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AsstrACT. This paper introduces the notions of .#-fuzzy SUP-subalgebras and .Z-fuzzy SUP-ideals within
the framework of Sheffer stroke UP-algebras, alongside the corresponding level subsets of such fuzzy
structures. We establish a bidirectional correspondence between these .Z-fuzzy substructures and their
level sets: namely, the upper level set of an Z-fuzzy SUP-subalgebra (respectively, SUP-ideal) is an
SUP-subalgebra (respectively, SUP-ideal), and conversely, every SUP-subalgebra (ideal) determines an
Z-fuzzy SUP-subalgebra (ideal) via its characteristic function. These findings deepen the understanding
of lattice-valued fuzzy logic in Sheffer stroke UP-algebras and extend the classical correspondence between
fuzzy structures and their crisp counterparts in an algebraic context.
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1. INTRODUCTION

The Sheffer operation, also known as the Sheffer stroke or NAND operator, was introduced by
Sheffer [13] and holds a central place in logic due to its functional completeness: any classical logical
operation can be expressed using only this operation. This universality confers structural simplicity and
expressive power, enabling the reformulation of logical systems using a single connective. Furthermore,
the axioms of Boolean algebras—the algebraic counterpart of classical propositional logic—can be
derived using only the Sheffer operation, underscoring its fundamental role in the synthesis of logic
and algebra.

Building upon this foundational idea, Sheffer stroke UP-algebras were proposed as an algebraic

framework that integrates Sheffer stroke logic with algebraic structure, leading to what Iampan [3]
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termed UP-algebras. These structures provide a flexible and general context for analyzing logical
systems with enriched algebraic semantics. The UP-algebraic framework opens new perspectives in
decision theory, computational logic, and algebraic logic by bridging logical operations with algebraic
formality.

Sheffer stroke UP-algebras [6] are prenormed algebraic systems where the Sheffer stroke serves as
the primary operation, together with a distinguished constant acting as a multiplicative identity. They
generalize Boolean algebras and provide an extended environment for modeling logical systems, with
potential applications in functional analysis, operator theory, and fuzzy logic. Recent developments
have shown that the Sheffer stroke framework accommodates a wide range of fuzzy algebraic structures.
For instance, Chunsee et al. [1] employed fuzzy set theory to extend ideal theory to Sheffer stroke BE-
algebras, while lampan et al. [4] studied fuzzy subalgebras under triangular conorms in the UP-algebra
context. Oner et al. [7] further explored both fuzzy and hesitant fuzzy sets over Sheffer stroke UP-
algebras, highlighting their expressive richness. A series of studies by Rajesh and collaborators [ 10-12]
has also contributed significantly to the field by investigating length-based and mean-based fuzzy
ideals and subalgebras in Sheffer stroke Hilbert algebras. These results collectively demonstrate the
versatility of Sheffer stroke algebras as a unifying algebraic setting for diverse fuzzy generalizations.

In this paper, we develop a theory of .Z-fuzzy SUP-subalgebras and .#-fuzzy SUP-ideals in the
context of Sheffer stroke UP-algebras, where . is a complete lattice. In particular, we investigate their
corresponding level subsets and establish a precise connection between fuzzy substructures and their
crisp counterparts. Specifically, we prove that an upper level set of an .#’-fuzzy SUP-subalgebra (or SUP-
ideal) forms an SUP-subalgebra (or SUP-ideal), and conversely, every SUP-subalgebra (or SUP-ideal)
induces an .Z-fuzzy structure through its characteristic function. This bidirectional correspondence
enhances the understanding of lattice-valued fuzzy logic within this algebraic setting and reinforces

the role of Sheffer stroke UP-algebras as a rich platform for algebraic fuzzification.

2. PRELIMINARIES

To explore the structure and behavior of .Z-fuzzy sets on Sheffer stroke UP-algebras, it is essential
to first recall the algebraic foundations on which these concepts are built. This section reviews key
definitions and properties related to the Sheffer stroke operation and UP-algebras, which serve as the
algebraic setting for our fuzzy generalizations.

