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AsstrRACT. In this study, we introduce the concept of Sheffer stroke IUP-algebras and investigate their
fundamental properties. Within this framework, we define eight specialized subsets associated with
the structure: derived Sheffer stroke IUP-subalgebras, derived Sheffer stroke IUP-filters, derived Sheffer
stroke IUP-ideals, derived Sheffer stroke strong IUP-ideals, transformed Sheffer stroke IUP-subalgebras,
transformed Sheffer stroke IUP-filters, transformed Sheffer stroke IUP-ideals, and transformed Sheffer
stroke strong IUP-ideals. The interrelationships among these eight subsets are rigorously examined to
uncover their algebraic dependencies and hierarchical organization. Moreover, the existence of Sheffer
stroke IUP-algebras is established through concrete illustrative examples. We further define the Cartesian
product of Sheffer stroke IUP-algebras and investigate the role of homomorphisms within this algebraic
framework. These homomorphisms are subsequently extended to the aforementioned specialized subsets,
thereby deepening the structural understanding and enhancing the potential theoretical and practical
applications of Sheffer stroke IUP-algebras.
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1. INTRODUCTION

BCK-algebras and BCl-algebras were defined by Imai and Iséki, respectively, as algebraic structures
among many others. These abstract algebras have attracted considerable interest and extensive study
from researchers, and have inspired the development of numerous other abstract algebraic systems, such
as BE-algebras [12], pseudo-BE-algebras [3], eBE-algebras [26], pseudo-eBE-algebras [29], pseudo CI-
algebras [27], eGE-algebras [2], PSRU-algebras [37], KU-algebras [25], UP-algebras [&], UP-bialgebras
[14], extension of KU/UP-algebras [28], [UP-algebra [9], obic-algebra [7], and others.

Since the introduction of the IUP-algebra by lampan et al. [9], this novel algebraic struc-
ture—characterized by four distinguished subsets: IUP-subalgebras, IUP-filters, [UP-ideals, and strong
IUP-ideals—has sparked a rich and expanding body of research. Its elegant axiomatic foundation
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and versatile structural potential have drawn attention from researchers in abstract algebra, logic,
and fuzzy systems. In 2023, Chanmanee et al. [6] extended the theory by investigating the direct
products of infinite families of IUP-algebras, introducing the notion of weak direct products and pivotal
findings on (anti-)IUP-homomorphisms. Complementing this, a parallel study by Chanmanee et
al. [5] explored the structural behavior of external direct products in dual IUP-algebras, enhancing
the algebraic toolkit for structural combination. Further developments came in 2024 when Kuntama
et al. [13] incorporated fuzzy set theory into the framework, giving rise to fuzzy IUP-subalgebras,
fuzzy IUP-ideals, fuzzy IUP-filters, and fuzzy strong IUP-ideals. This opened a pathway to modeling
algebraic structures in the presence of vagueness and imprecision. Suayngam et al. [34] deepened this
direction by applying Fermatean fuzzy sets to IUP-algebras, including an analysis of characteristic sets
and t-(strong) level subsets. The conceptual expansion continued with the integration of intuitionistic
fuzzy sets [36] and neutrosophic sets [33], where necessary and sufficient conditions for each type
of subset within IUP-algebras were carefully characterized. Suayngam et al. [35] then proposed the
application of Pythagorean fuzzy sets to define corresponding IUP-substructures, highlighting struc-
tural and level-wise characteristics. More recently, Suayngam et al. [32] introduced a robust hybrid
framework by fusing Pythagorean neutrosophic sets with IUP-algebras, leading to new theoretical
extensions such as Pythagorean neutrosophic IUP-subalgebras, ideals, filters, and strong ideals. In
2025, Inthachot et al. [10] introduced bipolar fuzzy sets into the IUP-algebraic setting, offering an
approach that captures both positive and negative tendencies in fuzzy membership. These dual-valued
structures are especially relevant for applications in bipolar decision models and logic programming.
Lastly, Suayngam et al. [31] synthesized prior developments by formulating intuitionistic neutrosophic
IUP-algebras, thereby unifying multiple forms of uncertainty into a coherent algebraic system and
deepening structural insights into IUP-subset relationships. Collectively, these contributions trace a
compelling evolution of IUP-algebraic theory—from foundational constructs to a robust framework that
seamlessly integrates fuzzy logic, uncertainty theory, and algebraic reasoning, reinforcing its relevance
in both theoretical and applied domains.

