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Asstract. This paper discusses the concept of algebras of terms defined by transformations that preserve
a length on a finite set. The study introduces various types and forms of term algebras and explores
transformations that adhere to specific length preservation criteria. The results extend existing theories on
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1. INTRODUCTION

Let X := {x1,z2,...} be a countably infinite set of symbols called variables and let X, :=
{z1,22,...,2,}. Let (fi)ics be an indexed set which is disjoint from X. Each f; is called an n;-ary
operation symbol, where 1 < n; < n is a natural number. Let 7 be a function which assigns to every f;
the number n; as its arity. The sequence of the values of function 7, written as (n;);c;, is called a type.
An n-ary term of type 7 is defined inductively as follows: (i) Every variable z; € X, is an n-ary term of
type 7. (ii) The composition f;(t1,...,t,) is an n-ary term of type 7 where ¢y, ... ,t,, are n-ary terms
of type 7 and f; is an n;-ary operation symbol. The set of all n-ary terms of type 7, closed under finite

o0

number of applications of (ii), is denoted by W, (X,,). The symbol W, (X) := U W.(X,,) stands for
n=1

the set of all terms of type 7.
The set of all terms of type 7 can be used as the universe of an algebra of type 7. For every i € I, an

n;-ary operation f; : W, (X)" —s W,(X) is defined by
fittis oo tn,) = fi(t1, ..oty
The algebra 7, (X) := (W, (X); (fi)icr) is called the absolutely free algebra of type T over the set X.
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There is another way to consider the operation on the set of terms. Now, we recall the concept of
superposition operation of terms. For each natural numbers m,n > 1, the superposition operation is a
many-sorted mapping

S’Vl

m

W (X) % (Wy (X)) — Wy (Xin)
defined by

(i) Sp(xj tr,... tn) =t ifxj € X,

(1) SP(fi(s1y.vySn;)stiyeeeytn) = fi(SP(s1,t1, -y tn), ooy SP(Snyytiy v ytn)).
Then the many-sorted algebra can be defined by

clone 7 := (Wr(Xn))nen+; (S )nment (i)icnent),
which is called the clone of all terms of type 7.
Let 7, = (n,n,...,n) be a type consisting of the same values equal to n, i.e. 7, = (n;) withn; =n

forall i € I. In 2004, Denecke and Jampachon [2] inductively defined n-ary full terms of type 7,,, based

on the full transformations (mappings) instead of the permutations, as follows:

(i) fi(Ta(1)s - - - Ta(n)) is an n-ary full term of type 7, if f; is an n-ary operation symbol and o € T,
where T, is the set of all full transformation on {1,2,...,n};
(ii) fi (t1,...,tn) is an n-ary full term of type 7, if f; is an n-ary operation symbol and ¢1,...,%,

are n-ary full terms of type 7,.

The set of all n-ary full terms of type 7, closed under finite application of (ii), is denoted by W (X,,).
Refer to [3,5-7,9,10] for more details about terms, full terms and thier properties. This paper aims to
apply the notion of transformations preserving a length to define the set of terms and construct the
algebra satisfying some laws. Moreover, we apply our results to the theory of hyperidentities and solid

varieties.

2. THE ALGEBRA OF T}, (l)-FULL TERMS

Let X be a nonempty set and let 7'(X') denote the semigroup of the full transformations from X into
itself under composition of mappings. Throughout the paper, we let 2 := {1,2,...,n} (n > 2) and [ an

integer such that 1 <! < n — 1. We define
T,()={aeT, :Vx,yen,|z—yl=1=|za—ya| =1}

where |z — y| is the absolute difference of numbers x and y.

Note that if o € T),(1), then we say that « preserves the length . For any «, 5 € T,,(I) and z,y € n
such that |z —y| = [. Then |za —ya| = [. Because za,ya € 7 and J preserves the length [, so
|(za) 8 — (ya)B| = I. Thus T}, (1) is a subsemigroup of T;,. We call T}, (1) the semigroup of transformations
preserving a length .

Then we present the definition of n-ary 7;,()-full term of type 7,.
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Definition 2.1. Let f; be an n-ary operation symbol and o € T,,(1). An n-ary T,,(1)-full term of type 1, is
defined in the following way:

(i) fi(xa@), > Tam)) is an n-ary T, (1)-full term of type T,

(ii) ift1,...,tn are n-ary T, (1)-terms of type 1, then f; (t1, ..., ty) is an n-ary T,,(1)-full term of type 7.
Let WTT"”(Z) (Xy) be the set of all n-ary T,,(1)-full terms of type ,.