The Sheffer stroke operation, denoted by |, is a binary operation characterized by its role in con-
structing logical systems from a single connective. When this operation is equipped with specific
axioms, it gives rise to an algebraic system known as a Sheffer stroke UP-algebra, or more succinctly, an

SUP-algebra.
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SUP-algebras are algebraic structures of type (2, 0), consisting of a nonempty set equipped with the
Sheffer stroke operation and a constant element, typically denoted 0. They satisfy a set of axioms that
encode the behavior of the operation in a way analogous to logical negation and implication. These
axioms induce a partial order and enable the definition of substructures, such as SUP-subalgebras and
SUP-ideals, that mirror classical notions of closure and absorption.

To set the stage for the fuzzy extensions introduced later, this section also recalls the notions of fuzzy
sets, particularly in the sense of lattice-valued membership functions, and their compatibility with
SUP-algebraic operations. These preliminaries provide the structural and logical groundwork needed

for the development of .Z-fuzzy SUP-subalgebras and SUP-ideals in subsequent sections.

Definition 2.1. [13] Let (X, |) be a groupoid. The operation | is said to be a Sheffer stroke operation if it satisfies

the following conditions: for all x,y,z € X,

51) xly = ylx

52) (z]z)|(z|y) =

53) x[((y12)I(y]2)) = ((z|y)[(x]y))]=

54) (x[((x]2)|(yly))|(=[((z]2)[(y]y))) = 2.

Definition 2.2. [0] A Sheffer stroke UP-algebra (briefly, SUP-algebra) is a structure (X, |, 0) of type (2,0)

(
(
(
(

such that 0 is the fixed element in X and the following conditions are satisfied for all x,y, z € X,

(SUP-1) (((z|(z]))] (2] (x]2)))[(((y] (=2)) |zl ()] (z]2))]
DNl (]2) (2] (@[2) (Y] (2]2) [ (2] (y]y)]
((yl(z]2))I(z(yly))))) =0

(SUP-2) z|x = x[(0]0)

(SUP-3) (x| (y|y))|(z|(yly)) = 0 and (y|(z|z))|(y|(z|z)) = 0=z =y.

Proposition 2.1. [6] Let (X,|,0) be an SUP-algebra. Then the binary relation x < vy if and only if
(y|(x|2))|(y|(x|z)) = 0 is a partial order on X.

Lemma 2.1. [6] Let (X, |,0) be an SUP-algebra. Then for all x,y, z € X, we have
1) © <y =yl(zlz) < z[(z|2) and z[(z]x) < 2[(yly)

2) r<ysyly <zlx

3) yl(zlr) <=

4) y < (yl(z]x))[(yl(z|2))

5) x <y =z < (yl(2[2)|(yl(z]2))

6) z[(yly) < 2|(yl(z|z))

7) (Gl DI (lr) < 2[(yl(z]x))

(
(
(
(
(
(
(
(8) z[((yl(z[2)I(yl(2l2))) < (zl(yly)((@](]2))[(z](2]2)))-

)
)
)
)
)
)
)
)
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Definition 2.3. [0] A nonempty subset G of an SUP-algebra (X, |,0) is called an SUP-subalgebra of X if
([(yly)(=[(yly)) € G forall z,y € G.

Definition 2.4. [5,0] A nonempty subset G of an SUP-algebra (X, |,0) is called an SUP-ideal of X if for all
x,y € X,

(1) y € G = (yl(elo)|(yl(]2) € G
(2) (vl(xl2))|(yl(ale)) € Gandx € G =y € G.

A fuzzy set [14] in a nonempty set X is defined to be a function x : X — [0, 1], where [0, 1] is the

unit closed interval of real numbers.

Definition 2.5. [8] A fuzzy set p in an SUP-algebra (X, |,0) is called a fuzzy SUP-subalgebra of X if it
satisfies the following:

(Vz,y € X)(u((=|(yly)[(z](y|y))) > min{u(x), u(y)}).