From another perspective, a researcher introduced a novel concept, the Sheffer stroke operation,
which was initially defined by Sheffer [30]. The first application of this operation demonstrated that
every Boolean axiom or operation can be expressed in terms of the Sheffer stroke. This discovery has
attracted significant interest from the research community, as it enables the reduction of axioms and
the simplification of formula structures. Moreover, it has inspired numerous researchers to apply the
Sheffer stroke operation to various other algebraic structures, such as ortholattices [4], orthoimplication
algebras [ 1], Sheffer stroke basic algebras [24], filters of strong Sheffer stroke non-associative MV-
algebras [23], Sheffer stroke Hilbert algebras [21], (fuzzy) filters of Sheffer stroke BL-algebras [27],
Sheffer stroke BG-algebras [17], Sheffer stroke UP-algebras [15], Sheffer stroke BE-algebras [11], Sheffer
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stroke BCK-algebras [20], Sheffer stoke BCH-algebras [16], Sheffer stroke BM-algebras [15], Sheffer
stroke INK-algebras [19], and others.

This paper is organized into several sections. The Introduction presents formal definitions of IUP-
algebras and systematically develops their fundamental structural properties. The Main Results section
introduces the concept of Sheffer stroke IUP-algebras and outlines their key characteristics. In this
section, eight special subsets are defined: derived Sheffer stroke [UP-subalgebra, derived Sheffer stroke
IUP-filter, derived Sheffer stroke IUP-ideal, derived Sheffer stroke strong IUP-ideal, transformed Sheffer
stroke IUP-subalgebra, transformed Sheffer stroke IUP-filter, transformed Sheffer stroke IUP-ideal,
and transformed Sheffer stroke strong IUP-ideal. The relationships among these subsets are then
summarized. The subsequent section applies the concepts of Cartesian product and homomorphism
to the framework of Sheffer stroke IUP-algebras. Finally, the paper concludes by summarizing the

findings and discussing potential directions for future research and applications.
2. PRELIMINARIES

To establish a rigorous foundation for the study of Sheffer stroke IUP-algebras and their related
substructures, it is essential to revisit key algebraic concepts and logical frameworks that support
their development. This section outlines the fundamental definitions and properties of IUP-algebras,
subalgebras, filters, and related notions, which form the basis for the algebraic constructions introduced
in the later section.

By consolidating these core preliminaries, we aim to provide the necessary tools and terminology for
understanding the structure and behavior of the proposed Sheffer stroke-based algebraic system. This

foundational layer ensures clarity and consistency as we build toward the main results of this work.

Definition 2.1. [9] Analgebra X = (X, *,0) of type (2,0) is called an IUP-algebra, where X is a nonempty

set, % is a binary operation on X, and 0 is a fixed element of X if it satisfies the following axioms:

(Ve e X)(0xz =x) (IUP-1)
(Vo € X)(z %z =0) (IUP-2)
(Vo,y,z € X)((z*xy)*x (xx2) = y*2) (TUP-3)

Example 2.1. Let X = {0,1,2,3,4,5} be a set with a binary operation « defined by the following Cayley table:

UL i W N = O %
N = = Ot W OO
= Ot WO
— W e O Ot NN
TN O s WwWww
W O Ut = N e
S = N W ke Ot Ot
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Then X = (X, *,0) is an IUP-algebra.

Example 2.2. [9] Let (G, e, e) be a group with the identity element e in which each element is its own inverse.

Under this condition, (G, e, e) inherently satisfies the axioms of an IUP-algebra.

Example 2.3. [9] Let X be a set, and let P(X ) denote its power set. As shown in Example 2.2, (P(X), A, 0)

forms an IUP-algebra, where A\ represents the symmetric difference between sets.

Example 2.4. [9] Let (G, -, €) be a group with the identity element e. Define a binary operation e on G by:
(Ve,y e G)(z oy =y -z (2.1)

Then (G, e, €) is an IUP-algebra.

Proposition 2.1. [9] In an [UP-algebra X = (X, *,0), the following assertions are valid:

(Va,y € X)(zx0) x (z*xy) = y) (2.2)
(V2 € X)((x % 0) % (% 0) = 0) (2.3)
(Vz,y € X)((z % y) %0 =y xz) (2.4)
(Vo € X)((z%0) %0 = z) (2.5)
(Vo,y € X)(z* ((xx0) xy) =) (2.6)
(Vo,y € X)(((z%0) xy) x 2 = y % 0) (2.7)
Vo, .2 € X)(xhy =242 y=2) (2.8)
(Vo,y € X)(zxy =0z =y) (2.9)
(Vo € X)(zx0=0& 2 =0) (2.10)
(Vo,y,2 € X)(yxz =251 &y = 2) (2.11)
(Vz,y € X)(zxy =y =z = 0) (2.12)
(V2,12 € X)((zHy) x0 = (2% y) % (2 % 7)) (2.13)
(Va,y,2 € X)(zxy =0 (zx2)* (2 %y) = 0) (2.14)
(Va,y,2 € X)(wky =0 (zx2) % (y*z) =0) (2.15)
the right and the left cancellation laws hold (2.16)

Within IUP-algebras, four fundamental subsets stand out: IUP-subalgebras, IUP-filters, IUP-ideals,
and strong IUP-ideals. These subsets form a critical framework that deepens our understanding and

facilitates the application of IUP-algebras across different mathematical contexts.

