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Abstract. Image recovery is a pressing problem in recovering high-quality corrupted images by noise
and distortion, especially salt-and-pepper noise, which severely degrades visual definition. This paper
introduces an enhanced conjugate gradient (CG) approach, the BBS algorithm, to effectively restore images.
The proposed method is a two-stage approach: an adaptive median filter detects and isolates noisy pixels
in stage one, and a nonsmooth optimization problem is formulated in stage two in order to restore the
corrupted pixels. To tackle computational challenges, the problem is reformulated as a smooth optimization
problem, which is solved via the BBS algorithm, which employs a new parameter that emerges from Taylor
series approximations. The BBS algorithm is also found to be computationally quicker than the normal
Fletcher-Reeves (FR) algorithm, as can be demonstrated by numerical experiments conducted on typical
test images (e.g., Lena, House, Elaine, Cameraman). The outcomes indicate faster rates of convergence,
smaller iterations (NI), smaller function evaluations (NF), and better peak signal-to-noise ratios (PSNR).
Performance profiling also attests to the performance of BBS, with the curves of the former significantly
outperforming FR in iteration counts and computationally. Global convergence of the BBS algorithm
under conditions of descent and Lipschitz continuity is demonstrated through theoretical analysis. The
BBS algorithm is established as a computationally effective and robust image restoration method by this
work and represents important improvements over the conventional CG methods of salt-and-pepper noise
handling.
2020 Mathematics Subject Classification. 65K05; 90C06; 90C30; 90C47; 90C90.
Key Words: optimization problems; image restoration; two-phase approach; nonsmooth optimization;
conjugate gradient (CG) method and convergence.

1. Introduction

Image restoration pertains to the systematic endeavor of reconstructing a compromised image by
alleviating the influences of noise, blurring, and various modalities of distortion. The principal aim is
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to recuperate the original image with exemplary fidelity through the processes of noise attenuation,
distortion rectification, and enhancement of details. In the present investigation, the proposed conjugate
gradient algorithm is utilized to tackle the complexities associated with image restoration [1–3].

In [2], authors proposed a bifurcated methodology designed to restore images that have been tainted
by impulse noise, during the preliminary phase, a median filter was employed to identify and segregate
pixels affected by noise. Consider an image X characterized by dimensionsM ×N , wherein the spatial
coordinates of each pixel are delineated by the index set A = {1, 2, . . . ,M} × {1, 2, . . . , N} [4,5]. Let
|N | signify the count of pixels identified as compromised by noise during the preliminary detection
phase, and let N ⊂ A denote the subset of indices that correspond to these pixels affected by noise.
For any pixel situated at coordinates (m,n) ∈ A, the collection of its four immediate neighboring
pixels is represented by Bmn. Additionally, let ym,n denote the observed intensity value at the pixel
location (m,n). In the subsequent phase of the restoration process, the recovery of the pixels deemed
corrupted is formulated as a nonsmooth optimization problem [6], which seeks to precisely reconstruct
the original intensities of the pixels:

min
q

∑
(m,n)∈N

[
|qm,n − ym,n|+

β

2
(2 · Z1

m,n + Z2
m,n)

]
, (1)

where:

Z1
m,n =

∑
(a,b)∈Bm,n

ψα(qm,n − ya,b), Z2
m,n =

∑
(a,b)∈Bm,n\N

ψα(qm,n − qa,b). (2)

The function, ψα(t) =
√
t2 + α, where α > 0 is a parameter, operates as a term for regularization

that preserves edges [4, 7]. This function holds particular significance for tasks pertaining to noise
elimination that endeavor to retain essential features of the image [4], such as edges. The vector
q = [qm,n](m,n)∈N is characterized as a column vector based on length, with the set |N | arranged in a
lexicographic sequence. Resolving the nonsmooth minimization problem delineated in equation (1)
with precision necessitates considerable computational resources and time. To mitigate this issue, Chan
et al. [5] proposed a technique that removes the nonsmooth term, thereby yielding the subsequent
smooth and unconstrained optimization problem:

min
q
fα(q) :=

∑
(m,n)∈N

2
∑

(a,b)∈Bm,n\N

ψα(qm,n − ya,b) +
∑

(a,b)∈Bm,n∩N

ψα(qm,n − qa,b)

 . (3)

The intricacy of problem (3) escalates in direct correlation with the level of noise present. By utilizing
the Conjugate Gradient (CG) method to address the optimization problem (3), the researchers in [8]
exhibited a proficient restoration of images that had been compromised. In the current investigation,
salt-and-pepper noise, which represents a distinct category of impulse noise, is tackled through a two-
phase methodology [17]. In the initial phase, the identification of noisy pixels is conducted utilizing
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an adaptive median filter as elucidated in [4]. Following this, problem (3) is resolved employing the
proposed BBS algorithms [9], with its efficacy being compared to the FR method.