Now we give an example of Definition 2.1. For any ¢, ¢, ..., ¢, € 7 (not necessarily distinct) we
shall use the notation
1 2 ... n
o =
C]_ C2 DY Cn
to mean a € T}, defined by i = ¢; foralli =1,2,... n.

Example 2.2. Let 7, = (n) be a type with one operation symbol f. Put n = 3, and | = 1. We have

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3
oG E)E ) E)
1 21 1 2 3 21 2 2 3 2 3 21 3 2 3

Then f(x1,x2, 1), f(x1, 2, 23), f(22, 21, 22), f(@2, T3, T2), f (23, 22, 1), f(x3, 22, 23) are elements in

ng(l)(Xg).

Normally, terms have many measures of their complexity, see [4,8]. As a result, there is a possibility
to measure a complexity of T;,(/)-full terms. The depth of a T}, (I)-full term ¢, denoted by Depth(t), is
the longest distance from a first operation symbol that appears in a term (from the left) to variables. It
can be inductively defined by

(i) Depth(t) =1ift = fi(xa(1), .- -, Ta(m)) and o € Ty (1);
(i) Depth(t) = 1+ maz{Depth(t;) |1 <j <n}ift= fi(t1,...,tn).

On the set Wg;"(l) (Xn), we define an (n + 1)-ary operation S",

n+1

sm . (WT{N)(XN)) — wIO(X,)

forallty,...,t,,51,...,5, € WTn"(l)(Xn) by

1) S™ (fi (za@) - Tam)) st -5 tn) == fi (ta)s - - tam));

(1) S™(fi(t1, ... tn),S1y-v-y8n) i=

Fi (8™ (t1, 81,y 8n) ey S (tn, S1y- -y 8n))-
Then we form the algebra
cloner, ) (Tn) == (WTTn”(l)(Xn),S">

which is called the clone of all T;,(1)-full terms of type 7,. Theorem 2.3, presented below, shows that the
algebra (WTTn"(l) (Xn), S”) satisfies the superassociative law (SASS):
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S™(Xo,8"(V1, 21, Zn)s- -, 8" (Y, 20, Zn))

mS”(S”(Xo,Yl,...,Yn),Zl,...,Zn) (21)

where S™ is an (n + 1)-ary operation symbol and Xy, Y;, Z; are variables for all 1 < j < n.

Next, we shall show that the superassociative law is satisfied in the clone of all 7}, (1)-full terms.
Theorem 2.3. The algebra <W7Tn”(l) (Xn), S”) satisfies the superassociative law.

Proof. We give a proof by induction on the depth of an n-ary 7;,({)-full term ¢ which is substituted for
Xo from (2.1). If we substitute for X from (2.1) by a T;,(I)-full term ¢ = f;(z4(1); - - -, Ta(n)) Where
a € T,(1), and Depth(t) = 1, then we have

Sn(fi(ma(l)v v 7xa(n))’sn(tlasla . 'asn)a .. '>Sn(tn781? .. '7Sn))

= fi(S"(xa(l), S™(t1, 81y s8n)y ey S (tny S15-v vy 8n)), - ey
S"(xa(n), S™(t1, 815y Sn)yev ey S (tn, 155 5n)))

= filS"(taq)s 81,5 8n)s s " (ta(n)s S1, -+ -5 8n))

= S"(filta)s -+ tam))s S15- -+ 5n)

= S"(S"(fi(za(1) - Tam))st1s - tn), 815+ -+, 5n).

If we substitute for X from (2.1) by a T,,({)-full term ¢ = f;(r1,...,7,) where ri,...,r, € ng"(l)(Xn)

and assume that
Sk, S™(t1, 815y Sn)y ey S (tny STy vy Sn)) = S (S (i t1y oo tn)y STy ey Sn)
for all 1 < k < n, and mazi<k<,Depth(ry) = m, then Depth(t) = m + 1 and we have
S™(fi(r1y .o yrn), S™ (1,81, -y Sn)y ey S™(tny S1, -+, Sn))
= fi(S™(r1, S™(t1, 815y Sn)s ey ST (tny STy vy Sn))s vy
STy S™(t1, 81y -3 Sn)y ey S (tn, S1, -+ 5n)))
= fi(S"(S™(ri,t1, - tn), 81,5 8n) ey (S (Tnyt1s ey tn)y S1s- -5 8n))

