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Abstract. The study introduces and analyzes intuitionistic fuzzy hyper B-ideals in hyper B-algebras. The
study defines intuitionistic fuzzy subhyper B-algebras, hyper B-ideals, strong hyper B-ideals, s-weak
hyper B-ideals, and weak hyper B-ideals, establishing their complete hierarchical relationships. Moreover,
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1. Introduction

The development of algebraic systems has long been a central theme in mathematics, with new
structures being introduced to extend existing concepts. In 2002, Neggers and Kim [3] proposed
B-algebras to explore algebraic operations and their relationship with group theory. On the other
hand, the theory of hyperstructures, introduced earlier by Marty [4], generalized classical operations
by allowing the result of an operation to be a set rather than a single element. Endam [2] merged these
two directions by introducing hyper B-algebras, which were later expanded by Vicedo and Vilela [9]
through the study of ideals and homomorphisms.

Parallel to these algebraic developments, Zadeh [10] introduced fuzzy sets as a framework for
handling uncertainty, later extended byAtanassov [1] into intuitionistic fuzzy sets (IFS) that incorporate
both membership and non-membership values. These ideas have been successfully applied in areas
such as decision-making. Their integration with algebraic systems has given rise to new structures,
including fuzzy hyper B-algebras. In fact, Tabaranza and Vilela [7] applied the fuzzy set framework to
hyper B-algebra and to hyper B-ideals of hyper B-algebra.

Despite these advances, the intersection of intuitionistic fuzziness and hyper B-algebra theory
remains to be explored, in particular, the study of intuitionistic fuzzy hyper B-ideals has not yet been
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formally developed. Motivated by this gap, this study introduces the notion of intuitionistic fuzzy
hyper B-ideals of hyper B-algebras.

2. Preliminaries

If A and B are nonempty subsets of H , then A~B =
⋃
a∈A,b∈B a~ b. For simplicity, we write x~ y

instead of x~ {y}, {x}~ y, or {x}~ {y}. When A ⊆ H and x ∈ H , we write A~ x instead of A~ {x}.
Similarly, we write x~A for {x}~A. Thus, A~ x =

⋃
a∈A a~ x and x~A =

⋃
a∈A x~ a.

Definition 2.1. [2] A hyper B-algebra is a set H with constant 0 and hyperoperation ~, denoted by
(H;~, 0), satisfy the following axioms: for all x, y, z ∈ H ,
(H1) x� x;
(H2) x~H = H = H ~ x; and
(H3) (x~ y)~ z = x~ (z ~ (0~ y)),

where x� y if and only if 0 ∈ x~ y, and for every A,B ⊆ H , A� B if and only if for all a ∈ A, there
exists b ∈ B such that a� b. In such case, we call “�” the hyper order.

Example 2.2. [2] Let H = {0, a, b} be a set with hyperoperation ~ defined by the Cayley below.

~ 0 a b

0 {0} {a} {b}

a {a} {0, b} {0, a}

b {b} {0, a} {0, a}

Then (H;~, 0) is a hyper B-algebra.

Example 2.3. [8] Let H = [0, 1] be a set with hyperoperation ~ defined on H as follows: For all
x, y ∈ H ,

x~ y =


[0, x], if x > y,

{0, x}, if x = y,

[0, y], if x < y.

Then (H;~, 0) is a hyper B-algebra.

Definition 2.4. [9] Let I be a subset of a hyper B-algebra H such that 0 ∈ I . Then
(i) I is a hyper B-ideal of H if for all x, y ∈ H , x~ y � I and y ∈ I imply that x ∈ I ,
(ii) I is a weak hyper B-ideal of H if for all x, y ∈ H , x~ y ⊆ I and y ∈ I imply that x ∈ I , and
(iii) I is a strong hyper B-ideal of H if for all x, y ∈ H , x~ y ∩ I 6= ∅ and y ∈ I imply that x ∈ I .

Definition 2.5. [8] Let H be a hyper B-algebra and µ be a fuzzy subset of H . Then µ is called:
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(i) a fuzzy hyper B-ideal of H if for all x, y ∈ H , x� y implies µ(x) ≥ µ(y) and

µ(0) ≥ µ(x) ≥ min
{

inf
z∈x~y

µ(z), µ(y)
}

;

(ii) a fuzzy weak hyper B-ideal of H if for all x, y ∈ H ,

µ(0) ≥ µ(x) ≥ min
{

inf
z∈x~y

µ(z), µ(y)
}

;

(iii) a fuzzy strong hyper B-ideal of H if for all x, y ∈ H ,

inf
a∈x~x

µ(a) ≥ µ(x) ≥ min
{

sup
z∈x~y

µ(z), µ(y)
}
.