Definition 2.6. [9] A fuzzy set p in an SUP-algebra (X, |,0) is called a fuzzy SUP-ideal of X if it satisfies the
following:

(1) (Vo,y € X)(u((=[(yly)I(x[(yly))) = u(x))

(2) (Vo,y € X)(u(z) = min{u((2((yly))(=[(yly))), n(y)})

Lemma 2.2. [2]Let & = (&, <,A,V,",0¢,1) bea Boolean lattice. Then the following properties hold:

3. Lartice-VALUED Fuzzy SeTs IN SHEFFER STROKE UP-ALGEBRAS

In this section, we develop the theory of .Z-fuzzy subsets on Sheffer stroke UP-algebras, with a
particular focus on .Z-fuzzy SUP-subalgebras and .#-fuzzy SUP-ideals. Here, (L, |) denotes a Sheffer
stroke UP-algebra unless otherwise specified, and we adopt the simplified notation z¥ to represent the
expression z|(y|y) for all z,y € L. We also let . = (£, <, A, V) denote a complete lattice, serving as
the range of truth values for fuzzy sets.

The aim of this section is twofold: first, to formally define .#-fuzzy SUP-subalgebras and SUP-ideals
using lattice-valued membership functions; and second, to establish a bidirectional correspondence

between these fuzzy substructures and their level subsets. Specifically, we prove that:

e the upper level set of an .Z-fuzzy SUP-subalgebra (respectively, SUP-ideal) is an SUP-
subalgebra (respectively, SUP-ideal), and
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e conversely, every SUP-subalgebra (or SUP-ideal) yields an .Z-fuzzy SUP-subalgebra (or SUP-

ideal) via its characteristic function.

This lattice-valued generalization not only extends classical fuzzy algebraic theory but also demon-
strates the expressive power of Sheffer stroke UP-algebras in capturing fuzzy logic through an algebraic

lens. The results presented herein serve as the core contribution of this work.
Definition 3.1. An Z-fuzzy set L in L is called an £-fuzzy SUP-subalgebra of L if
(Vo,y € L) ( L (x¥|z¥) > L,(x) A Lu(y) ) : (3.1)
Lemma 3.1. If £ is an £-fuzzy SUP-subalgebra of L, then
(va e L) ( £,(0) = L) )- (32)
Proof. Let £ be an .Z-fuzzy SUP-subalgebra of L. Then
L£,(0) = Lu((z|(z[2))[(|(z[2))) = Lou(z) A Lyu(2) = Lyu(2)
forall z € L. O

From now on, let .Z denote a complete lattice, written as & = (.Z, <, A, V,0¢,1¢).

Let A be a subset of L. Then the characteristic function x 4 of L is a function of L into {0¢, 1}

IR% ifre A
xa(z) =

defined as follows:

0, otherwise.

By the definition of characteristic function, y 4 is a function of L into {0 ¢,1 4} C .£. We denote the
Z-fuzzy set L4 in L is described by its membership function x 4, is called the characteristic .Z-fuzzy

setof Ain L.

Lemma 3.2. Let the constant 0 of L be in A. Then x 4(0) > xa(a) forall a € L.

Proof. Foralla € L,x4(0) =1 > xa(a). O
Lemma 3.3. Let A be a nonempty subset of L. If xa(0) > xa(a) for all a € L, then the constant 0 of L is in A.

Proof. Assume that x4(0) > xa(a) forall a € L. Since A is a nonempty subset of L, we have an element

win A, thatis, x4(u) = 1g. Thus, 1. > xa(0) > xa(u) = 1. So x4(0) = 1¢, thatis, 0 € A. O

Theorem 3.1. A nonempty subset A of L is an SUP-subalgebra of L if and only if the characteristic £-fuzzy set
L 4 is an L-fuzzy SUP-subalgebra of L.
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Proof. Assume that A is an SUP-subalgebra of L. Let a,b € L.

Case 1: a,b € A. Then xa(a) = 1 = xa(b), so xa(a) A (b) = 1. Since A is an SUP-subalgebra of L,
a’|la® € A and so ya(a’|a’) = 1.¢. Therefore, x 4(a’|a®) = 1.4 > 1o = xa(a) A xa(b).

Case 2: a ¢ Aorb ¢ A. Then xa(a) = 0g or xa(b) = 0g, so xa(a) A xa(b) = 0. Therefore,
xa(a’la’) > 0z = xa(a) A xa(b).

Hence, L 4 is an .Z-fuzzy SUP-subalgebra of L.