= S”(fi(S”(rl,tl, L. ,tn), .. .,Sni(rmtl, o ,tn)),sl,. . .,Sn)

= S”(S”(fi(rl, .. ,T‘n),tl, .. ,tn), 815y Sn).
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An algebra M := (M, S™) of type 7 = (n + 1) is called a Menger algebra of rank n if M satisfies the
condition (SASS) [1]. It follows immediately from Theorem 2.3 that cloner;, ;) () is a Menger algebra
of rank n.

It is clear that cloner, ;)(7,) is generated by

Fyrn ) = {fi (Tar)s- - Tam) |1 € La e Th(D)}.

Let V=) be the variety of type 7 = (n + 1) generated by the superassociative law (SASS). Now
let Fyyry({Yx | k € J}) be the free algebra with respect to V»(), freely generated by an alphabet
{Yi | k € J} where J = {(i,a) | i € I ,a € T,(1)}. The operation of Fy,z,1) ({Y% | kK € J}) is denoted by
S™. Next, we are going to prove that the clone of all Ty, (1)-full terms is a free algebra with respect to the

variety V1n(),

Theorem 2.4. The algebra cloner, ) (7y) is isomorphic to Fyyr,o)({Yx | k € J}) and therefore it is free with
respect to the variety V2 (1), and freely generated by the set

{fl( La(l)s (n)) ‘ iEI,OzGTn(l)}.

Proof. We define the mapping ¢ : WT:Q"(Z) (Xpn) — Fyrnawy {Ys | k € J}) inductively as follows:

(1) e(filTa)s > Tam)) = Yi,a)
(i) e(filta)s - tam))) = S" W) ¢(t1), - - o(tn))-
Since  maps the generating system of cloner, ;)(7n) onto the generating system of Fy,z,,) ({Yx | k €

J}), it is surjective. We prove the homomorphism property

P(S™(to, b1, -, tn)) = 5™ (p(t0), o(t1), - -, ()

by induction on the depth of an n-ary T,,(I)-full term to. If to = fi(za(1), - - -, Tam)) Where a € T, (1),
and Depth(t) = 1, then we have
P(S"(filTag) - Tam))s Ty -5 tn))
= (P(fi(ta(l)a s tam)))
S™(Y(i,a), P(t1)5 - - p(tn))

_Sn( ( ( "7'1‘04(71)))790(151)7'-'7()0(tn))'
If to = fi(r1,...,r,) and assume that

SO(Sn(Tk» [AERE 7tn)) = Sn(gp(rk), Qp(tl)a ) Sp(tn))

for all 1 < k < n and maz1<k<nDepth(ry) = m, then Depth(t) = m + 1 and we have
O(S™(filr1y .o oyrn),t1, .oy tn))

O(fi(S™(r1,t1, o ytn)y oo, S (rny b1y oy tn)))

= S"(Y(i1,), (S (M1, t1, - ) @(S" (Pns s 1)
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= S™(Yi 1) S @(r1), o(t1), -, @(tn)), - .-
S™(p(rn), p(t), - (tn)))
= S"(SW(i1,), @(1), - o(rn)), o(t1), -, p(tn)
= S"(p(filr1s- -y a))s(t1), -y olt)-
Thus ¢ is a homomorphism. The mapping ¢ is clearly bijective since the set {y; o) | i € I, a € T, (1)}
is free independent. Therefore we have
Yiia) = Y(i,0 = (i, ) = (4, B)
—=i=7j, a=0.
So fi(za@)s -+ Tam)) = fi(zaa),--->Tpm)). Thus ¢ is a bijection between the generating sets of

cloneq, 1y(mn) and Fyr, ) ({Y | k € J}) and therefore ¢ is an isomorphism. O

3. T,,(1)-FULL HYPERSUBSTITUTIONS

A hypersubstitution of type 7 is a mapping o : {f; |i € I} — W, (X) which maps each operation
symbol f; to an n;-ary term o( f;) of type 7. Any hypersubstitution o : {f;|i € I} — W, (X) can be
uniquely extended to a mapping ¢ : W (X) — W,(X) as follows:

