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AsstrAcT. This study seeks to present a novel category of operators, termed (n, m)-D-quasi operator on
Hilbert space, defined via the Drazin inverse.This framework examines various fundamental operations,
including addition, multiplication, tensor product, direct sum, and the Drazin inverse.These operations
are demonstrated to be valid, although certain instances necessitate supplementary conditions.
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1. INTRODUCTION

In recent decades, numerous scholars have concentrated on the Drazin inverse, introduced by Michael
P. Drazin in 1958 [ 1], Within the context of bounded linear operators on complex Banach spaces, the
Drazin inverse was examined by Caradus [2] and King [3]. The Drazin inverse has demonstrated
its use across various domains, including differential and difference equations, Markov chains, and
iterative approaches (see [4,5]). In 2018, M. Dana and R. Youssfi presented a series of classes derived
from the D-normal operator and examined their fundamental features and interconnections [6]. In
2019, Sid Ahmed Ould Ahmed Mahmoud and Ould Beinane Sid Ahmed introduced two novel operator
classes on Hilbert spaces related to the Drazin inverse: one pertaining to the (n, m)-power form of
D-normality, and the other to its quasi-normal equivalent were examined for their principal features
and the inclusion relations that link them [7]. In 2020, Eiman and Samira investigated further aspects
of the D-operator, proving that it preserves unitary equivalence and the scalar product, along with
some other results. [8]. In 2021, Wanjala and Nyongesa presented a novel operator class known as the
Nop quasi-D-operator.

We say that operator Ty, is a N,, quasi-D-operator if
* * 2
Top(Top™ (Top")*) = Nop(Top Ti) Top (1)
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where N, is a bounded operator on Hilbert space [9].In 2024 [ 10], S. D. Mohsen introduced the class of
(n, D)-quasi operators on Hilbert spaces, based on the Drazin inverse, and studied their main properties
along with operations such as addition, multiplication, direct sum, and tensor product.
We say that operator Ty, is a (n, D)-quasi operators if
% 2n % n,2

Top(Top Q(TOPD) ) = (Top (TOPD) ) Top (2)
Throughout the paper, .7 denotes a Hilbert space and %(.7°) denotes the algebra of all bounded linear
operators on . Moreover, the subscript "op" is used to indicate operators, for example A,,, Ty, denote
bounded linear operators on .7#. This convention will be used consistently throughout the paper.

[11]We say that Tg,, is a normal operator if
TOpTOp* = Top*Top (3)

And self-adjoint if
Top = Top* (4)

There are four different sections in the paper.The first section addresses the introduction of the book,
and the second section discusses the fundamental ideas. The first two deals with the fundamental
ideas, section three we study most of properties of (n, m)-D-quasi operator, and lastly we draw up a

conclusion.

2. Basic CoONCEPTS

Definition 2.1. [11] The vector space V over .# is said to be an inner product space if there is defined

for any two vectors v, u € V an element <v,u> in .% such that:
(1) (u,u) >0and (u,u) =0 u =0

(2) (u,v) = (v,u)
(3) (yu+dv,c) =y(u,c) + (v, c), forany v,u,c € Vand v,6 € F

Definition 2.2. [4,6,12] Let A, belong to %(.7’).The Darzin inverse of Ay, is AL € B(H) that satisfies
the following condition:
(1) ApAL = AD A,
D D _ 2D
(2) ADA,,AD — 4D
(3) AEFLAD = A, for at least one integer k > 0.

The smallest nonnegative integer £ is referred to as the index of A,,, represented as ind(A,,) and

ind(Aop) = 0 if and only if Ag, = A;pl.

The following lemma states several fundamental properties of Drazin operators established in [4,12].
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Lemma 2.3. Let A, T, be any Drazin invertible in () :
(1) (45,)° = (AB)*
(2) (AD) = (A3)°, A > 1.
(3) If AopTop = TopAop then (AgpToy)? = TEAD = ADTD , A, TD = TD A,
(4) If AgpTop = TopAgp = O then AD + TE = (A, + T,,)P.
(5) (T, AopTop)P = T, AL,

3. MaIN Resurrs

In this section, we define (n, m)-D-quasi operators on .7’and examine certain characteristics.

