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Abstract. We study the existence of solutions of equation

(ϕ(u′(s)))′ = f(s, u(s), u′(s)), a.e. s ∈ [0, e]

submitted to nonlinear Neumann-Steklov boundary conditions on [0, e] where f : [0, e] × R2 → R is a
L1−Carathéodory function. ϕ : R→ R, is an increasing homeomorphism such that ϕ(0) = 0. We show
the existence of multiple solutions using some sign conditions.
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1. Introduction

The aim of this paper is to study the existence of solutions for differential equation
(ϕ(u′(s)))′ = f(s, u(s), u′(s)), a.e. s ∈ [0, e];

ϕ(u′(0)) = g0(u(0)),

ϕ(u′(e)) = g1(u(e)),

(1)

where 0 < e, g0 : R→ R and g1 : R→ R are two continuous functions, f : [0, e]× R2 → R is assumed
to be L1−Carathéodory function and ϕ : R→ R, is an increasing homeomorphism such that ϕ(0) = 0.
The study of equation (ϕ(u′(s)))′ = f(s, u(s), u′(s)), s ∈ [0, e] is a classical subject that has drawn
the attention of numerous researchers due to its relevance in applications. Typically, a ϕ−Laplacian
operator is called singular when the domain of ϕ is bounded (i.e., ϕ :]− c, c[→ Rwith 0 < c < +∞);
conversely, it is termed regular. More recently, operators that are either singular or regular have also
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been investigated.
In this area, C. Bereanu and J. Mawhin in [1] and [2], have obtained existence and multiplicity results
for equation (1) with different boundary conditions where ϕ is an increasing homeomorphism on a
bounded interval ]− a, a[ to R for a > 0.
In 2008, Cristian Bereanu and Jean Mawhin studied in [3] problem (1) where ϕ :] − c, c[→ R, (c ∈

]0,+∞]), is an increasing homeomorphism such that ϕ(0) = 0 and f : [0, e]× R2 → R is continuous
function.
In 2015 and 2017, Goli and Adjé in [4] and [6] extend Cristian Bereanu and Jean Mawhin results to
f : [0, e]× R2 → R, L1−Carathéodory.
After introducing notations and preliminaries in section 2, using two sign conditions [7], we prove
in section 3 that the problem (1) admits at least one solution whose derivative function has its image
contained in a given segment [a, b] ⊂ R.
In section 4, we apply the results of sections 3 to obtain existence of strictly increasing solution, and
existence of strictly decreasing solution. The method allows us to find a monotonic solution when f
and g0 have the same sign or not.
In section 5 we apply the results of sections 3 to prove the existence of multiple solutions of the problem
(1).
Generally, to prove existence of multiple solutions of a problem, one shows the existence of certain
solutions and then compares the position of the image set of these solutions in R to assert that these
solutions are different. In our method, after showing the existence of certain solutions, we compare
the position of the image set of the derivatives of these solutions in R to assert that these solutions are
different.
In our method, we only use sign conditions.

2. Notations and preliminaries

We denote:
◦ C = C([0, e]), the Banach space of continuous functions on [0, e];
◦ ||u||C = ||u||∞ = max{|u(t)|; t ∈ [0, e]}, the norm of C;
◦ C1 = C1([0, e]), the Banach space of continuous functions on [0, e] having continuous first derivative
on [0, e];
◦ ||u||C1 = ||u||C + ||u′||C , the norm of C1;
◦ AC = AC([0, e]), the set of absolutely continuous functions on [0, e];
◦ L1 = L1(0, e), the Banach space of functions Lebesgue integrable on [0, e];
◦ ||x||L1 =

∫ e
0 |x(t)|dt, the norm of L1.
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Definition.

f : [0, e]× R2 → R is L1−Carathéodory if:
(i): f(., x, y) : [0, e]→ R is measurable for all (x, y) ∈ R2;
(ii): f(s, ., .) : R2 → R is continuous for a.e. s ∈ [0, e];
(iii): For each compact set A ⊂ R2 there is a function µA ∈ L1 such that |f(s, x, y)| ≤ µA(s) for

a.e. s ∈ [0, e] and all (x, y) ∈ A.