Definition 2.2. [9] A nonempty subset S of an IUP-algebra X = (X, *,0) is called
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(7) an IUP-subalgebra of X if it satisfies the following condition:

(Vx,y € S)(z*xy € 9) (2.17)
(i7) an IUP-filter of X if it satisfies the following conditions:
the constant 0 of X is in S (2.18)
Ve,y e X)(zxy€e S,z e S=yecSs) (2.19)
(t3i) an IUP-ideal of X if it satisfies the condition (2.18) and the following condition:

(Vo,y,z € X)(xz*(y*xz) € S,ye S=xzxz€8) (2.20)

(tv) a strong IUP-ideal of X if it satisfies the following condition:
(Vz,ye X)(ye S=zxyeS) (2.21)

According to [9], IUP-filters constitute a unifying concept that encompasses both [UP-ideals and
IUP-subalgebras. These two subsets, IUP-ideals and IUP-subalgebras, are generalizations of strong
IUP-ideals. Particularly, in an IUP-algebra X, strong IUP-ideals are equivalent to the entire algebra X
itself. This hierarchical relationship among these subsets is visually represented in Figure 1, illustrating

the structure of special subsets within an [UP-algebra X.

IUP-filter

'

IUP-ideal IUP-subalgebra

N

strong IUP-ideal

!

X

N/

FiGure 1. Structure of the four concepts of subsets in IUP-algebras

3. STRUCTURAL PROPERTIES OF SHEFFER STROKE [UP-ALGEBRAS

Building upon the foundational definitions and algebraic tools presented in the previous section,
this part introduces the core contributions of this paper. Specifically, we define a new class of algebraic
structures called Sheffer stroke IUP-algebras, formulated by integrating the Sheffer stroke operation
into the IUP-algebraic framework. This novel system encapsulates logical and algebraic properties in a

unified structure, offering a fresh perspective on implication-based algebras.
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The main results presented here focus on the internal structure of Sheffer stroke IUP-algebras,
including characterizations of subalgebras, filters, ideals, and strong ideals. Several theorems and
propositions are provided to investigate the algebraic behavior and interactions of these substructures
under the Sheffer operation. These findings not only establish fundamental properties but also lay the
groundwork for further theoretical exploration and potential extensions to fuzzy and neutrosophic
settings, as discussed in future research.

For clarity and consistency throughout this paper, we summarize in Table 1 the abbreviations and
technical terms that will be used to represent the algebraic structures and related concepts introduced

in the subsequent sections.

TabLE 1. List of abbreviations and specialized terms used in this paper

Abbreviation Definition
SIUP-algebra Sheffer stroke IUP-algebra
dSIUP-subalgebra | Derived Sheffer stroke IUP-subalgebra
dSIUP-filter Derived Sheffer stroke IUP-filter
dSIUP-ideal Derived Sheffer stroke IUP-ideal
dSsIUP-ideal Derived Sheffer stroke strong IUP-ideal
tSIUP-subalgebra | Transformed Sheffer stroke IUP-subalgebra
tSIUP-filter Transformed Sheffer stroke IUP-filter
tSIUP-ideal Transformed Sheffer stroke IUP-ideal
tSsIUP-ideal Transformed Sheffer stroke strong IUP-ideal

Definition 3.1. [30] Let X = (X, |) be a groupoid. The operation | is said to be a Sheffer stroke if it satisfies

the following conditions:

(Vo,y € X)(z|y =y|z) (51)
(Vz,y € X)((z|2) | (z]y) = z) (52)
(Vo,y,2 € X)(z[((y]2) [ (y]2) = ((]y) | (x]|y))]2) (S3)
(Vz,y € X)((@ | ((=|2) [ (y[9) | (@] (z]2)[(y]y)) = z) (54)

Definition 3.2. A Sheffer stroke IUP-algebra (briefly, SIUP-algebra) is an algebra X = (X, |,1,0) of type
(2,2,0), where X is a nonempty set, | and 1 are binary operations on X, and 0 is a constant in X. The binary

operation 71 is defined by

rty=x|(yly)
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forall z,y € X. The following axioms must also be satisfied:

(Vz e X)(xT2=0]0) (SIUP-1)
(Va,y,2 € X)(((z ty) [(y12)) T (@1 2)[(z 1 2) [ (@1 2)](z12) T ((z1y)|(y 1))
=w1t2)|(z1y) (SIUP-2)

