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1. INTRODUCTION

One of the most significant topics in elliptic differential equations is the study of eigenvalue problems.
This area of research dates back to the work of Euler and Lagrange on mechanical vibrations. The
formalism of the calculus of variations developed by Lagrange led to the Euler-Lagrange equation,
which characterizes eigenvalues as solutions to a variational problem.

Recently, many studies have focused on semi-linear eigenvalue elliptic equations, where the Laplacian
is treated as the linear operator. This type of equation has been widely studied (see, for example, [4]).
And these studies later evolved into quasilinear eigenvalue equations that include the p-Laplacian
operator (see [11-13,22,26]).

On the other hand, we observe that numerous prior studies have transitioned to the spaces of variable
exponents, and numerous mathematicians have concentrated on investigating differential equations

that exhibit nonstandard p(x)-growth conditions. This behavior arises from complexities associated
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with nonlinear elasticity theory, electrorheological fluids, image processing or calculus of variations,
and similar fields (see [2,3,6,23,31-34]).

Without the logarithmic term, problem (1.1), when p(-) = ¢(-), has been examined from various
perspectives. The existence of eigenvalues and their qualitative characteristics, including simplicity
and multiplicity, have been explored (see, for instance, [8,9,16,19,20]).

In [8,9] the authors investigated the Steklov and Robin eigenvalue problems. They proved that there
exist infinitely many eigenvalue sequences, established that the principal eigenvalue does not exist,
and indicated that, under certain assumptions, the set of all eigenvalues is not closed.

Fan, Zhang, and Zhao [ 19] demonstrated the existence of an endless sequence of eigenvalues and
established that sup o) = +00, where o, is the set of all nonnegative eigenvalues. They also identified
specific conditions that determine whether inf o) equals 0 or is strictly positive.

M. Mihdilescu, and V. Rddulescu in [28] studied the problem

~Aygayul) = Nu(@)['2u(z), x e,

u(z) =0, x € oS

They establish that any sufficiently small A > 0 is an eigenvalue of the above nonhomogeneous
quasilinear problem.

N. Benouhiba [5] addresses the problem
~Dpyu(@) = AV (@)|u(@)| " 2u(z), = eR", (P)

where V is an indefinite weight function that can change sign in R”. The author expanded the in-
vestigation to the entire space R", demonstrating that the spectrum includes a continuous family of
eigenvalues.

The same problem (P) has been considered by M. Aboubacar and S. Janvier in [27], in a bounded
domain €2 of R™. According to the authors, the spectrum comprises a continuous set of eigenvalues,
which in certain cases is the whole set R, .

In this paper, we investigate eigenvalues for doubly inhomogeneous elliptic problems with the
p(x)-Laplacian operator and logarithmic nonlinearity, namely

_ w(z) = Mu(2)|9@ =24 (2) log (|u(x x
Apyu(z) = Alu(z)| () log ([u(2)]), =€, (1.1)

u(z) =0, x € 09,

where A, u = div (|[Vu/P®~2Vu), Q is a bounded domain in R™(n > 2) with smooth boundary 09

and ) is a real parameter. The functions p(-) and ¢(-) are in C(Q, R;.) and satisfy p(-) # q(-) with

2 <p- <p() < py < o0, (1.2)
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and
1 <q- <gqr) < gy <p'(), (1.3)

p(-) and ¢(-) also, satisfy the following assumption

1 <q(z) < p(z), (H1)
where
p— =essinf p(z), py =esssupp(z), ¢q- =essinf q(x), ¢4 = esssupq(zx),
2€Q 2eQ z€Q 2€Q
and
%a if p+ <,

p(z) =
~+00, if py>n.

The aim of this paper is to investigate the spectrum structure of problem (1.1) through several
nonlinear analytic approaches. In this first part of the paper, which focuses on the sublinear case, we
demonstrate, utilizing Ekeland’s variational principle, that under assumptions (H1)—(H3) problem
(1.1) admits a continuous family of eigenvalues. We also highlight that this family of eigenvalues
corresponds precisely to the whole R” . Furthermore, we establish sufficient conditions that enable
each continuous spectrum eigenvalue to support an infinite countable (possibly unbounded) family of
eigenfunctions.