Definition 2.6. [1, 6] Let X be a nonempty set. An intuitionistic fuzzy set A of X is expressed in the
form A = {〈x, µA(x), λA(x)〉 | x ∈ X},where the functions µA : X → [0, 1] and λA : X → [0, 1] define
the degree of membership and nonmembership of x ∈ X to the set A, respectively. Moreover, for every
x ∈ X , 0 ≤ µA(x) + λA(x) ≤ 1.When µA(x) + λA(x) = 1, A is called a fuzzy set.

3. Intuitionistic Fuzzy Hyper B-Ideals of Hyper B-Algebras

In what follows, a hyper B-algebra (H,~, 0) shall be denoted by H , and an intuitionistic fuzzy set
A = {〈x, µA(x), λA(x)〉 | x ∈ H} shall be denoted by A, and the term “intuitionistic fuzzy set” will be
abbreviated as IFS.

Definition 3.1. Let H be a hyper B-algebra and A be an IFS of H . Then A is called an intuitionistic

fuzzy sub-hyper B-algebra of H if the following conditions hold.
(i) infa∈x~y{µA(a)} ≥ min{µA(x), µA(y)} and supa∈x~y{λA(a)} ≤ max{λA(x), λA(y)}, for all

x, y ∈ H .
(ii) For all b, x ∈ H , there exists y ∈ H such that x ∈ b ~ y, µA(y) ≥ min{µA(b), µA(x)}, and

λA(y) ≤ max{λA(b), λA(x)}.

(iii) For all b, x ∈ H , there exists z ∈ H such that x ∈ z ~ b, µA(z) ≥ min{µA(b), µA(x)}, and
λA(z) ≤ max{λA(b), λA(x)}.

Conditions (ii) and (iii) are called the left intuitionistic fuzzy reproduction axiom and the right intuitionistic
fuzzy reproduction axiom, respectively.

Example 3.2. Consider the hyper B-algebra H = [0, 1] in Example 2.3. Define an IFS A on H by
µA(x) = 1 − x, and λA(x) = x. Thus, by routine calculations, A is an intuitionistic fuzzy subhyper
B-algebra.

Definition 3.3. LetH be a hyper B-algebra and A be an IFS ofH . Then A is said to be an intuitionistic

fuzzy hyper B-ideal of H if for all x, y ∈ H :
(i) x� y implies µA(x) ≥ µA(y) and λA(x) ≤ λA(y);
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(ii) µA(0) ≥ µA(x) ≥ min

{
inf

a∈x~y
{µA(a)}, µA(y)

}
; and

(iii) λA(0) ≤ λA(x) ≤ max

{
sup
b∈x~y

{λA(b)}, λA(y)

}
.

Example 3.4. Consider the hyper B-algebra H = {0, a, b} in Example 2.2. Define an IFS A on H by
µA(0) = 0.7, µA(a) = 0.4, µA(b) = 0.4, λA(0) = 0.1, and λA(a) = λA(b) = 0.3. Then by routine
calculations, A is an intuitionistic fuzzy hyper B-ideals of H .

Definition 3.5. LetH be a hyper B-algebra and A be an IFS ofH . Then A is said to be an intuitionistic

fuzzy strong hyper B-ideal of H if for all x, y ∈ H :

(i) inf
a∈x~y

{µA(a)} ≥ µA(x) ≥ min

{
sup
b∈x~y

{µA(b)}, µA(y)

}
, and

(ii) sup
c∈x~y

{λA(c)} ≤ λA(x) ≤ max

{
inf

d∈x~y
{λA(d)}, λA(y)

}
.

Example 3.6. Consider the hyper B-algebraH = {0, a, b} in Example 2.2. Define an IFS A by µA(0) =

µA(a) = µA(b) = 0.5, and also λA(0) = 0.4 and λA(a) = λA(b) = 0.4. Thus, by routine calculations, A
is an intuitionistic fuzzy strong hyper B-ideal of H .

Definition 3.7. LetH be a hyper B-algebra and A be an IFS ofH . Then A is said to be an intuitionistic

fuzzy s-weak hyper B-ideal of H if the following conditions hold:

(S1) µA(0) ≥ µA(x) and λA(0) ≤ λA(x) for all x ∈ H ; and
(S2) for every x, y ∈ H , there exist a, b ∈ x~ y such that µA(x) ≥ min{µA(a), µA(y)}, and λA(x) ≤

max{λA(b), λA(y)}.

Definition 3.8. Let H be a hyper B-algebra and A be an intuitionistic fuzzy set of H . Then A is said to
be an intuitionistic fuzzy weak hyper B-ideal of H if for all x, y ∈ H

(i) µA(0) ≥ µA(x) ≥ min

{
inf

a∈x~y
{µA(a)}, µA(y)

}
, and

(ii) λA(0) ≤ λA(x) ≤ max

{
sup
b∈x~y

{λA(b)}, λA(y)

}
.

