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1. INTRODUCTION

The development of algebraic systems has long been a central theme in mathematics, with new
structures being introduced to extend existing concepts. In 2002, Neggers and Kim [3] proposed
B-algebras to explore algebraic operations and their relationship with group theory. On the other
hand, the theory of hyperstructures, introduced earlier by Marty [4], generalized classical operations
by allowing the result of an operation to be a set rather than a single element. Endam [2] merged these
two directions by introducing hyper B-algebras, which were later expanded by Vicedo and Vilela [9]
through the study of ideals and homomorphisms.

Parallel to these algebraic developments, Zadeh [10] introduced fuzzy sets as a framework for
handling uncertainty, later extended by Atanassov [ 1] into intuitionistic fuzzy sets (IFS) thatincorporate
both membership and non-membership values. These ideas have been successfully applied in areas
such as decision-making. Their integration with algebraic systems has given rise to new structures,
including fuzzy hyper B-algebras. In fact, Tabaranza and Vilela [7] applied the fuzzy set framework to
hyper B-algebra and to hyper B-ideals of hyper B-algebra.

Despite these advances, the intersection of intuitionistic fuzziness and hyper B-algebra theory

remains to be explored, in particular, the study of intuitionistic fuzzy hyper B-ideals has not yet been
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formally developed. Motivated by this gap, this study introduces the notion of intuitionistic fuzzy

hyper B-ideals of hyper B-algebras.

2. PRELIMINARIES

If A and B are nonempty subsets of H, then A® B = | g @ ® b. For simplicity, we write z ® y

a€A,be
instead of z ® {y}, {x} ® y, or {z} ® {y}. When A C H and x € H, we write A ® x instead of A ® {x}.

Similarly, we write x ® A for {z} ® A. Thus, A®z = J,cpao®randz ® A = J,cpz ® a.

Definition 2.1. [2] A hyper B-algebra is a set H with constant 0 and hyperoperation ®, denoted by
(H;®,0), satisty the following axioms: for all z,y,z € H,

(H1) z < z;

(H2) r® H=H = H® z; and

(H3) (z@y)®z=2z® (2® (0®vy)),
where z < yifand only if 0 € + ® y, and for every A, B C H, A < B if and only if for all a € A, there
exists b € B such that @ < b. In such case, we call “<” the hyper order.

Example 2.2. [2] Let H = {0, a, b} be a set with hyperoperation ® defined by the Cayley below.

®| 0 a b

01{0) fa} (v}
a|fa} {00} {0.a}
b| (b} (0.0} {0.a)

Then (H; ®,0) is a hyper B-algebra.

Example 2.3. [8] Let H = [0, 1] be a set with hyperoperation ® defined on H as follows: For all
x,y € H,
[0,z], ifz >y,
r®y=1{0,2}, ifx=y,
0,y], ifzx<y.
Then (H;®,0) is a hyper B-algebra.

Definition 2.4. [9] Let I be a subset of a hyper B-algebra H such that 0 € I. Then

(i) Iis a hyper B-ideal of H if forallz,y € H,x ® y < I and y € I imply thatz € I,
(ii) I is a weak hyper B-ideal of H if forallz,y € H,z ® y C I and y € I imply thatz € I, and
(iii) I is a strong hyper B-ideal of H if forallz,y € H,x ® yN I # @ and y € [ imply thatz € I.

Definition 2.5. [58] Let H be a hyper B-algebra and 1 be a fuzzy subset of H. Then p is called:
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(i) afuzzy hyper B-ideal of H if for all z,y € H, x < y implies p(x) > p(y) and

p(0) 2 () = min{ inf p(2), n(y) };

(ii) a fuzzy weak hyper B-ideal of H if for all x,y € H,

1(0) > p(x) > min{zeiggyu(z), u(y)};

(iii) a fuzzy strong hyper B-ideal of H if for all x,y € H,

i > > mi 3 .
At pla) 2 p(a) 2 mln{zggy (2, u(y)}

Definition 2.6. [1,6] Let X be a nonempty set. An intuitionistic fuzzy set A of X is expressed in the
form A = {(z, pa(x), a(z)) | z € X}, where the functions p14 : X — [0,1] and A4 : X — [0, 1] define
the degree of membership and nonmembership of 2z € X to the set A, respectively. Moreover, for every

z€X,0<pa(x)+ Aa(xr) <1.When pa(z) + Aa(z) =1, Ais called a fuzzy set.