Let us consider the problem
(φ(u′(s)))′ = f(s, u(s), u′(s)), a.e. s ∈ [0, e],

φ(u′(0)) = g0(u(0)),

φ(u′(e)) = g1(u(e))

(2)

with f : [0, e] × R2 −→ R a L1−Carathéodory function, g0 : R → R and g1 : R → R two continuous
functions and φ :]− δ, δ[→ R, (δ ∈]0; +∞[), an increasing homeomorphism such that ϕ(0) = 0.

Definition.

A solution of problem (2) is a function u ∈ C1 such that
φ(u′) ∈ AC, ‖u′‖∞ < δ and satisfies (2).

Theorem 2.1.

Assume that there exist ρ > 0 and ε ∈ {−1, 1} such that

uL ≥ ρ and ‖u′‖∞ < δ ⇒ ε
{∫ e

0
f(s, u(s), u′(s))ds− (g1(u(e))− g0(u(0)))

}
> 0 (3)

and

uM ≤ −ρ and ‖u′‖∞ < δ ⇒ ε
{∫ e

0
f(s, u(s), u′(s))ds− (g1(u(e))− g0(u(0)))

}
< 0, (4)

Then the problem (2) admits at least one solution u such that ‖ u ‖∞< ρ+ δe.

Proof. See [5]. �

3. Existence result

We will use Theorem 2.1 to prove a existence results when ϕ : R→ R.

Definition.

A solution of problem (1) is a function u ∈ C1 such that ϕ(u′) ∈ AC, and satisfies (1).

Let θ : R→ R given by θ(x) =


a if x < a

x if a ≤ x ≤ b

b if b < x.
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Theorem 3.1.

Let a′ > max{|a|, |b|}. Assume that:

(1) There exist ρ > 0 and ε ∈ {−1, 1} such that

uL ≥ ρ and ‖u′‖∞ < a′ ⇒ ε{
∫ e

0
f(s, u(s), θ(u′(s)))ds− (g1(u(e))− g0(u(0)))} > 0 (5)

and

uM ≤ −ρ and ‖u′‖∞ < a′ ⇒ ε{
∫ e

0
f(s, u(s), θ(u′(s)))ds− (g1(u(e))− g0(u(0)))} < 0. (6)

(2) There exists h ∈ L1 such that, for a.e. s ∈ [0, e], and all (u, v) with

(s, u, v) ∈ {(s, u, v) ∈ [0, e]× R2, −ρ− a′e < u < ρ+ a′e, a ≤ v ≤ b},

f(s, u, v) ≤ h(s);

(3) max
∆

g0 + ‖h‖L1 ≤ ϕ(b) and min
∆

g1 − ‖h‖L1 ≥ ϕ(a),

where ∆ = [−ρ− a′e, ρ+ a′e].

Then, the problem (1) admits at least one solution U , with

−ρ− a′e < U(s) < ρ+ a′e and a ≤ U ′(s) ≤ b, ∀s ∈ [0, e].

Proof.

We have three possible cases: 0 ∈ [a, b], a > 0 and b < 0.
Let c0 = max

[−ρ−a′e,ρ+a′e]
g0 and cT = min

[−ρ−a′e,ρ+a′e]
g1.

Case 1: 0 ∈ [a, b].
Let k ∈ R be such that ϕ(0) + k = 0. Let Λ :]− a′, a′[→ R given by

Λ(x) =


ϕ(a)− 1√

a′+x
+ 1√

a′+a
+ k if −a′ < x < a

ϕ(x) + k if a ≤ x ≤ b

ϕ(b) + 1√
a′−x −

1√
a′−b + k if b < x < a′.

Λ is an increasing homeomorphism such that Λ(0) = 0. Consider the functions G0 : R −→ R and G1 :

R −→ R given by

G0(x) = g0(x) + k and G1(x) = g1(x) + k.

We introduce the problem (Λ(u′(s)))′ = f1(s, u(s), u′(s)), a.e. s ∈ [0, e],

Λ(u′(0)) = G0(u(0)), Λ(u′(s)) = G1(u(e)).
(7)
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where f1(s, x, y) = f(s, x, θ(y)), for a.e. s ∈ [0, e], and all (u, v) ∈ R× R.
For u ∈ C1, we have:∫ e

0
f1(s, u(s), u′(s))ds− (G1(u(e))−G0(u(0))) =

∫ e

0
f(s, u(s), θ(u′(s)))ds− (g1(u(e))− g0(u(0))).