(i) oft] :==tift € X ;and
(il) o[t] := S™ (a(fi),6[t1], ..., 0[tn,]) if t = fi(t1, .. tn,) € Wr(Xn,)

The set Hyp(7) of all hypersubstitutions of type 7 forms a monoid under the binary operation oy,

defined by
01 0p, 09 := 01 0 09
where o denotes the usual composition of mappings. The identity is ;4 : {fi | i € I} — W,(X) such

that o;4(fi) = fi(x1, ..., xn,). Now, we call mapping
o:{filiel} — whO(X,)

T (1)-full hypersubstitution of type .
For a T}, (1)-full term ¢ we need the T;,(I)-full term 5 derived from ¢ by replacement a variable z, ;)
in t by a variable xg(,(;)) for a mapping 8 € T),(l). This can be defined as follows.
Lett, ty,...,t, € Wg;"(l) (X) and «, B8 € T,,(1). Then we define the T;,(1)-full term ¢ in the following
steps:
(i) Ift = fi(zaqys - Tam)) thents == fz’(ifﬁ(au)), . ,ajﬁ(a(n))).
(ii) Ift= fi(t1,....tn), thents == fi((t1)s, ..., (tn)p)-
It is observed that if ¢ is an 7}, ({)-full term of type 7, then ¢g is an T;,(/)-full term of type 7, for
all 5 € T,,(1). Then an T, (I)-full hypersubstitution o : {f; | i € I} — WTTTL”(Z)(X,L) of type 7,, can be
extended to a mapping

& whO(x,) — w0 (x,)
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as follows :

(1) o[fi(zaq)s - Tam)] = (0(fi))ar
(i) o[fi(tr,... tn)] := 5" (a(fe), 0[ta], . .-, 6[tn,])-
The set of all T, (I)-full hypersubstitutions of type 7, will be denoted by
Hyp™ W (7,). 1t is easy to see that (Hyp™()(7,); 05, 044) is a submonoid of (Hyp(7y); on, Tia)-

The following lemma shows the property of a term ¢, and the extension 4.
Lemma 3.5. Let t,t1,....t, € Wir)(X,). Then
S"(t, 6lta)ls -+ -5 Oltam)]) = 5™ (ta, 6[t1], - -, G[tn])
forall o € T,,(1).

Proof. We begin with the case when t = fi(74(1), - - -, Ta(n)), Which is the first claim of the first step of
the induction Depth(t) = 1. In fact, we have

S*(fi(xr, @2, 20), 0t Oltam)]) = fildltaq))s 0lta@)], - O ltam)])
= S"(filzaq)s -+ Tam)),0lt1], -, 0ltn])
= S"(fi(z1,22,. .. Zn)a,0[t1], ..., 0[tn]).
Ift = fi(s1,...,s,) and assume that
S™(sks 0 lta)s - -+ 0ltam)]) = S"((k)ai, 6lta)l; - - - Gltam)])

forall1 < k <nand «a € T,(l) then

= S"(fi(s15- -+, 8n), Olta)ls - - -5 Oltam)])

= fi(S"(s1,6[ta)], -+ G ltawm)])s -, S (sn, 6 lta)ls - - -, 6ltam)]))

= fi(S™((s1)a,0[t1], -, 0[tn])y - -, S™((Sn)as G [t1], - - -, G[tn]))

= S5"(fil(s1)a,-- -+ (sn)a), 6[t1], .., 6[tn])

= S"(ta,0[t1],...,0[tn]). O

Using Lemma 3.5 we show that the extension ¢ of each T;,(!)-full hypersubstitution o preserves the

operation S™ on the set Wg;"(l) (Xn)-
Theorem 3.6. For o € Hyp™ ) (r,), the extension
& whO(x,) — w0 (x,)

is an endomorphism on the algebra cloner, ;) (Tn)-

Tn(l)

Proof. 1tis clear that 6 : WTZ”(Z) (X)) — W (X,). Letto, ty,...,t, € WTn"(l) (Xp). We will show by

induction on the depth of ¢, that
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G1S™(to, t1, ... )] = S™(5[to], 6[ta], - . .. 6 [tn)).