3. Inturtionistic Fuzzy Hyrer B-IpeEaLs oF HYPER B-ALGEBRAS

In what follows, a hyper B-algebra (H, ®,0) shall be denoted by H, and an intuitionistic fuzzy set
A = {(z,pa(z), \a(x)) | € H} shall be denoted by A, and the term “intuitionistic fuzzy set” will be
abbreviated as I F'S.

Definition 3.1. Let H be a hyper B-algebra and A be an I F'S of H. Then A is called an intuitionistic
fuzzy sub-hyper B-algebra of H if the following conditions hold.
(i) infaczwy{pala)} > min{pa(x), pa(y)} and sup,e,e,{Aa(a)} < max{Aa(z),Aa(y)}, for all
x,y € H.
(ii) For all b,z € H, there exists y € H such thatz € b ® y, pa(y) > min{pa(b), pa(z)}, and

Aa(y) < max{Aa(b), Aa(z)}
(iii) For all b,z € H, there exists z € H such thatz € 2z ® b, pa(z) > min{pa(b), pa(z)}, and

Aa(z) < max{Aa(b), a(z)}.

Conditions (i¢) and (i77) are called the left intuitionistic fuzzy reproduction axiom and the right intuitionistic

fuzzy reproduction axiom, respectively.

Example 3.2. Consider the hyper B-algebra H = [0, 1] in Example 2.3. Define an IF'S A on H by
pa(xz) =1 —x,and Ag(x) = . Thus, by routine calculations, A is an intuitionistic fuzzy subhyper

B-algebra.

Definition 3.3. Let H be a hyper B-algebra and A be an I/ F'S of H. Then A is said to be an intuitionistic
fuzzy hyper B-ideal of H if for all x,y € H:

(1) x < yimplies pa(z) > pa(y) and Aa(z) < Xa(y);
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() 1a(0) 2 ea(w) 2 min { int (@), ea(s) i and

acT®yY

(#77) Aa(0) < Aa(z) < maX{ sup {Aa(D)}, )\A(y)}-

bex®y
Example 3.4. Consider the hyper B-algebra H = {0, a, b} in Example 2.2. Define an IFS A on H by
pa(0) = 0.7, pa(a) = 0.4, pa(db) = 0.4, Aa(0) = 0.1, and Aa(a) = Aa(b) = 0.3. Then by routine

calculations, A is an intuitionistic fuzzy hyper B-ideals of H.

Definition 3.5. Let H be a hyper B-algebra and A be an I F'S of H. Then A is said to be an intuitionistic
fuzzy strong hyper B-ideal of H if for all z,y € H:

(i) inf {na(a)} > pa() > min{ sup {14(b)}, mm}, and

a€x®y bea®y

(i) sup D@} < dale) <max{ inf D@} M)}

Example 3.6. Consider the hyper B-algebra H = {0, a, b} in Example 2.2. Define an IF'S Aby pa(0) =
pa(a) = pa(b) =0.5,and also A4(0) = 0.4 and A4(a) = Aa(b) = 0.4. Thus, by routine calculations, A

is an intuitionistic fuzzy strong hyper B-ideal of H.

Definition 3.7. Let H be a hyper B-algebra and A be an IF'S of H. Then A is said to be an intuitionistic
fuzzy s-weak hyper B-ideal of H if the following conditions hold:
(S1) pa(0) > pa(x)and A4(0) < Ag(x) forall x € H; and
(S2) for every z,y € H, there exist a,b € x ® y such that p4(z) > min{pa(a), pa(y)}, and Aa(z) <
max{Aa(b), Aa(y)}-

Definition 3.8. Let H be a hyper B-algebra and A be an intuitionistic fuzzy set of H. Then A is said to
be an intuitionistic fuzzy weak hyper B-ideal of H if for all x,y € H

(1) p#a(0) > pa(z) > min {aéggy{uA(a)}, uA(y)}, and

(12) Aa(0) < Aa(z) < rnaX{ sup {Aa(b)}, )\A(y)}-

bex®y

Example 3.9. The intuitionistic fuzzy hyper B-ideal A of H given in Example 3.4 is also both an

intuitionistic fuzzy s-weak hyper B-ideal and an intuitionistic fuzzy weak hyper B-ideal of H.