Example 3.9. The intuitionistic fuzzy hyper B-ideal A of H given in Example 3.4 is also both an
intuitionistic fuzzy s-weak hyper B-ideal and an intuitionistic fuzzy weak hyper B-ideal of H .

Lemma 3.10. Let A be an intuitionistic fuzzy strong hyper B-ideal of H , and let x, y ∈ H . Then for all
a, b ∈ x~ y, the following statements hold:

(i) µA(0) ≥ inf
a∈x~y

µA(a) ≥ µA(x) and λA(0) ≤ supa∈x~y µA(a) ≤ λA(x);
(ii) If x� y, then µA(x) ≥ µA(y) and λA(x) ≤ λA(y);
(iii) µA(x) ≥ min

{
µA(a), µA(y)

}
≥ min

{
inf

a∈x~y
{µA(a), µA(y)}

}
; and
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(iv) λA(x) ≤ max
{
λA(b), λA(y)

}
≤ max

{
sup
b∈x~y

{λA(b), λA(y)}
}.

Proof. Let x, y ∈ H .

(i) Since H is a hyper B-algebra, by axiom (H1), x � x for all x ∈ H , so 0 ∈ x ~ x. Then
µA(0) ∈ {µA(a) | a ∈ x ~ x} and λA(0) ∈ {λA(a) | a ∈ x ~ x}. Hence, it follows that
µA(0) ≥ infa∈x~x µA(a) and λA(0) ≤ supb∈x~x λA(b). Because A is a strong hyper B-ideal,

inf
a∈x~x

µA(a) ≥ µA(x) and sup
b∈x~x

λA(b) ≤ λA(x).

So,

µA(0) ≥ inf
a∈x~x

µA(a) ≥ µA(x) and λA(0) ≤ sup
b∈x~x

λA(b) ≤ λA(x).

(ii) Let x� y, then 0 ∈ x~ y. By (i), it follows that supc∈x~y µA(c) ≥ µA(0) and infd∈x~y λA(d) ≤

λA(0). From (i), µA(0) ≥ µA(y) and λA(0) ≤ λA(y), and so,

µA(x) ≥ min

{
sup
c∈x~y

µA(c), µA(y)

}
≥ min {µA(0), µA(y)} = µA(y),

and also

λA(x) ≤ max

{
inf

d∈x~y
λA(d), λA(y)

}
≤ max {λA(0), λA(y)} = λA(y).

(iii) Let a ∈ x ~ y. From (i), µA(0) ≥ µA(y). Also, supc∈x~y µA(c) ≥ µA(0) ≥ µA(y). So,
min

{
supc∈x~y µA(c), µA(y)

}
= µA(y). Since a ∈ x ~ y, thus µA(a) ≤ supc∈x~y µA(c), and

µA(y) ≥ min{µA(a), µA(y)}. By Definition 3.5(i),

µA(x) ≥ min

{
sup
c∈x~y

µA(c), µA(y)

}
≥ min{µA(a), µA(y)}

≥ min
{

inf
a∈x~y

µA(a), µA(y)
}
.

(iv) Let b ∈ x ~ y. From (i), λA(0) ≤ λA(y). Also, infd∈x~y λA(d) ≤ λA(0) ≤ λA(y). And so,
max {infd∈x~y λA(d), λA(y)} = λA(y). Since b ∈ x~ y, it follows that

λA(b) ≥ inf
d∈x~y

λA(d) and λA(y) ≤ max{λA(b), λA(y)}.

By Definition 3.5(ii),

λA(x) ≤ max

{
inf

d∈x~y
λA(d), λA(y)

}
≤ max{λA(b), λA(y)}

≤ max
{

sup
b∈x~y

λA(b), λA(y)
}
.
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Therefore, Lemma 3.10 holds. �

The following results established the hierarchical relationships among the various types of intuition-
istic fuzzy hyper B-ideals introduced previously.

Theorem 3.11. Let H be a hyper B-algebra. Then
(i) every intuitionistic fuzzy strong hyper B-ideal ofH is an intuitionistic fuzzy hyper B-ideal of

H ,
(ii) every intuitionistic fuzzy hyper B-ideal of H is an intuitionistic fuzzy weak hyper B-ideal of

H , and
(iii) every intuitionistic fuzzy strong hyper B-ideal of H is an intuitionistic fuzzy weak hyper

B-ideal of H .

