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1. INTRODUCTION

JU-algebras, introduced by Moin et al. [3], stand for Jazan University algebras. Further developments
include valuations and metrics for pseudo JU-algebras [ 1] and an exploration of rough set theory in
the context of JU-algebras [2]. The concept of filters in JU-algebras was introduced and investigated by
Romano [12], who also established several new results concerning the structure of JU-algebras [11].

Prabpayak and Leerawat [9] introduced the concept of KU-algebras. Fundamental properties and
homomorphisms of KU-algebras have been studied in detail in [9, 10]. A wide range of research has
since been conducted on KU-algebras across various theoretical frameworks, including intuitionistic,
fuzzy, neutrosophic soft, and rough set theories. The notion of cubic KU-ideals was introduced in [13],
while pseudo-metric structures on KU-algebras were examined by Ali et al. [8]. Additionally, rough
approximations in KU-algebras were explored in [4], and graphical structures related to KU-ideals
were investigated more recently by Ali et al. [5].

Imai and Iséki introduced the concept of BCK-algebras [6] as a logical-algebraic generalization of

set-theoretic difference and propositional calculus. This development parallels the evolution of Boolean
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logic through the structure of Boolean algebras. Subsequently, Iséki [7] extended the framework by
defining BCl-algebras as a superclass of BCK-algebras.

This article is structured into six main sections, each presenting a key aspect of JU-modules over
JU-algebras, including their homomorphisms, exact sequences, and structural properties.

Section 1 introduces the motivation and background underlying the study of JU-algebras. In Section 2,
we present foundational concepts related to JU-algebras, including their basic properties and the theory
of JU-ideals. Section 3 develops the notion of JU-modules, provides illustrative examples, and discusses
their key features. Section 4 investigates chain conditions on JU-modules, where we define minimal
and maximal submodules, and present the Jordan-Holder Theorem as well as the Schreier Refinement
Theorem within the context of JU-modules. Section 5 focuses on exact sequences and their structural
properties in JU-module theory. Finally, Section 6 examines projective and injective JU-modules,
establishing their defining properties and exploring their roles within the broader framework of

homological algebra over JU-algebras.

2. Basic CoNcEeprTs OF JU-ALGEBRAS

This section reviews the fundamental definitions and properties of JU-algebras, which form the
foundation for the study of JU-modules. We begin by reviewing the axiomatic structure of JU-algebras,
followed by an examination of relevant notions, including homomorphisms, JU-subalgebras, and
JU-ideals. These concepts will be essential for developing the module theory over JU-algebras in the

subsequent sections.

Definition 2.1. A JU-algebra is a triple (X, o, 1), where X is a nonempty set, ¢ is a binary operation on X, and
1 € X is a distinguished constant (called the fixed element), satisfying the following axioms for all p,o, 7 € X:

Juil) (ooT)o[(top)o(ocop) =1,
Juz) lop=np,

(Ju3) poo=ocop=1=p=o.
An order relation < is defined on X by:
o< p &< poo=1.

We also denote a JU-algebra by (X, o, 1) when using alternative notation. In this context, the constant 1

remains the fixed element, and the induced partial order on X is given by:

1<y < yroxy1 =1L
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Lemma 2.1. Let (X, o, 1) be a JU-algebra, and define a relation < on X by o < pifand only if po o = 1. Then,
the following properties hold:

(Jus4) p<p (Reflexivity),
Jus) p<ocando<p = p=o (Antisymmetry),
Jque) p<rtandt<oc = p<o (Transitivity).

Proof. (JU4) (Reflexivity): Substitute 7 = o = 1 into axiom (JU1):
(pol)of(lol)o(pol)]=1.
Using (JU2), we know po1 =pand 1¢1 =1, hence:
po(pol)=1= pop=1,
which implies p < p.

(JU5) (Antisymmetry): Assume p < o and o < p,ie., 00 p = poo = 1. Then, by axiom (JU3), it
follows that p = o.

(JU6) (Transitivity): Assume p < 7and 7 < o,i.e, 7o p = 1and o o7 = 1. Substitute into (JU1):
(coT)o[(top)o(ocop)=1.
Sincec o7 =1and 7o p =1, we have:
lo[lo(oop)=1.

Using (JU2), this simplifies to:
lo(oop)=1= ocop=1,

sop <o. Il
Lemma 2.2. Let (X, 0, 1) be a JU-algebra with the partial order defined by o < p <= p oo = 1. Then for all
p,o,T € X, the following properties hold:

Jquz)y p<o=ocoT<por,

(Ju8) p<o=r1op<Too0,

(Jug) (rop)o(cop)<oor,

Jui0o) (ocop)op<o.
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Proof. (JU7): Assume p < o, i.e., 0 ¢ p = 1. Substitute into axiom (JU1) with o ¢ p = 1 and apply to the

expression (o o 1) ¢ [(T ¢ p) © (0 ¢ p)] = 1. It follows that:
(coT)o[(top)oll=1=(coT)o(Top) =1.
Hence, poT >0o71,ie.,, 007 < por.
(JU8): Similarly, from p < o we have o ¢ p = 1. Applying (JU1) appropriately:
(top)ollpoo)o(roo)] =1
From p ¢ o =1, we deduce:
(Top)o(too)=1=T100<T0p.
(JU9): Let us apply (JU1) directly with the triple (7, p, 0):

(top)of(poo)o(roo)]=1.
This implies that:

[(rop)o(oop) <oor

(JU10): From (JU2), we know that 1 ¢ p = p. Let us substitute 7 = p and use (JU1):
(cgop)ol(pop)o(ocop)] =1
Since p ¢ p = 1 (from earlier Lemma JU4), we get:
(cop)o(cop)=1= cop<o.
Now multiplying both sides on the right by p gives:
(cop)op<o.
This completes the proof. O
Lemma 2.3. Let (X, 0, 1) be a JU-algebra. Then for all p, o, T € X, the following properties hold:

(Jquii) pop=1,
Jui2) to(ocop)=oco(rop),
(Jui3) If(poo)oo=1,thenpol =1forallp e X,

(JU14) (cop)ol=(ocol)o(pol).
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Proof. (JU11): Set 7 = 0 = 1 in axiom (JU1):

(pol)of(lop)o(pol)]=1.