Lemma 3.1. Let X = (X, |,1,0) be an SIUP-algebra. Then the following properties hold for all z,y,z € X:

(1) z|(z|(z|x) =z |z, thatis, z|(x T z) =x|x
(2) (@[(0]0) | (x[(0]0)) = =, that is, (x 1 0) [ (z 1 0) = =
(3) 0|z=0]0
(4) (@] (@] 2) | (2]2) = o, that s, (1 2) T 3 = @
(5) (0]0)|(x|x) ==, thatis, (0|0) T x ==z
©) = | ([l @) (@] ly)|yly)) =010, thatis, 21 ((z Ty) Ty) =00
(7) (@1(010))| (0] (&]2)) = o, that is, (1 0)| (01 2) = =
Proof. Letz,y,z € X.
(1)
zl(@|(x]z) = ((z]2)[(@|x)] (z] (=) (by (52))
=uz|x. (by (S2))
(2)
(@[ (0[0))[(z|(0]0)) = (= | (z](x]2))) | (x| (z]|(x]))) (by (SIUP-1))
= (z]2)[(z]x) (by (1))
= 1. (by (52))
(3)
Of2z=((0]z)[(010))((0])[(0]0)) (by (2))
=0]0. (by (52))
(4)
(@[ (z]x) | (z|x) = (x]2)|(z]z) (by (1))

= 2. (by (52))
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(5)

010)[(z[z) = (]| (z[z)) | (z]) (by (SIUP-1))

= . (by (1))
(6)
e[ (@@l [yl (@@l [ (y1y) = (Gl @] @lo) | @ yly)  (by (S3))

=0]0. (by (STUP-1))
(7)
((010))[ (0] (|2)) = ((0]0) | ((z] @) | (x|2))) | (0] 0) (by (S2) and (3))
= (x| )| (x]0) (by (5) and (3))
= a. (by (52))
O

Definition 3.3. A nonempty subset S of an SIUP-algebra X = (X, |,1,0) is called a derived Sheffer stroke
IUP-subalgebra (briefly, dSIUP-subalgebra) of X if it satisfies the following condition:

(Vo,y € S)((x Ty) [ (yTx) €S) (3.1)

Definition 3.4. A nonempty subset S of an SIUP-algebra X = (X, |,1,0) is called a derived Sheffer stroke
IUP-filter (briefly, dSIUP-filter) of X if it satisfies the following condition:

the constant 0 of X is in S (3.2)

(Vz,ye X)((zty)|(ytx) €Sz e S=yebl) (3.3)

Definition 3.5. A nonempty subset S of an SIUP-algebra X = (X, |,1,0) is called a derived Sheffer stroke
IUP-ideal (briefly, dSIUP-ideal) of X if it satisfies the condition (3.2) and the following condition:

(Vo,y,z2 € X)((z 1 (w1t 2) [T [((wT2)[(z1y)Tz)eSyeS=(xT2)|(z1x)€S) (34)

Definition 3.6. A nonempty subset S of an SIUP-algebra X = (X, |,1,0) is called a derived Sheffer stroke
strong IUP-ideal (briefly, dSsIUP-ideal) of X if it satisfies the following condition:

(Vz,ye X)(yeS=(z1y)|(yTz)€S) (3.5)

Theorem 3.1. If S is a dSsIUP-ideal of an SIUP-algebra X = (X, |,1,0), then it satisfies the condition (3.2).
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Proof. Assume that S is a dSsIUP-ideal of an SIUP-algebra X = (X, |,1,0). Let z € S. Then

0=(0]0)[(0]0) (by (52))
=@xtz)|(z 1) (by (SIUP-1))
By the assumption, 0 € S. Hence, S satisfies the condition (3.2). O

Theorem 3.2. If S is a dSIUP-subalgebra of an SIUP-algebra X = (X, |,1,0), then it satisfies the condition
(3.2).

Proof. Assume that S is a dSIUP-subalgebra of an SIUP-algebra X = (X, |,1,0). Let 2 € S. Then

0=(0]0)[(0]0) (by (52))
=@1z)|(z 1) (by (SIUP-1))
By the assumption, 0 € S. Hence, S satisfies the condition (3.2). O

Theorem 3.3. A nonempty subset S of an SIUP-algebra X = (X, |,1,0) is a dSsIUP-ideal of X if and only if
S =X.

Proof. Assume that a nonempty subset S of an SIUP-algebra X = (X, |,1,0) is a dSsIUP-ideal of X.
Let x € X. Then

z=(z]x)](2]0) (by (52))
= (z[(0]0)) [ (0] (z[=)) (by (5) and (3))
= (10)[(012).