Proof. Let x, y ∈ H .
(i) Let x � y. By Lemma 3.10(ii), µA(x) ≥ µA(y) and λA(x) ≤ λA(y). Next, by Lemma

3.10(i), µA(0) ≥ µA(x) and λA(0) ≤ λA(x) for all x ∈ H . Now, by Definition 3.5,
for any x, y ∈ H , infa∈x~y µA(a) ≥ µA(x) and supb∈x~y λA(b) ≤ λA(x). Also, µA(x) ≥

min
{

supc∈x~y µA(c), µA(y)
} and λA(x) ≤ max {infd∈x~y λA(d), λA(y)} . By (H1), µA(0) ≥

infa∈x~x µA(a) ≥ µA(x) and λA(0) ≤ supb∈x~x λA(b) ≤ λA(x). Note that µA(x) ≥

min
{

supc∈x~y µA(c), µA(y)
}
≥ min {infa∈x~y µA(a), µA(y)} , where the last inequality holds

because supc∈x~y µA(c) ≥ infa∈x~y µA(a). Also, for λA,

λA(x) ≤ max

{
inf

d∈x~y
λA(d), λA(y)

}
≤ max

{
sup
b∈x~y

λA(b), λA(y)

}
,

where the last inequality holds because infd∈x~y λA(d) ≤ supb∈x~y λA(b).
(ii) By Definition 3.3(ii) and (iii), µA(0) ≥ µA(x) ≥ min {infa∈x~y µA(a), µA(y)} and

λA(0) ≤ λA(x) ≤ max

{
sup
b∈x~y

λA(b), λA(y)

}
.

(iii) This follows directly from (i) and (ii). �

The converse of Theorem 3.11 need not be true as shown in the following examples.

Example 3.12.

(i) Consider the intuitionistic fuzzy hyper B-ideal defined in Example 3.4. Observe that if x = 0

and y = b, then 0 ~ b = {b}, and infa∈0~b µA(a) = µA(b) = 0.4. But µA(0) = 0.7, and so,
0.4 � 0.7. Thus, A fails to be an intuitionistic fuzzy strong hyper B-ideal.

(ii) Consider the hyper B-algebra H = {0, a, b} defined in Example 3.4. Define an IFS A on H
by µA(0) = 0.8, µA(a) = 0.5, µA(b) = 0.6, λA(0) = 0.1, λA(a) = 0.4, and λA(b) = 0.3. By
routine calculations, A is an intuitionistic fuzzy weak hyper B-ideal ofH . However, A is not an



Asia Pac. J. Math. 2026 13:46 7 of 14

intuitionistic fuzzy hyper B-ideal because it fails Definition 3.3(i). For instance, b� a since
0 ∈ b~ a = {0, a}, but notice that µA(b) = 0.6 < 0.5 = µA(a) which violates Definition 3.3(i)
because µA(b) ≥ µA(a).

(iii) From (ii) above, A is an intuitionistic fuzzy weak hyper B-ideal but not intuitionistic fuzzy
strong hyper B-ideal of H . For instance, take x = b and y = a, b ~ a = {0, a}, and
infa∈b~a µA(a) = min{µA(0), µA(a)} = min{0.8, 0.5} = 0.5. But µA(b) = 0.6, and Definition
3.5(i) requires 0.5 ≥ 0.6, which is false.

Remark 3.13. Every intuitionistic fuzzy weak hyper B-ideal of H is not necessarily an intuitionistic
fuzzy strong and hyper B-ideal of H . Moreover, every intuitionistic hyper B-ideal is not necessarily an
intuitionistic fuzzy strong hyper B-ideal.

Theorem 3.14. Let H be a hyper B-algebras. Then
(i) every intuitionistic fuzzy strong hyper B-ideal of H is an intuitionistic fuzzy s-weak hyper

B-ideal of H , and
(ii) every intuitionistic fuzzy hyper B-ideal of H is an intuitionistic fuzzy s-weak hyper B-ideal of

H .

Proof. Let x, y ∈ H .
(i) From Lemma 3.10 (iii) and (iv), for all a, b ∈ x~ y, µA(x) ≥ min{µA(a), µA(y)} and λA(x) ≤

max{λA(b), λA(y)}.

(ii) Follows directly from Theorem 3.11(ii). �

The converse of Theorem 3.14 need not be true as shown in the following examples.

Example 3.15.

(i) Consider Example 3.9. The intuitionistic fuzzy hyper set A of H is an intuitionistic fuzzy
s-weak hyper B-ideal ofH . However, A fails to be an intuitionistic fuzzy strong hyper B-ideal.
Let x = 0 and y = b. Then 0 ~ b = {b}, so infa∈0~b µA(a) = µA(b) = 0.4. But µA(0) = 0.7,
and Definition 3.5(i) requires that infa∈0~b µA(a) ≥ µA(0). Since 0.4 � 0.7, the condition is
violated.