Lemma 3.10. Let A be an intuitionistic fuzzy strong hyper B-ideal of H, and let x,y € H. Then for all
a,b € x ® y, the following statements hold:
(1) pa(0) = inf pa(a) 2 pa(w) and A4(0) < supsegey na(a) < Aa(2);
(ii) If z < y, then pa(z) > pa(y) and Aa(x) < Aa(y);
(ifi) pa(z) 2 min{pa(a), pa(y)} = min{ inf {na(a), paly)}};and
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(iv) Aa(z) < max {Xa(b), Aa(y)} < max{ sup {Aa(b), \a(y)}}.

bex®y

Proof. Let z,y € H.

(i) Since H is a hyper B-algebra, by axiom (H1), 2 < z forallz € H,so 0 € z ® z. Then
1a(0) € {paa) | a € x ® x} and A4(0) € {Xa(a) | a € = ® z}. Hence, it follows that
1a(0) > infoezeq pa(a) and A4 (0) < supye,e. Aa(b). Because A is a strong hyper B-ideal,

nf pa(a) 2 pa(z)and Sup Aa(b) < Aa(z).

So,

pa(0) > én(f) pal(a) > pa(z) and A4(0) < bsup Aa(b) < Aa(x).
acTr®T cx®T

(i) Letz < y, then 0 € z ® y. By (i), it follows that sup,c e, pa(c) > 114(0) and infierey Aa(d) <
A4(0). From (i), pa(0) > pa(y) and A4(0) < Aa(y), and so,

pa(z) > min {;;‘gy e uA<y>} > min {1(0), 1a(9)} = #a(y),

and also

Male) < max{ int Aa(@), M) ) < max a(0), A1)} = Ma(o)

(iii) Let a € z ® y. From (i), pa(0) > pa(y). Also, sup.c,q,pa(c) > pa(0) > pa(y). So,
min {Supc€x®y MA(C)v ,U'A(y)} = :U’A(y) Since a € = ® Y, thus NA(G) < SUPcezmy MA(C)/ and
pa(y) > min{pa(a), pa(y)}. By Definition 3.5(i),

puate) = min{ sup a(0) a0 |

> min{pa(a), pa(y)}

> min{ inf pia(a), uA(y)}-

acT®yY

(iv) Letb €  ® y. From (i), Aa(0) < Aa(y). Also, infyezey Aa(d) < Aa(0) < Aa(y). And so,
max {inf ezey Aa(d), Aa(y)} = Aa(y). Since b € x ® y, it follows that

Aa(b) > deir;(f;)y Aa(d) and Mg (y) < max{Aa(b), \a(y)}.

By Definition 3.5(i7),

M) < mac{ inf A M)}

< max{Aa(b), Aa(y)}

< max{ sup Aa(b), AA(Q)}'
bex®y
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Therefore, Lemma 3.10 holds. O
The following results established the hierarchical relationships among the various types of intuition-

istic fuzzy hyper B-ideals introduced previously.

Theorem 3.11. Let H be a hyper B-algebra. Then
(i) every intuitionistic fuzzy strong hyper B-ideal of H is an intuitionistic fuzzy hyper B-ideal of
H,
(ii) every intuitionistic fuzzy hyper B-ideal of H is an intuitionistic fuzzy weak hyper B-ideal of
H,and
(iii) every intuitionistic fuzzy strong hyper B-ideal of H is an intuitionistic fuzzy weak hyper

B-ideal of H.

Proof. Let z,y € H.