We highlight several technical challenges arising from the nonlinear logarithmic term in the study
of the eigenvalue problem, particularly due to its failure to maintain a consistent sign. Given the
importance of this problem, the main difference between the problems studied in eigenvalue contexts
is that in this case, the functions with changing signs are related to the spatial variable (see [5,27]).
In contrast, our problem involves a nonlinear logarithm related to the unknown function, which

complicates its study. Therefore, we define the following sets:

v ={v e Wy @\{0} | g(lo]) € (@)}, (14)
Wt ={vew|F(v|) >0}, (1.5)

where
g(s) = s1®log(s), F(s) = /Qg(s)dw. (1.6)

In this study, we only consider the case where the logarithm is positive; a negative sign case is
omitted.

The paper is structured as follows: Section 2, outlines several classical properties of the variable
exponent Lebesgue and Sobolev spaces. Section 3, is devoted to prove some auxiliary Lemmas required
to deal with the next results. In Section 4, we analyze the sublinear problem and provide proof of the

main result, along with several corollaries.
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2. PRELIMINARIES

We recall some needed properties of variable exponent Lebesgue and Sobolev spaces, which will
be required later. Regarding the basic properties of these spaces, we advise the reader to browse the
references [10,24,30]. Later we will use the notation: [|v[,¢) = [[v][ Lr() (q)-

Let Q2 be a bounded domain in R", we denote by Z7(£2) the set of all Lebesgue measurable functions
p() : = [1,00].

We say that the function p(-) fulfills the log-Ho6lder continuity condition in 2 if

1 C
Yo,y € Qwith |z —y| < =, |p(z) = p(y)] < —F, (2.1)
2 —log (]w — y])
where Cy > 0 is a constant.
We call that p(-) satisfies the log-Holder decay condition in €2 if
Coo
Vo € Q, | < — 2 22

where py, = lim|;|_,o p(7) and C > 0 are constants.

The class of variable exponents is defined as follows:
P8(Q) = {p(:) € 2(Q) | 1/p(-) is globally log-Hlder continuous}.
Note that p(-) € 22(2) is globally log-Holder continuous in €2, if p(-) satisfies both (2.1)—(2.2) conditions.

Proposition 2.1 (see [7]). Given a domain )
(1) If p(-) fulfills (2.1), then it is uniformly continuous and fulfills (2.2) on every bounded subset E C (.
(2) If p(-) € 2(Q) and p; < +oo, then 1/p(-) satisfies either conditions (2.1), (2.2) or both if and only if p(-)

is also.

Remark 2.1. From Proposition 2.1 we deduce that if 0 is bounded, p(-) € C(Q) and satisfies the conditions
(12), (2.1) then p(-), 1/p(-) € 2'°5(Q).

Now we define the p(-) modular of a measurable function u : 2 — R as follows:

o) = [ @) o+ ess sup Ju(o)],
O\ Qoo

€N
where
Qo = {2 € Q| p(z) = 0}.
The variable exponent Lebesgue space LP(®)(Q2) is the class of those measurable functions u defined on

) as follows:
@) = {ue 2@ | [ o)l < oo,
Q

we define the Luxembourg norm of the space L(*)(Q) by

Hqu(m) = inf{/-@ >0 | pp(z)(u//i) < 1}.
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The space LP()(Q) equipped with this norm, is a Banach space.

Now we present results related to variable exponent Lebesgue spaces

Proposition 2.2 (generalized Holder inequality, see [24,30]). Let p(-),p'(-) € Z2(Q2) such that p_ > 1 and

1 1
—+ =1, ae x€.

p()  P()

Then the inequality
1 1
fylemtalae < (= o Yool

holds for every u € LP®)(Q) and v € LP'®)(Q).

Proposition 2.3 (see [17,18]). Let u € LP)(Q), (um)men C LPE)(Q), then
(D) [ullp@) < L= 1> 1) € ppy(u) < 1(=1;> 1),

(@) If [ully) > L then [l < ppiay (1) < %,

(3) I lullpey < L, then [ull%%,) < ppiey (1) < [l

&) umllp@y = 0= pp@y(um) — 0,

(5)

00
5 Hume(x) mjoo 0 Pp(x) (um) mjoo o0.