Using (5) and (6), there exist ρ > 0 and ε ∈ {−1, 1} such that

uL ≥ ρ and ‖u′‖∞ < a′ ⇒ ε
{∫ e

0
f1(s, u(s), u′(s))ds− (G1(u(e))−G0(u(0)))

}
> 0

and

uM ≤ −ρ and ‖u′‖∞ < a′ ⇒ ε
{∫ e

0
f1(s, u(s), u′(s))ds− (G1(u(e))−G0(u(0)))

}
< 0.

By Theorem (2.1), the problem (7) admits at least one solution U , with

−ρ− a′e < U(s) < ρ+ a′e, ∀s ∈ [0, e].

Therefore we have, ∀s ∈ [0, e],

Λ(U ′(s)) = G0(u(0)) +

∫ s

0
f(t, U(t), θ(U ′(t)))dt

≤ c0 + k +

∫ s

0
h(t)dt

≤ c0 + k + ‖h‖L1

≤ ϕ(b) + k,

and

Λ(U ′(s)) = G1(u(e))−
∫ e

s
f(t, U(t), θ(U ′(t)))dt

≥ cT + k −
∫ e

s
h(t)dt

≥ cT + k − ‖h‖L1

≥ ϕ(a) + k.

Hence,
∀s ∈ [0, e], Λ(a) ≤ Λ(U ′(s)) ≤ Λ(b).

Moreover
∀s ∈ [0, e], a ≤ U ′(s) ≤ b.

It follows that

∀s ∈ [0, e], Λ(U ′(s)) = ϕ(U ′(s)) + k and θ(U ′(s)) = U ′(s),

hence U is also a solution of problem (1).
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Case 2: a > 0.
Let k ∈ R be such that ϕ(a) + k > 0.
Let Γ :]− a′, a′[→ R given by

Γ(x) =



− 1√
a′+x

+ 1√
a′−b −

b(ϕ(a)+k)
a if −a′ < x < −b

(ϕ(a)+k)x
a if −b ≤ x < a

ϕ(x) + k if a ≤ x ≤ b

ϕ(b) + 1√
a′−x −

1√
a′−b + k if b < x < a′.

Γ is an increasing homeomorphism such that Γ(0) = 0. Consider the functions G0 : R −→ R and G1 :

R −→ R given by

G0(x) = g0(x) + k and G1(x) = g1(x) + k.

Consider the problem
(Γ(u′(s)))′ = f1(s, u(s), u′(s)), a.e. s ∈ [0, e],

Γ(u′(0)) = G0(u(0)), Γ(u′(s)) = G1(u(e)).
(8)

where f1(s, x, y) = f(s, x, θ(y)), for a.e. s ∈ [0, e], and all (u, v) ∈ R× R.
For u ∈ C1, we have:∫ e

0
f1(s, u(s), u′(s))ds− (G1(u(e))−G0(u(0))) =

∫ e

0
f(s, u(s), θ(u′(s)))ds− (g1(u(e))− g0(u(0))).

Using (5) and (6), there exist ρ > 0 and ε ∈ {−1, 1} such that

uL ≥ ρ and ‖u′‖∞ < a′ ⇒ ε
{∫ e

0
f1(s, u(s), u′(s))ds− (G1(u(e))−G0(u(0)))

}
> 0

and

uM ≤ −ρ and ‖u′‖∞ < a′ ⇒ ε
{∫ e

0
f1(s, u(s), u′(s))ds− (G1(u(e))−G0(u(0)))

}
< 0.

By Theorem (2.1), the problem (8) admits at least one solution V , with

−ρ− a′e < V (s) < ρ+ a′e, ∀s ∈ [0, e].

We have, ∀s ∈ [0, e],

Γ(V ′(s)) = G0(V (0)) +

∫ s

0
f(t, V (t), θ(V ′(t)))dt

≤ c0 + k +

∫ s

0
h(t)dt

≤ c0 + k + ‖h‖L1

≤ ϕ(b) + k,
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and

Γ(V ′(s)) = G1(V (s))−
∫ e

s
f(t, V (t), θ(V ′(t)))dt

≥ cT + k −
∫ e

s
h(t)dt

≥ cT + k − ‖h‖L1

≥ ϕ(a) + k.