(i) Let 2 < y. By Lemma 3.10(ii), pa(z) > pa(y) and Aa(z) < Aa(y). Next, by Lemma
3.10(i), pa(0) > pa(z) and Aa(0) < Aa(z) for all z € H. Now, by Definition 3.5,
for any z,y € H, infoeraypala) > pa(z) and suppe,q, Aa(b) < Aa(x). Also, pa(r) >

min {Sup ey #a(C), pa(y)} and Aa(z) < max {infesmy Aa(d), Aa(y)}. By (HL), pa(0) >
infocpea pala) = pa(z) and Aa(0) < suppepen Aa(b) < Aa(z). Note that pa(z) >
min {Sup.c ey 1A(C), pa(y)} > min {infocesy pala), pa(y)}, where the last inequality holds

because sup ¢ g, 4(C) > infacrmy pa(a). Also, for A4,

dex®y bex®y

Aa(z) < max{ inf Aa(d), )\A(y)} < max{ sup Aa(b), )‘A(y)}v

where the last inequality holds because infgcqwy Aa(d) < suppee, Aa(b).

(ii) By Definition 3.3(ii) and (iii), ©4(0) > pa(x) > min {infoczey pa(a), pa(y)} and

Aa(0) < Aa(z) < max{bzug Aa(b), )\A(y)} .

(iii) This follows directly from (i) and (ii). O

The converse of Theorem 3.11 need not be true as shown in the following examples.

Example 3.12.
(i) Consider the intuitionistic fuzzy hyper B-ideal defined in Example 3.4. Observe that if x = 0
and y = b, then 0 ® b = {b}, and inf,copp pa(a) = pa(b) = 0.4. But p4(0) = 0.7, and so,
0.4 # 0.7. Thus, A fails to be an intuitionistic fuzzy strong hyper B-ideal.
(ii) Consider the hyper B-algebra H = {0, a, b} defined in Example 3.4. Define an /F'S A on H
by 14(0) = 0.8, pa(a) = 0.5, pa(b) = 0.6, A4(0) = 0.1, Aa(a) = 0.4, and A4(b) = 0.3. By

routine calculations, A is an intuitionistic fuzzy weak hyper B-ideal of H. However, A is not an
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intuitionistic fuzzy hyper B-ideal because it fails Definition 3.3(¢). For instance, b < a since
0 € b®a = {0,a}, but notice that 14 (b) = 0.6 < 0.5 = p4(a) which violates Definition 3.3(7)
because 14 (b) > pa(a).

(iii) From (i) above, A is an intuitionistic fuzzy weak hyper B-ideal but not intuitionistic fuzzy
strong hyper B-ideal of H. For instance, take + = band y = a, b ® a = {0,a}, and
inf,epma ta(a) = min{pa(0), na(a)} = min{0.8,0.5} = 0.5. But pa(b) = 0.6, and Definition
3.5(i) requires 0.5 > 0.6, which is false.

Remark 3.13. Every intuitionistic fuzzy weak hyper B-ideal of H is not necessarily an intuitionistic
fuzzy strong and hyper B-ideal of H. Moreover, every intuitionistic hyper B-ideal is not necessarily an

intuitionistic fuzzy strong hyper B-ideal.

Theorem 3.14. Let H be a hyper B-algebras. Then

(i) every intuitionistic fuzzy strong hyper B-ideal of H is an intuitionistic fuzzy s-weak hyper
B-ideal of H, and
(ii) every intuitionistic fuzzy hyper B-ideal of H is an intuitionistic fuzzy s-weak hyper B-ideal of

H.

Proof. Letz,y € H.

(i) From Lemma 3.10 (ii¢) and (iv), forall a,b € x ® y, pa(z) > min{pa(a), pa(y)} and Aa(z) <
max{Aa(b), Aa(y)}-
(ii) Follows directly from Theorem 3.11(ii). O

The converse of Theorem 3.14 need not be true as shown in the following examples.

Example 3.15.

(i) Consider Example 3.9. The intuitionistic fuzzy hyper set A of H is an intuitionistic fuzzy
s-weak hyper B-ideal of H. However, A fails to be an intuitionistic fuzzy strong hyper B-ideal.
Letz = 0and y = b. Then 0 ® b = {b}, so inf,comp ppa(a) = pa(b) = 0.4. But pa(0) = 0.7,
and Definition 3.5(i) requires that inf,cogp pa(a) > pa(0). Since 0.4 # 0.7, the condition is
violated.

