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AsstrACT. In this paper, we are building new classes of fuzzy operator ideals theory so-called interpolative
simple fuzzy bounded linear operators and absolutely simple fuzzy (p, #)-summing operators, 0 < 6 < 1
and 1 < p < oo, between arbitrary complete fuzzy normed spaces. We show that the resulting classes of
fuzzy bounded linear operators are fuzzy operator ideals and establish several properties and inclusion
resuls of these classes. We define fuzzy norms of the aforementioned terminologie and prove its fuzzy norm
is fuzzy real number. We then prove a powerful characterization of absolutely simple fuzzy (p, §)-summing
operators by establishing a fuzzy version of Pietsch Domination Theorems. Finally, we present conclusions
and raise open questions which we think are interesting.
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1. NOTATIONS AND PRELIMINARIES

The symbols R, RT,and N represent the sets of all real numbers, all positive real numbers, and all
positive integers, respectively. The ordered pairs (£, ||-||) and (F, |-||) will represent Banach spaces.
A Banach space E’s dual space is ¥, and its closed unit ball is represented by Bg. The space of all

bounded linear operators from E into F' is denoted by £(E, F').

Definition 1. [1] A function n : R — [0, 1] is said to be a fuzzy real number, and its a-level set is represented
by [n]a, ie., [nla = {t : n(t) > a} if it fulfills two conditions:
(1) Thereis ty € R such that n(tg) = 1.

(2) Foreach o € (0,1] : [n]a = [0y, nd], —00 < ng < nf < +oo.
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Definition 2. [1] Let 1 and 6 belong to .%. Define a partial ordering by n < § if and only if n, < 6, and
nd < 8% forall ain the interval (0,1].

Definition 3. [1] Let n belong to % .When n(t) = 0and t < 0, ) is referred to be "a positive fuzzy real number".

The symbol .F* stands for "the set of all positive fuzzy real numbers".
Lemma 4. [1] Assume n belongs to F. Thenn € F 7 if and only if n;, > 0 for each « € (0, 1].

Lemma 5. [2] Assume thatn € F and § € F. Let [n]o = 05,101, [0]a = [0, ,01]. Then

@ 0la = [0y + 05,05 +65],
[7]@5](1 [ 50477704 _5;]7
n©0la=[ny - 05,m0 - 0], forn,6 € FT.

—

Definition 6. [3] Let E be a real vector space and let m be a function from E into F*. The order pair (E, ||-||)

is said to be a fuzzy normed space if the following conditions are satisfied:

FNo) Ifz #0, then 1nf Hx||_>0.

FN,

(FNo)

(FNy) Hx|| =0 zfand only ifx=0.

( ) Hr x| = |r| ® ||xH forallr € Rand x in E.
(FN3)

FN;) [+ ol < lz] @ [yl for all x and y in E, where a function B | from R into F* defined by the rule

o~ 1 ift = |r
Ir|(t) = =i

0 otherwise.
Lemma?7. [3]Letn e .Z. Thenn e F* ifand only if 0 < 1.
Definition 8. [4] Let n € T and p # 0 be a real number. We define nP as

n(tr),  t>0
nP(t) =
0, t <O0.

Remark 9. [4] nP is a fuzzy real number. Also it is clear that if p > 0, then [nP], = [(n )P, (n1)P] for each
€ (0,1].

Theorem 10. [4] Letn,d € .Z* and p,q > 0. Then

(1) T]p @ 77‘1 — np-l—Q_
(2) ()7 =P
(3) NP ® P = (noJ)P.



Asia Pac. J. Math. 2026 13:35 3of21

Theorem 11. [5]Ifn;,v; € FT (j=1,...,m)and p > 1, then
1 1 1
m m P m P
pIUTEDE EERDILA NS DL
j=1 j=1 j=1

Definition 12. [3] Let (E, ﬂ) and (F, m) be fuzzy normed spaces. If a fuzzy number n belongs to the set
F T, then the linear operator T, which maps from (E, ﬂ) to (F, m), is considered fuzzy bounded, such that

IT(@) =n oz, ve € E. (1)
The class of all fuzzy bounded linear operators from (E, ﬂ) into (F, m) is denoted by FB(E, F').

Definition 13. [3] Suppose that (E, m) and (F, m) be fuzzy normed spaces and let T from (E, m) into
(F, ﬂ) be fuzzy bounded linear operator. The fuzzy norm m defined as follows.

—

M7T)e =lswp sup [Ty, inf {n: [T()] 5 n T} var € (0,1
A lzllz <1

Theorem 14. [3]IfT € FB(E, F), then (Al belongs to F+.

Lemma 15. [3]IfT € FB(E, F), then ||T( ) = ||TH O] ||a:|] Vo € E.

P

Definition 16. [0] Suppose that (E, m) be fuzzy normed space. A linear operator f from (E, ﬂ) into (R, |-|)

is called fuzzy bounded linear functional on (E, m)lf n is a fuzzy number that belongs to F+ such that

o — _—~

[f@)] =2no =,

forall x € E. The closed unit ball of a fuzzy normed space (F, ﬂ) define by B = {e cF: @ = T} The
class of all fuzzy bounded linear functional from (E, ||-||) into (R, |-|) is denoted by FE*. The complete fuzzy
normed space FE* is called fuzzy dual of E. We consider the closed unit ball Brp+ = { f: m = T} is compact
space with respect to the o(FE*, E))-topology. The space of all continuous real-valued functions on Brp-« is

denoted by C(Brg-).
Remark 17. [0] Let 0 # f € FE* and 0 # e € F. It can be easily checked the following rule:
fle:xr— f(x)-e

be a fuzzy, bounded linear operator. Moreover m = m ® m.