Hence,
∀s ∈ [0, e], Γ(a) ≤ Γ(V ′(s)) ≤ Γ(b).

Moreover
∀s ∈ [0, e], a ≤ V ′(s) ≤ b.

It follows that

∀s ∈ [0, e], Γ(V ′(s)) = ϕ(V ′(s)) + k and θ(V ′(s)) = V ′(s),

hence V is also a solution of problem (1).

Case 3: b < 0.
Let k ∈ R be such that ϕ(b) + k < 0.
Let Ψ :]− a′, a′[→ R given by

Ψ(x) =



ϕ(a)− 1√
a′+x

+ 1√
a′+a

+ k if −a′ < x < a

ϕ(x) + k if a ≤ x ≤ b
(ϕ(b)+k)x

b if b < x ≤ −a
1√
a′−x −

1√
a′+a

− (ϕ(b)+k)a
b if −a < x < a′.

Ψ is an increasing homeomorphism such that Ψ(0) = 0. Consider the functions G0 : R −→ R and G1 :

R −→ R given by
G0(x) = g0(x) + k and G1(x) = g1(x) + k.

We introduce the problem

(Ψ(u′(s)))′ = f1(s, u(s), u′(s)), a.e. s ∈ [0, e],

Ψ(u′(0)) = G0(u(0)), Ψ(u′(s)) = G1(u(s)).
(9)

where f1(s, x, y) = f(s, x, θ(y)), for a.e. s ∈ [0, e], and all (u, v) ∈ R× R.
For u ∈ C1, we have:∫ e

0
f1(s, u(s), u′(s))ds− (G1(u(e))−G0(u(0))) =

∫ e

0
f(s, u(s), θ(u′(s)))ds− (g1(u(e))− g0(u(0))).
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Using (5) and (6), there exist ρ > 0 and ε ∈ {−1, 1} such that

uL ≥ ρ and ‖u′‖∞ < a′ ⇒ ε
{∫ e

0
f1(s, u(s), u′(s))ds− (G1(u(e))−G0(u(0)))

}
> 0

and

uM ≤ −ρ and ‖u′‖∞ < a′ ⇒ ε
{∫ e

0
f1(s, u(s), u′(s))ds− (G1(u(e))−G0(u(0)))

}
< 0.

By Theorem (2.1), the problem (7) admits at least one solutionW , with

−ρ− a′e < W (s) < ρ+ a′e, ∀s ∈ [0, e].

We have, ∀s ∈ [0, e],

Ψ(W ′(s)) = G0(W (0)) +

∫ t

0
f(t,W (t), θ(W ′(t)))dt

≤ c0 + k +

∫ t

0
h(t)dt

≤ c0 + k + ‖h‖L1

≤ ϕ(b) + k,

and

Ψ(W ′(s)) = G1(W (s))−
∫ e

t
f(t,W (t), θ(W ′(t)))dt

≥ cT + k −
∫ e

t
h(t)dt

≥ cT + k − ‖h‖L1

≥ ϕ(a) + k.

Hence,
∀s ∈ [0, e], Ψ(a) ≤ Ψ(W ′(s)) ≤ Ψ(b).

Moreover
∀s ∈ [0, e], a ≤W ′(s) ≤ b.

It follows that

∀s ∈ [0, e], Ψ(W ′(s)) = ϕ(W ′(s)) + k and θ(W ′(s)) = W ′(s),

henceW is also a solution of problem (1). �

Corollary 3.2.

Let a′ > max{|a|, |b|}. Assume that:

(1) f is continuous;
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(2) f satisfying the condition

lim
u→−∞

f(t, u, v) = −∞ and lim
u→+∞

f(t, u, v) = +∞ (10)

uniformly in (t, v) ∈ [0, e]× [−a′, a′];

(3) g0, g1 bounded on R

(4) max g0 + max
∆1

|f | ≤ ϕ(b) and min g1 −max
∆1

|f | ≥ ϕ(a),

where ∆1 = [0, e]× [−ρ− a′e, ρ+ a′e]× [−a′, a′] and ρ such that

f(t, u, v)− 1

e
(g1(u)− g0(u)) > 0 ∀(t, u, v) ∈ [0, e]× [ρ; +∞[×[−a′, a′], and

f(t, u, v)− 1

e
(g1(u)− g0(u)) < 0 ∀(t, u, v) ∈ [0, e]×]−∞,−ρ]× [−a′, a′].