(ii) It is important to note that an intuitionistic fuzzy s-weak hyper B-ideal need not be an in-
tuitionistic fuzzy hyper B-ideal. The s-weak condition does not include the order-reversing
property, in particular, x � y implies µA(x) ≥ µA(y) and λA(x) ≤ λA(y)). From Example
3.12(ii), the intuitionistic fuzzy setA is an intuitionistic fuzzy weak hyperB-ideal and hence an
intuitionistic fuzzy s-weak hyper B-ideal by the same verification, but not a hyper B-ideal as it
fails Definition 3.3(i). Hence, an intuitionistic fuzzy s-weak hyper B-ideal is not necessarily an
intuitionistic fuzzy hyper B-ideal.
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Remark 3.16. Every intuitionistic fuzzy s-weak hyper B-ideal of H need not to be an intuitionistic
fuzzy strong and hyper B-ideal of H .

Theorem 3.17. Let A be an IFS in a hyper B-algebra H . If A is an intuitionistic fuzzy s-weak hyper
B-ideal of H , then A is also an intuitionistic fuzzy weak hyper B-ideal of H .

Proof. Since x, y ∈ H . Then µA(0) ≥ µA(x) and λA(0) ≤ λA(x). By Definition 3.7, there exist a, b ∈ x~ y
such that µA(x) ≥ min{µA(a), µA(y)} and λA(x) ≤ max{λA(b), λA(y)}. Since we know that µA(a) ≥

infc∈x~y µA(c) and λA(b) ≤ supd∈x~y λA(d), it follows directly that µA(x) ≥ min{infc∈x~y µA(c), µA(y)}

and λA(x) ≤ max{supd∈x~y λA(d), λA(y)}. �

To prove the converse of Theorem 3.17, we need the following notion. An IFS A in H is said to
satisfy the inf-sup property if for any subset T ⊆ H there exist x0, y0 ∈ T such that µA(x0) = infx∈T µA(x)

and λA(y0) = supy∈T λA(y).

Theorem 3.18. Let A be an intuitionistic fuzzy weak hyper B-ideal of H . If A satisfies the inf-sup
property, then A is an intuitionistic fuzzy s-weak hyper B-ideal of H .

Proof. By Definition 3.8, (S1) is satisfied. Now, since A satisfies the inf-sup property, for every x, y ∈ H ,
there exist a0, b0 ∈ x~ y such that

µA(a0) = inf
a∈x~y

µA(a) and λA(b0) = sup
b∈x~y

λA(b).

So, for all x, y ∈ H ,

µA(x) ≥ min

{
inf

a∈x~y
µA(a), µA(y)

}
= min {µA(a0), µA(y)} ,

and
λA(x) ≤ max

{
sup
b∈x~y

λA(b), λA(y)

}
= max {λA(b0), λA(y)} .

Thus, (S2) is satisfied. �

Note that, in a finite hyper B-algebra, every intuitionistic fuzzy set satisfies the inf-sup property.
Consequently, by Theorem 3.18, the concepts of intuitionistic fuzzy weak and s-weak hyper B-ideals
coincide.

The following results examines the relationship between intuitionistic fuzzy hyper B-ideals and
intuitionistic fuzzy subhyper B-algebras.

Remark 3.19. An intuitionistic fuzzy hyper B-ideal and an intuitionistic fuzzy weak hyper B-ideal of
H are not necessarily intuitionistic fuzzy sub-hyper B-algebras of H .

Example 3.20. Consider the hyper B-algebra H = {0, 1, 2, 3} in [7]. Define an intuitionistic fuzzy set
A on H by µA(0) = 0.7, µA(1) = 0.6, µA(2) = 0.3, and µA(3) = 0.3, and λA(0) = 0.2, λA(1) = 0.3,
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and λA(2) = λA(3) = 0.6. By routine calculations, A is an intuitionistic fuzzy hyper B-ideal of H . By
Theorem 3.11(ii), A is also an intutionistic fuzzy weak hyper B-ideal of H . However, for x = 1 and
y = 1, 1~ 1 = {0, 2}, and

inf
a∈1~1

µA(a) = min{µA(0), µA(2)} = min{0.7, 0.3} = 0.3.

Also, it follows that min{µA(1), µA(1)} = min{0.6, 0.6} = 0.6. But 0.3 � 0.6, violating Definition 3.1(i).

Remark 3.21. An intuitionistic fuzzy sub-hyper B-algebra ofH is not necessarily an intuitionistic fuzzy
hyper B-ideal, an intuitionistic fuzzy weak hyper B-ideal, nor an intuitionistic fuzzy strong hyper
B-ideal of H .