2. INTRODUCTION
First, we define the operator ideal notion in [7] as follows. Assume a subset A(E, F') of £(E, F')

exists for each pair of Banach spaces E and F'. The class

A= JAuE,F)
E,F
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is said to be an operator ideal, if the following requirements are satisfied:

(OIp) a* ®e € A(E, F), for a* belongs to E* and e € F.
(OIy) S + T belongs to A(E, F), for S, T are belong to 2A(E, F').
(OIz) BT A € A(Ey, Fy) for A € £(Ey, E), B € £(F, Fy) and T € A(E, F'). Condition (OIp) implies

that 2l contains nonzero operators.

Urs Matter defined in his seminal paper [8] a new class of interpolative ideal procedure as follows.
Suppose that 0 < § < 1 and let [A, A] is a normed operator ideal. A bounded operator 7" from E into F
belongs to %y (E, F') if there exist a Banach space G and a bounded operator S € %(E, G) such that

|Tal| < |5z - 1], (2)

forall z € E. Setting Ag(T) := inf A(S)'~?, for each T € %y(E, F) involves taking the infimum over all
bounded operators S accepted in (2). Also, he proved the following fundamental characterization of

absolutely (p, #)-summing operators.

Theorem 18. [&] For every bounded linear operator T from the space E to itself, the following statements are

identical:

(i) T € PE(E, F).

(i7) There is a probability measurement (i defined on B and a constant C' > 0 such that:

1-0
p
_p
fraf<c- | [ (laa o) du@ | vae
B
1i1) There exists a constant C' > 0, so that for any finite sequence x1, . .., Xy, in E, the inequalit
Y q q Y
1-6 1-06

m B m B
£ 1-6 0

> ITay| = <C- sup (5, @)™ [l ,

=1 aEBgx j=1

holds. Pg(T) in the present case equals the infimum of the constants C' in (ii) or (ii7).

The following are important specific instances of operator ideals as described by M. A. S. Saleh and
L. K. Shaakir [9] .

Definition 19. Suppose 0 < p < oo.If there is a constant > 0, then an operator S € L(E, F') is said to be

] (3)

"absolutely simple p-summing", such that

m N p % m
{Z%j S(qu(a{)e@-) ] ¢ sup [sz
j=1 =1

holds for all ()7 in R, ((a])L)™ | in R, and m, N € N.
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For more information on the (crisp-fuzzy) operator ideals can be found in the monographs [10-12].
Now we illustrate the contents of the manuscript. In Section 3, we will prove some elementary results
related to fuzzy analysis, which are later used. Then we recall a fuzzy operator ideal terminology and
introduce some basic examples. One particularly classes of fuzzy operator ideals are interpolative
simple fuzzy bounded linear operators and absolutely simple fuzzy (p, #)-summing operators, 0 < 6 < 1
and 1 < p < oo, between arbitrary complete fuzzy normed spaces. We also define the absolutely fuzzy
(p, 6)-summing norm % and show that it is a fuzzy real number. We prove some properties and
inclusion results and establish the resulting classes of fuzzy bounded operators are fuzzy operator
ideals. Afterwards we then prove a powerful characterization of absolutely simple fuzzy (p, §)-summing
operators by establishing a fuzzy version of Pietsch Domination Theorems. In Section 4, we introduce

conclusions and in Section 5 aim to raise open questions that we find interesting.

3. Fuzzy OPERATOR IDEALS
We will prove some elementary results related to fuzzy analysis, which are later used.

Proposition 20. Let 1 < p < oo. If (Ey, m) and (Es, m) be complete fuzzy normed spaces, then the linear
space E'1 B, E, the algebraic fuzzy direct sum of Ey and E», equipped with the fuzzy real number-valued function

m defined on £y B Ey form a complete fuzzy normed space, where

1
=P =D\
(Tl @ el )", f1<p<oc
|21 B o], = 7 (4)
max {[fer] ol ifp = oc.

Proof. If p = 1 the statement is obvious. When 1 < p < oo. First to prove Condition (FNp). If
xz1 B xy # 0, then either x; # 0 or 3 # 0. Say z; # 0 we obtain 0inf;1 |z1]|, > 0. From (4) we
<a<

Lo
have [|z1 + 2|, = (llz1]|5™ + [lz2l[5 ) 7. Since ||z2

P~ >0,V a € (0,1] we get ||z

o <l

p,— +
(03

_ — _\ 1 _ N . —
lz2lle ™ Thus flz1lly = (lzalle™)? < (lalle™ + ll22llg )7,V @ € (0,1). Therefore 0 < inf |z, <

. ini;l(Hxl 127 4 |2 ||Z*)% It can be easily checked Conditions (FN7) and (FN2). Now we prove that
<«

Condition (FN3), let 1 B2y and y; By, in £y B, E> we have

—— ————P — ——p L
[(z1 Ba2) + (1 Bya)ll, = (21 + il & [lz2 + 2l )7
1
= (sl @ Ta )" @ (=]l @ wl)”) * (By Condition (FNg))

