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Abstract. We develop a weighted–seminorm framework for the McShane integral of functions taking
values in the Riesz space C([a, b]) of real-valued continuous functions on a compact interval. The space is
equipped with the locally convex topology generated by the family of weighted seminorms

pϕ(f) = sup
x∈[a,b]

|ϕ(x)f(x)|, ϕ ∈ C([a, b])+,

which coincides with the classical supremum topology.
Within this setting, we introduce an extended definition of the McShane integral based on gauge-

fine partitions and (D)-sequences, and we prove existence and uniqueness of the integral. Furthermore,
we obtain several convergence theorems—including uniform and monotone convergence—and show
that the resulting theory is fully consistent with the classical McShane (Bochner) integral for Banach-
valued functions. An illustrative example demonstrates how weighted seminorms interact with McShane
integrability in C([a, b]). This approach connects the structure of locally convex Riesz spaces with concrete
function spaces and provides a basis for future extensions to more general ordered topological vector
spaces.
2020 Mathematics Subject Classification. 46G10; 46A40; 46E40.
Key words and phrases. McShane integral; Riesz space; locally convex space; weighted seminorm; uniform
convergence; monotone convergence; C([a, b]); Bochner integral.

1. Introduction

The McShane integral plays a central role in modern integration theory, extending the classical
Riemann and Lebesgue approaches and providing a powerful framework for Banach-valued functions.
Foundational work by McShane, Gordon, Bartle, Schwabik and Guoju has established the integral as
one of the most flexible nonabsolute integrals available for vector-valued analysis (see Gordon [1],
Bartle [2], Schwabik–Guoju [3]).
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Parallel to this development, Riesz spaces (vector lattices) and locally convex ordered spaces have
become fundamental tools in functional analysis, measure theory, and applications to economics
and probability. Classical sources include Luxemburg–Zaanen [4], Meyer-Nieberg [11], and the
monographs of Meise–Vogt [14] and Schaefer–Wolff [13]. Of particular relevance are the works of
Riečan and collaborators on Henstock–Kurzweil and McShane type integrals in ordered and lattice-
structured spaces [5], [6], [7].

In recent years there has been significant interest in developing integration theory on Riesz spaces
and in locally convex settings. Results on McShane integrability in Riesz spaces, convergence theorems,
and applications have been obtained by Temaj and Tato [9] and by Shkëmbi, Sila, and Liftaj [8], among
others, showing that the abstract theory admits meaningful extensions to rich ordered structures
provided that the topology is compatible with the lattice order.

The purpose of this paper is to specialize this general theory to the classical function space C([a, b]),
viewed as a locally convex Riesz space endowed with the weighted seminorms

pϕ(f) = sup
x∈[a,b]

∣∣ϕ(x)f(x)
∣∣, ϕ ∈ C([a, b])+.

AlthoughC([a, b]) is not Dedekind complete, it remains a natural test space for ordered integration: it
is a Banach lattice under the supremum norm, and the family {pϕ} generates exactly the same topology.
This makes C([a, b]) an ideal setting for illustrating howMcShane integrability behaves under weighted
seminorm structures.

We establish an extended definition of the McShane integral for C([a, b])-valued functions using
gauge-fine partitions and (D)-sequences adapted from the theory of Riesz-space integrals. We then
prove existence and uniqueness of the integral, provide seminorm characterizations, and obtain uniform
andmonotone convergence theorems. These results demonstrate that the weighted-seminormMcShane
integral coincides with the classical McShane (Bochner) integral for Banach-valued functions, thus
unifying the abstract and concrete approaches.

The paper is organized as follows. Section 2 introduces the locally convex structure of C([a, b]),
recalls basic properties of weighted seminorms and order intervals, and defines the extended McShane
integral using (D)-sequences. Section 3 establishes our main results, including existence, uniqueness,
and two principal convergence theorems. Section 4 presents an illustrative example and concludes
with remarks on possible extensions.