(ii) It is important to note that an intuitionistic fuzzy s-weak hyper B-ideal need not be an in-
tuitionistic fuzzy hyper B-ideal. The s-weak condition does not include the order-reversing
property, in particular, x < y implies pa(z) > pa(y) and Aa(x) < Aa(y)). From Example
3.12(ii), the intuitionistic fuzzy set A is an intuitionistic fuzzy weak hyper B-ideal and hence an
intuitionistic fuzzy s-weak hyper B-ideal by the same verification, but not a hyper B-ideal as it
fails Definition 3.3(i). Hence, an intuitionistic fuzzy s-weak hyper B-ideal is not necessarily an

intuitionistic fuzzy hyper B-ideal.
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Remark 3.16. Every intuitionistic fuzzy s-weak hyper B-ideal of H need not to be an intuitionistic

fuzzy strong and hyper B-ideal of H.

Theorem 3.17. Let A be an IFS in a hyper B-algebra H. If A is an intuitionistic fuzzy s-weak hyper
B-ideal of H, then A is also an intuitionistic fuzzy weak hyper B-ideal of H.

Proof. Since z,y € H. Then p4(0) > pa(z) and A4 (0) < Aa(x). By Definition 3.7, there exist a,b € x®y
such that p4(x) > min{ua(a), pa(y)} and Ag(x) < max{As(b),\a(y)}. Since we know that p4(a) >
infeezmy pa(c) and Aa(b) < SUPgeye, Aa(d), it follows directly that y14(x) > min{inf.ciey palc), pa(y)}
and A4 (z) < masx{supge e, Aa(d), Aa(y)}- O

To prove the converse of Theorem 3.17, we need the following notion. An IF'S A in H is said to
satisfy the inf-sup property if for any subset T' C H there exist zo, yo € T such that p4(zo) = infzer pa(z)
and A4 (yo) = supyer Aa(y)-

Theorem 3.18. Let A be an intuitionistic fuzzy weak hyper B-ideal of H. If A satisfies the inf-sup
property, then A is an intuitionistic fuzzy s-weak hyper B-ideal of H.

Proof. By Definition 3.8, (1) is satisfied. Now, since A satisfies the inf-sup property, for every z,y € H,
there exist ag, by € x ® y such that
palap) = inf pa(a)and Aa(bg) = sup Aa(b).
acExT®yY bez®y

So, forallz,y € H,

() > mm{ inf 714(a), uA<y>} — wmin {0 (a0), ja(9)}

acT®yY
and
Aa(x) < max {bsup Aa(b), )\A(y)} =max{A4(by), \a(y)} .
cTr®Y
Thus, (S2) is satisfied. O

Note that, in a finite hyper B-algebra, every intuitionistic fuzzy set satisfies the inf-sup property.
Consequently, by Theorem 3.18, the concepts of intuitionistic fuzzy weak and s-weak hyper B-ideals
coincide.

The following results examines the relationship between intuitionistic fuzzy hyper B-ideals and

intuitionistic fuzzy subhyper B-algebras.

Remark 3.19. An intuitionistic fuzzy hyper B-ideal and an intuitionistic fuzzy weak hyper B-ideal of

H are not necessarily intuitionistic fuzzy sub-hyper B-algebras of H.

Example 3.20. Consider the hyper B-algebra H = {0, 1, 2,3} in [7]. Define an intuitionistic fuzzy set
Aon H by 114(0) = 0.7, ua(1) = 0.6, pa(2) = 0.3, and p4(3) = 0.3, and A4(0) = 0.2, A4(1) = 0.3,
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and A4 (2) = Aa(3) = 0.6. By routine calculations, A is an intuitionistic fuzzy hyper B-ideal of H. By
Theorem 3.11(ii), A is also an intutionistic fuzzy weak hyper B-ideal of H. However, for = 1 and

y=1,1®1={0,2}, and

érllél pa(a) =min{pa(0), pa(2)} = min{0.7,0.3} = 0.3.

Also, it follows that min{zz4(1), £a(1)} = min{0.6,0.6} = 0.6. But 0.3 # 0.6, violating Definition 3.1(i).