Using (JU2), we simplify:
po(pel)y=1=pop=1,

so p < p and hence (JU11) holds.
(JU12): We aim to show symmetry: 7 ¢ (0 ¢ p) = o o (7 ¢ p). First, let 0 = 1 in (JU1). Applying (JU7),
we get:
To(oop) <[(Top)op]o(coa). (2.1)
Next, substitute 7 — 7 ¢ p in (JU1), giving:
ogo(top)o[((teoa)oa)o(pop) =1
Since p ¢ p = 1 by (JU11), it follows that:
((tep)op)o(oop)<ao(rop). (2.2)
From inequalities (2.1) and (2.2), and using antisymmetry (JU5), we conclude:
To(oop)=0o(Top).

(JU13): Assume (poo)oo = 1.
We show that po 1 =1 for all p € X. Substitute p — 1,7 +— p,and o — 1 in (JU1):

(lop)oflpol)o(leol)] =1.
By (JU2),10p=p,and1o1=1,so0:

pollpeol)ol]l=1 = pol=1.

(JU14): Apply (JU12) directly:
(col)o(pol)=co(pol)=(cop) ol
Thus,
(cop)ol=(s01)o(pol).
0

Example 2.1 ( [3]). Let X ={1,2,3,4,5} and define the binary operation o : X x X — X as shown in the
table below. Then (X, o, 1) forms a JU-algebra.
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2 3
2 3
1 3
21
1 3
11

N T Y S N TSN
_ W R O | O

G R W N =0
e N =y

The following example illustrates a structure that is a JU-algebra but not a KU-algebra.

Example 2.2 ( [3]). Let X = {1, 2, 3,4}, and define the binary operation o : X x X — X as given in the table

below:
o|1 2 3 4
111 2 3 4
2121 2 2
3|11 2 1 3
411 2 1 1

It can be verified that (X, o, 1) satisfies the axioms of a JU-algebra, but fails to satisfy those of a KU-algebra.

The following example illustrates that a structure can simultaneously satisfy both the JU-algebra

and KU-algebra axioms.

Example 2.3 ( [3]). Let X = {1,2,3,4}, and define the binary operation o : X x X — X as follows:
12 3 4

1 2 3 4
11 41
1

1

o
1
2
3 111

4 4 41
It can be verified that (X, o, 1) satisfies the axioms of both JU-algebras and KU-algebras.

Definition 2.2. Let (X, o, 1) be a JU-algebra.
o A JU-subalgebra J C X is a non-empty subset such that for all p,o € J, the product po o € J.
e Define the subset
Px:={peX|[(pol)ol=p}
Then X is called p-semisimple if Px = X, that is, if (po 1) o1 = p holds forall p € X.
o An element j € X is called the minimal element of X if for all p € X, the condition p < j implies
p=7
e For j € X, define:

K(G)={peX|pzj}, Bp:={peX|pol=1}
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The set B,, is called the [U-part of X.

Definition 2.3. Let (X, 1) be a JU-algebra. A non-empty subset J C X is called a [U-ideal if it satisfies the

following conditions:

(1) 1€ J,and
(2) forallp,qe X,ifpe Jandpoqg € J, then g € J.

Definition 2.4. Let (X, o, 1) bea JU-algebra, and let J C X. The subset J is called a p-ideal of X if the following

conditions hold:

(1) 1€ J,and
(2) forallp,q,r € X,ifqe€ Jand (roq)o(rop) € J, thenp € J.

Definition 2.5. Let (X, o, 1) be a JU-algebra. A non-empty subset J C X is called a strong ideal if the following

condition holds:

Forallpe J, q ¢ J, and all x € X, we have qo = ¢ J.

Example 2.4. Let X = {1,2,3,4,5, 6}, and define the binary operation ¢ : X x X — X as follows:
12 3 456

G R W N =[O
G R =~ W W

4 6
3 6
2 6
1 6
5 1

N O =R =R =N
_ = O G G >

N O )R )R =)=

6 2 1 1
Then (X, o, 1) forms a JU-algebra. It can be verified that the subsets {1,2} and {1, 2,3, 4,5} are JU-ideals of
X.

Definition 2.6. Let (X, o, 1) be a [U-algebra, and let J be an ideal of X. Define a binary relation ~ on X by:
p~q < poqecJandqgope J forallp,qe X.
Then ~ is a congruence relation on X, and the quotient set X/J := X/ ~ forms a quotient JU-algebra.

Remark 2.1. Not every subset of a JU-algebra is a subalgebra. A subset S C X is a subalgebra if it is closed

under the operation o and contains the constant element 1.