2. Preliminaries

In this section we summarize the structural properties of the space C([a, b]) needed for the
development of the weighted-seminormMcShane integral. The exposition follows standard sources on
Banach lattices and locally convex Riesz spaces such as Luxemburg–Zaanen [4], Meyer-Nieberg [11],
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Schaefer–Wolff [13], and the integration theory for Riesz space-valued functions in [1], [5], [6], [12].

Riesz space structure of C([a, b]). Let [a, b] ⊂ R be compact. The space

C([a, b]) = {f : [a, b]→ R : f continuous}

is partially ordered by
f ≤ g ⇐⇒ f(x) ≤ g(x) for all x ∈ [a, b].

With this order, C([a, b]) is a Riesz space (vector lattice): for all f, g ∈ C([a, b]).
If f, g ∈ C[a, b], we define

(fg)(x) = f(x)g(x) ∀x ∈ [a, b]

(f, g) = {h ∈ C[a, b] : f < h < g} is called open interval

[f, g] = {h ∈ C[a, b] : f ≤ h ≤ g} is called closed interval
f

g
(x) =

f(x)

g(x)
, ∀x ∈ [a, b], g(x) 6= 0

(f ∨ g)(x) = sup
x∈[a,b]

{f(x), g(x)}

(f ∧ g)(x) = inf
x∈[a,b]

{f(x), g(x)}

|f |(x) = |f(x)| ∀x ∈ [a, b]

Bartle and Sherbert [15] showed that if f and g are elements in C[a, b] then f + g, fg , f ∨ g, f ∧ g, |f |
are also elements in C[a, b].

We say that two intervals in C[a, b] are disjoint if their intersection is empty, that is, if they have
no common elements. Similarly, we will say that two intervals in C[a, b] are non-overlapping if their
intersection is either empty or contains at most one element.

The positive cone

C([a, b])+ = {f ∈ C([a, b]) : f(x) ≥ 0 for all x ∈ [a, b]}

is generating and proper, making C([a, b]) a classical example of a Banach lattice when equipped with
the supremum norm

‖f‖∞ = sup
x∈[a,b]

|f(x)|.

However, C([a, b]) is not Dedekind complete: there exist bounded sets whose pointwise supremum is
only lower semicontinuous and hence fails to belong to C([a, b]) [4, Chap. 6].

Consequently, the general theory of McShane integration on Dedekind σ-complete Riesz spaces (as
developed in [5], [6], [9]) is not directly applicable in this setting and therefore requires modification
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to accommodate the locally convex structure described below.

Weighted seminorm topology on C([a, b]). For every positive continuous function ϕ ∈ C([a, b])+, define
a seminorm

pϕ(f) = sup
x∈[a,b]

|ϕ(x)f(x)|, f ∈ C([a, b]).

Let
P
(
C([a, b])

)
= { pϕ : ϕ ∈ C([a, b])+, ϕ 6≡ 0 }.

Each pϕ is continuous and submultiplicative, and the family P (C([a, b])
) generates a Hausdorff

locally convex topology τ(P ) on C([a, b]).
This topology is exactly the supremum–norm topology. Indeed, for every ϕ ∈ C([a, b])+,

pϕ(f) ≤ ‖ϕ‖∞ ‖f‖∞,

so norm convergence implies convergence in every pϕ. Taking ϕ ≡ 1, we obtain

p1(f) = ‖f‖∞,

hence the norm topology is included in τ(P ).
Therefore,

τ
(
P (C([a, b]))

)
= τ(‖ · ‖∞).

Thus C([a, b]), equipped with P (C([a, b])
), becomes a locally convex Riesz space, consistent with

the abstract framework used in [1], [5], [12].

Order intervals in C([a, b]). For f, g ∈ C([a, b]) with f ≤ g we define the order interval

[f, g] = {h ∈ C([a, b]) : f ≤ h ≤ g}.