1

y
=< ([l @ Te2l")) " @ (Tl @ Ty2l")) " (By Theorem 11)
= o1 Bl @ i1 B ]l

To show the completeness, let (21, B 2, )nen is a Cauchy sequence in Ey B, E>. Then ||z, — xlnHZ <

I

(x1m B xom) — (215, B x2,) — 0 as m,n — 00, s0O (Z1n)nen is a Cauchy sequence in E;, and
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similarly for (z2, B z2,)nen. Therefore, these sequences have limits r; € Ej, 1o € E,. We have

1 .
(210 Baay) — (r1 Bra)|lf = (|o1n — r1l2" + |lzan — r2|2F)» — 0asn — oo, showing that the

original sequence has limit 7 H rp in Fy B, F». The case p = oo is similar. O

Recall the fuzzy operator ideal definition from [6]:

— ~~

Definition 21. Let us assume that for every pair of the complete fuzzy normed spaces (E, ||-||) and (F, ||-||), a

subset FA(E, F) is provided within FB(E, F'). The class

P = U FA(E, F)
E.,F

is defined as "a fuzzy operator ideal" if it satisfies the following conditions:

(In) fe e FA(E,F), where f € Brg-and e € F.
(I,) S+ T € FA(E, F), wherer S and T € FA(E, F).
(Iz) BT € FA(E,G), where T € FA(E, F), and B € FB(F,G). F2 has nonzero fuzzy bounded linear

operators, as implied by the constraint (Io).

One fundamental important example of Definition 21 defined by [6] as follows. Let 1 < p < oc.
When a fuzzy real number 7 € F* exists such that for every (z;)7", in E and m € N, the fuzzy
bounded linear operator 7" from (E, W) into (F, m) is referred to as absolutely fuzzy p-summing, and

the partial ordering

{ZT%ID] Xn® sup {Zf(ﬁﬂj)p] (5)
j=1

holds. From (E, ﬂ) into (F, ﬂ), the class of all absolutely fuzzy p-summing operators is represented
by FB, (£, F). In this case, the absolutely fuzzy p-summing norm fﬁm of T is defined by,
[FPy (1] = [FPy,(T)a, FPy ,(T){] for all a € (0, 1], where

and

FPy,(T)} := inf {n : Partial ordering (5) holds} .

3.1. Basic examples of fuzzy operator ideals.
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3.1.1. Interpolative simple fuzzy operator ideals.

Definition 22. Let F2 be a fuzzy operator ideal, and let 0 < 0 < 1. A fuzzy bounded linear operator T' from
E into F' is called interpolative simple fuzzy if there exist fuzzy real number n € F 7+, fuzzy bounded linear

operator S € FA(E, G) and complete fuzzy normed space G, such that

v (kﬁlwmmbk)‘jne@Hs(ﬁywmm)”l_e@ S (@] a0 i Rand e, (6)

The class of all interpolative simple fuzzy operators from E into F is denoted by RZ[Z(E, F).

Proposition 23. Let 0 < 6 < 1. If F be a fuzzy operator ideal, then PQ(Z be also a fuzzy operator ideal.

Proof. First to show that the algebraic condition of (Ip). Let (/Bk){c\/: (inRand N € R, e € Fand f € Bygp-

we get

Since the fuzzy bounded linear operator S := f[He € FAUE,F) and n := H/eﬂ € 71, we have
fOee FQLZ(E , F). To prove the algebraic condition of (I;). Let 71 and 75 be in FQ[Z}(E, F). There are
fuzzy real numbers n; € 1, complete fuzzy normed spaces G; and fuzzy bounded linear operators

S; € FU(E,G;), 1 = 1,2 such that

2SR —x N w
T; (kzld)(ﬁk)bk) H <0 © ‘ Si <k¥17/)(5k)bk> H ® k21¢(ﬁk)bk (BRIl inRand NV € X, (8)

for all (Bk){c\/: ,inRand N € N. Put G = G1 B G2 and the fuzzy bounded linear operator S :=
J181 + J2S, € FU(E,G) and applying Theorem 5, we get for all (5;,)4_, in Rand \V € R

™
> V(Br)b
k=1

2 NN
=Y o ‘ Si <k21w(6k)bk> ' ®
i=1 =

T 2\
s(Euanl) < (5n)

T~
> V(Br)br

“(x

i=1 k=1
e v a—k
—mem o HS (2 zz)(ﬁk)bk) o5 v 9
k=1 1 k=1

Since the fuzzy bounded linear operator S € FA(E,G) and 1 := 1 @ 12 € F+, we obtain T} + T €
FQ[%(E, F'). To show the algebraic condition of (Iz). Suppose that 7" € FQ[%(E, F)and B € FB(F, ).
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Then
/N\ —
|57 (£ wisom) | < TETe H (£ vtaom)|
=1
<Bleno HS (£ vom)| oS wtom
= =1
— (181" o) o s (S veom)|  of £ v
-1 =1
Since v = m§ ©n € Z71 and a fuzzy bounded linear operator S € F2(FE, G), we obtain BT €
R (B, W). O

Question 24. Under which fuzzy norm the interpolative simple fuzzy operator ideal 1'-‘212) be a complete fuzzy

normed space ?