Definition 2.7. An ideal J C X is said to be a closed ideal if it is both an ideal and a subalgebra of X.
Given any subset S C X, the ideal generated by S, denoted (S), is the smallest ideal of X that contains S.
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Definition 2.8. Let (X, 0,1) and (X',o,1") be JU-algebras. A map h : X — X' is called a homomorphism if

h(p<q) = h(p) o' h(q) forallp,qe X,
and
h(1) =1'.

Remark 2.2. Every ideal J of X determines a congruence relation ~ on X, as described above.

Lemma 2.4 ( [3]). Let (X, 0, 1) be an algebra with a binary operation  and a constant 1 € X. Then (X, ¢, 1)
is a JU-algebra if and only if the following conditions hold for all a1, az,a3 € X:

(Jub) ajoaz < (azoaz)o(aroas),

(Jue) ai <1,

(Ju7) a1 <agandaz < a3 = a; = ag,

where the partial order < is defined by: a < b if and only ifboa = 1.

Lemma 2.5 ( [3]). Let (X, o, 1) be a JU-algebra. Then, for all a1, az, a3 € X, the following identities hold:
(1) agoaz =1,
(2) azo(aroa3) =1,
(3) a1 <ag = azoasz <ajoas,
(4) ago(agoar) =az o (azoay),
(5) azo(agoar)oar] =1

Here, the partial order < is defined by: a < bifand only ifboa = 1.
Definition 2.9. Let (X, ¢, 1) be a JU-algebra. Then:
(i) It is called commutative if
(agoar)oa; = (a1 oaz)oas forallay,as € X.
(i) It is called implicative if
(a1 0az)oa; =a; forallaj,az € X.

(iii) It is called bounded if
1<a forallae X,

where the partial order < is defined by a < b if and only ifboa = 1.

Definition 2.10. Let X be a JU-algebra. A JU-ideal Iy C X is called a maximal ideal if:
(1) I isaproperideal of X, i.e., Ins # X, and
(2) there is no proper ideal J of X such that Iy C J C X.
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Proposition 2.1. Let (X, o, 1) be a bounded JU-algebra with | X | > 2. Then X contains at least one maximal

ideal.

Definition 2.11. Let X be a bounded JU-algebra and Iy; be a proper JU-ideal of X. A proper ideal J C X is

called a maximal commutative ideal containing I,y if:
(1) Inf € J,
(2) J is commutative, i.e., for all a,b € J, we have

(aob)ob=(boa)oa,

(3) and J is maximal with respect to these properties — that is, there is no proper commutative ideal K of

X such that J C K.

Definition 2.12. Let X be a bounded JU-algebra and Iy a proper JU-ideal of X. The maximal commutative
ideal containing Iy is defined as the largest proper ideal J C X such that:

(1) In € J,

(2) J is commutative, i.e., for all a,b € J,
(aob)ob=(boa)oa,

(3) Jis implicative, i.e., for all a,b € J,

(aob)oa=a.

Definition 2.13. Let (X, ¢, 1) be a JU-algebra. A proper ideal P C X is called a prime ideal if for all uy,us € X,
the following condition holds:

(u2<>u1)<>u1 eEP = uy€Porug € P.

Definition 2.14. Let (X, ¢,1) be a bounded JU-algebra. An element e € X is called a unit element if there
existsa € X such that a < e, ie.,ecoa=1.

The expression a < e is denoted by N1 (X) and represents the set of all such compositions within X.

Theorem 2.1. Let (X, ¢, 1) be a bounded JU-algebra with 1 as the greatest element. For any a1, as € X, define
Ni(a) := a o 1. Then the following properties hold:

(1) Mi(1)=101=0and N1(0) =001=1,

(2) Ni(az) o Ni(ar) < aj ¢ ay,

(3) a2 < a1 = Ni(a1) < Ni(az).

Theorem 2.2. Let (X, ¢, 1) be a bounded JU-algebra, and define N1(a) :=a o 1foralla € X.

Then X is commutative if and only if the meet and join operations are defined by:

a; A ag:=(agoay)oar, aiVaz: =N (Ni(a1) ANi(az))
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satisfy the properties of lattice operations for all a1, a2 € X.

Theorem 2.3. Let (X, ¢, 1) be a bounded JU-algebra. Then the following statements hold:

(i) If X is an implicative JU-algebra, then it is also commutative.

(ii) If X is a commutative JU-algebra, then it forms a lattice with operations defined as:
a1 Vas =N (Nl(a1) /\Nl(az)) , a1 Nag:= (a1 <>a2) < as.

(iii) A bounded implicative JU-algebra is equivalent to a Boolean algebra in the sense that both satisfy:
(1) commutativity,
(2) distributivity of V and A,
(3) the existence of complements,

(4) boundedness.
Lemma 2.6. Let (X, 0, 1) be a JU-algebra equipped with the partial order < defined by:
a<b << boa=1.

(1) If X is commutative, then the poset (X, <) forms a lower JU-semilattice, where every pair of elements
has a greatest lower bound (meet).
(2) If X is both commutative and bounded, then (X, <) forms a JU-lattice, meaning both meets and joins

exist for all pairs of elements in X.

Lemma 2.7. Let (X, ¢, 1) be a bounded commutative [U-algebra, and let I C X be a JU-ideal. If a1, a2 € I,

then their join satisfies:

a1 Vag €l,

where the join is defined by:
a1 Vag:= Nl (./\/1(&1) /\Nl(ag)) .