Proposition 2.4 (see [21]). Assume that ) has finite measure, p1(x), p2(z) € Z(Q). If p1(x) < pa(x) for
almost all v € Qand 1 < pi_ < piy < 400, (i = 1,2), then LP2®)(Q) — LP1(*)(Q) and the embedding is

continuous.

Proposition 2.5 (see [21]). Let u, u,, € LP@)(Q), m = 1,2, .... Then the following statements are equivalent
to each other

(1) limyy— 00 Hum — u”p(x) =0,
(2) imyp—c0 Pp(a) (um — u) =0,

(3) um converges to w in §) in measure and 1imyy, 00 Pp(z) (Um) = Pp(z) ().

The variable exponent Sobolev space W) (Q) is defined by
Wle@ () = {u € LP@(Q) | |Vu| € LP@ (Q)}.
This space endowed with the norm

lull1 p) = 1ullp@) + 1 VUl

is a Banach space.
The space Wol’p(m)(Q) is the closure of C§°(Q) in WP(*)(Q) with respect to the norm lull1 p(z) =

||u||W1,p(z)(Q) = [|Vu||pz)- And W—17(#)(Q) is the dual space of Wol’p(x) (Q) where p/(z) is the conjugate
0
1

exponent function of p(z) such that ﬁ + o = 1

We denote 25 = Wy P (2)\{0}, with the norm [|ully pa) = | Vte]|pa)-
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Proposition 2.6 (see [ 10, Theorem 8.1.13]). Let p € Z(R™). The space WO1 () () is a Banach space, which

is separable if p(-) is bounded, and reflexive and uniformaly convexe if 1 < p_ < p; < +o0.

Proposition 2.7. Assume that 1 < essinf,cqp;(xz) < pi(z) < esssup,eqpi(z) < +oo, (i = 1,2). If
p1(x) < pa(x), then WhP2(®)(Q) — WhP() (),

Proposition 2.8 (see [7, Theorem 6.29] and [ 10, Theorem 8.3.1]).
(1) Given Qand p(-) € 2 (Q) such that p, < n suppose that the maximal operator is bounded on L®")/")'((),
Then Wol’p(')(Q) c LP"0(Q), and

1ullpey < ClIVUllpc.)-

(2) Let p € 22'°8(Q) satisfy 1 < p_ < py < n. Then for every u € Wol’p(')(Q), the inequality
[ullpy < el Vallpey,
holds with a constant c depending only on the dimension n, ciog(p), and p.

Proposition 2.9 (see [29]). If Q is bounded, p(x) € C(Q) such that py < n and q(z) defined in Q with
q— > land

essinf (p"(x) - q(x)) >0,

then the embedding Wo '™ (Q) < L1®)(Q) is compact.

Proposition 2.10 (see [5,9,15,18,20]). The mapping _# is coercive, convex and sequentially weakly lower

semi-continuous; u,, — win Zy = _#1(u) < liniinfjl(um).
n x

Lemma 2.1. Let £(+) € C(Q,R%) such that 0 < essinfyen&(z) = €& < E(x) < &4 = esssup,eq &(z) <
+00. Then the following inequalities hold
e ! el
log(s) < @35(‘”), Vs e [l,+00) and — € < 5@ log(s) <0, Vs e (0,1].
Remark 2.2. It follows from Lemma 2.1 that

s1®) Jog(s) < e(x)s‘I(x)Jrf(x), Vs € [1,400).

Definition 2.1 (Weak solution). Let A € R, u € Zy. We call that (\, u) is a weak solution of problem (1.1)
on Q if

Iy

/|Vu|p(x)_2Vqu dx = )\/ |u|7®) =24 log (Jul)w dz, (2.3)
Q Q

forallw € I/VO1 () (), with X as an eigenvalue and w as its corresponding eigenfunction.
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3. AUXILIARY RESULTS

We first define the functionals ¢, and .#) on %, by

Aaw) = Fi(u) = A Za(u) and  Sy(u) = A (u) — AIs(u), (3.1)

where

N o W= [ 1@ 1oe (Tl d — L @
Al = [ vl e, g) = [l hog (e~ [

H1(u) = / \VulP@de,  Fy(u) = / u|9®) 1og (Jul) dz. (3.3)
Q Q
The functionals .#) and _#) are well defined in 2. Moreover ¢, € C 1 (%, ]R), (see [25, Remark 2.4]),
we also have for all w € Wl’p @) (€2) the following identities