Conversely, assume that £ 4 is an .Z-fuzzy SUP-subalgebra of L. Let a,b € A. Then x4(a) = 1¢ =
xA(D),s0 xa(a) Axa(b) =1g. Since L 4 is an .Z-fuzzy SUP-subalgebra of L, we have 1 o > xa(a®|a?) >
xa(a) A xa(b) = 1o. By anti-symmetry, we have x 4(a’|a®) = 14, that s, (a|(b|b))|(a|(b]b)) € A. Hence,
A is an SUP-subalgebra of L. O

Definition 3.2. Let L be an .Z-fuzzy set in L with the membership function L,,. For any t € .Z, the sets
ULy t)={xeL:Ly(x)>1}
L(Lyt)={xeL:Ly(x) <t}

are referred to as an upper t-level subset, a lower t-level subset of L, respectively.

Theorem 3.2. An L-fuzzy set L is an £-fuzzy SUP-subalgebra of L if and only if U(L,,, t) is, if it is nonempty,
an SUP-subalgebra of L for every t € Z.

Proof. Assume L is an .Z-fuzzy SUP-subalgebra of L. Let t € .Z be such that U(L,,,t) # 0. Letz,y € L.
Then

2,y €U(Ly,t) = Lu(x) >, L, (y) >t
= Lu(x) N Lyuly) 2t
S La(2%]2Y) = Lo(@) A Lyly) =t
= L, (zY]2Y) >t
= 2Y[z¥ € U(L,,1).
Hence, U(L,,, t) is an SUP-subalgebra of L.
Conversely, assume for all t € .Z,U(L,,, t) is an SUP-subalgebra of L if it is nonempty. Let z,y € L.
Choose t = L, (x) A L,(y) € Z. Then L,(z) > tand L,(y) > t. Thus, z,y € U(L,,t) # 0. As the

hypothesis, we get U(L,,, t) is an SUP-subalgebra of L and so z¥|z¥ € U(L,,,t). Thus, £, (z¥|2¥) >t =
L, (x) N L,(y). Hence, L is an .Z-fuzzy SUP-subalgebra of L. O

Definition 3.3. Let ¥ = (£, <,A,V,,04,1¢) be a Boolean lattice. Let L be an £-fuzzy set in L. The
L-fuzzy set L' defined by
(Va € L)(L),(a) = (Lu(a)) = Ly(a)')
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is called the complement of L in L.

Theorem 3.3. Let £ = (£, <,A,V,,0¢,1) be a Boolean lattice. Then L' is an ZL~fuzzy SUP-subalgebra
of L if and only if L(L,,, t) is, if it is nonempty, an SUP-subalgebra of L for every t € Z.

Proof. Assume L' is an Z-fuzzy SUP-subalgebra of L. Lett € .Z be such that L(L,,,t) # 0. Letz,y € L.
Then

z,y €EL(Ly,t) = Ly(z) <t,L,(y) <t
= Ly(r)VL(y) <t
= (Lu(@) V Lu(y)) =
= L) ALu(y) =t
= Lu(@|2%) = Lu(x) N Lu(y) 2t
= L, (a¥]z) >t
= L, (xY|2Y) <t
= 2Y|z¥ € L(Ly, t).
Hence, L(L,, t) is an SUP-subalgebra of L.
Conversely, assume for all t € .Z,L(L,,,t) is an SUP-subalgebra of L if it is nonempty. Let z,y € L.
Choose t = L,(z) V L,(y) € Z. Then L,(z) < tand L,(y) < t. Thus, z,y € U(L,,t) # 0. As the
hypothesis, we get L(L,, t) is an SUP-subalgebra of L and so 2¥|z¥ € L(L,,t). Thus, £, (z¥|2Y) <t =

L, (r) Vv L,(y). By Lemma 2.2 (1), we have L, (zV|2¥)" > t = L,(z)' A L),(y). Hence, L' is an .Z-fuzzy
SUP-subalgebra of L. O

Definition 3.4. An £-fuzzy set L in L is called an £-fuzzy SUP-ideal of L if

Lo (2Y|z¥) > L
oy er [ Er ) = Lul) . (33)
Lu(x) = Ly(2¥]2) N Ly (y)
Theorem 3.4. Every £-fuzzy SUP-ideal of L is an £-fuzzy SUP-subalgebra of L.
Proof. The theorem follows directly from (3.3). O

Theorem 3.5. A nonempty subset A of L is an SUP-ideal of L if and only if the characteristic £-fuzzy set L4
is an Z-fuzzy SUP-ideal of L.