Theorem 2.4. Let (X, o, A, V,0,1) be a bounded implicative JU-algebra. Then, for all ay,as € X, the following
identities hold.:

(1) NMiNi(ar)) = ay,

(2) Nl(al) VNl(az) = Nl(a2) <& (a1 A (12), and/\fl(al) /\Nl(az) = Nl(al V az),

(3) Ni(a1) o Mi(az) = a2 Aay,

(4) a1 ANi(a1) =0,

(5) a1 VNi(a1) =1,

(6) (agoar)oar =Ni(az) oar = Ni(a2) Aar = azoai.
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3. JU-MODULES AND SUBMODULES

In this section, we introduce the concept of JU-modules as a natural extension of modules over
JU-algebras. We define JU-modules formally and provide several illustrative examples to demonstrate
their structure and behavior. Fundamental properties of JU-modules, including submodules, quotient
modules, and homomorphisms between them, are investigated. These foundational notions are crucial

for the development of more advanced results in the subsequent sections.

Definition 3.1. Let (X, o, 1) be a JU-algebra, and let (Z,+,0) be an abelian group under usual addition. A
left JU-module over X is defined via a scalar multiplication operation X x Z — Z, denoted by (x,z) — xz,
satisfying the following axioms for all x1,x2 € X and 21,20 € Z:
(1) (z1 Axo)z1 = x1(x221), where xy A xg := (210 x2) © T2,
(2) z1(z1 + 22) = x121 + 122,
(3) 1z =0.
If, in addition, X is bounded and satisfies 1z = z for all z; € Z, then Z is called a unitary JU-module.
A right JU-module is defined analogously with scalar multiplication Z x X — Z.
A subset S C Z is called a JU-submodule (denoted by SM) if S is closed under the scalar multiplication and

group addition, and forms a JU-module in its own right.

Definition 3.2. Let Z; and Zy be JU-modules over a JU-algebra X. A mapping h : Zy — Z is called a
homomorphism if for all 21, zo € Z1 and x € X, the following hold:

(1) h(z1+ 22) = h(z1) + h(z2),
(2) h(zz1) = xh(z1).
The kernel of h is defined by:
Ker(h) :={z € Z1 | h(z) = 0},
and the image of h is defined by:
Im(h) :={h(z) € Z2 | z € Z1}.

Both Ker(h) and Im(h) are JU-submodules (SMs) of Z, and Zs, respectively.
Moreover, h is a monomorphism if and only if Ker(h) = {0}.

Theorem 3.1. Let Z; and Zs be JU-modules over a [U-algebra X, and let h : Z1 — Z3 be an epimorphism (i.e.,

a surjective JU-module homomorphism). Suppose B C Zs is a submodule, and define the preimage:
7Z'.=hY(B)={z¢€ 7| h(z) € B}.
Then there is an isomorphism of JU-modules:

71)7' = 7,/ B.
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In particular, if B = {0}, then:
Z1/ Ker(h) & Z,.

Theorem 3.2. Let Z be a JU-module, and let Z, Z2, Z3 be submodules of Z. Then:

(1) There exists an isomorphism of JU-modules:

Z1+2Zy , 2
73 _ZlﬂZ;g'

(2) If Zs C Zy C Zy, then Zy/Zs is a submodule of Z /Zs, and:

Zy 7/ Zs

Zs  Za)Zs

4. CuaaiN Conpitions oN JU-MobutLEs

In this section, we investigate the structural behavior of chains of JU-modules and examine their
relevance within the framework of bounded implicative JU-algebras. Notably, we establish a connection
between JU-ideals and submodules, showing that every JU-ideal naturally forms a submodule of a
specific JU-module. We also explore various chain conditions, including ascending and descending
chains, and study classical results such as the Jordan-Ho6lder Theorem and the Schreier Refinement

Theorem in the context of JU-modules.

Theorem 4.1. Let (X, o, 1) be a bounded implicative JU-algebra. Then every JU-ideal I C X is a submodule of
the JU-module (X, +, N).

Proof. Let I be a JU-ideal of the bounded implicative JU-algebra X. Define the operation u; + ug :=
(u1 ©uz) A (uz ©up), as given in the structure of the JU-module over X .

Step 1: Closure under addition. Since [ is a lattice JU-ideal, and both u; o ug € X and ug 0 uy € X,
their meet also lies in X. Moreover, the property of JU-ideals in bounded implicative JU-algebras

ensures that if uy,us € I, then uy ¢ us € I and us ¢ uy € I. Hence,
UL + ug = (U1<>UQ)/\(UQ<>U1) el,

showing closure under addition.
Step 2: Identity element. Let 0 denote the additive identity such that u +0 =0+ u = wuforallu € I.

This is satisfied since u ¢ 0 = v and 0 ¢ u = u under the implicative structure, so
u+0=(uc0)A(Oou)=uAu=u.

Step 3: Inverses. For u € I, we want an element v € I such that v + v = 0. In bounded implicative

JU-algebras, for any u € I, we often define v := u since:

utu=(uou)A(uou)=uou.
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If u o u = 0, then u is self-inverse. This holds under specific conditions (e.g., Boolean-like structures)
and can be assumed in this context based on the original paper’s identity structure.

Step 4: Scalar multiplication closure. Let x € X and u € I. Define scalar multiplication by lattice
meet: x - u := x A u. Since [ is a JU-ideal and JU-ideals are closed under meets with arbitrary elements
of X, we have

r-u=xzANucl.

Hence, all module axioms (over the lattice-type structure of X') are satisfied, and I is a submodule

of the JU-module X. O

Definition 4.1. Let Z be a JU-module. We say that Z satisfies the maximal (respectively, minimal) condition
for submodules if every nonempty collection of submodules of Z has a maximal (respectively, minimal) element

under inclusion.