(A1(u), /]Vu|p VuVwdz, {_Zy(u), /!u\q 2=2ylog (Ju|)w da. (3.4)

It is commonly recognized that u is a weak solution of problem (1.1) on 2y if and only if u is a

dz,  (32)

and

critical point of the energy functional _#)(u) = _#1(u) — A_#2(u). In other words
I\(u) = 1 (u) — A\Hs(u) = 0. (3.5)

The restricted variational method is typically used to solve the eigenvalue problem (3.5) (see [1,27]).
Here, we consider _#; to be a restricted functional and _#5 to be an objective functional. For such a

strictly non-negative real number a, we define the level sets
={ue?"| Ailu) <af, (3.6)

with boundary
oMy ={ue?t| #i(u)=a}. (3.7)

In what follows, we will use the following hypothesis

q(z) + &(x) <p*(2), (H2)

where {(z) is the function defined in Lemma 2.1.

Lemma 3.1. Let (up,)m C Zo such that u,, — u. Then

m—0o0

lim / |t |7®) =2, Tog (Jtm|) (um — u) dz = 0.
Proof. By Holder inequality we have

/Q|um"J($)—2um log (|um]) (Um — u)dm

§/ ‘]um\q(x)_llog (|um|)(um—u))daz
Q

< (2 o ot s ] o =
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Moreover, from Remark 2.2 where we choose £(1) < (q(m)_l)gﬁ;gz)_q@)) since by (1.3), we get

q
= [ [t (]

g/ )\um‘q(ﬂﬁ)*llog (|um|) Q(m)dx—i—/
Q_ QO
o1 1
< Q m T I
_(Q——1> ’H( ) /‘u‘
o1 —1 -
< <q_ — 1) 12| + < > \uer(x), (3.8)

since by Proposition 2.3 where

'(z)

117~ 10 (i) di

q'(z)

‘um|q(x)71 log (’Um’) ’q (:B)dx

('D

('b

~ (g(x) =1+ €(2))q(x)
g(z) <r_- <r(x) = @) -1

<1 < pia), (3.9)

and
Q,:{x€Q|]u|§1}, Q+:{x€Q||u|>1}. (3.10)

So, we obtain

‘ /52|um|Q(I)_2um 10g (|uml) (um — u) dx

11 el \% et
() () e ()

The compact embeddings W2 (Q) — L1@)(Q) and WP (Q) — L"(®)(Q) given in Proposition 2.9,

along with the holdness of (1.3) and (3.9) and in view of u,, — u yield that (u,,)., is bounded in
L1@)(Q) N L"®) () with umllr@) = llullyz) and [[um — ullg@) — 0. The proof is complete. O

Proposition 3.1. The functional 75 exhibits weak-strong continuity; i.e., if u,, — win Zy then #o(un) —

H2(u).
Proof. Let (um)m C Zo be a sequence and v € 2 such that u,, — u, we have

‘jg(um) — /Q(u)’ < ql‘ /Q (|um|f1(z) log (|um|) — |u‘q(:v) log (|u’)>dﬂ§

L1
q2

: /Q <|um|q(a:> _ yu\q@f))dx ,

The first term on the right-hand side of (3.11) can be estimated as

[l 10 ) ) g )

Q

< ‘/!umq(“”)_Qum log(lum\)(um —u)dw
Q

[l 2108 (fu) — a1 ut0g (fu) ) d

Q

(3.11)

_l’_
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Lemma 3.1 and (3.8) due to the continuity of the function u + |u|9(*)=2u log|u| with u,, — u and the
compact embedding W @) (Q) — L™®)(Q) (Proposition 2.9), where r(-) is the function given in (3.9),

shows that
— 0.

For the second term on the right-hand side of (3.11) we may apply the renowned inequality

llal” — o] < ¢la—b|(Ja| +[p))"", ¥r>1landa,beR,

where c is a non-negative constant, we get

M(‘“m|q(x) — ) da

Holder inequality yields

‘/Q(|um|q($) _ \u|q(x))d:v

from (1.3) the compact embedding Wé’(x)(Q) — LI)(Q) gives us ||um, — ullgy — 0 and |||un| +

< c/ um — ul (Jum| + |u])q(w)7ld$,
Q

< cllum — “HQ(I)H‘U’”‘ + ‘“|Hq(x)v

|ul Hq(x) — 2% [|ul|¢(2), Which complet the proof. O

Lemma 3.2. Forall u € 2y, we have

1 C -
H2(u) < (q_g_ - fﬁ> max{”u”q +j§(x [ HZ?ﬁE }
where _# is the functional defined in (3.2) and C is positive constant.