Proof. Assume that A is an SUP-ideal of L. Let z,y € L.
Case 1: © € A. Then ya(x) = 1¢. Since A is an SUP-ideal of L, 2¥|zY € A and so xa(z¥|zY) = 1 ¢.

Therefore, xya(z¥|2¥) = 19 > 1o = xa(x).
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Case 2: © ¢ A. Then x4(z) = 0. Therefore, xya(z¥|z¥) > 0y = xa(z).

Letx,y € L.

Case 1: z¥|z¥,y € A. Then xa(a¥]2z¥) = 1o = xa(y), so xa(z¥|z¥) A xa(y) = 1. Since A is an
SUP-ideal of L, x € A and so x4(z) = 1&. Therefore, xa(x) =1y > 1o = xa(z¥|2¥) A xa(y).

Case 2: 2¥|a¥ ¢ Aory ¢ A. Then xa(a¥|a¥) = 0y or xa(y) = 0g, so xa(z¥|z¥) A xa(y) = 0g.
Therefore, xa(z) > 0.2 = xa(z¥[z¥) A xa(y).

Hence, £ 4 is an .Z-fuzzy SUP-ideal of L.

Conversely, assume that £ 4 is an .Z-fuzzy SUP-ideal of L. Let ,y € L be such that z € A. Then
xa(x) = lg. Since L4 is an .Z-fuzzy SUP-ideal of L, 14 > xa(a¥|z¥) > xa(xz) = lg. By anti-
symmetry, we have y4(z¥|2Y) = lg, thatis, 2¥|2¥ € A. Let z,y € L be such that z¥|z¥,y € A.
Then xa(2¥|2Y) = 1o = xa(y), so xa(z¥|z¥) A xa(y) = 1. Since L4 is an .Z-fuzzy SUP-ideal of L,
1y > xa(x) > xa(a¥|z¥) A xa(y) = 1». By anti-symmetry, we have x 4(x) = 1 ¢, thatis, z € A. Hence,
A is an SUP-ideal of L. O

Theorem 3.6. An Z-fuzzy set L is an L~fuzzy SUP-ideal of L if and only if U(L,,, t) is, if it is nonempty, an
SUP-ideal of L for every t € Z.

Proof. Assume L is an Z-fuzzy SUP-ideal of L. Let t € £ be such that U(L,,t) # 0. Let z,y € L. Then

reU(Ly,t)= Ly(x) >t
= Lu(a¥]a?) > L,(o) > ¢

= L, (2¥]2Y) >t

= a¥|z¥ € U(Ly,t).
Letz,y € L. Then
2|2y € U(L,,t) = Lu(aY|z) > t, Lu(y) >t

= L,(z) > L, (zY]2aY) NLy(y) >t

= Ly(x) >t

AV

=z € U(Ly,t).

Hence, U(L,,,t) is an SUP-ideal of L.

Conversely, assume for all t € Z,U(L,,t) is an SUP-ideal of L if it is nonempty. Let z,y € L.
Choose t = L,(z) € Z. Then L,(x) > t. Thus, z € U(L,,t) # (. As the hypothesis, we get U(L,,,t)
is an SUP-ideal of L and so 2¥|z¥ € U(L,,t). Thus, L,(z¥|2Y) > t = L,(x). Let x,y € L. Choose
t = Ly(aY|zY) N Lyu(y) € L. Then L,(x¥|zY) > t and L,(y) > t. Thus, 2¥|2¥,y € U(L,,t) # 0. As
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the hypothesis, we get U(L,,t) is an SUP-ideal of L and so z¥|z¥,y € U(L,,t). Thus, L,(z) > t =
L, (x¥|xY) A L,(y). Hence, L is an .Z-fuzzy SUP-ideal of L.

O

Theorem 3.7. Let £ = (£, <,A\,V,",0¢, 1) be a Boolean lattice. Then L' is an £-fuzzy SUP-ideal of L if
and only if L(L,, t) is, if it is nonempty, an SUP-ideal of L for every t € Z.