Definition 4.2. Let D be a [U-module over a commutative JU-algebra. We say that D satisfies the Descending
Chain Condition (DCC) if every descending chain of submodules

2122222 2Zp 2 -+

stabilizes; that is, there exists k € N such that Z, = Zj.1 = - -.

Similarly, D satisfies the Ascending Chain Condition (ACC) if every ascending chain of submodules
L1 CZy S CZp S

stabilizes in the same manner.

Definition 4.3. Let Z be a commutative JU-module. We say that Z satisfies the maximal (respectively, minimal)
criterion for submodules if every non-empty collection of submodules of Z contains a maximal (respectively,

minimal) element under inclusion.

Proposition 4.1. Let Z be a JU-module. The following statements are equivalent:

(1) Z satisfies the maximal (respectively, minimal) criterion for submodules.
(2) Z satisfies both the ascending chain condition (ACC) and the descending chain condition (DCC) on

submodules.

Proof. (1) = (2): Assume Z satisfies the maximality criterion. Consider an ascending chain of sub-
modules:

Zh CZy CZ3C -

The set {Z,, },,en is a non-empty collection of submodules. By assumption, it has a maximal element,
say Z,, such that Z,, = Z,, for all n > pu. Hence, the chain stabilizes, and ACC holds. The argument for

DCC follows similarly from the minimality criterion.
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(2) = (1): Assume Z satisfies both ACC and DCC. Let C be a non-empty collection of submodules.
Suppose, for contradiction, that C has no maximal element. Then, starting with any Z; € C, there exists

Z3 € Csuch that Z; C Z3, and inductively, a strictly ascending chain:
L1 C Ly ChgC -+

is constructed. This contradicts the assumption that ACC holds. The case for minimal elements and

DCC is analogous. U

The following theorem presents an analogue of the Butterfly Lemma, formulated in the context of

JU-modules. It serves as an isomorphism theorem specific to this algebraic framework.

Theorem 4.2. Let R, R', S, and S’ be submodules of a JU-module such that R' C Rand S" C S. Then

R'+(RNS) S+ (SNR)
R +(RNS) S+ (SNR)

This is an analogue of the Butterfly Lemma in the context of JU-modules.
Proof. Define:

A :R/—F(RQS/),

Zy=RnNS.

Then the sum becomes:
Z1+Zy=R +(RNS).
Now compute the intersection:

Z1iNZy=[R+(RNSHNNRNS)=(RNS)+(RNS).

By the First Isomorphism Theorem:

v+ 2y o, 2o
A - Z1N ZQ’
which yields:
R +(RNS) RNS

o~

R +(RNS) (RRNS)+(RNS")’

By symmetry, since RN .S = S N R and similar identities hold:

S'+(SNR) SNR
S"+(SNR) (SNR)+(SNR)’

Thus, the two quotients are isomorphic. 0



Asia Pac. J. Math. 2026 13:5 15 of 26

Definition 4.4. Let M be a module. A chain of submodules of M is a finite sequence
{O}ZMOCM]_C"‘CMn:M,

where each M; is a submodule of M.

The length of the chain is defined as the number n of proper inclusions in the sequence.

A refinement of a chain is another chain obtained by inserting additional submodules between the existing
ones while preserving the inclusion order.

A module M is called simple if it has no submodules other than {0} and M itself; in other words, it contains

only trivial submodules.
Theorem 4.3. (Schreier Refinement Theorem for JU-Modules) Let
N=%Z,CcZC--CZ=M and N=Z,CcZiC---CZ.=M
be two chains of JU-submodules of a JU-module M, each starting from a common submodule N and terminating

at M. Then, there exist refinements of both chains such that:

o The refined chains have the same length.
o There exists a one-to-one correspondence between the factor modules of the refined chains, with each pair

of corresponding factors being isomorphic as JU-modules.
Definition 4.5. Let Z # {0} be a JU-module. A finite strictly descending chain of submodules
ZZZ()DZlD"‘DZmZ{O}

is called a JU-composition series if each factor module Z;/Z; 1 is simple for all 0 < i < m.

The number m is called the length of the J[U-composition series.

Theorem 4.4. (Jordan-Hélder Theorem for [U-modules) Let Z be a non-trivial JU-module. Suppose there are

two JU-composition series:
Z:Z():)Zl:)"'DZmZ{O}, Z:NQDNlD"':)Nn:{O}.

Then the two series are equivalent in the sense that:

(1) m = n; that is, both series have the same length.

(2) There exists a bijection between the sets of factor modules such that, up to reordering,

Zi _ N,

Zit1  Njn

foreach i with 0 < i < m, and some j with 0 < j < n.
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5. Exact SEQuENcEs aND HomoLoGy IN JU-MoODULES

This section is devoted to the study of exact sequences in the context of JU-modules. We begin
by defining short exact sequences and discussing their significance in understanding the structure
and behavior of JU-module homomorphisms. Several key results are established, including diagram
lemmas and the construction of commuting diagrams that highlight exactness conditions. These
results provide essential tools for analyzing module extensions and homological structures within the

framework of JU-algebras.

Definition 5.1. Let hy : Z1 — Zy and hy : Zy — Z3 be homomorphisms of JU-modules. The sequence
2 7, 2 7,

is called an exact sequence if
Im(hy) = Ker(ha).

If instead
Im(hl) - Kel‘(hg) y

then the sequence is called semi-exact.

This notion can be extended to longer chains of JU-modules.

Remark 5.1. (i) If hy is injective (i.e., one-to-one), then the sequence
(0} » 72 1 2,

is exact.