Proposition 25. Let 0 < 0,601,602 < 1. Then the following holds.
(a) If 61 < 6y and 6 # 0, then I-’Qlil C T-lef.
(b) (mf;)ez C Pl a0z,

Proof. To prove (a), assume 1" € FQLZ} (E,F)and ¢ > 0. Then

N

_—  t
> V(Br)bi|| SV

(Be)_, in Rand N € R,

holds for a suitable fuzzy real number n € .Z# %, fuzzy bounded linear operator S € FA(E,G) and

complete fuzzy normed space . From our hypothesis we obtain

/./\/'_\ 020 01\ 02 /N_\ —02 /N’\%
7 ( von )| < (v oBT =) ofs(Zvwm)| o £ vwn] |

P20

V(Bi)A, in Rand N € X. Since 7y := 7792 ® S| * € Z7* and a fuzzy bounded linear operator
S € FU(E,G), hence T € FA(E, F).

To verify (b), let T € (Fﬂgl)ff (E, F). Then

02
N
S™W(Be)br|| ,Y(Br)A_ in Rand N € R. (10)

k=1

holds for a fuzzy real number 1 € .#*, a fuzzy bounded linear operator S € FQ[Z} (E,G) and suitable

complete fuzzy normed space G

TN N 2R
HS <k§1w(ﬂk)bk> H <" e HR <k21¢(ﬁk)bk> H ® k;@z)(ﬁk)bk V(B in Rand NV € R. (11)
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holds for a fuzzy real number v € .#, suitable complete fuzzy normed space Ganda fuzzy bounded

linear operator R € FA(E, @) From (10) and (11) we have

Iz %G (1-61)-(1—62) %G 01-(1—62)
HT (kz ¢(6k>bk) H <2 @A 0702) o HR (kz ¢(6k>bk) H © kz (B )by,
=1 =1 =1
02 %G 1—-02—61+61-02 G 02+601—01-02
(Be)br|| = pPt=f2 g HR (kz wwk)bk) H ® kz U (Br)bx :
=1 =1
hence T" € FQ[ZHF@T&TQQ(E, F). O

Remark 26. The following is a generalization of Definition 22. Suppose that 0 < 6 < 1, let Fl,, and FB, be
fuzzy operator ideals. A fuzzy bounded linear operator T belongs to (FA°, F89 ), (E, F), from E into F, if there
exist fuzzy real numbers n,v € F T, complete fuzzy normed spaces G1, G, and fuzzy bounded linear operators

S1 € FAU(E,G1), S2 € PB(E, Ga) such that

0

)

I (& o) 20

V(B in R and N €,

S1 (% wwk)bk)

k=1

S, (% w(ﬁwbk)

k=1

3.1.2. Absolutely simple fuzzy (p, 0)-summing operators.

Definition 27. Suppose that 0 < 0 < 1and 1 < p < oo. A fuzzy bounded linear operator T' from (E, m) into
(F, ﬂ) is called absolutely simple fuzzy (p, 0)-summing if there exists a fuzzy real number n € F* such that
V((B,{;)ﬁle)’-’l € R, N € Nand m belongs to N, the partial ordering

7j=1
m/N\l’%gi [ 10 /N/.\el%gl%e
(zwﬂ ) <o sup Z(f(M@J)bk) oS wishne )
— k=1 T A _ k=1
= IflI=1 9=
(12)

holds. The notation F‘Bf}}p(E, F') refers to the class of all absolutely simple fuzzy (p, 0)-summing operators that
map from the space (E, ||-||) into the space (F, ||-||). In this case, the absolutely simple fuzzy (p, §)-summing
norm FPz’p(T) of T' is defined by, [FPz,p(T)]a = [FPz)’p(T);,I-’Piyp(T)j;}for all o € (0, 1], where

. N A ﬁ7_ 1p9
3 17 (& wiebm) ]
FPf;,p(T); :=sup sup =1 p —,
Bwﬁw(ﬂf’)bk m N NI 1 wol
0#5 en b = ‘f (k1w<ﬁk)bk> Z, Vb
Sjem [IflI<T 177 B g = 4

and

FPY, (T)} :=inf {n} : Partial ordering (12) holds} .

Proposition 28. Suppose that 0 <0 < 1and 1 < p < co. If T € FBY, (E, F), then FP), (T) € F.
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Proof. First, we prove that for all a € (0, 1], [l?I;f;p(\T)]a is a nonempty interval. Suppose that a € (0, 1],
B < aand ((Bi)/k\/:l);”:l in®, m € Nand NV € XN. Based on our hypothesis, we have:

m N . b= %
T <Z 1/’(5/3;)%) ]
= k=1 _
m N 0= w7
sup | 0 (‘f <Z 1/}(52)%) || 22 (B )
[T =N o - ’
and
1
m =P
[Z Z ¥ Bﬂ)bk> }
Ng < Na- Since n;, < n} we get - - 5 =7 <4
m N - N . 0’_ 1’%6 T
_sup _Zl( <k21¢(67)bk> ’kzlw(ﬂi)bk )
/N J: = =
1£11=1 ’ ’
Therefore
m N ) Ferh %?
3 | (£ wsin ) ]
= =1
FP%p(T); = Zup . sup ’ & 10
<« . Y -\ 75
S w(5])b m NN 1Y
=1 sup Z FA 22 ¥(Br)bx > Y(By) bk
0#£B7ER 7= k=1 8 k=1 8
1<jsm | fll=1