Proof. Assume L’ is an Z-fuzzy SUP-ideal of L. Let t € £ be such that L(L,,,t) # 0. Letz,y € L. Then

xeL(Ly,t) = Ly(x) <t
= L, (x) >t
S Lu(a¥a) 2 Lu(e) 2 ¥
= L, (ax¥]z) >t

= L, (xY|z¥) <t

= aY|z¥ € L(Ly, t).
Letz,y € L. Then

V|2 y e L(Ly,t) = Lu(a¥|2¥) <t, Lu(y) <t
= Ly(a|z¥) v Lu(y) <t
= (Lu(a¥]a?) Vv Lu(y)) >t
= Lu(@[2") N Lu(y)' = (Lu(@) V Lu(y)) = ¥
= Lo(2) > Lu(@) A Luly) =1
= Lu(z) >t
= L,(x) <t

=z € L(Ly, ).

Hence, L(L,,,t) is an SUP-ideal of L.

Conversely, assume for all t € Z,L(L,,t) is an SUP-ideal of L if it is nonempty. Let z,y € L.
Choose t = L,(z) € Z. Then L,(x) < t. Thus, z € L(L,,t) # (). As the hypothesis, we get L(L,,,t)
is an SUP-ideal of L and so 2¥|z¥ € L(L,,t). Thus, L,(z¥|2Y) <t = L,(x). Let z,y € L. Choose
t = Lu(x¥]2¥)V Ly(y) € Z. Then L, (2¥|2Y) < tand L,(y) < t. Thus, z¥[a¥,y € L(L,,t) # 0. As
the hypothesis, we get L(L,,t) is an SUP-ideal of L and so 2¥|z¥,y € L(L,,t). Thus, £L,(z) <t =
L, (xY|2Y) V L,(y). By Lemma 2.2 (1), we have £,(z)" > L,,(z¥|z¥)" A L,(y)'. Hence, £ is an .Z-fuzzy
SUP-ideal of L. O
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Theorem 3.8. Given a nonempty subset F of L, let Ly = (L, L,,) be an L-fuzzy set in L defined as follows:

[e7y) lf:L‘ e F ) . , . .

L, (x) = forall x € L. Then L is an £-fuzzy SUP-ideal of L if and only if F is an
a1 otherwise

SUP-ideal of L.

Proof. Assume that Lr = (L, L,,) is an .Z-fuzzy SUP-ideal of L. Let z,y € L be such that z¥|z¥,z € F.
Then L, (z¥|zY) > L,(x) = ap, and so L, (x¥Y|2Y) = . This shows that z¥|2¥ € F'. Also,
Ly(x) = Ly(z?|z?) N Lu(y) = oo,

and so £, (x) = ap. This shows that = € F. Therefore, F' is an SUP-ideal of L.

Conversely, let F' be an SUP-ideal of L. For every z,y € L, if z € F, then 2¥|2Y € F which implies
that £, (2Y|2Y) = ag = Ly(x). If 2¥]2Y ¢ F, then L,(2Y|2Y) = a1 < L,(x). For every z,y € L, if
x¥|az¥,y € F, then x € F which implies that £, (z) = ag = Ly (2¥|2¥) A L, (y). If 2|2 ¢ Fory ¢ F,
then £, (z) > a1 = L,,(z¥]2Y) A L, (y). Therefore, L = (L, L,,) is an Z-fuzzy SUP-ideal of L. O

Definition 3.5. [0] Let (A, |4,04) and (B,|p,0p) be SUP-algebras. Then a mapping f : A — B is called a
homomorphism if f(x|ay) = f(x)|pf(y) forall x,y € Land f(04) = 0p.

Theorem 3.9. Let (A,|4,04) and (B, |p,0p) be SUP-algebras, f : A — B be a surjective homomorphism
and B be an L~fuzzy set in B. Then B = (B, L,,) is an £~-fuzzy SUP-subalgebra of B if and only if B is an
L-fuzzy SUP-subalgebra of A, where E,]; : A — [0, 1] is defined by E,’i(az) = L,(f(x)) forall x € A.