Which is a closed, convex, and order-bounded subset of the Banach lattice C([a, b]).
In what follows, we consider functions

F : T → C([a, b]),

where T = [f, g] ⊂ C([a, b]) is an order interval endowed with a finite Borel measure µ supported
on Borel subsets of T . The results of Riesz-space McShane integration in [6], [7], [12] serve as the
conceptual foundation, while the present work specializes them to the concrete, fully developed
structure of C([a, b]).
(D)-sequences in C([a, b]).

Definition 2.1. (Regulator/(D)-sequence in C([a,b]). A double sequence (ai,j)i,j∈N ⊂ L∞([a, b]) is
called a regulator or (D)-sequence:
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(1) If ai,j ≥ ai,j+1 ∀i, j ∈ N and
∞∧
j=1

ai,j = 0 ∀i ∈ N.

(2) ai,j ≥ ai,j+1 ∀i, j ∈ N and for every seminorm pϕ ∈ P (C([a, b])),

pϕ

 ∞∧
j=1

ai,j

 = 0 ∀i ∈ N or lim
j→∞

pϕ(ai,j) = 0.

We write ai,j ↓ 0.
This notion originates fromRiečan–Vrabelová [7] and is crucial forMcShane-type integrals in ordered

spaces [5], [6].

Using L∞([a, b]) rather than C([a, b]) ensures existence of suprema and infima, because L∞([a, b]) is
Dedekind complete, unlike C([a, b]), while still controlling weighted seminorms.

In this section we introduce the notion of McShane integrability for functions taking values in the
locally convex Riesz space C([a, b]), equipped with the weighted seminorms

pϕ(f) = sup
x∈[a,b]

|ϕ(x)f(x)|, ϕ ∈ C([a, b])+.

Our definition adapts the general framework of McShane integration in ordered topological vector
spaces developed in Gordon [1], Bartle [2], Riečan [6], and Marraffa [12], and specializes it to the
structure of C([a, b]). Because C([a, b]) is not Dedekind complete, the regulators (D)-sequences
will be taken in the Dedekind complete spaceL∞([a, b]), but the integral itself will always lie inC([a, b]).

Division and Partition of the Order Interval

Let [f, g] be the closed order interval subset of C[a, b]. A division of [f, g] is any finite set

{h0, h1, . . . , hn} ⊂ [f, g],

where h0 = f , hn = g and hi−1 ≤ hi for all i = 1, 2, . . . , n.
A partition of [f, g] is a finite collection

{([hi−1, hi], ti) : i = 1, 2, . . . , n}

of interval-element pairs such that ti ∈ [hi−1, hi] for every i = 1, 2, . . . , n, where {h0, h1, . . . , hn} is a
division of [f, g].

Let θ be the null element in C[a, b], where θ(x) = 0 for every x ∈ [a, b]. A function δ : I → C[a, b] is
said to be a gauge on I if δ(h) > θ for every h ∈ I .

Definition 2.2. Let δ be a gauge on [f, g]. A partition

Π = {([hi−1, hi], ti) : i = 1, 2, . . . , n}
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is said to be δ-fine on [f, g] if
[hi−1, hi] ⊂ (ti − δ(ti), ti + δ(ti))

for every i = 1, 2, . . . , n.

Let T = [f, g] ⊂ C([a, b]) be an order interval. A division of T is any finite increasing sequence

E1 ≤ E2 ≤ · · · ≤ En,

where E1 = f , En = g, and the inequality is pointwise:

Ei(x) ≤ Ei+1(x) ∀x ∈ [a, b].

A partition of T is a finite collection Π = {(Ei, ti) : i = 1, . . . , n}, where:
• {E1, . . . , En} is a division of T ;
• each tag ti ∈ [Ei, f ] or ti ∈ [g,Ei].