Then, the problem (1) admits at least one solution U , with

−ρ− a′e < U(s) < ρ+ a′e and a ≤ U ′(s) ≤ b, ∀s ∈ [0, e].

Corollary 3.3.

Let a′ > max{|a|, |b|}. Assume that:

(1) f is continuous;

(2) f satisfying the condition

lim
u→−∞

f(t, u, v) = +∞ and lim
u→+∞

f(t, u, v) = −∞. (11)

uniformly in (t, v) ∈ [0, e]× [−a′, a′];

(3) g0, g1 bounded on R

(4) max g0 + max
∆1

|f | ≤ ϕ(b) and min g1 −max
∆1

|f | ≥ ϕ(a),

where ∆1 = [0, e]× [−ρ− a′e, ρ+ a′e]× [−a′, a′] and ρ such that

f(t, u, v)− 1

e
(g1(u)− g0(u)) < 0 ∀(t, u, v) ∈ [0, e]× [ρ; +∞[×[−a′, a′], and

f(t, u, v)− 1

e
(g1(u)− g0(u)) > 0 ∀(t, u, v) ∈ [0, e]×]−∞,−ρ]× [−a′, a′].

Then, the problem (1) admits at least one solution U , with

−ρ− a′e < U(s) < ρ+ a′e and a ≤ U ′(s) ≤ b, ∀s ∈ [0, e].

Theorem 3.4.

Let a′ > max{|a|, |b|}. Assume that:

(1) There exist ρ > 0 and ε ∈ {−1, 1} such that

uL ≥ ρ and ‖u′‖∞ < a′ ⇒ ε{
∫ e

0
f(s, u(s), θ(u′(s)))ds− (g1(u(e))− g0(u(0)))} > 0 (12)
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and

uM ≤ −ρ and ‖u′‖∞ < a′ ⇒ ε{
∫ e

0
f(s, u(s), θ(u′(s)))ds− (g1(u(e))− g0(u(0)))} < 0. (13)

(2) There exists h ∈ L1 such that, for a.e. s ∈ [0, e], and all (u,v) with

(s, u, v) ∈ {(s, u, v) ∈ [0, e]× R2, −ρ− a′e ≤ u ≤ ρ+ a′e, a ≤ v ≤ b},

f(s, u, v) ≥ h(s);

(3) max
∆

g1 + ‖h‖L1 ≤ ϕ(b) and min
∆

g0 − ‖h‖L1 ≥ ϕ(a),

where ∆ = [−ρ− a′e, ρ+ a′e].

Then, the problem (1) admits at least one solution U , with

−ρ− a′e ≤ U(s) ≤ ρ+ a′e and a ≤ U ′(s) ≤ b, ∀s ∈ [0, e].

Proof. The proof is similar to the proof Theorem 3.1. �

Corollary 3.5.

Let a′ > max{|a|, |b|}. Assume that:

(1) f is continuous;

(2) f satisfying the condition

lim
u→−∞

f(t, u, v) = −∞ and lim
u→+∞

f(t, u, v) = +∞ (14)

uniformly in (t, v) ∈ [0, e]× [−a′, a′];

(3) g0, g1 bounded on R

(4) max g1 + max
∆1

|f | ≤ ϕ(b) and min g0 −max
∆1

|f | ≥ ϕ(a),

where ∆1 = [0, e]× [−ρ− a′e, ρ+ a′e]× [−a′, a′] and ρ such that

f(t, u, v)− 1

e
(g1(u)− g0(u)) > 0 ∀(t, u, v) ∈ [0, e]× [ρ; +∞[×[−a′, a′], and

f(t, u, v)− 1

e
(g1(u)− g0(u)) < 0 ∀(t, u, v) ∈ [0, e]×]−∞,−ρ]× [−a′, a′].

Then, the problem (1) admits at least one solution U , with

−ρ− a′e < U(s) < ρ+ a′e and a ≤ U ′(s) ≤ b, ∀s ∈ [0, e].