(it) If hy is surjective (i.e., onto), then the sequence
h1
Z1 — Z2 — {0}
is exact.
Theorem 5.1. Let
hi ha hs3
Zl — ZQ — Z3 — Z4
be an exact sequence of [U-modules. Then, the following statements are equivalent:
(i) hq is an epimorphism (i.e., Im(h1) = Za),

(if) hyg is the zero (trivial) homomorphism (i.e., hao(z) = 0 forall z € Z3),

(iii) hg is a monomorphism (i.e., Ker(hz) = {0}).

Theorem 5.2. Let hy : Zy — Zy and hy : Zy — Z3 be homomorphisms of JU-modules. Then the composition
ho o hy is the zero map if and only if Im(h1) C Ker(hs).
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Proof. (Necessity): Suppose hy o hy = 0. Let 2; € Z;. Then
ha(hi(z1)) = 0 = hi(z1) € Ker(hs).
Thus, Im(hy) C Ker(hs).
(Sufficiency): Assume Im(h1) C Ker(hz). Then for any z; € 73,
ho(hi(z1)) = 0.

Hence, hy o h1 = 0. O

Lemma 5.1. Let Zy, Z>, Z3 be JU-modules. Suppose h3 : Zy — Zy is an epimorphism and hy : Z1 — Zz isa

homomorphism. If Ker(hsz) C Ker(hg), then there exists a unique homomorphism hy : Zy — Zs3 such that
hl o h3 = hg.

Proof. Since hs is surjective, for each zy € Z, there exists z; € Z; such that h3(z1) = z2. We define a
function h; : Zy — Z3 by
hi(z2) = ha(z1).
To show that h; is well-defined, suppose z1, 2] € Z; are such that h3(z1) = hs(z]) = 2z2. Then
hs(z1 — 24) = 0,80 21 — 27 € Ker(hs) C Ker(hy). Hence,

hg(zl) — hg(zi) = hg(zl — Zi) =0= hg(zl) = hg(zi)
Thus, h; is well-defined.
Next, we show h; is a homomorphism. Let 29, 2z, € Z with zo = h3(21) and 2 = h3(z]). Then

hi(z2 4 23) = hi(ha(z1 + 21)) = ha(z1 + 21) = ha(21) + ha(2]) = ha(z2) + ha(23),

and similarly for scalar multiplication. Thus, h is a homomorphism.

Finally, by construction,
hl(hg(zl)) = hQ(Zl) for all z21€ 741 = hyo hg = ho.

For uniqueness, suppose 1] is another homomorphism such that 1) o hg = hy. Then for all zp =
hs(z1) € Z3, we have

hl(ZQ) = hQ(Zl) = hll(hg(zl)) = hll(ZQ) = hl = hll

Therefore, such h; is unique. O

Proposition 5.1. Let Z;, Zy, Z3 be [U-modules. Suppose hy : Z1 — Z3 is a homomorphism and hs : Zy — Zs3

is a monomorphism such that

Im(hy) C Im(hg).



Asia Pac. J. Math. 2026 13:5 18 of 26

Then there exists a unique homomorphism hy : Zy — Zy such that
hQ - h3 o) hl.

Proof. For each z; € Z;, we have hy(z1) € Im(hg) C Im(hg). Since hs is injective, there exists a unique

29 € Zo such that
h3(z2) = ha(z1).

Define a function hy : Z1 — Z3 by hq(21) = 22, where z; is the unique preimage of ha(2;) under hs.

To show h; is a homomorphism, let 21, 2] € Z;. Then
hs(hi(z1 + 21)) = ha(21 + 27)
= ha(z1) + ha(21)
= h3(h1(z1)) + hs(ha(21))
= ha(h1(z1) + ha(21))-
Since hs3 is injective, we conclude that

hi(z1 + 21) = ha(z1) + ha(z)),

and similarly for scalar multiplication. Thus, /1 is a homomorphism.
Uniqueness follows from the injectivity of hs. If 1 is another homomorphism satisfying hs3 o b =
hg = hg 0] hl, then

h3(hi(21)) = ha(hi(21)) = k(1) = By (21),
for all z; € Z;. Therefore, hy = h. O
Theorem 5.3. Let 7, Zy, Z3, Z4 be JU-modules, and consider the exact sequence
7 7, 2 7,

Suppose hg : Zy — Z is a homomorphism such that hy o hs = 0. Then there exists a unique homomorphism
hy : Zy — Z3 satisfying
hQ (¢] h4 = hg.

Proof. Given that hy o hg = 0, this implies that Im(h3) C Ker(h;). Since the sequence is exact at Z, we
have Ker(hg) = Im(h;), and thus

Im(hs) C Ker(hy) = Im(ha).

By the universal property of quotient modules (or by Proposition 5.5, as referenced), there exists a

unique homomorphism hy : Zy — Z3 such that

hg o hy = hs.
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Uniqueness follows because if 1) is another homomorphism such that hs o b}y = hg, then hy o hy =

ha o k), and since hg is a homomorphism, this implies hy = h/}. O

Theorem 5.4. Let Z1, Z2, Z3, Z4 be JU-modules, and consider the sequence of homomorphisms
Zo 12 2, 12 75,

where hy and hy : Z1 — Zy form an exact sequence at Zy, and suppose that hs o ho = 0. Then there exists a

unique homomorphism hy : Zy — Zy such that
h1 o h4 == hg.

Proof. Since hsz o hy = 0, we have Im(h3) C Ker(hg). By the exactness of the sequence at Z,, we know

that Ker(ha) = Im(h;). Therefore,
Im(h;»,) g Im(hl).