This formulation is the natural extension of tagged partitions used in the McShane [1] and Henstock–
Kurzweil integrals [2], [3].

Gauge on the order interval.
Let θ(x) = 0, x ∈ [a, b], be the zero function in C([a, b]). A gauge is a function γ : T → C([a, b])+

satisfying
γ(E)(x) > 0 ∀E ∈ T, ∀x ∈ [a, b].

Thus γ(E) is a continuous positive “radius function” depending on the tag E. This formulation
generalizes the classical gauge γ : T → (0,∞), and is compatible with the weighted seminorm
topology.

A partition Π = {(Ei, ti)} is γ-fine if

|Ei(x)− ti(x)| ≤ γ(ti)(x) ∀x ∈ [a, b], ∀i.

Equivalently,
Ei(x) ∈ [ti(x)− γ(ti)(x), ti(x) + γ(ti)(x)].

In terms of weighted seminorms,

pγ(ti)(Ei − ti) = sup
x∈[a,b]

|γ(ti)(x)(Ei(x)− ti(x))| ≤ 1.

This formulation integrates seamlessly with the McShane integral in locally convex Riesz spaces [5],
[12].

Let T = [f, g] ⊂ C([a, b]) be an order interval, µ a finite Borel measure on T , P (C([a, b])) = {pϕ} the
family of weighted seminorms, (ai,j)(i,j∈N) ⊂ L∞([a, b])+ a (D)-sequence.

We now give the integral definition.
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Definition 2.3 (McShane integrability). A function F : T → C([a, b]) is said to be McShane integrable
(with respect to P (C([a, b])) and µ) if there exist:

(1) an element ω ∈ C([a, b]);
(2) a (D)-sequence (ai,j)i,j∈N ⊂ L∞([a, b])+;

such that, for every map φ : N → N and every seminorm pϕ ∈ P (C([a, b])), there exists a gauge
γ : T → C([a, b])+ satisfying

pϕ
(
S(F,Π)− ω

)
≤
∞∨
i=1

ai,φ(i) for all Π ∈ AT (γ),

where
S(F,Π) =

n∑
i=1

F (ti)µ(Ei) ∈ C([a, b])

is the associated Riemann sum.
The element ω is unique and is called the McShane integral of F :

ω =

∫
T
F dµ.

Basic Properties The following hold (proofs follow from [1], [2], [3], [12]):

Linearity: If F,G are integrable, then so are F +G and cF , and∫
T

(F +G) dµ =

∫
T
F dµ+

∫
T
Gdµ.

Order boundedness: If F (t) ∈ [f, g] for all t, then∫
T
F dµ ∈ [f, g].

Consistency with norm McShane/Bochner integral: If F is norm-McShane integrable (or Bochner
integrable), the integral coincides with Definition 2.3.
These properties justify working in C([a, b]) using weighted seminorms, without losing any classical
features of vector-valued integration.

3. Main results

Convergence Theorems in C([a, b])

In this sectionwe establish two fundamental convergence theorems forMcShane integrablemappings

F : T = [f, g] ⊂ C([a, b])→ C([a, b]),

working within the locally convex framework generated by the weighted seminorms

P (C([a, b])) = {pϕ}ϕ∈C([a,b])+
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The proofs follow the classical strategy of Gordon [1], Bartle [2] and Schwabik–Guoju [3], adapted to
our seminorm-based definition and the use of (D)-sequences in L∞([a, b])+.

Uniform Convergence Theorem This result shows that uniform convergence in the supremum norm
ensures convergence of McShane integrals, exactly as in the Banach-space setting.

Theorem 3.1 (Uniform Convergence Theorem). Let Fn : T → C([a, b]), n ∈ N, be McShane
integrable functions, and suppose that

sup
t∈T
‖Fn(t)− F (t)‖∞ → 0 (n→∞).