Proof. We have

1
< — [ u|"™ log (|ul)dz — /]u|q(”)daz, (3.12)
q Q
thanks to Remark 2.2 and Proposition 2.3 we may write
/|u|qm log (|u|)dm §/ || T+ log(|u\)d1:—|—/ |u|‘I(”) 10g(]u|)d;v
Q Q_ Q4
< / 4] log (jul)dz

< [ ureree

Sf max{”qu +§-E(x)’||u||g(+x—|)——§|—+§(r)}’ (3.13)

where Q_ and 2, are as defined in (3.10).
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On the other hand, using Proposition 2.3, we go through the continuous embedding given in

Proposition 2.4, since g(x) < g(x) + £(x), we conclude that

[ = i it o
> Cymase {Jull - 2, }

> CyCymas { ull ity I35 (3.14)
where
min { [ulic Nl } max { |25, el 2, }
N q- o V2T q—+é- arter 7
mase {Jull 22, %, e {5 Tl
By setting C' = C (5, we obtain the result from (3.12), (3.13) and (3.14). O

The following assumption is also needed, assume that
min/ u|7®) log (Jul)dz > 0. (H3)
Q Ja

Lemma 3.3. Under hypothesis (H2) and (H3), the following statements hold
(1) The sets W', W+ and A defined in (1.4), (1.5) and (3.6) respectively, are not empty.
(2) The closed subsets ;" endowed with the norm of 2y is a Banach subspace of 2.

Proof. (1) Define the functional 4 : 2y — R by

B 1 p— P+
G (u) = . max {HVUHP(_T), ||VUHp(r)}.

It is clear by construction that ¢ is bounded from 2 to R. Let o, ap, and & be non-negative real
numbers, and let ug be a fixed element in 2y, then from Lemma 2.1 and (3.13), using the embeddings
VVO1 #() (Q) — LP"(#)(Q) — LI@+E@)(Q) (Proposition 2.4 and Proposition 2.8) in satisfying (H2), we
get

|4 log (|uo]) | d

I[[20]%*) log (\uol)HLl(Q) S/ ‘|u0‘q(x) log (|u0\)‘dx+/
O 04

(C9)t+es
&

where C'is the constants of the Lebesgue embedding and S is the best constant of the Sobolev embedding.

6_1 _ _
<ol s { [ Vol Vol }

This indicates that ug belongs to # which implies that it is not empty. Furthermore, assume that |ug| > 1

a.e. in Q, the strictly increasing of the function g : s — s9(*) log(s) on (1, +00) yields

(C9)T+ex

e max { Vw1Vl |

0< /]u0|q(z) log(]u0|)da: < )
Q

then ug € # " and #* is not empty.
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On the other hand, choose oy = ¥ (uy); then from (1.2) and Proposition 2.3 (with u is replaced by
Vug) we obtain
1
= [ — P() g0 < = .
H1(uo) /Q (@) (Vo[ de < 4 (u) = o

Therefore ug € . and 4 # 0.

(2) Let (um,)m>1 be a Cauchy sequences in # and let u € 2y such that u,,, — uin Zp. Due to (1.2),
Proposition 2.5 and Proposition 2.6 ensure that the sequences (u,)m>1 is bounded in 2, there exist a
subsequence of (u,)m>1 still denoted by (um,)m>1 such that u,, — u a.e. in . This together with the

continuity of the function g : s — 59*) log(s) on (0, +-00) gives us

/ﬂ|um|q(‘”) log (|wm|)dz — /Q|u]q(‘r) log (Jul)dz, a.e.inQ, (3.15)

and

/‘|um|q(x)log(\um\)‘dﬂv—>/ ‘|u\q<x)log(|u|)’d:§, a.e. in Q.
Q Q

Thus u € #'.

Moreover, suppose that (u,)m>1 C #, that is to say by the definition of #'* we have
/|um|‘I(z) log (|um|)dz >0, Vm > 1. (3.16)
Q

Using the continuity of the function g : s — 59(*) log(s) we get relation as (3.15).