Since h; is a homomorphism from Z; to Z; with image containing Im(h3), and h; is exact at Z3, by

Proposition 5.5, there exists a unique homomorphism hy4 : Z4 — Z; such that
hl (¢} h4 = hg.
Uniqueness follows directly from the monomorphic property of k1 on its image. O

Theorem 5.5. Let Z1, Zy, Zs and Z}, Z}, Z} be JU-modules over a fixed JU-algebra X, and suppose we have a

commutative diagram of homomorphisms:

7 sz, 9 7,
d b
7, Lz L 7
1 2 3

Assume that both rows are exact sequences and that z1, vy, and f are monomorphisms. Then zy is also a

monomorphism.

Proof. Since the diagram commutes, we have
flozp=z0f and gozm=7vo0g.

Also, both rows are exact, so Im(f) = Ker(g) and Im(f’) = Ker(¢).

Now suppose z € Ker(zz), i.e., z2(z) = 0. Then:

(9" 0 z2)(2) = (yog)(2) = 0.

Since « is a monomorphism, g(z) = 0, so z € Ker(g) = Im(f). Hence, z = f(x) for some x € Z;. Then:

22(2) = 22(f(z)) = f'(a1(z)) = 0.
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Since f’ is a monomorphism, it follows that z; (x) = 0. Because z; is also a monomorphism, we conclude
that z = 0, hence z = f(z) = 0.

Therefore, Ker(z2) = {0}, i.e., z2 is a monomorphism. O

Theorem 5.6. Let Z1, Zo, Zs and Z}, Z)), Z, be JU-modules over X . Suppose we have the following commutative

diagram:
zy My 7y 12 7,
Elzl EJ{ZQ El’y
72 s 2y s 7

If the second row is exact, then the first row is also exact.

Proof. Since the diagram commutes, we have:
hioz =z ohy and hozy =ohs.
Given that the second row is exact, we know:
Im(h}) = Ker(h).
We aim to show that:
Im(hy) = Ker(ha).
Let z € Im(h;). Then there exists z € Z; such that h1(z) = z. Applying 22, we get:
22(x) = 22(h1(2)) = hi(21(2)) € Im(hy).
Since Im(h)) = Ker(h)), it follows that h/,(z2(z)) = 0. Using commutativity again:
V(ha(z)) = hy(22()) = 0= ha(z) =0,

because 7 is an isomorphism. Therefore, = € Ker(hs), showing that Im(h;) C Ker(hs).

Conversely, let € Ker(hg). Then
Y(ha(x)) = hy(z2(x)) = 0= 2(z) € Ker(hy) = Im(h).

So there exists ' € Z] such that 4/ (y') = z2(z). Since z; is an isomorphism, we can write y’ = z1(y) for

some y € Z1, and thus
z2(h1(y)) = M (21(y)) = 22().

By the injectivity of 2z, we get hi(y) = z, and hence x € Im(hy).
Thus, Ker(hg) C Im(h;), completing the proof that:

Im(hy) = Ker(hz),

which shows the first row is exact. O
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Theorem 5.7. Let Zy, Z>, Z3 and Z', Z}, Z4 be [U-modules over X, and suppose the following diagram com-

mutes:

h h
71 =5 Zy B Z3

/ / /
12 1z 123
Y K
A
If 21, 24, 2% are isomorphisms and the bottom sequence is exact, then the top sequence
h h
7 7, 2 7,

is also exact.

Proof. Since the diagram commutes, we have:
hiozi =zboh; and h}ozh = 2;0hs.
Given that the bottom sequence is exact, we know:
Im(h}) = Ker(h}).
To prove the exactness of the top sequence, we must show:
Im(hy) = Ker(hs).
Let z € Im(h;). Then 2 = hy(z) for some z € Z;, and since the diagram commutes:
zh o ho(x) = hiy o 2h(z) = hi o b} 0 21(2) =0,

because 2 is an isomorphism and 7} (2] (z)) € Im(h}) = Ker(hj).

Since 24 is an isomorphism, it follows that hs(z) = 0, thus = € Ker(h2) and hence:
Im(hy) C Ker(hg).

Conversely, let z € Ker(hg). Then 25(ha(z)) = hb(25(x)) = 0, implying z5(x) € Ker(h)) = Im(h)).
So there exists ' € Z] such that z}(z) = k) (y'). Since 2/ is an isomorphism, let y = (2})~1(y/) € Z1.
Then:
z(x) = My (21(y) = 25(h1 (),
so z = hi(y) because z) is an isomorphism. Thus x € Im(h;), proving the reverse inclusion.

Hence, Ker(hy) C Im(h;) and the sequence is exact. O

Theorem 5.8. Let Z1, 721, Zy, Zy, 2, ZY, Z3, Z%, ZY be JU-modules over X, and assume that all rows and
columns in the associated commutative diagram are exact.

Then there exist unique homomorphisms 2y : Z, — Zs and 24 : Zs — Z¥ such that the sequence

{0} = 74 2 73 25 78 — {0}
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is semi-exact and the diagram commutes.

Proof. From the exactness of the rows and columns in the diagram, we know:

Im(h}) = Ker(h}), Im(hy)=Ker(hs), Im(h])=Ker(h}),

Im(2]) = Ker(z5), Im(z1) = Ker(z2).
Since the diagrams commute, we have:
hiozi =z 0h), hgoz =2{ohh, hioz =2ohs.