Then:

(1) The limit function F is McShane integrable in the sense of Definition 2.3;
(2) The integrals converge in C([a, b]):∥∥∥∥∫

T
Fn dµ−

∫
T
F dµ

∥∥∥∥
∞
→ 0,

or equivalently, for each weighted seminorm pϕ ∈ P (C([a, b])),

pϕ

(∫
T
Fn dµ−

∫
T
F dµ

)
→ 0.

Proof. Fix a seminorm pϕ ∈ P (C([a, b])). Because

sup
t∈T
‖Fn(t)− F (t)‖∞ → 0,

it follows that for every ε > 0 there exists N ∈ N such that

‖Fn(t)− F (t)‖∞ ≤
ε

‖ϕ‖∞
∀t ∈ T, ∀n ≥ N.

Then for every tagged partition Π = {(Ei, ti)}we have

pϕ(S(Fn,Π)− S(F,Π)) ≤ sup
t∈T

pϕ(Fn(t)− F (t)) · µ(T ) ≤ εµ(T ).

Now choose a gauge γ guaranteed by the McShane integrability of F and of Fn, coming from the
(D)-sequence regulator in Definition 2.3.

For all γ-fine partitions Π ∈ AT (γ):

pϕ(S(Fn,Π)−
∫
T
Fn dµ) ≤

∞∨
i=1

ai,φ(i),

pϕ(S(F,Π)−
∫
T
F dµ) ≤

∞∨
i=1

ai,φ(i).
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Therefore,

pϕ

(∫
T
Fn dµ−

∫
T
F dµ

)
≤ pϕ(S(Fn,Π)− S(F,Π)) + 2

∞∨
i=1

ai,φ(i)

≤ εµ(T ) + 2

∞∨
i=1

ai,φ(i).

Letting n→∞ (so that ε→ 0) and then applying the weak-distributive property of the (D)-sequence
(see [6, 7]) shows that the second term tends to zero. Thus for every ϕ,

pϕ

(∫
T
Fn dµ−

∫
T
F dµ

)
→ 0.

Since ‖ · ‖∞ = p1, convergence holds in norm, completing the proof.

Monotone Convergence Theorem This theorem adapts the classical monotone convergence principle to
the locally convex Riesz space C([a, b]). While monotone convergence typically requires Dedekind
completeness, here the McShane structure and the use of L∞ regulators allow us to recover the
expected result.

Theorem 3.2 (Monotone Convergence Theorem). Let Fn : T → C([a, b]) be McShane integrable
functions satisfying the pointwise monotonicity condition

F1(t)(x) ≤ F2(t)(x) ≤ · · · ∀t ∈ T, ∀x ∈ [a, b],

and assume the limit

ω(x) = lim
n→∞

(∫
T
Fn dµ

)
(x)

exists uniformly in x ∈ [a, b]. Then:

(1) The pointwise limit F is McShane integrable;
(2) The integrals converge:∫

T
F dµ = lim

n→∞

∫
T
Fn dµ in C([a, b]).

Proof. Because the sequence is increasing pointwise in C([a, b]), for each fixed t ∈ T and x ∈ [a, b] the
limit

F (t)(x) = lim
n→∞

Fn(t)(x)

exists.
Since the integrals ∫T Fn dµ converge uniformly to ω, for every ε > 0 there exists N such that∥∥∥∥∫

T
Fn dµ− ω

∥∥∥∥
∞
< ε ∀n ≥ N.
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For any seminorm pϕ,

pϕ

(∫
T
Fn dµ−

∫
T
Fm dµ

)
≤ ‖ϕ‖∞

∥∥∥∥∫
T
Fn dµ−

∫
T
Fm dµ

∥∥∥∥
∞
,

so the sequence ∫T Fn dµ is Cauchyw.r.t. every seminorm pϕ. Because the topology is complete (Banach
norm topology), the limit integral exists in C([a, b]).