By the assumption and Theorem 3.1, z € S. Hence, S = X.

The converse is obvious. O
Theorem 3.4. Every dSsIUP-ideal of an SIUP-algebra X = (X, |,7,0) is a dASIUP-subalgebra of X.
Proof. It is straightforward by Theorem 3.3. 0

Example 3.1. Let X = {0,1,2,3,4,5,6,7} be a set with a binary operation | defined by the following Cayley
table:

e L e e i =)
(= EN BTGNS, S R e I Y
= N o S JUR U I )
_ N~ NN~ N R W
DN = U NN O U
e i

N O U W N =E O —
[N BN R R N s =L
DD = = O = OO =
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Then X is an SIUP-algebra. Observe that S = {0,3,4,7} is a dSIUP-subalgebra of X. Since 7 € S but
T[Tt =@ (7|7)|(7T](1]1)=(1]|6)|(7|0)=7|1=06 ¢S, we have S is not a dSsIUP-ideal of
X.

Theorem 3.5. Every dSIUP-subalgebra of an SIUP-algebra X = (X, |,1,0) is a dSIUP-filter of X.

Proof. Assume that S is a dSIUP-subalgebra of an SIUP-algebra X = (X, |,1,0). By Theorem 3.2. Then
0€S. Letz,y € X besuchthat (z1y)|(y 1 z),z€S. Then

y=(10)[(01y) (by (7))
=(((zty |y T2) 1 ((z10)[(012))]
(((z10)[(0T2) 1 ((zTy)](y12)) (by (SIUP-2))
=(((ztyly1a)ta)]
(@1 ((z Ty (y 1) (by (7))
By the assumption, y € S. Hence, 5 is a dSTUP-filter of X. O

Theorem 3.6. Every dSIUP-filter of an SIUP-algebra X = (X, |,1,0) is a dSIUP-subalgebra of X.
Proof. Assume that S is a dSIUP-filter of an STUP-algebra X = (X, |,71,0). Letz,y € S. Then

(@t lyta)to) @t (1Y) [y T)=(zTy) [y T2) T ((z10)[(01))]
(@10 [(Otz)t ((zty) 1)) (by (7))

=W 10)[(01y) (by (SIUP-2))
=y. (by (7))
By the assumption, (z T y) | (y T «) € S. Hence, S is a dSIUP-subalgebra of X. O

Theorem 3.7. Every dSIUP-filter of an SIUP-algebra X = (X, |,1,0) is a dSIUP-ideal of X.

Proof. Assume that S is a dSIUP-filter of an STUP-algebra X = (X, |,1,0). Then 0 € S. Letz,y,z € X
be such that (z 1 ((y T 2) [ (2 T9)) [ ((y T 2) [ (z T y)) T @),y € S. Then
(@t (2 ETyNI(GT2)[Ty) )T (@t2)](z12))]
(@r2) (1) (@t (T2t (v 12)](z1Ty) 1)
=(((y12)[(z1y)12)]
(T (yr2)](z1y) (by (SIUP-2))
=19yt 2) T ((z10)[(072))]
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((z10)[(012) T ((zTy)[(y12)) (by (S1) and (7))

=w10)[(01Ty) (by (SIUP-2))

=y. (by (7))

By the assumption, (z 1 z) | (z T z) € S. Hence, S is a dSIUP-ideal of X. O

Theorem 3.8. Every dSIUP-ideal of an SIUP-algebra X = (X, |, 1,0) is a dSIUP-filter of X.

Proof. Assume that S is a dSIUP-ideal of an SIUP-algebra X = (X, |,1,0). Then0 € S. Let z,y € X be
such that (x T y) | (y T x),z € S. Then

(1 (@ 10)[(012) | (((z10)[(01x) Ty)=(yTa)|(z1y)
=@ Ty [y 1)

By the assumption, y = (y 1 0)| (0 1 y) € S. Hence, S is a dSIUP-filter of X. O

Definition 3.7. A nonempty subset S of an SIUP-algebra X = (X, |,1,0) is called a transformed Sheffer stroke
IUP-subalgebra (briefly, tSIUP-subalgebra) of X if it satisfies the following condition:

(Vx,y € S)(z|y € 5)

Definition 3.8. A nonempty subset S of an SIUP-algebra X = (X, |,1,0) is called a transformed Sheffer stroke
IUP-filter (briefly, tSIUP-filter) of X if it satisfies the condition (3.2) and the following condition:

Vz,ye X)(z|lye S,z e S=yef)

Definition 3.9. A nonempty subset S of an SIUP-algebra X = (X, |,1,0) is called a transformed Sheffer stroke
IUP-ideal (briefly, tSIUP-ideal) of X if it satisfies the condition (3.2) and the following condition:

(Va,y,z€ X)(z|(y|2) € S,ye S=x|z€9)

Definition 3.10. A nonempty subset S of an SIUP-algebra X = (X, |,7,0) is called a transformed Sheffer
stroke strong IUP-ideal (briefly, tSsIUP-ideal) of X if it satisfies the following condition:

Vz,ye X)(ye S=xlyel)

Theorem 3.9. A nonempty subset S of an SIUP-algebra X = (X, |,1,0) is a tSsIUP-ideal of X if and only if
S =X.