Remark 3.21. An intuitionistic fuzzy sub-hyper B-algebra of H is not necessarily an intuitionistic fuzzy
hyper B-ideal, an intuitionistic fuzzy weak hyper B-ideal, nor an intuitionistic fuzzy strong hyper
B-ideal of H.

Example 3.22. The intuitionistic fuzzy sub-hyper B-algebra A on H = [0, 1] in Example 3.2 is not an
intuitionistic fuzzy hyper B-ideal. Consider x = 0.5 and y = 0.3. Then z < y since 0 € z ® y = [0,0.5],
but pa(z) = 0.5 < 0.7 = pa(y). Hence, it is not an intuitionistic fuzzy hyper B-ideal of H. Now,
consider the hyper B-algebra H = {0, a, b, ¢} from [7] with the following Cayley table.

® 0 a b c
0 {0} {0}  {0,a,b} {0,a,c}
{0} {0y {0,a,6} {0,a,c}
b |{0,a,b} {0,a,b} {0,a,b} {b,c}
¢ | {0,a,c} {0,a,c} {b,c} {0,a,c}
Define an IFS A on H by p4(0) = 0.8, pa(a) = 0.7, pa(b) = 0.7, pa(c) = 0.6, A4(0) = 0.1,

S|

Aa(a) =0.1,24(b) = 0.1, and A4 (c) = 0.1. By routine calculations, A is an intuitionistic fuzzy subhyper
B-algebra of H. However, A is not an intuitionistic fuzzy weak hyper B-ideal. Take z = a and y = 0.
From the Cayley table, a ® 0 = {0}. Then min{0.8,0.8} = 0.8. Observe that inf,cq,e0 p(z) = ©(0) =
0.8, and p(y) = ©(0) = 0.8. The weak hyper B-ideal condition requires ;(a) = 0.7 > 0.8, which is false.
Therefore, A is an intuitionistic fuzzy subhyper B-algebra but not an intuitionistic fuzzy weak hyper
B-ideal of H. Also, the intuitionistic fuzzy set A in Example 3.2 is not an intuitionistic fuzzy strong
hyper B-ideal. Consider z = 0.8 and y = 0.4. Then supjc(g 9.5 #A(b) = suPyep05(l —b) =1-0=1,
and p4(y) = p1a(0.4) = 0.6, so min{1, 0.6} = 0.6. But pa(xz) = 0.2, and 0.2 # 0.6.

The next result establishes closure properties under arbitrary intersections. Let {A;}ic; be an
arbitrary family of IFS in X, where A; = {(z, pa,(z), A, (x)) | € X} for each i € J. The arbitrary

intersection is defined as A\, ; A; = {(z,inf;c s pa,(x),sup;c s Aa, (2)) | z € X}, as introduced in [5].

Theorem 3.23. Let {A, | « € H} where {4, = {(z, pa,(x), A4, (x)) | = € H} be a nonempty family of

intuitionistic fuzzy sets in H.

(i) If A, is an intuitionistic fuzzy hyper B-ideal of H for all « € A, then sois A ¢, Aa-
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(ii) If A, is an intuitionistic fuzzy weak hyper B-ideal of H for all & € A, thensois A ., Aa-
(iii) If A, is an intuitionistic fuzzy strong hyper B-ideal of H for all o € A, thensois A .5 Aa-

Proof. Let A = A cp Aa = {(@, pa(x), a(x)) | € H}, where pa(x) = infoen pa, () and Xg(z) =
SUPyep A4, (x) forall xz € H.