Corollary 3.6.

Let a′ > max{|a|, |b|}. Assume that:

(1) f is continuous;

(2) f satisfying the condition

lim
u→−∞

f(t, u, v) = +∞ and lim
u→+∞

f(t, u, v) = −∞. (15)

uniformly in (t, v) ∈ [0, e]× [−a′, a′];
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(3) g0, g1 bounded on R

(4) max g1 + max
∆1

|f | ≤ ϕ(b) and min g0 −max
∆1

|f | ≥ ϕ(a),

where ∆1 = [0, e]× [−ρ− a′e, ρ+ a′e]× [−a′, a′] and ρ such that

f(t, u, v)− 1

e
(g1(u)− g0(u)) < 0 ∀(t, u, v) ∈ [0, e]× [ρ; +∞[×[−a′, a′], and

f(t, u, v)− 1

e
(g1(u)− g0(u)) > 0 ∀(t, u, v) ∈ [0, e]×]−∞,−ρ]× [−a′, a′].

Then, the problem (1) admits at least one solution U , with

−ρ− a′e < U(s) < ρ+ a′e and a ≤ U ′(s) ≤ b, ∀s ∈ [0, e].

Example 3.7.

Consider the problem

((u′(s))5)′ =
|u′(s)|

4
+ u(s) +

s

3
, s ∈ [0, 1],

(u′(0))5 =
1

(u(0))2 + 1
+ 10 and (u′(1))5 = sin(u(1)) + 10

admits at least one strictly increasing solution U , with 1 ≤ U ′(s) ≤ 2, ∀s ∈ [0, 1].
Taking a = 1, b = 2 and a′ = 3, we obtain:

ϕ(a) = 15 = 1, ϕ(b) = 25 = 32, ρ = 3, h(s) =
s

3
− 23

4
, ∆ = [−6, 6],

max
∆

g1 + ‖h‖L1 =
197

12
, min

∆
g0 − ‖h‖L1 =

55

12
.

From Theorem 3.4, we deduce the existence of a solution.

4. Existence of monotonic solutions

4.1. Existence of strictly increasing solutions.

Theorem 4.1.

Let a′ > b > 0. Assume that:

(1) There exist ρ > 0 and ε ∈ {−1, 1} such that

uL ≥ ρ and ‖u′‖∞ < a′ ⇒ ε{
∫ e

0
f(s, u(s), u′(s))ds− (g1(u(e))− g0(u(0)))} > 0 (16)

and

uM ≤ −ρ and ‖u′‖∞ < a′ ⇒ ε{
∫ e

0
f(s, u(s), u′(s))ds− (g1(u(e))− g0(u(0)))} < 0. (17)

(2) There exists h ∈ L1 such that, for a.e. s ∈ [0, e], and all (u,v) with

(s, u, v) ∈ {(s, u, v) ∈ [0, e]× R2, −ρ− a′e < u < ρ+ a′e, 0 ≤ v ≤ b},

f(s, u, v) ≤ h(s);
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(3) max
∆

g0 + ‖h‖L1 ≤ ϕ(b) and min
∆

g1 − ‖h‖L1 > 0,

where ∆ = [−ρ− a′e, ρ+ a′e].

Then, the problem (1) admits at least one strictly increasing solution U , with

−ρ− a′e < U(s) < ρ+ a′e ∀s ∈ [0, e].

Proof.

We can take a in ϕ−1(]0,min
∆

g1 − ‖h‖L1 ]) such that a < b and use Theorem 3.1. �

Theorem 4.2.

Let a′ > b > 0. Assume that:

(1) There exist ρ > 0 and ε ∈ {−1, 1} such that

uL ≥ ρ and ‖u′‖∞ < a′ ⇒ ε{
∫ e

0
f(s, u(s), u′(s))ds− (g1(u(e))− g0(u(0)))} > 0 (18)

and

uM ≤ −ρ and ‖u′‖∞ < a′ ⇒ ε{
∫ e

0
f(s, u(s), u′(s))ds− (g1(u(e))− g0(u(0)))} < 0. (19)

(2) There exists h ∈ L1 such that, for a.e. s ∈ [0, e], and all (u,v) with

(s, u, v) ∈ {(s, u, v) ∈ [0, e]× R2, −ρ− a′e ≤ u ≤ ρ+ a′e, 0 ≤ v ≤ b},

f(s, u, v) ≥ h(s);

(3) max
∆

g1 + ‖h‖L1 ≤ ϕ(b) and min
∆

g0 − ‖h‖L1 > 0,

where ∆ = [−ρ− a′e, ρ+ a′e].