Proof. Assume that a nonempty subset S of an SIUP-algebra X = (X, |,7,0) is a tSsIUP-ideal of X. Let
xz € X. By Theorem 3.10,0 € S. Then |0 € S. Thus, z = (| z) | (x|0) € S. Hence, S = X.

The converse is obvious. O

Theorem 3.10. If S is a tSsIUP-ideal of an SIUP-algebra X = (X, |, 1,0), then it satisfies the condition (3.2).
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Proof. It is straightforward by Theorem 3.9. 0
Theorem 3.11. Every tSsIUP-ideal of an SIUP-algebra X = (X, |,7,0) is a tSIUP-ideal of X.
Proof. 1t is straightforward by Theorem 3.9. O
Theorem 3.12. Every tSIUP-ideal of an SIUP-algebra X = (X, |,1,0) is a tSsIUP-ideal of X.

Proof. Assume that S is a tSIUP-ideal of an SIUP-algebra X = (X, |,1,0). Letz € X and y € S. Since
(010)|(0]y) =0 € S. By the assumption, y | (0|z) =y|(0]0) = (0|0) |y € S. Thus, z |y =y|z € S.
Hence, S is a tSsIUP-ideal of X. O

Theorem 3.13. Every tSsIUP-ideal of an SIUP-algebra X = (X, |,1,0) is a tSIUP-subalgebra of X.
Proof. 1t is straightforward by Theorem 3.9. O

Example 3.2. Let X = {0,1,2,3,4,5,6,7} be a set with a binary operation | defined by the following Cayley
table:

101 234567
0[2 2 222 2 2 2
1/2 3322332
202 3015476
312 2115656
4/2 2 555 25 2
502 346 2436
6/2 3755372
712 26 6 26 2 6

Then X is an SIUP-algebra. Observe that S = {0, 2} is a tSIUP-subalgebra of X. Since 1 € X and 2 € S but
1|2=3¢S, wehave S is not a tSsIUP-ideal of X.

Theorem 3.14. Every tSsIUP-ideal of an SIUP-algebra X = (X, |,7,0) is a tSIUP-filter of X.
Proof. 1t is straightforward by Theorem 3.9. O

Example 3.3. Let X = {0,1,2,3,4,5,6,7} be a set with a binary operation | defined by the following Cayley
table:

e e s E=)
DN kOt NN WO =
— W W = =W W =N
S Ot O O N =N PR W
— Ol = Ot O /= Ot |
D W R O W ok ot
= g W Ot Ot W N O
[ N e N e e Tl

N O O e W NN = O
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Then X is an SIUP-algebra. Observe that S = {0,7} is a tSIUP-filter of X. Since 3 € X and 7 € S but
3|7=6¢ S, wehave S is not a tSsIUP-ideal of X.

Example 3.4. Let X = {0,1,2,3,4,5,6,7} be a set with a binary operation | defined by the following Cayley
table:

NNNNNDN NN ND|O
N W W N NDNWwWw W N
S N ke Ot = OO W NN
S ot O Ot = =N N W
Nt N Ot Ot O NN
D W ke N O e W DD
N N W ot ot 9 W N |O
SN O N O N NN

|
0
1
2
3
4
5
6
7

Then X is an SIUP-algebra. Observe that S = {0, 2,6, 7} is a tSIUP-subalgebra of X. Since 7|3 = 6 € X and
7€ Sbut3 ¢S, wehave S is not a tSIUP-filter of X.

Example 3.5. Let X = {0,1,2,3,4,5,6,7} be a set with a binary operation | defined by the following Cayley
table:

11001 234567
0/1 1111111
1110325476
2113313131
3112126446
41536 5136
501 4141 441
61 7 3 43471
7016 166 1 16

Then X is an SIUP-algebra. Observe that S = {0, 3, 7} is a tSIUP-filter of X. Since 0,7 € Sbut0|7=1¢ S,
we have S is not a tSIUP-subalgebra of X.

Theorem 3.15. A nonempty subset S is dSsIUP-ideal of an SIUP-algebra X = (X, |,1,0) if and only if S is a
tSsIUP-ideal of X.