(i) Letz,y € H. If z < y, then foreach o € A, pua,, () > pa,(y) and Mg, (z) < Aa, (y). Therefore,
pa(xr) =infaep pa, (x) > infoen pa, (y) = pa(y), and also for A4(x),

Aa(x) = sup Ag, (x) < sup Aa, (y) = Aa(y)-
aEN a€EA
For each o« € A, note that pa,(0) > pa,(z) and Mg, (0) < Aa,(z). Taking infimum and

supremum,

pr— > 1 pr—
pa(0) = inf 114, (0) > inf pa,(2) = pa(e),

and

A4(0) = sup Aa, (0) < sup Aa, (7) = Aa().
acA acA

Taking infimum over o € A,

pa(z) = inf pa, ()

{aéﬂ%y“f‘ (a), uAa(y)}}

o

=it { it a0} 0 a0
“f )
“f

> inf
aEN

inf {mf pa,( mf pa, ( }

acr®yY | a€A
.(a), Aa, ()} . Taking supremum over

it a(0): a0}
A

For the A4, for each « € A, A4 () < max {supaExOy
a €A,

Aa(z) =sup Ay, (2)
aEN

< sup {max{ sup Aa,(a), AAa(y)}}
aEA acT®yY

sup{ sup Mg, (a )}, SUP)\Aa(y)}

acEN Lacz®y oA

e
:max{ sup {supAA (a )}, supAAu(y)}
{

acz®y (acA a€el

= max

sup Aal(a A(y)}.

acT®yY

(ii) The proof follows exactly in (i).
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(iii) Assume each A, = {(z,pa,(x),Aa,(z)) | * € H} is an intuitionistic fuzzy strong hyper
B-ideal of H. Let x,y € H. For each @ € A and for each a € = ® y, we have pg_(a) >
pa, (z). Hence, forall a € z ® y. infoep pa, (a) > infoen pa, (z). Therefore, infocpey pa(a) =
infocpmy {infaea pa, (@)} > infoen pra, (x) = pa(z). Similarly, for each o« € A and for each
a € v ®y, we have Ay, (a) < Mg, (z). Taking supremum over o € A, foralla € z ® y,

SUPgep A, (@) < supyep A, (7). Therefore,

sup Aa(a) = sup {sup mga)} < sup Aa, () = Maa).

aET®RY acz®y LacA aEN

Moreover,

= inf

pa(z) = inf pa,(2)
> inf {min{ sup pa,(a), pa, (y)}}
acl a€x®y
= min < inf { su a) ¢, inf .
{int { s pn(@ . inf ac}

Note that inf,ep {supaep@y pas(a)} > SUDgeqmy 1ilfaca 114, (a)} = SUDgeqey Hala). So,

pA(z) > min {Supa@@y pala), pa(y)} . Also, for each o € A, it follows that

A, (z) < max{ inf Mg, (a), )\Aa(y)}.
acT®Y

Taking supremum over « € A,

Aa(x) =sup Ag, ()

a€cl
< sup {max{ inf Mg, (a), )\Aa(y)}}
acA acr®y

—max fsup {inf Aa.@) ] sup () |

ach |9ET@Y aEA
Note that sup,cp {infocroy A, (@)} < infacpey {Supaep Aa, (@)} = infocpey Aa(a). So, it fol-
lows that A4 () < max {infseczey Aa(a), Aa(y)}. O
The next results are the characterizations of intuitionistic fuzzy hyper B-ideals via complement and
associated operators. Let A be an IFS of X. Then the necessity and possibility operators of A are defined,
respectively, by JA = {(z, pa(z),1 —pa(z)) | z € X} and 0A = {(z,1 — Aa(z), Aa(z)) | x € X}, as

introduced in [1].

Lemma 3.24. An IFS A is an intuitionistic fuzzy hyper B-ideal of H if and only if the fuzzy sets p14 and
A4 are fuzzy hyper B-ideals of H, where Aa(x) = 1 — Aa(x) forall z € H.

Proof. ( =) By Definition 3.3, 114 is a fuzzy hyper B-ideal of H. Now, consider the fuzzy set A 4, defined
by Ma(x) =1 — Aa(z) forallz € H. Let x,y € H such that * < y. Since A is an intuitionistic fuzzy
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hyper B-ideal, by Definition 3.3(i), Aa(z) < Aa(y). Therefore, Aa(z) = 1—Aa(x) > 1—Aa(y) = Aa(y).
Next, by Definition 3.3(iii),

Aa(z) < maX{ sup Aa(b), AA(@/)} :
bex®y

So,1—Aa(x) > 1—max {supber@y Aa(b), Aa(y)} . Also, 1 — max{a,b} = min{1 — a,1 — b}. Therefore,

Aa(z) = min {1 — sup Aa(b), 1 - >\A(Z/)} :
bexdy

Now, 1 — Suppezpy Aa(D) = infyerey(l — Aa(b)) = infyepey Aa(b). Also, 1 — Aa(y) = Aa(y). Thus,
Aa(z) > min {infypezpy Aa(b), Aa(y)} . Moreover, since A4(0) < Aa(z) for all z € H, by Definition
3.3(ii),

Aa(0) =1 —=24(0) > 1 —Xa(z) = da(x).