Then, the problem (1) admits at least one strictly increasing solution U , with

−ρ− a′e ≤ U(s) ≤ ρ+ a′e, ∀s ∈ [0, e].

Proof. The proof is similar to the proof Theorem 4.1. �

4.2. Existence of strictly decreasing solutions.

Theorem 4.3.

Let a < 0 and a′ > |a|. Assume that:

(1) There exist ρ > 0 and ε ∈ {−1, 1} such that

uL ≥ ρ and ‖u′‖∞ < a′ ⇒ ε{
∫ e

0
f(s, u(s), u′(s))ds− (g1(u(e))− g0(u(0)))} > 0 (20)

and

uM ≤ −ρ and ‖u′‖∞ < a′ ⇒ ε{
∫ e

0
f(s, u(s), u′(s))ds− (g1(u(e))− g0(u(0)))} < 0. (21)
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(2) There exists h ∈ L1 such that, for a.e. s ∈ [0, e], and all (u,v) with

(s, u, v) ∈ {(s, u, v) ∈ [0, e]× R2, −ρ− a′e < u < ρ+ a′e, a ≤ v ≤ 0},

f(s, u, v) ≤ h(s);

(3) max
∆

g0 + ‖h‖L1 < 0 and min
∆

g1 − ‖h‖L1 ≥ ϕ(a),

where ∆ = [−ρ− a′e, ρ+ a′e].

Then, the problem (1) admits at least one strictly decreasing solution U , with

−ρ− a′e < U(s) < ρ+ a′e, ∀s ∈ [0, e].

Proof.

We can take b in ϕ−1([max
∆

g0 + ‖h‖L1 , 0[) such that a < b and use Theorem 3.1. �

Theorem 4.4.

Let a < 0 and a′ > |a|. Assume that:

(1) There exist ρ > 0 and ε ∈ {−1, 1} such that

uL ≥ ρ and ‖u′‖∞ < a′ ⇒ ε{
∫ e

0
f(s, u(s), u′(s))ds− (g1(u(e))− g0(u(0)))} > 0 (22)

and

uM ≤ −ρ and ‖u′‖∞ < a′ ⇒ ε{
∫ e

0
f(s, u(s), u′(s))ds− (g1(u(e))− g0(u(0)))} < 0. (23)

(2) There exists h ∈ L1 such that, for a.e. s ∈ [0, e], and all (u,v) with

(s, u, v) ∈ {(s, u, v) ∈ [0, e]× R2, −ρ− a′e ≤ u ≤ ρ+ a′e, a ≤ v ≤ 0},

f(s, u, v) ≥ h(s);

(3) max
∆

g1 + ‖h‖L1 < 0 and min
∆

g0 − ‖h‖L1 ≥ ϕ(a),

where ∆ = [−ρ− a′e, ρ+ a′e].

Then, the problem (1) admits at least one strictly decreasing solution U , with

−ρ− a′e ≤ U(s) ≤ ρ+ a′e, ∀s ∈ [0, e].

Proof. The proof is similar to the proof Theorem 4.3. �
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5. Existence of multiple solutions

Theorem 5.1.

Assume that:

(1) There exist {[ai, bi]}1≤i≤n such that

(a) ∀i ∈ {1; · · · ;n}, [ai, bi] ⊂ R and ai < bi.

(b) ∀i ∈ {1; · · · ;n− 1}, bi < ai+1.

(2) ∀i ∈ {1; · · · ;n}, there exist ρi > 0 and ε ∈ {−1, 1} such that

uL ≥ ρi and ‖u′‖∞ < a′i ⇒ ε{
∫ e

0
f(s, u(s), θi(u

′(s)))ds− (g1(u(e))− g0(u(0)))} > 0 (24)

and

uM ≤ −ρi and ‖u′‖∞ < a′i ⇒ ε{
∫ e

0
f(s, u(s), θi(u

′(s)))ds− (g1(u(e))− g0(u(0)))} < 0; (25)

Where a′i > max{|ai|, |bi|} and θi : R→ R given by

θi(x) =


ai if x < ai

x if ai ≤ x ≤ bi
bi if b < x.