Proof. 1t is straightforward by Theorems 3.3 and 3.9. O

Theorem 3.16. Every tSIUP-subalgebra of an SIUP-algebra X = (X, |,1,0) is a dSIUP-subalgebra of X.
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Proof. Assume that S is a tSIUP-subalgebra of an SIUP-algebra X = (X, |,1,0). Let z,y € S. Then
x|z, y|ly € S, thatis, z|(y|y),y|(z|z) € S. Thus, (z|(y|y))|(y|(x|z)) € S. Hence, S is dSIUP-
subalgebra of X. O

Example 3.6. Let X = {0,1,2,3,4,5,6,7} be a set with a binary operation | defined by the following Cayley
table:

o1 234567
0(1 1111111
111 0 3 2 5 4 7 6
2|13 313131
311 2 1 2 6 4 4 6
411 5 3 6 51 3 6
511 4 1 4 1 4 41
6|1 73 43 471
7|11 6 1 6 6 1 1 6
Then X is an SIUP-algebra. Observe that S = {0, 3} is a dSIUP-subalgebra of X. Since0 € Sbut0|0=1¢ S,

we have S is not a tSIUP-subalgebra of X.

Example 3.7. Let X = {0,1,2,3,4,5,6, 7} be a set with a binary operation | defined by the following Cayley
table:

'lo1 234567
0/3 333333 3
113434344 3
213355535 3
3134501276
413351165 6
503 4326246
613 457547 3
7133366 6 3 6

Then X is an SIUP-algebra. Observe that S = {0, 1,3,4} is a dSIUP-subalgebra of X. Since 1|2 =3 € S and
1€ Sbut2¢S, wehave S is not a tSIUP-filter of X.

Example 3.8. Let X ={0,1,2,3,4,5,6,7} be a set with a binary operation | defined by the following Cayley
table:

lo1 234567
0/3 333333 3
11345436756
213 555 335 3
3134501276
413331111 3
5036321216
6/3 557117 3
7136 36 36 3 6
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Then X is an SIUP-algebra. Observe that S = {0, 1,2} is a tSIUP-filter of X. Since 1 € Sand 2 € S
but (112)](211)=(11](2]2)(2](1]1)) =1]5)|(2|4) =6|3=7¢ S, we have S is not a dSIUP-
subalgebra of X.

In what follows, we present the relationships among the dSsIUP-ideal, dSIUP-subalgebra, tSsIUP-
ideal, tSIUP-subalgebra, and tSIUP-filter of X, as illustrated below.

dSIUP-ideal

I

dSIUP-filter

I

dSIUP-subalgebra

T

tSIUP-subalgebra tSIUP-filter

N

tSsIUP-ideal

|

dSsIUP-ideal

|

tSIUP-ideal

I

X

FiGure 2. Structure of the eight new concepts of subsets in SIUP-algebras

Theorem 3.17. Let (X, |,1,0) be an SIUP-algebra. If we define the binary operation x on X by x xy := (x 1
y) | (y 1 z), then (X, *,0) is an IUP-algebra.

Proof. Let x,y, z be any elements in X.
(IUP-1):

0xz=(012)|(x10)

=z (by (7))

(IUP-2):

zrr=(r1z)|(r?T )
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= (010)|(0]0) (by (SIUP-1))
~o. (by (52))
(IUP-3):
(@xy)*(@x2) = (@) | 1)+ (@1 2)] (= 12)]
(@1 2)] (= 12) 1 (@1 y)| (1)

— 1) 12 (by (SIUP-2))

——
Hence, (X, *,0) is an [UP-algebra. 0

Theorem 3.18. Let (X, | x,Tx,0x) and (Y, |v,1y,0y) be SIUP-algebras. Then, (X XY, | xxy,Txxy
,0x xv) is an SIUP-algebra where the set X x Y is the Cartesian product of X and Y and the operation | x x
on this set is defined by (x1,y1) | xxv (22, y2) := (x1| xT2,y1 | yy2), the operation 1 x x g on this set is defined

by (z1,y1) Txxy (®2,92) := (z1| x(x2 | x22),y1 | v (y2 | vy2)), and the fixed element is Ox xy := (Ox, Oy).

Proof. Let (z1,y1), (x2,y2), (x3,y3) be arbitrary elements in X x Y.