Conjugate gradient algorithms repeatedly compute the new point xk+1 using the current point xk
and a search direction dk that is conjugate to the past directions [10]. This is the standard update
guideline:

xk+1 = xk + αkdk, (4)

where the step size, denoted by αk, is as follows:

αk = −gTk dk/dTkGdk, (5)

see [11]. The Wolfe criteria are satisfied by a line search approach that is commonly used to find αk, as:

f(xk + αkdk) ≤ f(xk) + δ · αkgTk dk, (6)

dTk g(xk + αkdk) ≥ σ · dTk gk, (7)

where 0 < δ < σ < 1 [12]. The conjugate direction, dk is updated as follows:

dk+1 = −gk+1 + βk · dk. (8)

The gradient of the objective function at iteration k + 1 is denoted by gk+1, whereas the amount of
the previous direction that is preserved in the current iteration is determined by βk, a scalar. The
Fletcher-Reeves (FR) [13] formula is among the most widely used formulas for calculating βk, as:

βFRk =
gTk+1gk+1

gTk gk
. (9)

Faster convergence than straightforward steepest descent techniques is achieved by using this formula,
which guarantees that the directions stay conjugate with respect to the Hessian matrix (in the case of
quadratic functions). The conjugate gradient approach works particularly well for large-scale issues
when it is not feasible to save or invert the Hessian matrix [11]. This makes it an extremely useful
mathematical tool.

2. New parameter derived from the Taylor series

To derive the new conjugate gradient parameter, it is essential to understand the Taylor series
thoroughly [9]. Let us proceed step by step:

fk = fk+1 − gTk+1sk +
1

2
sTkQ(xk+1)sk, (10)

For this function, the gradient is defined as follows:

gk+1 = gk +Q(xk+1)sk. (11)
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By combining equations (10) and (11), the second-order curvature is derived as follows:

sTkQ(xk+1)sk =
3

2
sTk yk + (fk+1 − fk), (12)

where yk = gk+1 − gk. Through algebraic manipulation, we can deduce that:

sTkQ(xk)sk =
3

2

(gTk sk)
2

sTk yk + (fk − fk+1)
= $ks

T
k yk, (13)

where:

$1
k =

3

2

(gTk sk)
2

sTk yk(s
T
k yk + (fk − fk+1))

. (14)

Therefore, the expression for the matrix Q(xk) can be written as:

Q(xk) =
$ks

T
k yk

sTk sk
In, (15)

where In denotes the identity matrix. Substituting equation (15) into the conjugacy condition yields
the following result:

βk =

(
1−

sTk sk

$ks
T
k yk

)
gTk+1sk

sTk sk
. (16)

Employing the formula above, the expression becomes:

βBBSk =
1

sTk sk

(
yk −

1

$k
sk

)T
gk+1. (17)

Equation (17) results from applying an exact line search to equation (14), yielding a more refined
expression:

$2
k =

3

2

(gTk sk)
2

sTk sk(−sTk gk + (fk − fk+1))
, (18)

and

$3
k =

3

2

(gTk sk)
2

sTk sk(αk‖gk‖2 + (fk − fk+1))
. (19)

For the sake of simplicity, we refer to these methods as BBS1, BBS2, and BBS3. They are referred to as
BBS for convenience.

Algorithm BBS:. Input: To minimize a function by adjusting x0 ∈ Rn, ε.
Output: Find the optimal xwith near-zero gradient.

(1) If ‖gk‖ < ε stop.
(2) Calculate αk using (6) and (7).
(3) Obtain xk+1 = xk + αkdk.
(4) Calculate βk by (17) and use in dk+1 = −gk+1 + βkdk.
(5) Set k = k + 1 and return to step 2.
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3. Convergence analysis

The investigation into the global convergence of BBS algorithms constitutes the subsequent area of
interest [18]. The ensuing premise is established:

Define the set L0 = {x ∈ Rn : f(x) ≤ f(x0)}. This set is assumed to be convex [6]. Furthermore, the
gradient of the function f satisfies a Lipschitz continuity condition on L0. Specifically, there exists a
positive constant L > 0 such that for every pair σ̄, and v+ in L0, the following holds:

‖∇f(σ̄)−∇f(v+)‖ ≤ L‖σ̄ − v+‖. (20)

Under these premises, it follows that there exists a constant Π > 0 that bounds the magnitude of the
gradient at iteration k + 1:

‖gk+1‖ ≤ Π. (21)

Theorem 1. If dk+1 is descent, then sTk yk 6= 0 and the search directions generated by (8) and (17) are
descent directions.