Definition 3.1. Assume that A,, € #() be a Drazin operator then, A, is called an (n, m)-D-quasi
operator if
m( A*¥2( A D\2n\ _ * D\n\2 ym
Aop(Aop(Aop) ) - (Aop(Aop) ) Aop (5)
where the integers m,n > 1.

The collection of all (n, m)-D-quasi operators is represented by [D;, ,,,].

Proposition 3.2. Let A,, € () be a Drazin operator then
(1) Every A, € [Dy1] is (n, D)-quasi operator.
(2) If Aop is (n, D)-quasi operator and normal then A,y € [Dy, ).

Proof.
(1) Putting m = 11in (5), we obtain (2).

(2) Since A,p is normal, we have A,,A7, = A7 A,,. Moreover, by Lemma 2.3 (3), AO%Azp = Aj;pAgj.

It follows that
AZ(AB)" = (a5,(a5)")"
Thus,
A (A (AG)™) = A Ay (A (A1)
— At (A;;p(Agg,)")QAop
= A5 A (A2(AD)) Aoy

= A (An,40)") 42,

- (A;p(Afp)n)zAg;.

Hence A,y € [Dym).
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a
Proposition 3.3. Suppose that Ay, € [D,, .| then
m ( A*2( AD\2n\17 * D\n\2 gmr
[A6p(Aop(Agp) ™" = [(Agp(Ap)") Agpl"s 7 € N (6)
Proof. Let
X = AQ(AG(AZ)),Y = (A5, (Ag)")* Ay,
By using the principle of mathematical induction, When r = 1 then
X=Y
Suppose that the statement holds at k£, so become
Xk =y*
Now, prove that whenr =k + 1,
Xk+1 —_ Xk‘X
=Y'Y
_ Yk-i—l
Consequently,
m ( A*2( AD \2n\17 * D\n\2 gmr
[A6p(Aop(Agp) ™" = [(Agp(Ap)") Agpl"s 7 € N
g
Proposition 3.4. Suppose that Ay, € [D,, .| then Aop|y € [Dy.m), N is closed subspace of 72 .
Proof.
(Aop )™ (Aoppa) > (Aop)P)?) = (Aa ) (Ao ) (Ao ) (Ao ) ) (Ao ) P)")
= (A2 (A 2)(AD)R))
m * 2n
= ((Aop™) (Aop™ ((A5) Ny
= ((A5,(A5)")*Aep™)
= ((A5p(A5) ")) (Aep™) v
= (A5 (A5) N (A5 (AZ) ) v (Aop™) v
= (Aopy) (Aop ) )" (Aapy )™ (7)

Hence Aop‘ ~ € [Dnm]- O
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Proposition 3.5. Suppose that A,, € B(¢) and for any T,, € B(7 ) which is unitary equivalent to A, then,
Aop €[Dnm) © Top €[Dp ]

Proof. Let Aop €[Dy ] and Ty, is unitary equivalent to A,, then Ty, = B, Aop By, , such that By, is
unitary operator.

Therefore,

2n

*2 * * \*2 * 2n
Top™ (Top™*(Top)™") = (BopAopBiy) ™ (BopAopBiy,) ™ (BopAop Biy) )

)
= Bop(Aop™ (40" (AD)™)) B,
= Bop(Al,(AD)")2 40, B,
= (BopAly B (Bop(AD)" B3, (Bop Al Bly) (Bop(AD)" Bl (Bop Aoy ™ By,

= (BopAopBy)* (Bop(Ay) B3y))" (BopAap B,)* (Bop(Agy) By)™ (Bop Aop By,

= (T:p(Ton)n)QTOPm (8)
Suppose that T,, €[D,, ;| then

2n

Top™ (Top™ (T,)

DY) = (T (1)) T,

= (BopAapByy)" ((BonAopB3y) ™ (BopAap Byy,) "))

= (BOPAOPBZp) " (BopAgz)osz) ! (BOPAOPBZp) " (BopAg)szp) " (BopAoszp) .
= Bop(Aoy™ (Ao (AD)™)) B, = Bop(AL,(AD)" 2 A0y B,

* 2 * * * *
= B2, Bop(Aopy™ (Aop > (AD) ")) Bl Bop = By Bop( AL, (AD)")2 Ay ™ Bl Bop

m * 2n " n m
= Aop™ (Ao (AD)™) = (A5, (AD)")* Aoy 9)

Proposition 3.6. Let A,, € B() be self-adjoint and bijective operator then
(1) Aop €[Dpml.
(2) If App €[Dp ) then (Aop) ™t € [Dyym).