< inf {n} : Partial ordering (12) holds}

=:FPy (1)

Now, we demonstrate that the expression [F Pg,,p(T)]a satisfies the requirements outlined in [3, Lemma

29]:
(i) Suppose that 0 < o1 < ap < 1. To prove that [FPfL’p(T)]QQ C [Fbe’p(T)}al. First, we have
1-9
m N . 1-6° P
3 | (S visim)
_ Jj= =1
FP,(T)5, = sup s ? —
Z $(B])bk m N y 1-0,— ; 06—\ 1-0| P
07&53@}3 /SEp Z f Z w(ﬁkﬂ)k Z (B,
e T P G g s :

ST <§ w(ﬁ@bk)\ 1%’_] N

j=1 k=1 B
< sup sup 19
B<az N , 1-0,— -\ 76| 7
PORUCALY m N T ’
S sw |2 (|7 (S v SRICAY
0£B7eR j=1 k=1 8 k=1 B
sm Jf1<0

= FPw7p(T>;2



11 of 21

Asia Pac. J. Math. 2026 13:35

Since 0 < a1 < ap < 1 we obtain 1}, <77, and then
: Partial ordering (12) holds} < inf {n} : Partial ordering (12) holds}

FP%7P(T)I2 := inf {n],
= FPY, (T)/,.

(ii) Suppose that (aj)ren a sequence that increases in (0, 1] and converges to «. To prove that

[Jim PO, (7). lim FPY, (T)7] = [FPY, (7).
that
1-6
m N . -6 | P
3 | (& vesiom) ]
j=1 =1 8
sup sup  sup L o 10
k B<ap N . 1-6,— 0,—\ 18 | P
2 vibm m N TS T
0[5 ( (Eoonm) o)
e ] TN E o ’
1-0
m N . - | P
3 |7 (£ wesiom ) ]
<sup sup = — d 1-6 "
B<a 1-6,— 0\ 19| 7
S vl A, S A
07&5] supA |: (’f (Z P B])bk> DY Q/J(Bi)bk >
jem =1 A M oo ’
Assume that € > 0. Then fy < « exists in such a way that:
1-6
m N . 15;9’7 e
3 |7 (£ wesiom ) ]
j=1 k=1 8
sup  sup P
B<a N ; 1-6,— 9~\ 1| P
S ()b m N N A
k:ol;émek _sup {Z <‘f <Z U}(ﬂi)bk> A PIRACALE )
/e VEA N Ea ’ ) ’
1-6
m N . =
3 | (& wesiom )
j=1 k=1 o
< sup 106 -
N 1-6,— 0,-\ 25| 7
IRUCALY N B EASPvI
k-:o;ﬁjek sup { (‘f (Z Y ﬂk)bk> || 22 (B ) ]
SR TR G oo "
Because oy, " «, there are 0 < ko, where 8y < ay, < a. Then
m N g 1%0
3 |7 (£ wsim ) ]
=1 k=1 80
1-6

su 1=6

N 1-0,— 0-\T7| 7

S (8] m & i N R I
0AB7ER = A k=1 Bo k=1 o

<m0 P

~ FP? (T)}]. Since ay < ag+1 < a, we may conclude

(15)
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1—-6
m N . e il B
5 17 (& weebm)
7j=1 k=1 8
< sup sup _
ﬁ<0{k0 N . 1—6.— 0. 1{;9 -
> Y(BL)bk m N . ; N , ;
1em [If]=1 77 k=l 8 k=1 5
» 1-0
m N . g | P
3 | (£ wisim) ]
j=1 k=1 B
<sup sup  sup —
k B<ar N . 1_¢ 0. & =
> »(B])br m N A g N A .
ﬁ%im,ﬂ? F:Of<2¢(@%> 3 PIRUECALE ) ]
i<j<m  If=<1 U7 k=1 8 k=1 8
Therefore
1—6
m N , e Tl
>\ (z w5 )
7j=1 k=1 8
sup sup — — €
B<a N ) 1—8 0N 251 T
S v (B])bw m N , : , :
Soipien WP |2 (‘f (Z ¥( z)bk> V()b )
i<i<m Jf<1 17 h=t 6 k=1 8
1-0
m N . f=Tl
2 |7 (& wieim)
j=1 k=1 3
< sup sup sup —.
k B<ar N . 1—0.— g ﬁ Sl
> $(By)bk m N ) ) ) ,
Cer TP |2 (\f (£ v > (5 )
1<jsm  [[f]<1 77 k=t g =t g
As ¢ — 0, we have
1-0
m N . e Rl B
3 |7 (& weem)
j=1 k=1 3
sup  sup —
B<a N R 10— 0\ 2] T
> »(B,)bk m N ) ’ N ) ,
k:(f;éﬁfekm _sup | ) (‘f (Z w(ﬁi)bk> 122 (B b >
EE TP s = s
1—6
m N . -6 | P
| <kz zw(ﬂi)bk)
j= =1
<sup sup  sup d ’ . (1)