It to = fi(Ta(1)s - - - > Ta(n)) where a € T, (1), and Depth(t) = 1, then we have
oS (tost1,- - tn)] = O[S™(filTaq)s - -+ s Tam)) t1y - -+ s )]
= [fi(tar)s - tam))l
"(o(fi)soltaq)ls - -5 Oltam))
= S™(a[to],olt1],- .., 0[tn])-

If ty = fi(r1,...,mn) and we assume that

GIS™ (rhsths - o tn)] = S™G ], 6[t1), - ., 6[tn])

forall1 < k < nand maxi<k<nDepth(ry) = m, then Depth(t) = m+1 and we have 6[S" (to, t1, ..., t)]
=0 S”(fi(rl, ce ,rn),tl, PN ,tn)]

= TSPty o tn)s ey ST (st t0)]
= S (f;), 618" (11t o o t)]s - B[S (st - t0)])

= S"(a(f;), (&[], 6[t], - . 6[ta])s- .. S (G [rnl, 6[ta], - ., 6 [t]))

= S5"(S"(a(fi),6[r1], ..., 6[ra]), 6lta], ..., 6[tn])

= S™(5[to], 5[t1), . - ., 6[t)). O

We complete this section by studying the connection between T;,()-full terms and the extension of a
mapping which maps fundamental term to any 7}, (!)-full terms.

As mentioned, the algebra cloner, ;) (7,) is generated by the set

FWTT”(Z)(Xn) = {fl (a:a(l), .. .,J}a(n)) ’ 1€ I,Oé S Tn(l)} .

Thus, any mapping
n: FWZ;:"(Z)(Xn) — ngn(l)(Xn)

called T, (1)-full clone substitution, can be uniquely extended to endomorphism

i:whO(x,) — whO(x,).

Tn Tn

Let Substr, ;)(7) be the set of all T;,(I)-full clone substitutions. On the set Substy, ;)(7n), a binary
operation ® can be defined by
O 12 = 11002
where o denotes the usual composition of mappings. Furthermore, the identity mapping with respect

to © is denoted by ideTTT;L”)( X))

Then clearly, <SubstTn(l) (1); O, idFWT(n’Y)(Xn)> forms a monoid.

™
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Consider o € Hyp™()(7,,) and by Theorem 3.6, 5 : WT{”(Z) (X,) — Wir ® (Xp,) is an endomorphism.

Since FWEZL(Z) (X2) generates cloner, ;)(7n), we have o Bt is an T}, (1)-full clone substitution with
o =4.
EyTn )

Define a mapping 1 : Hyp'»()(7,) — Substr, oy(7a) by

(o) =6

» .
win® x,)

We have that ¢ is a homomorphism. In fact: Let 01,02 € H yan(l) (7n). Then

Y(oropoa) = (o10402)],
wn @ (x,)
= (Ul o 0'2)‘ WE;ZL(L)(Xn)
= 0o 12
FwIn® (x,) FwIn® x,)
= ¢(01) 0 p(02)
= P(01) ©Y(02).

Clearly, v is an injection. Hence we have proved, the following corollary.

Corollary 3.7. The monoid (Hyp™ (1) (7,,); o, 044) can be embedded into

(SubstTn(l) (Tn)a ©, idFW%(U(Xn)).

4. T,,(1)-FULL HYPERIDENTITIES AND CLONE IDENTITIES

Let V be a variety of type 7, and let IdV be the set of all identities of V. Let 1 dI» OV be the set of all
s ~ t of V such that s and ¢ are both T}, (1)-full term of type 7,,; that is

2
1d™ 0Oy = (WTZ"(” (Xn)) ni1dv.

It is well-known that IdV is a congruence on the free algebra 7, (X). However, in general this is not

true for Id"»()V. The following theorem shows that d"»()V is a congruence on cloner, 1)(Tn)-
Theorem 4.8. Let V be a variety of type 7,,. Then Id™()V is a congruence on the algebra cloner, (1)(Tn)-

Proof. We will prove that if t ~ r, t, ~ r, € Id7 WOV, k= 1,2,...,n, then S™(t,t1,...,t,) =
S™(r, 71, ..., ry) € Id™ V. Firstly, we give a proof by induction on the depth of a term ¢ € WTn”(l (Xn)
that for every i € I from ¢, =~ 7, € Id%Wy k = 1,2,...,n, there follows S™(tyty, ... ty) &
S™(t, 71, ... ) € IdOV, If t = fi(Taq)s -+ Tam)) where a € T,(l), and Depth(t) = 1, then

we have
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S™(fiTa)s > Tam))s tls - -5 tn)
= f’L(toc Sstam))
~  filTa@), > Tam))
= ¢(o1) 0 Y(02)