Proof. Let f : A — B be a surjective homomorphism and B be an .Z-fuzzy SUP-subalgebra of B. Let
xr1,T2 € A. Then
Lh(21]a(@2] az2)) 41| a(22] a22)))
= Lu(f((z1]a(@2|az2)) a(21]a(z2] 422))))
= Lu(f@)|B(f(22)[Bf (x2))|(f(21)|B(f(22) B f(22))))
> Lu(f(x1)) AN Lu(f(22))
= L’Zj(ml) A E/]:(acg)
Hence, B is an #-fuzzy SUP-subalgebra of A.
Conversely, let B/ be an .#-fuzzy SUP-subalgebra of A. Let z|(y|y), z € B besuch that f(x1) = z|(y|y)
and f(z2) = x for 1,29 € A. Then
L (([(yly)B(z[px) B (=[(yly)| B (z]B)))
= Lu((f@)|B(f(22)[Bf(22))|B(f(21)|B(f(22)|Bf(22))))

= L,(f((z1]a(z2]az2))]a(21] a(22] a72))))
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= Ll ((@1]a(z2] a2)) a1 ] 4(22] a72)))

> Lf (1) A L] (z2)

= Lu(f(@1)) ALy (f (22))

= Lyu(xl(yly)) A Lyu(x).
Hence, B is an .Z-fuzzy SUP-subalgebra of B. O
Theorem 3.10. Let (A, |4,04) and (B, |p,0p) be SUP-algebras, f : A — B be a surjective homomorphism,

and B be an L-fuzzy set in B. Then B is an £~fuzzy SUP-ideal of B if and only if B! is an £~fuzzy SUP-ideal
of A.

Proof. Let f : A — B be a surjective homomorphism and B be an .#-fuzzy SUP-ideal of B. Let
21,29 € A. Then

Lf(@1) = Lu(f (1))
< Lu(f((z1]a(wa] awa))|a (21| a (2] 422))))

= LI ((x1] a(w2|a22))| a(21| a(22] a72))),

Ll(z1) = Lu(f(21))
> L (f((z1]a(m2]aze))|a(1]a(m2]az2)))) A L1(f(22))
= L] ((z1]a(z2]az2))a(@1] 4 (22| am2))) A L, (22).

Hence, B/ is an . -fuzzy SUP-ideal of A.
Conversely, let B/ be an .#-fuzzy SUP-ideal of A. Let x,y € B be such that f(z1) = z and f(x2) =y
for x1,29 € A. Then

Ly(x) = Lyu(f(21))
= Ei(xl)
< L] ((w1]a(w2] az2))  a(21] a(22] a2)))

= L, (f((z1]a(w2]az2))|a(21|a(22| a72))))

= L, (2¥|2Y),

Ly(x) = Lu(f(21))
= L] (x1)
> L] ((w1]a(w2]az2)) | a(21] a(2] az2))) A L], (22)

= Lu(f((z1]a(z2|az2))|a(@1]a(22]a2)))) A Lou(f (22))
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=L, (YY) N Lu(y).
Hence, B is an .Z-fuzzy SUP-ideal of B. O

The proof of the following theorem is similar to the proof of Theorem 3.10.

Theorem 3.11. Let (A, |4,04) and (B, |p,0p) be SUP-algebras, f : A — B be a surjective homomorphism,
and B be an L~fuzzy set in B. Then B is an £~fuzzy SUP-subalgebra of B if and only if BY is an L~fuzzy
SUP-subalgebra of A.

4. CONCLUSION

In this paper, we introduced the notions of .#-fuzzy SUP-subalgebras and .Z-fuzzy SUP-ideals in the
setting of Sheffer stroke UP-algebras and explored their structural properties through the lens of lattice-
valued fuzzy logic. By establishing a bidirectional correspondence between these fuzzy substructures
and their level subsets, we demonstrated that the algebraic properties of crisp SUP-subalgebras and
SUP-ideals are preserved under .#-fuzzification via characteristic functions—and conversely, that every
Z-fuzzy SUP-subalgebra/ideal determines a family of crisp substructures through its level sets.

These findings not only generalize earlier results in fuzzy algebra but also highlight the expressive
capacity of Sheffer stroke UP-algebras as a host framework for modeling lattice-valued uncertainty.
Furthermore, they provide a foundation for future investigations into morphisms, categorical frame-
works, and potential applications in areas such as logic programming, fuzzy inference systems, and

computational algebra.
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