering deeper insight into the logical and algebraic structure of
Hilbert algebras.

The concepts developed in this work may serve as a foundation for further investigations into
fuzzy and hyperfuzzy algebraic systems, particularly in exploring new types of hyperfuzzy filters and

homomorphisms, and their applications in non-classical logic and information systems.
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