k pB<ag

0#£B7€R — —
1<j<m =1 k=1

N ) 1—6,— 0,— ﬁ P
& sy . N _ : N _ ,
= P sup [Z (‘f (Z ¢(5i)bk) : (B b ) }

[ flI=1

From Inequalities (15) and (16), we obtain

—0
m N . ﬁ’_ 17
> T(z wm)
' j=1 k=1 8
klgn ﬁsup sup p o 10
X B<ay N, ; 1-6,— 60—\ T-0 | P
> $(BL)bs m N, i 7 N, j 7
B {Z ('f(Z wEn)| | < viabn ) ]
e T G oo ’
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1-6
m N . ﬁ’_ v
ST <Z w(ﬂ@bk)
j=1 k=1 8
= sup sup sup 1-6
k B<owx N 1-6,— -\ 20| P
Z w(ﬁj)bk m N . ’ N . ’
S {z (‘f(Z v@n)| | < viabn ) ]
im0 PN M o ’
v 1-9
m N . - | P
3 | ( vl
=1 k=1 8
=sup Ssup =0 "

0£B87eR —~ A~ | =
s < P

B<a N, ; 1-6,— 9-\ 125 P
> w(Bb m N : TN : T\
SO {z (‘f (Soim)| | veatin )
Since oy, < «, we have

FPY, (T)% = inf {n} : Partial ordering (12) holds} < inf {n/ : Partial ordering (12) holds}
= FPY ()& (17)

ap?

hence

FPf;’p(T);r := inf {n} : Partial ordering (12) holds} < i%f inf {nZ : Partial ordering (12) holds} .
(18)
Let € > 0. Then there is 7y € .Z, where 7, < inf {n : Partial ordering (12) holds} + €. Since ay, " @,

it follows that inf Moey, = Mow- S0, there is 0 < ko such that narako < g, + €. Therefore
ir];f inf {n;“k : Partial ordering (12) holds} < inf {n} : Partial ordering (12) holds} + 2e.
As e — 0, we get
iI]’if inf {nF : Partial ordering (12) holds} < inf {5 : Partial ordering (12) holds} . (19)
From Inequalities (18) and (19), we have
klggo inf {7 : Partial ordering (12) holds} = iI]%f inf {n7 : Partial ordering (12) holds}

= inf {n. : Partial ordering (12) holds} .

(iii) To prove that —co < FPfL’p(T)g < Fbe’p(T);r < oo, forall a € (0,1].

Since
m N . ﬁa— %
> T<Z wm) ]
0< =1 k=1 3
- m N ' 1-0— |\ e\ =0
_Sup Z(‘f (wa@bk) 4 PRUGAL )
=1 ! h=1 B k=1 3
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for all nonzero ((Bi){c\/:l);"zl in R,V € Randall 8 € (0,1]. Then 0 < FPY (T),. Letn € F

Z such

that Partial ordering (12) holds V((Bi)iv: it in®, N € Rand m € N. Consequently, for any « in the

interval (0, 1], n} < oo. Hence FPf}}’p(T)g < 0. FPZ)’p(T) is a fuzzy real number, as a result.

Proposition 29. Suppose that 0 < § < land 1 < p < oo. When T € I—‘.Bzyp(E, F), we get

N .
T}; Y(B7.)bk

s

((6]) D, € R, meNand N e X,

Proof. Assume that the sequence (3 )ren increases in (0, 1] and converges to « € (0, 1]. Since

m N N
ST <z wwi)bk) ]
Jj=1 k=1 Bk
m N ) 1-0,— N ) 0,— Tgy L;Q
sup | 2 (‘f <Z w(ﬂi)bk> IRUCALE )
B K =l B k=1 B
m N 1597— L%ﬁ
> |7 <Z ww%k) ]
< sup j=1 k=1 Br _ <FP%7P(T)(;.
%ww]’)bk m N , 1-0,— e\ T 7
J J
:0#3' _sup 2 (’f <2 ¢(5k)bk> > V(By)bk >
1<]<m | fl1=1 =1 k=1 B k=1 Br

Then

Jj=1

N .
T <Z w(ﬁ’k)bk>

k=1

Bk J=1

Il £1I=

Given that 85,  a, [3, Lemma 2.9 (b) ] implies that

m N -0~ 1;6 m N T—g— 1;9
> T(Zw(ﬁzﬂak) ] = lim | > |ITY (8}
j=1 k=1 N =l k=1 B
m N =0= & 0o\ ] T
<FPy,(T); - lim sup Z(f (ZW i)m) S DIRECAL )
TS e k=1 B k=1 Bi
m N 1-6,— N 6,— I§* l;ﬁ
<FP (1), - sup |D (f <Zw<ﬂi>bk> A v (B8)bx ) :
I£lI<T =1 k=1 a k=1 o

a w (T T T\ ]
] < PPy, suwp {Z(]f(k;w( n)| o zlww;)bk) ] ,

152 " v ‘ 1-0— || & 0,-\ T | *
] SFP,(T)a - sup | (‘f <Z W z)bk> 1D w(BDbx ) :
1

0
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Then
. N o 1;0
3| (5 v @)
j=1 k=1 a
" N 1-0— | N 0,—\ 12 5
<FP,(T), - sup Z(f (Zw< zm) A w(B))be ) :
[71=0 =L i o = o
From our hypothesis we have
m N et 1;4
> T(Zw i)m) ] <
j=1 k=1 o
. N -0+ |z 0.4\ 126 52
Ny - sup Z(f (Zw(ﬁbbk) IRUCAL ) :
71 [= Al \isi o i o

gt P
] < inf {nJ : Partial ordering (12) holds}

J=1 k=1 a
. N =64 | 0.4+\ 726 Ea
- osup | (|f (Zwﬂi)bk) SDIEACAL ) :
71 =L = o s o
(21)
From Inequalities (20) and (21), we fulfill the requirement. O

Proposition 30. Suppose that 1 < p <ocoand 0 <6 < 1. IfT € P‘,Bfm(E, F), then FPfL’p(T) <n, where n
defined in (12).