Proof.

(1) The proof is easy to understand.

(2) Since A, is self-adjoint then A,, = A7, Now, (Agp 1) = (Az,)"t. So Aoy~ is self-adjoint, by
1.
Hence, (Aop) ™! € [Dim]
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This example illustrates that the opposite of proposition 3.5 (1) is not universally valid.

0
Example 3.7. Let A,, = be an operator on C?
0 1

0 0 0 0
Then A7, = ( ) and AD = ( ) , Aop is evidently not self-adjoint but, wherem =2, n=1
0 —i 0 —i

then A, (A, 2 (ADY") = (A%, (AD)")2A,,™ = thus Aoy €[Dy ).
0 —1

Theorem 3.8. Let T,, € B () and for every non-zero X € .F then, Ty, €[D,, 1) if and only if XTp,, €[ Dy, ).

Proof. Suppose that T,,, €[Dy, ]

2n

(ATop)™ (ATop) 2 (ATop) ) ™) = A" Top™ (N)*Top™ A" (T,) ")

)

= X" (N2 NPT (Top) ") Top™

2n

— /\m(X)Q)\Q”TgZ(Top*Q(TODp)

= (\Top)* (AT)" )P (A Top™) (10)
Suppose that AT, €[Dy, ] and A # 0,
Therefore,
(ATop) ™ (ATop) 2 (NTup)?)™") = (XTup)* (NTop) )2 (AT ™)
= N0 ™ (N Top 2 N (TD)") = (MTop)* (ATup) ?) "V (A Tup)* (NTop) ) ) AT

2n

= N APNT (T (To) ™) = X (N2 N1 (To) ") Ty

From some basic rules, then

2n

Top(Top™ (To)™) = (T, (To) ") Ty (11)

Remark 3.9. In Theorem 3.8, if A = 0 then AT, €[D,, ,,| but T,,, not necessarily belong to [D,, ,,,].

Theorem 3.10. Let Ty, €[D;, 1| and TODp is normal then TODp €[Dym)-

Proof. Since T2 is normal then T2 (TD)* = (T'2)*T2 and from Definition 2.2, by Fuglede Theorem [13]
then T,,(T5)* = (I'2)*Top. Now, since T, €[Dy, ] then

X 2
T (Top* (o)™

* DN\ 2m
)= (Top(T,p) ) Top
By taking the Drazin of both sides we have

*2 *
Ton (Top) (To)"™ = (To) " (T (Tp)")?
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*2 *
(To) " T (Top) ™ = (Top) o) (To)™

Then

(TD)™ (T2 (TD)P)

op op op

") = (T (TP HTh)™ (12)

op

Theorem 3.11. Let Tty €[Dy, ] is normal operator then T, €[ Dy, ).

Proof. Since Ty, is normal and from Definition 2.2, T,,T2 = T.2T,, by Fuglede Theorem [13] then

* D __ D
TopTo, = 1,,15,- Now,

2n

*2 * n
T (Top™ (Ty) ™) = (T () )T

By taking the adjoint of both sides we have
(Top)" " Top(Top)™ = (T5)™ ((T5p)") " Top)
(Top) )™ (T5) " Ty = ((T5,) )" Top(T5,) )" Top(T,)™

Then

2n

(Top) ™ (T2 ((T5)P)™) = (L) ((T3,) ) H(T5)™ (13)

Theorem 3.12. Let Ty, Z,p €[Dy, ] be normal operators such that

nggp(zg)" = Zg;T;p(TOI;)” = TopZop = ZopTop = 0 then Top + Zop €[ D)

Proof. Since TypZop = ZopTop = 0 then (Typ + Zop)™ = Tpp + Zp; and by lemma 2.3(3) we have
TE Zop = ZopTh = ZET,, = T,y ZE = 0.
Now, since Ty, is normal, by Fuglede Theorem [13] we have ijZg) = Z(Q,ij = 0.