(SIUP-1):
(@1,51) Txxy (@1,01) = (@1 | x (@1 | x21), 91 [y (1 [ yon))
= (0x,0y)
=Oxxy-
(SIUP-2):

(@1, 91) Txxy (@2, 92)) | xxv (T2, 42) Txxy (21,91))) Txxy

(@1, 1) Txxy (23,93)) [ xxv ((@3,93) Txxy (#1,91)))) | xxv

(((@1,91) Txxy (23,¥3) | xxv (23, 93) Txxy (21,91))) Txxy

(((z1,91) Txxy (22, 92)) | xxv (22, 92) Txxv (£1,91))))

= ((((z1 Tx 22) | x (22 tx 21)) Tx (71 Tx 23) [ x (23 Tx 21))) | x
(((z1 tx 3) [ x (23 Tx 21)) Tx (21 Tx 22) | x (22 Tx 71))),
(w1 Ty y2) [y (y2 Ty 1)) Ty (1 Ty 93) [y (y3 Ty 1)) [ v
(1 1y w3) [y (ys Ty 1) Ty (w1 Ty 92) [v (2 Ty 1))

= (2 Tx 23) | x (23 Tx 22), (¥2 Ty ¥3) [ v (y3 Ty ¥2))

= (z2 Tx 23,92 Ty ¥3) | xxv (3 Tx 22,43 Ty ¥2)
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= ((w2,42) Txxy (23,43)) | xxv ((23,y3) Txxv (T2,%2)).

Hence, (X x Y, | xxv,Txxy,0xxy) is an SIUP-algebra. O

Definition 3.11. Let (X, | x,Tx,0x) and (Y, |y, Ty, 0y ) be SIUP-algebras. A mapping f : X — Y is called
an SIUP-homomorphism if

(Vo,y € X)(f(z|xy) = f() |y ()

Theorem 3.19. Let (X, | x,Tx,0x) and (Y, |y, Ty, Oy ) be SIUP-algebras, and let the mapping f : X — Y
be an SIUP-homomorphism. If C'is a tSIUP-subalgebra of X, then f(C') is a tSIUP-subalgebra of Y.

Proof. Assume that (X, | x,Tx,0x) and (Y, |y, 1y, 0y) are SIUP-algebras, and let the mapping f :
X — Y be an SIUP-homomorphism. Let C' be a tSIUP-subalgebra of X. Then for arbitrary elements
u,v € f(C), thereexistz,y € C'suchthatu = f(z)andv = f(y). Thenu|yv = f(z) |y f(y) = f(z| xy).
Since z | xy € C. Thus, u|yv € f(C). Hence, f(C) is a tSIUP-subalgebra of Y. O

Theorem 3.20. Let (X, | x,Tx,0x) and (Y, | v, 1Ty, 0y) be SIUP-algebras, and let the mapping f : X —Y
be an SIUP-homomorphism. If C'is a dSIUP-subalgebra of X, then f(C) is a dSIUP-subalgebra of Y.

Proof. Assume that (X, | x,Tx,0x) and (Y, |y, Ty,0y) are SIUP-algebras, and let the mapping f :
X — Y be an SIUP-homomorphism. Let C be a dSIUP-subalgebra of X. Then for arbitrary elements
u,v € f(C), there exist z,y € C such that u = f(z) and v = f(y). Then (v Ty v)|y(v Ty u) =

(f(@) v fW)[v(f(y) Ty f(z)) = f((z Tx y)[x(y Tx 2)). Since (z Tx y)|x(y Tx z) € C. Thus,
(uty v)|y(v 1y u) € f(C). Hence, f(C) is a dSIUP-subalgebra of Y. O

4. CONCLUSION

In this study, we introduce the concept of Sheffer stroke IUP-algebras and investigate their funda-
mental properties. Within this framework, we define eight specialized subsets associated with the
structure: derived Sheffer stroke IUP-subalgebras, derived Sheffer stroke IUP-filters, derived Sheffer
stroke IUP-ideals, derived Sheffer stroke strong IUP-ideals, transformed Sheffer stroke IUP-subalgebras,
transformed Sheffer stroke IUP-filters, transformed Sheffer stroke IUP-ideals, and transformed Sheffer
stroke strong IUP-ideals. The interrelationships among these eight subsets are rigorously examined to
uncover their algebraic dependencies and hierarchical organization.

Moreover, the existence of Sheffer stroke IUP-algebras is established through concrete illustrative
examples. We further define the Cartesian product of Sheffer stroke IUP-algebras and investigate the
role of homomorphisms within this algebraic framework. These homomorphisms are subsequently
extended to the aforementioned specialized subsets, thereby deepening the structural understanding

and enhancing the potential theoretical and practical applications of Sheffer stroke IUP-algebras.
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In the future, this line of research could be extended by integrating the concept of Sheffer stroke
IUP-algebras with various uncertainty-based frameworks, such as fuzzy sets, intuitionistic fuzzy sets,
neutrosophic sets, and related generalizations. Such integrations could provide fertile ground for
developing more comprehensive algebraic systems capable of addressing a wider range of mathematical
and real-world problems. This potential for cross-framework synthesis highlights the versatility and
applicability of Sheffer stroke IUP-algebras in advancing modern algebraic logic and uncertainty

modeling.
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