Example 3.22. The intuitionistic fuzzy sub-hyper B-algebra A on H = [0, 1] in Example 3.2 is not an
intuitionistic fuzzy hyper B-ideal. Consider x = 0.5 and y = 0.3. Then x� y since 0 ∈ x~ y = [0, 0.5],
but µA(x) = 0.5 < 0.7 = µA(y). Hence, it is not an intuitionistic fuzzy hyper B-ideal of H . Now,
consider the hyper B-algebra H = {0, a, b, c} from [7] with the following Cayley table.

~ 0 a b c

0 {0} {0} {0, a, b} {0, a, c}

a {0} {0} {0, a, b} {0, a, c}

b {0, a, b} {0, a, b} {0, a, b} {b, c}

c {0, a, c} {0, a, c} {b, c} {0, a, c}

Define an IFS A on H by µA(0) = 0.8, µA(a) = 0.7, µA(b) = 0.7, µA(c) = 0.6, λA(0) = 0.1,

λA(a) = 0.1, λA(b) = 0.1, and λA(c) = 0.1. By routine calculations,A is an intuitionistic fuzzy subhyper
B-algebra of H . However, A is not an intuitionistic fuzzy weak hyper B-ideal. Take x = a and y = 0.
From the Cayley table, a ~ 0 = {0}. Then min{0.8, 0.8} = 0.8. Observe that infz∈a~0 µ(z) = µ(0) =

0.8, and µ(y) = µ(0) = 0.8. The weak hyper B-ideal condition requires µ(a) = 0.7 ≥ 0.8, which is false.
Therefore, A is an intuitionistic fuzzy subhyper B-algebra but not an intuitionistic fuzzy weak hyper
B-ideal of H . Also, the intuitionistic fuzzy set A in Example 3.2 is not an intuitionistic fuzzy strong
hyper B-ideal. Consider x = 0.8 and y = 0.4. Then supb∈[0,0.8] µA(b) = supb∈[0,0.8](1− b) = 1− 0 = 1,
and µA(y) = µA(0.4) = 0.6, so min{1, 0.6} = 0.6. But µA(x) = 0.2, and 0.2 � 0.6.

The next result establishes closure properties under arbitrary intersections. Let {Ai}i∈J be an
arbitrary family of IFS in X , where Ai = {〈x, µAi(x), λAi(x)〉 | x ∈ X} for each i ∈ J . The arbitrary
intersection is defined as∧i∈J Ai = {〈x, infi∈J µAi(x), supi∈J λAi(x)〉 | x ∈ X}, as introduced in [5].

Theorem 3.23. Let {Aα | α ∈ H} where {Aα = {〈x, µAα(x), λAα(x)〉 | x ∈ H} be a nonempty family of
intuitionistic fuzzy sets in H .

(i) If Aα is an intuitionistic fuzzy hyper B-ideal of H for all α ∈ Λ, then so is∧α∈ΛAα.
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(ii) If Aα is an intuitionistic fuzzy weak hyper B-ideal of H for all α ∈ Λ, then so is∧α∈ΛAα.
(iii) If Aα is an intuitionistic fuzzy strong hyper B-ideal of H for all α ∈ Λ, then so is∧α∈ΛAα.

Proof. Let A =
∧
α∈ΛAα = {〈x, µA(x), λA(x)〉 | x ∈ H}, where µA(x) = infα∈Λ µAα(x) and λA(x) =

supα∈Λ λAα(x) for all x ∈ H .

(i) Let x, y ∈ H . If x� y, then for each α ∈ Λ, µAα(x) ≥ µAα(y) and λAα(x) ≤ λAα(y). Therefore,
µA(x) = infα∈Λ µAα(x) ≥ infα∈Λ µAα(y) = µA(y), and also for λA(x),

λA(x) = sup
α∈Λ

λAα(x) ≤ sup
α∈Λ

λAα(y) = λA(y).

For each α ∈ Λ, note that µAα(0) ≥ µAα(x) and λAα(0) ≤ λAα(x). Taking infimum and
supremum,

µA(0) = inf
α∈Λ

µAα(0) ≥ inf
α∈Λ

µAα(x) = µA(x),

and
λA(0) = sup

α∈Λ
λAα(0) ≤ sup

α∈Λ
λAα(x) = λA(x).

Taking infimum over α ∈ Λ,

µA(x) = inf
α∈Λ

µAα(x)

≥ inf
α∈Λ

{
min

{
inf

a∈x~y
µAα(a), µAα(y)

}}
= min

{
inf
α∈Λ

{
inf

a∈x~y
µAα(a)

}
, inf
α∈Λ

µAα(y)

}
= min

{
inf

a∈x~y

{
inf
α∈Λ

µAα(a)

}
, inf
α∈Λ

µAα(y)

}
= min

{
inf

a∈x~y
µA(a), µA(y)

}
.