To prove integrability of F , fix pϕ and let (ai,j) be the regulator controlling the McShane sums of Fn.
Monotonicity implies (as in Riečan [6]) that for all gauges γ,

S(Fn,Π) ↑ S(F,Π),

and also ∫
T
Fn dµ ↑

∫
T
F dµ.

Repeating the regulator-based estimate from Theorem 3.1 but using the monotonicity to avoid the
uniform smallness term, we obtain:

pϕ(S(F,Π)−
∫
T
F dµ) ≤

∞∨
i=1

ai,φ(i).

Thus F satisfies Definition 2.3 and is McShane integrable.
The equality of integrals follows from the uniform convergence of the sequence.

4. Example

In this section we present an explicit example illustrating the uniform convergence theorem for
McShane integrable mappings into the Riesz space C([a, b]). The construction is classical in Banach
space integration and appears in similar form in Gordon [1] and Bartle [2], adapted here to the
weighted-seminorm framework developed in this paper.

Example 4.1. Let T = [0, c] ⊂ R, 0 < c < 1, and let µ be the Lebesgue measure on T . For each n ∈ N,
define the mapping

Fn : T → C([0, 1]), Fn(t)(x) := tnx,

for all t ∈ T and x ∈ [0, 1]. We show that:

(1) each Fn is McShane integrable with respect to the weighted seminorm family P (C([0, 1]));
(2) Fn → 0 uniformly on T in the norm of C([0, 1]);
(3) the integrals converge: ∫ c

0
Fn(t) dt→ 0 in C([0, 1]);

(4) therefore Theorem 3.1 applies.
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Each Fn is McShane integrable.
Since, for each fixed t ∈ T ,

Fn(t)(x) = tnx

is a continuous function of x, the map

t 7→ Fn(t) ∈ C([0, 1])

is continuous in the supremum norm.
Continuous functions from a compact interval into a Banach space are Bochner integrable (see [1], [3]),
hence McShane integrable.

Thus, each Fn ∈M(T, P (C([0, 1])), µ).
Uniform convergence in C([0, 1]). For each t ∈ [0, c],

‖Fn(t)‖∞ = sup
x∈[0,1]

|tnx| = tn.

Therefore,
sup
t∈T
‖Fn(t)‖∞ = cn → 0 (n→∞),

so Fn → 0 uniformly on T in C([0, 1]).
Computation of the integrals.

For each x ∈ [0, 1], we have (∫ c

0
Fn(t) dt

)
(x) =

∫ c

0
tnx dt = x

cn+1

n+ 1
.

Thus ∥∥∥∥∫ c

0
Fn(t) dt

∥∥∥∥
∞

= sup
x∈[0,1]

∣∣∣∣x cn+1

n+ 1

∣∣∣∣ =
cn+1

n+ 1
→ 0.

Hence ∫ c

0
Fn(t) dt→ 0 in C([0, 1]).

Verification using weighted seminorms.
For any seminorm pϕ ∈ P (C([0, 1])),

pϕ

(∫ c

0
Fn dt

)
= sup

x∈[0,1]

∣∣∣∣ϕ(x) · x c
n+1

n+ 1

∣∣∣∣ ≤ ‖ϕ‖∞ cn+1

n+ 1
→ 0.

Thus the convergence holds in every weighted seminorm.
Application of Theorem 3.1.

Since:
• Fn → 0 uniformly in ‖ · ‖∞,
• each Fn is McShane integrable,
• the integrals converge to 0 in C([0, 1]),
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Theorem 3.1 immediately implies:

0 =

∫ c

0

(
lim
n→∞

Fn(t)
)
dt = lim

n→∞

∫ c

0
Fn(t) dt.

Conclusion of the Example.

This example shows how the weighted-seminorm McShane integral in C([0, 1]) behaves exactly
as in the classical Banach-space case. It also demonstrates that the locally convex formulation using
regulators in L∞ is fully compatible with the standard supremum-norm approach to Bochner/McShane
integration.
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