Proof. Let a € (0,1] and 8 < a. From Inequality (13) we have

3 |7 (& wesiom) ]
)= =1
FPz),p(T); :=sup  sup ’ g =5 < a-
B<a N 1-6,— 0-\ 120 | P
S w(B)b X : ’
oy [ (o) [ Son )]
<idm HfH B = 8

Since FP% L(T)& = inf {n; : Partial ordering (12) holds} < 5, then FPe (T < nd. Thus, we con-
clude that FPz?p(T) =n. O
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Proposition 31. Let 0 < 0 < land1 <p < oo. If T € PQ[Z)(E,F), then a regular probability measure p

defined on Brp+ and a fuzzy real number n € F T exist such that:

1-6

forall (By)p_, in Rand N € R.

Proof. From our hypothesis there are fuzzy real number n € .# 7, fuzzy bounded linear operator
S € FA,(F,G) and complete fuzzy normed space G such that

0
(B )bx

V(B inRand N e N, (22)

From [Zabalwy | there is a regular probability measure p defined on Bgg-+ such that

%FE*

B =

du(f) V(B inRand NV € X,

From (22) we have

1\ 10
/75 NI, o N N ' T~
HT(Z wwk)bk)Hjn o | s / ‘f(zwmbk) au() o5 wiaon |
k=1 k k=1
V() inRand NV € R.
TR TN, s
7 (£ vioom )| = (oo™
19 N/\e 5 5
o (f(zwwbk) o S van ) |
By e -
for all (8x)A_, in Rand N € X. O

Question 32. What are the sufficient conditions to verify Proposition 31 ?

We now prove the fundamental characterization of absolutely fuzzy (p, §)-summing operators.

Theorem 33. Suppose that 0 < 6 < 1and 1 < p < co. A fuzzy bounded linear operator T' € PB%AE, F)if
and only if a reqular probability measure p defined on Brpp+ and a fuzzy real number n € F T exist such that

1-6

k=1
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forall (By)p_, inRand N € R.

Proof. Assume that the existence of such a measure 4 and n € #*. Then, given m € N,
(B in R, N € Rand a € (0,1],

N .
T <Z w(ﬁi)bk>

1—-0 r p 7 =Y

ﬁvf P m m
] <nh Ty >

i=1g? . |i=t

[e3

[ N N o=\ T °
<nhT- sup | ('f <Zw( i)bk> A w(BL)be ) . ()
||fH§T _j:l k=1 k=1 . |
In the same fashion of Inequality (23), we obtain
m N 2ot [ N =6 N o\ ] 7
[Z T <Zw<ﬁi>bk> ] <t osuwp | (‘ (Zw BL)b ) A w (B ) (24)
j=1 k=1 « 17<1 _g:l 1 k=1 o |

From Inequalities (23) and (24), we obtain T € F,, ,(E, F') with FF;?;@(\T) =< 1. Conversely, suppose
that T € Fi]33}7p(E , F). For every finite subset M of E, the fuzzy real number-valued function ¥,; on
Brp- defined by

zeM

For each «a € (0, 1], the fuzzy number ¥ /(f)’s a-level set is defined by:

(W21 (o = [¥310(F) Vis (£,

where
., N PN == N ot
LIYROEDY FPZ,p<T>é;""'|f (Zwﬁk)bk) AW - T(Zwm)bk) ,
zeEM k=1 a k=1 a k=1 a
(25)
and
Pyt N 2%+ N ="
=3 [Py i (Zw Be)b ) D0 (B)br — T(Zzﬁ(ﬂk)bk)
zeM @ k=1 a k=1 a
(26)

Since for every x € M the functions R, : Bpp+ — R, Ry(f) := |f(x)[?, are continuous on Bgg-, it is
plain that the functions ¥}, , and \IIJ\JF/LQ defined in (25) and (26) belong to C'(Bgg- ), respectively. Since
T e FiB%AE,F) and ¥, . (f) < \IJL’a(f) hence _sup yro(f) = 0and _sup ‘l’+ o(f) = 0. Note

(R [GR
that B, := {\I'JTM M C E} and B := {\Il]\*/[a M C E} be the convex subsets of C(Bgg-) for every
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€ (0,1]. Let A:= ¢ ¥ € C(Bpg+) : sup ¥(f) <0 p of C(Bgg+) be an open convex subset. Since

=
ANB; =¢and AN B = ¢ for every a € (0, 1], First Separation Theorem, and Riesz Representation
Theorem ensure the existence of regular Borel measure 1 on Bgg-, and of constants 71,72 € R such

that for each o € (0, 1] we have

(1, 0) <1y < < U, >,v (U, Wy,,) € Ax By, (27)
and

(1, T) < 1y < < vt > V(0,0 ) € Ax B} (28)
Because of 0 belongs to B, and B, then we have r; < 0 and rp < 0, respectively. Given that A

encompasses the constant functions represented by the negative real numbers, we obtain r; = ro =0

and p(Bgg-) > 0. Without losing generality, one can also presume ||u1|| = 1. From (27) one gets