Therefore, )4 satisfies both conditions of a fuzzy hyper B-ideal. Hence, A 4 is a fuzzy hyper B-ideal of
H.

( <= ) Conversely, since ji4 is a fuzzy hyper B-ideal, for all z,y € H,

a0) 2 puate) 2 min { int | ua(a).ial0)}-

Now, since A4 is a fuzzy hyper B-ideal, A4(0) > Aa(z) > min {infpezey Aa(b),A\a(y)} forall z,y € H.
From A4 (0) > Aa(x), 1 — Aa(0) > 1 — Aa(z) implies A4 (0) < Aa(x).
Now, from the inequality for X4, it follows that infyc,ey (1 — Aa(b)) = 1 — SUpPpe e, Aa(b). So,

1—Aa(x) > min{ inf (1 —XAa(b)),1— )\A(y)}

bexwy

> min{l — sup Aa(b), 1— )\A(y)}.

bex®y

Taking complements, Aa(z) < 1 — min{l — SUDpegmy Aa(b), 1 — Aa(y)}. So, it follows that 1 —
min{a,b} = max{l —a,1 — b}, and

A(z) < max{ sup Aa(b), )\A(y)}.

bex®y
Finally, let z < y. Then A4 (z) > Aa(y). Therefore, 1 — Aa(z) > 1 — Aa(y) implies that A4 (z) < Aa(y).
Similarly, since ju4 is a fuzzy hyper B-ideal, x < y implies p14(x) > p14(y), which is Definition 3.3 (i)
for pa. O
The equivalence in Lemma 3.24 establishes dual relationships for both complements. For the com-
plement of iy, x < y implies fi4(z) < fi4(y) and

Fa(0) < i) < max{ sup 7ala), 7alo) ).
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where iy, = 1 — p4. For the complement of A4, z < y implies A4 (x) > A4(y) and

Aa(0) > Aa(z) > min {aéggy)\/;(a), )\A(y)} .

Theorem 3.25. Let Abe an IFSin H. Then A is an intuitionistic fuzzy hyper B-ideal of H if and only if
(i) OA = {(z,pa(z),ms(z)) | € H} is an intuitionistic fuzzy hyper B-ideal of H, and
(ii) OA = {{z, a(z), \a(z)) | € H} is an intuitionistic fuzzy hyper B-ideal of H,

where i (z) =1 — pa(z)and Aa(z) =1 — Aa(x) forall z € H.

Proof. ( = ) By Lemma 3.24, the fuzzy sets u4 and A4 are fuzzy hyper B-ideals of H. Consider
OA, the membership part of [JA satisfies Definition 3.3(i) and (ii). Let z,y € H with z < y. Since
pa(x) > paly), ia(z) < my(y), satisfying Definition 3.3(i). Since p4(0) > pa(zx) for all z € H,
Fia(0) < Tiyg(z). Since pua(z) > min {infaezay pala), pa(y)},

o) < 1-min{ it pa(a)nats) | = max{ sup ma(a)mal) |

acz®y acr®y

Next, consider 0 A. Since A4 is a fuzzy hyper B-ideal by Lemma 3.24, the membership part of ¢ A
satisfies Definition 3.3(i) and (ii). The non-membership part A 4 satisfies Definition 3.3 because A is an
intuitionistic fuzzy hyper B-ideal. Therefore, ¢ A is an intuitionistic fuzzy hyper B-ideal of H.

( <= ) Assume that both [JA and A are intuitionistic fuzzy hyper B-ideals of H. Then ;4 and A4 are
fuzzy hyper B-ideal. By Lemma 3.24, A is an intuitionistic fuzzy hyper B-ideal of H. 0
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