For the λA, for each α ∈ Λ, λAα(x) ≤ max
{

supa∈x~y λAα(a), λAα(y)
}
. Taking supremum over

α ∈ Λ,

λA(x) = sup
α∈Λ

λAα(x)

≤ sup
α∈Λ

{
max

{
sup
a∈x~y

λAα(a), λAα(y)

}}
= max

{
sup
α∈Λ

{
sup
a∈x~y

λAα(a)

}
, sup
α∈Λ

λAα(y)

}
= max

{
sup
a∈x~y

{
sup
α∈Λ

λAα(a)

}
, sup
α∈Λ

λAα(y)

}
= max

{
sup
a∈x~y

λA(a), λA(y)

}
.

(ii) The proof follows exactly in (i).



Asia Pac. J. Math. 2026 13:46 11 of 14

(iii) Assume each Aα = {〈x, µAα(x), λAα(x)〉 | x ∈ H} is an intuitionistic fuzzy strong hyper
B-ideal of H . Let x, y ∈ H . For each α ∈ Λ and for each a ∈ x ~ y, we have µAα(a) ≥

µAα(x). Hence, for all a ∈ x~ y. infα∈Λ µAα(a) ≥ infα∈Λ µAα(x). Therefore, infa∈x~y µA(a) =

infa∈x~y {infα∈Λ µAα(a)} ≥ infα∈Λ µAα(x) = µA(x). Similarly, for each α ∈ Λ and for each
a ∈ x ~ y, we have λAα(a) ≤ λAα(x). Taking supremum over α ∈ Λ, for all a ∈ x ~ y,
supα∈Λ λAα(a) ≤ supα∈Λ λAα(x). Therefore,

sup
a∈x~y

λA(a) = sup
a∈x~y

{
sup
α∈Λ

λAα(a)

}
≤ sup

α∈Λ
λAα(x) = λA(x).

Moreover,

µA(x) = inf
α∈Λ

µAα(x)

≥ inf
α∈Λ

{
min

{
sup
a∈x~y

µAα(a), µAα(y)

}}
= min

{
inf
α∈Λ

{
sup
a∈x~y

µAα(a)

}
, inf
α∈Λ

µAα(y)

}
.

Note that infα∈Λ

{
supa∈x~y µAα(a)

}
≥ supa∈x~y {infα∈Λ µAα(a)} = supa∈x~y µA(a). So,

µA(x) ≥ min
{

supa∈x~y µA(a), µA(y)
}
. Also, for each α ∈ Λ, it follows that

λAα(x) ≤ max

{
inf

a∈x~y
λAα(a), λAα(y)

}
.

Taking supremum over α ∈ Λ,

λA(x) = sup
α∈Λ

λAα(x)

≤ sup
α∈Λ

{
max

{
inf

a∈x~y
λAα(a), λAα(y)

}}
= max

{
sup
α∈Λ

{
inf

a∈x~y
λAα(a)

}
, sup
α∈Λ

λAα(y)

}
.

Note that supα∈Λ {infa∈x~y λAα(a)} ≤ infa∈x~y {supα∈Λ λAα(a)} = infa∈x~y λA(a). So, it fol-
lows that λA(x) ≤ max {infa∈x~y λA(a), λA(y)} . �

The next results are the characterizations of intuitionistic fuzzy hyper B-ideals via complement and
associated operators. LetA be an IFS ofX . Then the necessity and possibility operators ofA are defined,
respectively, by �A = {〈x, µA(x), 1 − µA(x)〉 | x ∈ X} and ♦A = {〈x, 1 − λA(x), λA(x)〉 | x ∈ X}, as
introduced in [1].

Lemma 3.24. An IFS A is an intuitionistic fuzzy hyper B-ideal ofH if and only if the fuzzy sets µA and
λA are fuzzy hyper B-ideals of H , where λA(x) = 1− λA(x) for all x ∈ H .

Proof. ( =⇒ ) ByDefinition 3.3, µA is a fuzzy hyperB-ideal ofH . Now, consider the fuzzy set λA, defined
by λA(x) = 1 − λA(x) for all x ∈ H . Let x, y ∈ H such that x � y. Since A is an intuitionistic fuzzy
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hyperB-ideal, by Definition 3.3(i), λA(x) ≤ λA(y). Therefore, λA(x) = 1−λA(x) ≥ 1−λA(y) = λA(y).

Next, by Definition 3.3(iii),

λA(x) ≤ max

{
sup
b∈x~y

λA(b), λA(y)

}
.