0< <M7 \Il{_x}@) =

b N P 1o~ N gt
/ FPY, (T)a " - lf (Z w(ﬁwbk) — T <Z wwk)bk) dp(f),
B k=1 o k=1 o
N g N Tt
Y (Br)A, in Rand NV € R. Since <Z ¢(,Bk)bk> < HT <Z ¢(ﬁk)bk) ,Va e (0,1] we
k= o k= o
obtain 1 '
N = N PN =
T (Z Z/J(ﬁk)bk) <FP (T 1 / | <Z w(ﬂk)bk> : Zw(ﬂk)bk dp(f),  (29)
k=1 a k=1 «@ k=1 «@

V (Bp))_, in Rand NV € R. Also from (28) we have 0 < <,u, ?x} a>

%,Jr N 139»
<u"11{2},a> = / (pr (1T —||T (Z w(mbk) ) dp(f),
k=1 o

p,+

N
<Z w(mm)
k=1 o

Brp* o

p
Y (Bi))_, inRand NV € X. Since FPY (T)a = < FPY (T)a ST Vae (0, 1] we obtain
N 2yt . N Pt N g+
T (wawbk) < PP, (1)1 / f (Zlﬁ(ﬂk)bk) 1D W (Bi)br dp(f), (30)
k=1 o B k=1 o k=1 o

V (Bp),in R and N € X.
From Inequalities (29) and (30), we get

2

16 0\ 1-9 %
jm( (‘f(zwﬂk) ) ® kN (Br)br ) du(f)) ¥ (Be)Alyin R and NV € R
=1
Bgp*

O

From Theorem 33 we obtain the following inclusion result.
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Proposition 34. If p; < py, then [FR, FP?_ (. )} C [fmz)m,Pbe L0

Proposition 35. Suppose that 0 < 0 < land 1 < p < oo. If Fy, be a fuzzy operator ideal, then PB?M be

fuzzy operator ideal.

Proof. To prove that the conditions of Definition 21. From our hypothesis and by Proposition 31 and
Theorem 33, Condition (Io) is satisfied. To prove that Condition (I;). Let Sand 7" € F‘BZ (B, F). From
Theorem 11 and our hypothesis we obtain

[Z/(z\)] e [zﬁ] T [ZF\) N

To show that Condition (I2). Let 7" € F‘Ifw (E,F)and B € FB(F,G) we have

a1 .
] < Bl [Z
j=1

k=1

s

Remarks 36. (1) If0 =0, then P‘be’p(E, F) coincides with the class FR, ,(E, F) for 1 < p < oc.
(2) Let 0 < 0 < 1and 1 < p < oo. It can be easily checked that the inclusion FR,, ,(E,F) C
FY!,_(E,F) C FB(E, F) with [T] < FP%, (T) < FP,, (7).

Proposition 37. If0 <6 < land 1 < p < oo, then P‘Bw - C mm;

Proof. Suppose that T' € F, _»_(E, F). Then a regular probability measure . defined on Bgp- exists
so that

1—-6
1—-6

W<pr e (/ ‘f (éf:lq/’ B bk) p dﬂ(f))p Y (Br)a_, in ® and N € X.

BF g *

1-6 1-6
EP), (T) <FP, » (7). O

It follows that Theorem 31 holds with n := FP, _»_(T) and L= 2% ) ThusT e F;B%,p(E’ F) and

4. CONCLUSIONS

We have begun developing a new theory of fuzzy operator ideals between completely fuzzy normed

spaces as a result of the theory of fuzzy functional analysis’s steady rise in recent years. The primary
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idea of the manuscript is to connect simple concepts with the fuzzy-bounded linear operators and fuzzy
operator ideal theories. We have studied new classes of fuzzy operator ideals that are interpolative
simple fuzzy bounded linear operators and absolutely simple fuzzy (p, #)-summing operators, 0 < 6 < 1
and 1 < p < oo, between arbitrary complete fuzzy normed spaces. The domination theorem'’s fuzziness
is of utmost importance, and its explanation utilizes the abstract fuzzy version of the Pietsch domination
theorem. The theory of interpolative simple fuzzy bounded linear operators will lead to several
generalizations to linear contexts, which will be beneficial. The classes listed above, such as fuzzy
integral maps, fuzzy fuzzy nuclear maps, and duality for fuzzy p-summing maps, will soon catch the

attention of several academics attempting to develop a parallel theory to the fuzzy one.

5. OpPEN ProBLEMS

(1) Is the composition formula

FPY (T 0 S) < FPY (T)® FPY (5) (32)

true for arbitrary absolutely simple fuzzy (r, §)-summing operators 7', absolutely simple fuzzy
(s,0)-summing operators .S and % <(E+iHare

(2) What is F&BZ’p(E, F)’s dual when F' is a complete fuzzy normed space and F is a finite-
dimensional fuzzy normed space?

(3) Describe and analyze an algorithm to obtain the absolutely simple fuzzy (p, #)-summing norm

of fuzzy bounded linear operators between finite-dimensional fuzzy normed spaces exactly.
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