Proof: We obtain gT0 d0 = −‖g0‖2 < 0 since d0 = −g0. Let dTk gk ≤ 0 be true.
By multiplying by gk+1, we obtain:

dTk+1gk+1 = −‖gk+1‖2 +

(
1−

sTk sk

$ks
T
k yk

)
yTk gk+1

sTk yk
sTk gk+1. (22)

It is clear from sk = αkdk, that:

dTk+1gk+1 = −‖gk+1‖2 +

(
$ks

T
k yk − sTk sk
$ks

T
k yk

)
yTk gk+1

sTk yk
sTk gk+1. (23)

Applying the Lipschitz condition yields the following results: yTk gk+1 ≤ LsTk gk+1 and sTk yk ≤ LsTk sk.
This enables us to write:

dTk+1gk+1 ≤ −‖gk+1‖2 +

(
$kLs

T
k sk − sTk sk
$ks

T
k yk

)
L(sTk gk+1)

2

sTk yk
. (24)

However, because L is small and α2
k is very small, take notice of:

dTk+1gk+1 ≤ 0. (25)

The theorem is proven.
Dai et al. [20] show the general result in the following way for any conjugate gradient technique

utilising the Wolfe line search. Also, extensions of this analysis appear in [12,19].
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Lemma 1. Any conjugate gradient technique (4) with dk+1 = −gk+1 + βkdk as a descent direction, as
found by the strong Wolfe line search, should be taken into consideration if assumptions (i) and (ii)
are true. If: ∑

k≥1

1

‖dk‖2
=∞, (26)

then

lim
k→∞

inf ‖gk‖ = 0. (27)

One may use Lemma 1 to demonstrate the following conclusion.

Theorem 2. If a constant µ > 0 exists such that, for every k, it satisfies:

(∇f(u)−∇f(w))T (u− w) ≥ µ‖u− w‖2, ∀u,w ∈ Rn, (28)

based on Lemma 1’s presumptions, we have:

lim
k→∞

inf ‖gk‖ = 0. (29)

Proof: From (17), it is evident that:

‖dk+1‖ = ‖gk+1‖+

∣∣∣∣∣(1− ω)
gTk+1yk

sTk yk

∣∣∣∣∣ ‖sk‖, (30)

where ω = sTk sk/($ks
T
k yk). It is clear from using Cauchy’s inequality that:

‖dk+1‖ ≤ ‖gk+1‖+ |1− ω|‖gk+1‖‖yk‖
‖sk‖‖yk‖

‖sk‖

≤ (2− ω)‖gk+1‖. (31)

Therefore, ‖∇f(x)‖ ≤ Γ implies that:
∑
k≥1

1

‖dk‖2
≥
(

1

2− ω

)2 1

Γ2

∑
k≥1

1 =∞. (32)

It follows that limk→∞ inf ‖gk‖ = 0 utilizing Lemma 1 [20–22].

4. Numerical results

We present some numerical data in this section to demonstrate the effectiveness of the newmethod in
eliminating salt-and-pepper impulse noise. We evaluate the BBS and FR approaches in our experiments.
Every code has been written in MATLAB r2017a. Then, a PC runs them. The halting requirements for
both approaches are as follows:

|f(xk)− f(xk−1)|
|f(xk)|

≤ 10−4 and ‖∇f(xk)‖ ≤ 10−4(1 + |f(xk)|). (33)
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Along with the test text, the test images feature Lena, House, Elaine, and the cameraman. Similar to [8],
we qualitatively assess the restoration performance using the PSNR (peak signal to noise ratio) [23,26],
which is defined as follows:

PSNR = 10 log10
2552

1
MN

∑
i,j(u

r
i,j − u∗i,j)2

, (34)

where uri,j and u∗i,j represent the pixel values of the restored and original images, respectively.

Table 1. Numerical results of FR and BBS algorithms.