So, 1− λA(x) ≥ 1−max
{

supb∈x~y λA(b), λA(y)
}
. Also, 1−max{a, b} = min{1− a, 1− b}. Therefore,

λA(x) ≥ min

{
1− sup

b∈x~y
λA(b), 1− λA(y)

}
.

Now, 1 − supb∈x~y λA(b) = infb∈x~y(1 − λA(b)) = infb∈x~y λA(b). Also, 1 − λA(y) = λA(y). Thus,
λA(x) ≥ min

{
infb∈x~y λA(b), λA(y)

}
. Moreover, since λA(0) ≤ λA(x) for all x ∈ H , by Definition

3.3(ii),

λA(0) = 1− λA(0) ≥ 1− λA(x) = λA(x).

Therefore, λA satisfies both conditions of a fuzzy hyper B-ideal. Hence, λA is a fuzzy hyper B-ideal of
H .
(⇐= ) Conversely, since µA is a fuzzy hyper B-ideal, for all x, y ∈ H ,

µA(0) ≥ µA(x) ≥ min

{
inf

a∈x~y
µA(a), µA(y)

}
.

Now, since λA is a fuzzy hyper B-ideal, λA(0) ≥ λA(x) ≥ min
{

infb∈x~y λA(b), λA(y)
} for all x, y ∈ H .

From λA(0) ≥ λA(x), 1− λA(0) ≥ 1− λA(x) implies λA(0) ≤ λA(x).
Now, from the inequality for λA, it follows that infb∈x~y(1− λA(b)) = 1− supb∈x~y λA(b). So,

1− λA(x) ≥ min

{
inf

b∈x~y
(1− λA(b)), 1− λA(y)

}
≥ min

{
1− sup

b∈x~y
λA(b), 1− λA(y)

}
.

Taking complements, λA(x) ≤ 1 − min
{

1− supb∈x~y λA(b), 1− λA(y)
}
. So, it follows that 1 −

min{a, b} = max{1− a, 1− b}, and

λA(x) ≤ max

{
sup
b∈x~y

λA(b), λA(y)

}
.

Finally, let x� y. Then λA(x) ≥ λA(y). Therefore, 1− λA(x) ≥ 1− λA(y) implies that λA(x) ≤ λA(y).

Similarly, since µA is a fuzzy hyper B-ideal, x� y implies µA(x) ≥ µA(y), which is Definition 3.3(i)
for µA. �

The equivalence in Lemma 3.24 establishes dual relationships for both complements. For the com-
plement of µA, x� y implies µA(x) ≤ µA(y) and

µA(0) ≤ µA(x) ≤ max

{
sup
a∈x~y

µA(a), µA(y)

}
,
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where µA = 1− µA. For the complement of λA, x� y implies λA(x) ≥ λA(y) and

λA(0) ≥ λA(x) ≥ min

{
inf

a∈x~y
λA(a), λA(y)

}
.

Theorem 3.25. Let A be an IFS in H . Then A is an intuitionistic fuzzy hyper B-ideal of H if and only if
(i) �A = {〈x, µA(x), µA(x)〉 | x ∈ H} is an intuitionistic fuzzy hyper B-ideal of H , and
(ii) ♦A = {〈x, λA(x), λA(x)〉 | x ∈ H} is an intuitionistic fuzzy hyper B-ideal of H ,

where µA(x) = 1− µA(x) and λA(x) = 1− λA(x) for all x ∈ H .

Proof. ( =⇒ ) By Lemma 3.24, the fuzzy sets µA and λA are fuzzy hyper B-ideals of H . Consider
�A, the membership part of �A satisfies Definition 3.3(i) and (ii). Let x, y ∈ H with x � y. Since
µA(x) ≥ µA(y), µA(x) ≤ µA(y), satisfying Definition 3.3(i). Since µA(0) ≥ µA(x) for all x ∈ H ,
µA(0) ≤ µA(x). Since µA(x) ≥ min {infa∈x~y µA(a), µA(y)},

µA(x) ≤ 1−min

{
inf

a∈x~y
µA(a), µA(y)

}
= max

{
sup
a∈x~y

µA(a), µA(y)

}
.

Next, consider ♦A. Since λA is a fuzzy hyper B-ideal by Lemma 3.24, the membership part of ♦A
satisfies Definition 3.3(i) and (ii). The non-membership part λA satisfies Definition 3.3 because A is an
intuitionistic fuzzy hyper B-ideal. Therefore, ♦A is an intuitionistic fuzzy hyper B-ideal of H .
(⇐= ) Assume that both �A and ♦A are intuitionistic fuzzy hyper B-ideals ofH . Then µA and λA are
fuzzy hyper B-ideal. By Lemma 3.24, A is an intuitionistic fuzzy hyper B-ideal of H . �
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