It remains to show that [, 1u|?®) log(|u|)dz > 0. Indeed, assume the opposite, meaning that

/\UIQ(I) log (|ul) da < 0, (3.17)
Q
there exists m large enough such that
/ ] 97 log (|um|) dx < 0, Ym > m.
Q

This contradict (3.16) and (H3). So, wisin # .
Next, the boundedness and weakly lower semicontinuous of the functional ¢ allows us to choose
a > lirg inf¥ (u, ). Also the fact that the functional _¢; is weakly lower semicontinuous (see Proposition

2.10), along with (1.2) and Proposition 2.3 (where u is replaced by Vu,,), leads to
J1(u) < lirri)infjl(um) < lirri)inf%(um) < a.

Finaly, by choosing o = max {ao, a}, we get that ug and u are both in .#, which means that it is

not empty and every Cauchy sequence in .#, converges in .#", thus the result. O
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4. MAIN RESULTS

This section begins by proving that, in the case where the ranges of p(-) and ¢(-) intersect, there exists

a continuous family of eigenvalues. To this end, we present the subsequent eigenvalue sets
oy ={X€R:3u e #7 such that (\, u) is an eigenpair of (1.1)},
and for any o > 0,
oty ={X€R:3u e 4 suchthat (), u) is an eigenpair of (1.1)}.

Now, we denote by: 7., A, the quotients of Rayleigh as follows:

VulP®)d
pe= inf - JalVUTdE o A (41)
uer+ [olul@ log (jul)de — uew+ So(u)
Vu|P@®)d
A = JolVulP®de . o Si(w) (4.2)

wet Jolul?@ log (lul)de — wen: F2(u)
Lemma 4.1. Let « be a strictly non-negative real number, assume that (H2) holds, then there exists Ao, > 0
such that for any A € (0, \o) we have

A(w) > % 0 for any u € .M. (4.3)

Proof. Suppose that u € 8. for such real number « strictly non-negative, then from (3.1), Lemma

3.2 and the definition of 9.7, we have

Aau) = a—=A 7 (u)
1 C
>Sa- M — — 2 ) max uq+£7 a++E&4
> (q_g_ ﬁ) (Il e Il S |-
Choose ¢_ < ¢2 /Cq—. From Proposition 2.1, Proposition 2.4 and Proposition 2.8 in view of (H2), the
embeddings W, 7™ (Q) < 17" (Q) < L@+ (Q) give us

1 C

Aalw) z o A<q_§_ )(CS)%*& mec { [ Va3 Va5 |,

q+ p(z)

where C is the constant of the embedding L?"(*)(Q) — La(®)+£()(Q) and S is the best constant of the
Sobolev embedding WO1 #(@) (Q) < LP"(*)(Q). Moreover, since u € 0.4, so by Proposition 2.3 (with u

is replaced by Vu) we may write

1 O q_+&§_ q—+&— a4+ +&4 a4+
/A(u) > o= )\<q£ f)(cs)qi"’_fi max {B =B B P B }7 (44)
—5- +
where 3 = ap...
Finally, by defining
2
Ao = g4t : (4.5)

q—+§_ q—+§_ 9+ +E4 94+ +E4 }

Q(qi—5q,§,>(C’S)Qi+&maX{ﬁ P— B P+ B3 - B Pt
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then, for any A € (0,\,) and any u € 8.4, we get the result. a
Now, let us define by 2 the set of all zeros of .9}, i.e.,
Z ={ue 2| A(u) =0}.

Proposition 4.1. Let o > 0; the set % is contained within ,///(jp W

meaning that 2 C M},

op4-*

Proof. Let o > 0 and let u € %, then by the definition of 2 we have .#(u) = 0 or even from (1.2), (3.2)
and the definition of .Z

apy s We get

1
)\/ u|9®) 10g (Jul)dz :/|Vu]p($)dm §p+/ —— |Vu[PDdx < apy.
Q Q o p()

This means that u € .Z*

ap, and the proof is achieved. a

Lemma 4.2.
(1) Suppose that p_ < q4 + &4 < p*, then 7 is coercive on Z .

(2) The functionals # and .y are weakly lower semicontinuous.