(3) ∀i ∈ {1; · · · ;n}, there exists hi ∈ L1 such that, for a.e. s ∈ [0, e], and all (u,v) with

(s, u, v) ∈ {(s, u, v) ∈ [0, e]× R2, −ρi − a′ie < u < ρi + a′ie, ai ≤ v ≤ bi},

f(s, u, v) ≤ hi(s);

(4) ∀i ∈ {1; · · · ;n}, max
∆i

g0 + ‖hi‖L1 ≤ ϕ(bi) and min
∆i

g1 − ‖hi‖L1 ≥ ϕ(ai), where ∆i = [−ρi −

a′ie, ρi + a′ie].

Then, the problem (1) admits at least n solutions U1, · · · , Un,

∀i ∈ {1; · · · ;n}, −ρi − a′ie < Ui(s) < ρi + a′ie and ai ≤ U ′i(s) ≤ bi, ∀s ∈ [0, e].

Proof.

For i ∈ {1; · · · ;n}, The assumptions of Theorem 3.1 are verified. Therefore ∀i ∈ {1; · · · ;n}, the problem
(1) admits at least one solution Ui, such that

−ρi − a′ie < Ui(s) < ρi + a′ie and ai ≤ U ′i(s) ≤ bi, ∀s ∈ [0, e].

Using the fact that ∀i ∈ {1; · · · ;n}, [ai, bi] ⊂ R and ai < bi, and ∀i ∈ {1; · · · ;n− 1}, bi < ai+1, we have

∀(i, j) ∈ {1; · · · ;n}2, Ui 6= Uj , for i 6= j.

Hence, the problem (1) admits at least n solutions U1, · · · , Un,

∀i ∈ {1; · · · ;n}, −ρi − a′ie < Ui(s) < ρi + a′ie and ai ≤ U ′i(s) ≤ bi, ∀s ∈ [0, e].



Asia Pac. J. Math. 2026 13:27 15 of 16

�

Theorem 5.2.

Assume that:

(1) There exist {[ai, bi]}1≤i≤n such that

(a) ∀i ∈ {1; · · · ;n}, [ai, bi] ⊂ R and ai < bi.

(b) ∀i ∈ {1; · · · ;n− 1}, bi < ai+1.

(2) ∀i ∈ {1; · · · ;n}, there exist ρi > 0 and ε ∈ {−1, 1} such that

uL ≥ ρi and ‖u′‖∞ < a′i ⇒ ε{
∫ e

0
f(s, u(s), θi(u

′(s)))ds− (g1(u(e))− g0(u(0)))} > 0 (26)

and

uM ≤ −ρi and ‖u′‖∞ < a′i ⇒ ε{
∫ e

0
f(s, u(s), θi(u

′(s)))ds− (g1(u(e))− g0(u(0)))} < 0; (27)

Where a′i > max{|ai|, |bi|} and θi : R→ R given by

θi(x) =


ai if x < ai

x if ai ≤ x ≤ bi
bi if b < x.

(3) ∀i ∈ {1; · · · ;n}, there exists hi ∈ L1 such that, for a.e. s ∈ [0, e], and all (u,v) with

(s, u, v) ∈ {(s, u, v) ∈ [0, e]× R2, −ρi − a′ie < u < ρi + a′ie, ai ≤ v ≤ bi},

f(s, u, v) ≥ hi(s);

(4) ∀i ∈ {1; · · · ;n}, max
∆i

g1 + ‖hi‖L1 ≤ ϕ(bi) and min
∆i

g0 − ‖hi‖L1 ≥ ϕ(ai), where ∆i = [−ρi −

a′ie, ρi + a′ie].

Then, the problem (1) admits at least n solutions U1, · · · , Un,

∀i ∈ {1; · · · ;n}, −ρi − a′ie < Ui(s) < ρi + a′ie and ai ≤ U ′i(s) ≤ bi, ∀s ∈ [0, e].

Proof.

The proof is similar to the proof Theorem 5.1. �
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