Similarly, Z;, TD = T2 Z%, = 0, it follows that T2(Z2)*" = (ZB)*"T;2. Thus
)

m * 2n
(TOP + ZO;D) ((TOP + Zop) 2((T0p + ZOP)D)

= (Top + Zop)"™ (Ly + Zop) Loy + Z3)(Top + Z30) (Top + Z3)"

= (Top + Zop) " (Top™ + Z2)(TD)™ + (22)™)

= (Top + Zop) ™ (T2(T2)" + T2(ZD)" + 20y (T2 + 202 (22)™)

= (Top™ + Zop ™) (T2(T2)" + Z0y(Z25)™)

= (T 2T + T 2oy 2 (ZD)" + Zoy " T2(TE)™ + T Zop* 2 (Z2)™)
— TTA(TDY" + 7, 7, (Z2)*", Tops Zop €[ Do)
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= (T5,(Top) V' Ty + (25,(Z5) ") Zop™
= (Top(Top)" ) + (Z5(25) ") (Zop™ + Zop™)
* % 2n 2n * % 2n 2n m
= (T + Z3) (L) + (Zop) )T+ Z5) (1) + (Zop) ) (Top™ + 27)

= ((TOP + ZOP)*<(TOP + ZOP)D>n)2(TOP + Zop)m (14)

Theorem 3.13. Let T,,, Z,, €[Dy.m) be normal operator such that ngij(Zgj)n = Zome:p(Ton)n =
TopZop = ZopTop = 0 then Toy — Zop €[ Dy ).

Proof. The proof is a direct use of Theorem 3.12. O

Theorem 3.14. Let T, Zop €[ Dy ) then Ty, Zoy, €[ Dy, ] If the following are holds:
(1) TopZop = ZopTop

(2) T, 2% = Z1T,,*?

Proof. Since TypZop = ZopTop and T,,,** Z = Z'T,,,** then by lemma 2.3(3) we have Z;,TD = T5 73,
and T2 Z,, = Z,,T2 it following that (T2)" 2 = Zm(T2)*" and Z2,(T2)™" = (T2)*" 22,

Therefore,

2n 2n
)

(TopZop)™ (TopZop)™* (TopZop)*) ") = Top™ Zop(Top™ 233 (Top Zsy

op - op

* * 2
= Top" Zop(Top** Zp) (L) (Z3) ™"

= T ™ (Lo 2 (TD) 2" 2:2) (21)™
= T " Loy 2(ZI (TR (222(22)™)
= T " Loy 2 (T2)?" 2oy ™) (Z:2(ZB)™")
= (T Top (TR (22 2:2(Z2)™)
= (T5(TD)")*Toy™ (25, (ZD)" 2 Z22)
= Top*2Z:§(Tog)%(zga)znTomeg;
= (TopZop) *(TopZop)P )" (Top Zop)™

Then

2n

(TopZop)™ (TopZop) ™ (TopZap)”) ") = (TopZop)* (TopZop)®) ") (TopZop)™ (15)
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The following examples demonstrates that the converse of Theorems (3.12,3.13,3.14) does not hold

in general.
11 —1 -1
Example 3.15. Let 4,, = and 7,, = be an operator on C2.
0 1 0 -1
00 e 5 -8
Then A, + T, = € [D 2] but, Aop(Aop Ay ?) = and
0 0 2 -3
* A—132 42 0 -
(AopAop ) Aop = 11 . So AOP ¢[D172]'
1 1
Example 3.16. Let A,, = M,, = be an operator on C2.
0 1

0 0
Then Aap - M,, = 0 0 € [DLQ] but Aop ¢[D172].

11 0 0
Example 3.17. Let A,, = and T;,), = be an operator on C2.
01 00

0 0
Then AOpTop = € [DLQ] but Aop ¢[D172].
0 0

The following examples demonstrates that the theorems (3.12,3.13,3.14) are not necessarily true in

general.