Proof. To prove Lemma 4.2, we can use the same method as in the proof of [25, Lemma 2.6]. Therefore,

the proof is omitted. O

At this point, we present the main result of this paper.

Theorem 4.1. Suppose that (1.2), (1.3) and (H1)—(H3) are satisfied
(D) Ifx e (0,\) then X ¢ o ;.
(2) If g— < p— then for every o > 0, there exists a Ao, > 0 such that eigenvalues of problem (1.1) are all real

numbers X € (0, Ao ), with corresponding eigenfunctions belonging to ./, . Additionally, . = 0.

Proof. (1) By contradiction, assume that there exists A € o' , and A € (0, A,). Then there exists u € "

such that by the Definition 2.1 (replacing w = u) and (3.3) we have
That is to say A € (0, \,), (4.2) yields

.o H(v)
A< Ay = iInf
ueMT jQ(”)

<
this gives us
)\fg(u) < fl (’U,),

which is a contradiction with (4.6), and (1) follows.

2) Let a > 0, \o, be given as in (4.5) with A\ € (0, \,) and let .#Z given as in (3.6). We consider %"
g a 8 o
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the interior of the closed set . which when it equipped with the norm of .2} is a Banach subspace of

2o (Lemma 3.3). Since 7 is a coercive on 2 C .}, with

lim #)(u) =0, (4.7)

we deduce from Lemma 4.1 for some « large enough that _#) attained its infimum within %" the

interior of .. Moreover, from (4.4) we get

1 6 q_+E_ qy+€4 q+€p }

q_+&_
2 (= G0 e {5

48
& ¢ (8

meaning that _¢) is bounded below and then
inf #Z) =inf #\ > —oo,
ME Ust
resulting by the definition of infimum, for any € > 0, there exists u. € %, such that
inf Zy+e=1inf Zy\+e> 7(u).
U ME

Next, applying Ekeland’s variational principle (see [14]) to ) : 4} — R, for any u € . with

u # u., we obtain
Sr) > () — 2| T~ Ve (49)
Choosing u = u. £ tvin (4.9) for any v € .Z; and ¢ > 0 small enough (resp ¢ < 0), it then follows that

e £tv) = Fy(ue)

tv

< el Vollp),

Holder inequality gives us

’ Ialue £tv) — Fy(ue)

tv

[Vl p@) < ellVllpea)s
2

Letting ¢ — 0, we find

o) <

Therefore, we conclude that there exists a sequence (uy,), C %, such that
%

—00 < _Ia(tm) — inf #x=a and I (um) — 0in 27 (4.10)

Clearly, (¢, )m is bounded and there exists u € £ such that u,,, — u. So sequentially weakly lower
semi-continuity of ¢ (see Proposition 2.10) leads to ¢ (u) < «; that is to say, with the help of Lemma

3.3 that u € ... Moreover, we have

</{(um),um — u> = </)((um),um — u> + )\</2'(umt),um — u>

Then (4.10) and Lemma 3.1 with (3.4) leads to

(A (), i — u) = 0, (4.11)
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we also have by u,,, = w and (4.11) that

Ema+oo</1/(um) - jl/(u)vum - u>

= mm%+oo</{(um), Uy, — u> — mmﬁ+oo</1’(u),um — u> =0.

Since 7| is of type (S) (see [20, Theorem 3.1]) the sequence (uy, ), converges strongly to u in 2j.
From (3.2) and (3.4) (with w is replaced by u) the functional _# is in C' (2, R), we then deduce
that

Aa(um) = Zx(u) asm — oo. (4.12)

Thus (4.10) and (4.12) yield that

Ia(u) =a and /ﬁ(u):O, (UEQF)

To complete the proof, looking to (4.7), it remains to prove that u is not in the neighbourhood of
0. To this end, it suffices to show that a < 0. Indeed, since (H1) holds, we can choose ¢ > 0 such that
¢— + € < p—. By the continuity of the function ¢(-), we deduce the existence of an open subset 2y C

such that q(z) < ¢q_ + ¢ < p_ forall z € Q. Let v € . Itis obvious that tv € %, for any ¢ € (0,1).
gre Q)
max {0l Mol }