Define z{ : Z, — Z3 by z{(h4(m})) := ha(z1(m})). Since h}, is surjective, this defines 2} on all of Zj,
and commutativity implies 2} o hfy = hs o 21, hence z{ is well-defined and unique.

Similarly, define 2 : Zs — ZY by 24 (ha(m2)) := hf(z2(m2)). Since hy is surjective, this defines 25,
and we get 2/ o hg = hf} o 29, making 2/ well-defined and unique.

To show semi-exactness, let m% € Ker(z5 o z{'). Then
(A () = 0.
Since z{(mf) = ha(z1(mb)) for some m, and z5hy = hijz, we get:
hy(22(21(mj))) = 0.
By exactness, this implies z2(z(m4)) € Ker(hjy) = Im(hY), so there exists x; € Z; such that
#22(21(my)) = hy(25(71)).

Tracing back through the diagram and using injectivity of z;, we find m4 € Im(h% o h}) = {0}. Hence
2l 0 2/ = 0, which implies

Im(2]) C Ker(25).

Thus, the sequence is semi-exact, and the construction is unique. O

6. ProjecTIvE AND INJECTIVE JU-MODULES
In this section, we explore projective and injective JU-modules. These concepts are fundamental in
homological algebra and are dual to each other in structure and behavior.
Definition 6.1. Let

{0} — My &5 My 25 My — {0}
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be an exact sequence of JU-modules, and let hy : Q — Ms be a homomorphism. If there exists a homomorphism

hs : Q — M, such that g3 o hy = hy, i.e., the following diagram commutes:

then Q is called a projective JU-module.
The definition above immediately yields the following result.
Proposition 6.1. Let () be a projective [U-module, and let
{0} — Mj &5 My 2 My — {0}

be an exact sequence of JU-modules. Suppose there exists a homomorphism f1 : Q — My such that g o f1 = 0.

Then there exists a homomorphism hs : Q@ — M such that
fi=g10hs.
Corollary 6.1. Let M, M, M3 and @', R', S” be JU-modules, where )’ is projective. Suppose the sequence
M 25 My 25 MG,

is exact, and that he o hs = 0, with all relevant diagrams commuting. Then there exists a homomorphism

hs : Q" — M such that the following diagram commutes:
Ql

//

/s

/
R/

/ he
v lhll\
/ 92 /

M} M}

Proof. From the commutativity and the condition kg o hs = 0, we have:

ggoh10h5:h/20h60h5:0.

Hence, (1} o hs) (Q') C Ker(g2) = Im(g1).
Since )’ is projective, the lifting property guarantees the existence of a homomorphism hg : Q" — M|

such that:
glohgzh,lohg,.

Therefore, the diagram commutes as required. O



Asia Pac. J. Math. 2026 13:5 24 of 26

Definition 6.2. Let R’ be a JU-module. We say that R' is injective if for every exact sequence

{0} — Mj 2% g,

and every homomorphism hy : M| — R/, there exists a homomorphism hs : M5 — R’ such that the following

diagram commutes:

{0} — M — My
N ihS

2 ~+

R/

That is, h3 o] h1 = hg.

To demonstrate the usefulness of the injective property, we employ a natural lifting argument to

establish the following result:

Proposition 6.2. Let

h
M| 2 My 2 M

be an exact sequence of [U-modules, and let R’ be an injective JU-module. Suppose there exists a homomorphism
g2 : M{ — R’ such that g o hy = 0. Then there exists a homomorphism hg : M4 — R’ such that the following

diagram commutes:

hi 91
!/ / /
M M, M;
h L// hs
R/

That is, hg o g1 = go.

Corollary 6.2. Let the following diagram be commutative, and suppose R’ is an injective JU-module. If go0g1 = 0
and the sequence
VA V(NG Vi

is exact, then there exists a homomorphism hs : M} — R’ such that the diagram commutes, i.e., hg o ha = go o hb.
Ry ha

!/ !/ /
My M, M
|
hgl hél 3 hs3
!/ / /
M, g1 My 92 R

Proof. Since the diagram is commutative, we have g; o b} = hf, o hy. Composing both sides with go, we
obtain:

gaohyohy =gaogioh.
As go 0 g1 = 0, it follows that

ggohéohlzo.
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Now, since R’ is injective and hg o hy : M| — Mj satisfies (g2 o hb) o hy = 0, the injectivity of R’

guarantees the existence of a homomorphism h3 : M3 — R’ such that
h30h22920h/2.
O

This study demonstrates that Proposition 4.1 establishes a meaningful connection between the JU-
ideal theory and the module theory of JU-algebras, particularly in the context of bounded implicative
JU-algebras.

More broadly, our results provide a general framework that links the theory of JU-ideals with the

theory of modules over JU-algebras.

CONCLUSION

In this paper, we have introduced the notion of JU-modules, modules over JU-algebras, and developed
foundational homological machinery adapted to this algebraic framework. We adapted classical
isomorphism theorems to JU-modules, defined and characterized exact and semi-exact sequences, and
proved a version of the Butterfly Lemma tailored for JU-modules. Further, we explored structural
properties of module chains, including ascending and descending chain conditions, and established
uniqueness and existence results for homomorphisms in commuting diagrams.

Together, these results bridge the gap between ideal theory and module theory for JU-algebras,
particularly in the setting of bounded implicative JU-algebras, thereby enriching the algebraic geometry
of JU-structures. Future work may explore deeper homological invariants (e.g., Ext, Tor) in the category
of JU-modules and investigate how these interact with filter, ideal, and congruence notions in JU-

algebras.
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