Image Noise level r (%) FR-Method BBS1-Method BBS2-Method BBS3-Method
NI NF PSNR (dB) NI NF PSNR (dB) NI NF PSNR (dB) NI NF PSNR (dB)

Lena
50 82 153 30.5529 56.0 111.0 30.4724 56.0 104.0 30.4796 55.0 109.0 30.4236
70 81 155 27.4824 54.0 107.0 27.3762 57.0 107.0 27.3194 55.0 107.0 27.4731
90 108 211 22.8583 52.0 103.0 22.977 56.0 103.0 22.9068 68.0 133.0 22.9178

House
50 52 53 30.6845 37.0 74.0 34.655 35.0 67.0 34.9789 39.0 74.0 34.7593
70 63 116 31.2564 42.0 83.0 30.8544 43.0 84.0 31.1078 43.0 83.0 30.6449
90 111 214 25.287 51.0 99.0 25.0459 53.0 101.0 24.8747 49.0 97.0 24.8855

Elaine
50 35 36 33.9129 29.0 56.0 33.889 28.0 50.0 33.843 29.0 53.0 33.8275
70 38 39 31.864 32.0 61.0 31.8496 33.0 59.0 31.8269 34.0 63.0 31.8462
90 65 114 28.2019 42.0 81.0 28.0959 41.0 77.0 28.236 42.0 79.0 28.2479

Cameraman
50 59 87 35.5359 34.0 68.0 35.2873 37.0 73.0 35.5787 36.0 72.0 35.1639
70 78 142 30.6259 39.0 79.0 30.719 39.0 77.0 30.8041 40.0 80.0 30.8458
90 121 236 24.3962 50.0 101.0 24.9649 49.0 97.0 24.9709 49.0 98.0 24.6395

Table 1 shows that the proposed algorithms perform better than the FR approach in terms of peak
signal to noise ratio, number of iterations, and function evaluations [24].
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Figure 1. Image restoration results showing original, noisy, and restored images using
different methods.
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Figure 2. Demonstrates the results of algorithms FR, BBY1, BBY2 and BBY3 of 256 ×
256 House image
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Figure 3. Demonstrates the results of algorithms FR, BBY11, BBY2 and BBY3 of 256 ×
256 Elaine image.
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Figure 4. Demonstrates the results of algorithms FR, BBY11, BBY2 and BBY3 of 256 ×
256 Cameraman image.

Additionally, a performance profiling approach suggested by Dolan and More [21, 27] was used
to assess the results. This technique uses a cumulative distribution function to show how likely it is
that a certain algorithm would resolve an issue within a given factor of the highest performance ever
noted. The resultant graph displays the performance ratio on the x-axis and the percentage of test cases
that were resolved within that ratio on the y-axis. An algorithm is seen more successful if its curve
continuously sits above others, indicating that it can answer a higher percentage of problems more
quickly.

In terms of the number of iterations (NI) required to achieve convergence, Figure 5 shows the
performance profile curve contrasting the suggested approach with the traditional FR technique. The
graph shows that the suggested BBS approaches have a better convergence speed and attain greater
cumulative performance more quickly [28, 29]. This implies that the suggested approach usually
solves most test functions with less iterations. On the other hand, the lagging curve of the classical FR
algorithm indicates a slower rate of convergence, which suggests a higher number of iterations and
lower computational efficiency.
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Figure 5. Performance on the number of iterations.

Ultimately, the function evaluation results displayed in Figure 6 highlight how important function
evaluations are in determining an optimization algorithm’s total computing cost. Because the green
line, which represents the standard FR algorithm, is always below the red line, which represents the
BBS approaches, the displayed curve further supports the effectiveness of the suggested algorithm.
Because of its dominance, the suggested approach often needs fewer function evaluations to arrive
at an ideal answer. As function evaluations are frequently the most resource-intensive component of
optimization, this result highlights the BBS algorithms’ computational advantage over their classical
equivalent.

Figure 6. Function evaluations performance.
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5. Conclusions

The current work has introduced and tested comprehensively a high-accuracy conjugate gradient
(CG) optimization method, the BBS algorithm, for high-fidelity image deblurring of salt-and-pepper
noisy images. The proposed approach relies on a two-step procedure: initial noisy pixels are detected
and isolated via an adaptive median filter, and then a nonsmooth optimization problem is rearranged
into a smooth formulation and solved using the BBS algorithm. Themajor innovation is the development
of a new parameter through Taylor series approximations to maximize computational efficiency and
convergence.

Numerical experiments on typical test images (Lena, House, Elaine, Cameraman) demonstrated that
BBS algorithm outperforms classical Fletcher-Reeves (FR) algorithm in the aspects of faster convergence,
lower computational cost and better restoration quality. Theoretical analysis established the global
convergence of BBS algorithmunder Lipschitz continuity and descent conditions. Performance profiling
also proved its superioritywith results indicating that BBS always has solutionswith fewer iterations and
function evaluations compared to FR. Lastly, the BBS algorithm provides a stable and computationally
efficient solution to image restoration, especially in the restoration of salt-and-pepper noise. Its extension
to other noise models or integration with deep learning algorithms for further improvement can be
considered in future studies.
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