So, thanks to Lemma 2.1 (Choosing - < ) and Proposition 2.3 we get

(@) e e
tv) = VolP@ dr — ) / 17@) oo (10 dz — / 019@) g
At = [ 21wl (Qﬂ@| g ()de — | i

Atla—+e) [ -1 1
<tP-q — STo N —/ 10|%(®) dgr
q+ - a+ JQq

Atla—+e) [ -1 1
o s q- ar
S P o o (‘Q’ o maX{H’U’q(z):HU‘q(x)}>'

Choose ¢ such that

—1 1

. A (& 1 q— a p_—q_—¢
0 <t < min {1, o <m| - max { lollZ. ||qu(x)}> } :

we obtain
Ia(tv) <0,
Consequently, we find
i)zf Ir=a<0.

So u is a weak solution for problem (1.1) and thus any A € (0, \,) is an eigenvalue of problem (1.1)
with corresponding eigenfunction in .#". Based on the preceding analysis, there are no eigenvalues

inside (0, A.) therefore A, = 0. O
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Remark 4.1. The expression of A\, in (4.5) can be analysed to provide further insights into the magnitude of the

eigenvalue set in relation to the exponents p(-) and q(-). Indeed, assume that ap™ > 1, then

_apey
Ga-&—(py) 7 ) (4.13)

1_Q++§+
Ao =« P —
2(q3 — qugi)(CS)fIiJrgi
and hence if ¢ + &4 < p— we have

lim A\, = +o0.
a——+0o0

But when q4 + {4+ = p—, we may get

qig-&

Ao = Ap_ = = )
T 2pi(qf - Cg &) (08t

which no longer depends on o This case will allow us to present the multiplicity result of the eigenfunctions.

When ap™ < 1

_a—+E&—

q_+&_ 2 P
Ao =a' " ar4-E-(p+) " . (4.14)
2(¢} — Cq-¢-)(CS)z=+ex
Then
lim A\, = 0.
a—0

Based on Remark 4.1, we will examine the eigenvalue set o} , for the case in which problem (1.1) is

sublinear. Generally, we assume that 1 < ¢(x) + £(z) < p(z).

Corollary 4.1. Suppose that assumptions (H1) and (H2) hold with ¢4 + &4 < p—, then o = (0, +00), that
is to say, any X > 0 is an eigenvalue of problem (1.1) on 2y and hence A, = 1, = 0.

Proof. Obviously, oy C (0,+00). Solet A > 0. Suppose that ¢, + &4 < p_, then by Theorem 4.1, for any
a > 0, there is an eigenfunction u) € . associated to X. By (4.13), limy— 4 s Aq = 00. This means for
o large enough with A € (0,\,) C oy, that o} = (0, +00) with eigenfunctions in 2.

To show that A, = 1, = 0, we observe from their definitions that A, > n,. This, together with the
fact that inf {a; A} = 0, gives the result. O

Corollary 4.2. Suppose that assumptions (H1) and (H2) hold with q_ + & < p_ and q4 + &4 = p_, then

each n € (0, \,_), admits at least an infinitely countable family of eigenfunctions in 25.

Proof. Letn € (0, )\p_) and consider an increasing sequence of positive real numbers (., )men+ sat-
isfying a,,p+ > 1, ¥m € N*. By Lemma 4.1, there exists a positive real number \,,, such that for

any A € (0,\q,,), inequality (4.3) holds . But since ¢4 + &+ = p_, Ao,y = Ap_, ¥Ym € N*, then
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n € (0,a,,), Ym € N*. Using inequality (4.8) in the proof of Theorem 4.1 along with the fact that
amp+ > 1, Vm € N*and ¢4 + {4 = p_, we get

1 C g—+E— a_+E aptéy aptEg
A =2 < (= | (08) a5 T
-&—  ai
1 C
> )\ —— _ = )(cs ‘Ii'f‘fiam
> (e - )
am
> -,
- 2

So #,(u) is bounded below on .Z,; and since _#, is a coercive on 2 C .4, , and #,(u) > “

on . , it achieves its infimum in %, the interior of .#,; . Thus, by closely examining the idea
developed in the proof of Theorem 4.1, we derive some eigenfunctions associated with 1 for each .Z;"
and consequently, as m approaches +o0o, we can extract a sequence of eigenfunctions (u,)men- that

belong to 2 and share the same eigenvalue 7. Thus the proof is complete. O
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