10 01
Example 3.18. Let 4,, = and 7,, = be an operator on C?.
0 00

0
. 10 D 10 . 00 5
Then A7, = s Agp = and T,, = ,Top =
00 00 10 00

We note that A,,T,, # TopAop and Agp, Top €[D1 2]
But it is easy compute that A, + T,,, ¢[D12] and A,y — TTo,p, ¢[D1 2.

2 0 0 1
Example 3.19. Let Z,, = and M,, = be an operator on C2.
0 3 10
2 0 : 01
Then Z;, = ,ZD =7 and M}, = , ML =
0 3 0 3 10 10

Therefore Z,, Moy, # MopZop and Zgy, My, €[D1 2.
But it is easy compute that Z,,M,, ¢[D1 2]

Theorem 3.20. The collection of all (n, m)-D-quasi operator on ¢ constitutes a closed subset of 28(7¢) which

is closed under scaler multiplication.
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Proof. Suppose that (7). be a sequence of (n, m)-D-quasi operator such that (7,,); — T,p. To show

that T,,, is (n, m)-D-quasi operator. Now

Let
X =TT, Y = (T (To)" )T
| X =Y || =] X — (T)e((Top ™)k (TR i) + (T k(T (T2~ Y |
<| X = (T (Top™ e (To))*™ i) 1| + 11 Tk (Top™ )k ((Tog)*™ )i = Y || 0
When k — 00.Tpp € [Dp ) O

Theorem 3.21. Let Aoy, Aopy, --vs Aop,. € [Dnym] then

(1) Aopy D Aopy @ ... ® Aoy € D).
(2) Aopy ® Aopy ® ... @ Aop,. € [Dym.

Proof.
(1)
(Aopy @ o @ Aop, )™ (Aopy ® - ® Aop, ) (Aopy @ - @ Aoy )P)™))
= (AppT" @ .. ® Ap™) (Aop}2 @ .. D Aopr) (Aop? )" @ ... @ (AopD)*™)
= Ao Aop 2 (AopD )" @ .. ® Aop Aop? (AgpD)?™)
= (Aopy (Aopy’)")* Aopy" © ... & (Aop; (Aop,)")* Aoy
= (Aopt(AopP)" @ . ® Aopr(Aop2)")* (Aopy ® o @ Agp, )™
(2) Letzy,xo,...,x, € I, itis following that
(Aop; ® «e @ Aop, )™ (Aop; ® e @ Agp, )2 ((Aop; ® oo @ Aop, )P)?™)) (21 @ 32 ® ... ® 77
= (Aop]* ® e ® Aoy ) ((Aop}? © e ® Ay ) ((Aop?) " @ oo @ (Aop?) ™)) (@1 @ 22 ® ... @ ;)
= Aot Aopy (Aopy ) (1) ® .. ® Aoy A7 (A, )" (1)
= (Aop} (Aop? )" )2 Aopi (1) @ .. @ (Aopr(Aop?)")? Aopy (1)
= (Aopt(Aop?)" @ oo @ Aop(Aop2 )"V (Agpy @ oo @ Agp )™ (1 @ T2 @ ... ® T1)

0

The following example demonstrates that the converse of Theorem 3.21(2) does not hold in general.
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2 1 0 1
Example 3.22. Let A,, = and M,, = be operators on C2. Then
0 3 0 0

Aoy ® My = (A ® My,) =

o o o O
o O O N
o o o o
S W o =
— O N O
o o o O
w o o o
o o o O

and

0 0

0 0
(AOP ® MOP)D -

0 0

0 0

0
0
0
0

o o O O

It is easy to compute that A,, ® M,, € [D12], but A,, ¢ [D1 2]

4. CONCLUSION

The purpose of this study has been to introduce and investigate the class of (n, m)-D-quasi operator,
together with several operations naturally associated with them. Throughout the paper, we established
a number of structural properties for this class, showing that many of the required conditions are
weaker than those found in previously known operator families. This demonstrates that the present
work provides a genuine extension of earlier results in the field. Moreover, we observed that the
operators studied here maintain an essential connection to the corresponding operators, although
certain fundamental features such as those typically satisfied by hyponormal operators may fail to hold
for quasi operators without additional assumptions.These limitations can nonetheless be overcome by

imposing suitable conditions, particularly in cases involving sums and products of operators.
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