= S™(fi(zaq)s - Tam))T1,--+57Tn) € IOy,
since IdV is compatible with the operation f; of the absolutely free algebra F,(X) and by the

definition of T, (1)-full terms.
Ift= fi(lh,...,ln) € WT:CL”U) (X,) and assume that

Sn(lk,tl, 7tn) ~ Sn(lk77"17 ._.’rn) c IdTn(l)‘/_
for all 1 < k < n and maz1<k<nDepth(ry) = m, then Depth(t) = m + 1 and we obtain
S™(fi(l1y o)ty otn) = fi(S™ (It oy tn)s ey S (s tt, - oy 1))

fi(Sn(ll,Tl,.. . ,’I“n),...,Sni(ln,T’l,.. . ,’I“n))

- Sn(fi(ll’""ln)vrla"'vrn) EIdTn(l)V

Q

This means
Sty by, .. tn) & STt T, ) € 1A OV
This is a consequence of the fact that IdV is a fully invariant congruence on the absolutely free algebra

F-(X). Assume now that t ~ r,t; ~ rj, € Id™»()V. Then
St b1, b)) A ST (r by, ) & ST (ry T, ) € TdTOV
O

By using the concepts of T, (l)-full hypersubstitution as we presented in Section 3. We shall define
T, (1)-full hyperidentities in a variety of typer 7,.

Let V be a variety of type 7,. An identity s ~ t € Id"»)V is called a Ty, (1)-full hyperidentity of V
if 6[s] ~ 6[t] € IdV for all o € Hyp™((r,). Moreover, the variety V is called T;,(1)-full solid if the
following holds:

Vs~ t € Id7OV, Yo e Hyp™ W (1,),6(s] ~ 6[t] € IdV.

Next theorem characterizes the T}, (I)-full solid variety.

Theorem 4.9. Let V' be a variety of type 7,,. If Id™(DV is a fully invariant congruence on cloner, 1y(7n), then

V' is T,,(1)-full solid.

Proof. Assume that Id™()V is a fully invariant congruence on cloner, )(mn). Lets =t € I a0y
and ¢ € Hyp™(")(r,). By Theorem 3.6, & is an endomorphism of cloner, )(mn). Hence 6(s] ~ 5[t] €
Id™ OV, which shows that V' is T}, (1)-full solid. O
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For a variety V of type 7, Id"»()V is a congruence on cloner, ;)(Tn) by Theorem 4.8. We can form

the quotient algebra

cloner, 1y (V) := cloner, qy(7y,)/1d™ V.

This quotient algebra belongs to the class of a Menger algebra of rank n. Note that we have a natural

homomorphism

nat gz, wy : cloner, o) (1n) — cloner, ;y(V)
such that

nat pgra @y (t) = gy
Finally, we prove the following connection between T}, (I)-full hyperidentities of a variety V' and
clone identities.

Theorem 4.10. Let V be a variety of type 7. If s = t € Id™ DV is an identity in cloner, )(V'), then s = t is
T, (1)-full hyperidentity of V.

Proof. Assume that s ~ t € Id"»)V is an identity in cloner,;)(V). Leto € Hyp™ W (7,). Then

& : cloner, 1)(Tn) — cloner, )(7,) is an endomorphism by Theorem 3.6. Thus
nat pgr,wy © 6 = cloner, 1)(tn) — cloner, )(V)
is a homomorphism. By assumption,

(natldTMl)v 00)(s) = (nat]dTn(Dv 00)(t).

That is
nat ; o,y (6[s]) = nat; o,y (6[t]).
Thus
[6]s]]1grmwy = [0t grny s
and hence
6[s] ~ 6[t] € 1d™ OV
Therefore, s ~ t is a T;,({)-full hyperidentity of V. O
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5. CoNcLUSION

Finally, we give two problems and suggestions for the future research in this area.

(1) Determine the semigroup properties of the monoid (Hyp™)(r,); o5, 0;4) Find the order of its
elements for the particular type. Describe the idempo tency and several kinds of regularity of
the T, ({)-full hypersubstitutions.

(2) Use some difference definions of transformation semigroup, for instance transformations with
invariant subset to define new generalizations of full terms. Study the connection between the

different kinds of full terms.
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