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1. INTRODUCTION

In this paper we are interested in the following nonlinear multivalued elliptic anisotropic problem.
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where ) is an open bounded domain of R (N > 3) with smooth boundary 952, 3 and v are maximal
monotone graphs on R such that 0 € 3(0) and 0 € ~(0), 4 a bounded Radon diffuse measure, g a
bounded Radon diffuse measure on 052, 7 = (m,...,nn) the outward unit normal to 0€2. More precisely,

we are interested to the existence and uniqueness of renormalized or entropy solution of the problem

(1.1).
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We set dom(B) = [m, M] withm < 0 < M and denote by

pum(x) := maz(pi(z), ...,pn(x)) and pp(z) := min(p(z), ..., pn(2)).
Letm: (p1(.),...,pn(.)) be such that forany i = 1,..., N, p;(.) : @ — R is a continuous function with

1 <p; := inf pi(x) < pj := sup p;i(x) < o0. (1.2)
zef) zeQ
The operator a; : 2 x R — R is a Caratheodory function (i.e a;(x, §) is continuous in ¢ for a.e z € Q
and measurable in x for every ¢ € R) satisfying:

e There exists a positive constant C'; such that
ai(w, )| < €1 (ji() + g @) (13)

for almost every z € 2 and for every £ € R, where j; is a nonnegative function in Lpz‘(')(Q), with

1 1
+ =1
pi(r)  pi(z

e For £, € R with £ # n and for every x € R, there exists a positive constant Cy such that

Col¢ — P if 1€ —n|>1
(i) = ai(z.m)) (€ =) = (14)
Calg —nlPi if |&—nl <1

and,
e There exists a positive constant C3 such that
ai(x,€).£ > C3léP'™®, for ¢ € R and almost every = € €. (1.5)

The assumptions on a; are classical in the study of nonlinear PDEs.

Throughout this paper, we assume that

pIN-1)  _ p(N-1) pf-p; -1  p-N
" <p; < —, = - < = 1.6
N(p-1) N-p ; p(N —1) (16)
and
N
> —>1, (1.7)
i=1 Pi
N
N 1
where%:Z—_, and for all z € 99,
i—1 Pi

7(%:2{93(;6) ifp(z) < N
PP (x) =
+o0 if p(x) > N.

We make the following assumption.

reC@Q) with1 < r~ <r* <min{pf(z), ..., p3 (z)}. (1.8)
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For any [y > 0, we consider a function hg such that.
(i) ho € CI(R), ho(r) > 0, forall r € R,
(ii) ho(r) = 1if |r| <lpand ho(r) = 0if |r| > Iy + 1.

If v is a maximal monotone operator defined on R, we denote by - the main section of ~; i.e.,

minimal absolute value of ~(s) if y(s) # ()

0
00 if (—o0,s] N D(~) = 0.

70(s) = 4 +oo if [s, +-00) N D(7)

Various mathematical problems with variable exponent has received considerable attention in recent
years. The motivation of their study is due to their varied application. These problems arise in
many applications as the modeling of electro-rheological fluids which are characterized by their
ability to change the mechanical properties under the influence of the exterior electro-magnetic field
[12,14,29-31], reaction-diffusion systems, modeling of propagation of epidemic disease [2]. These
problems are also used in the field of image processing [1,10].

Many authors have studied problems with a maximal monotone graph and measure data in classical
Lebesgue and Sobolev spaces (see [3-5,11,13,19]).

In [27] and [28] the authors extended these problems to the Sobolev spaces with variable exponent in
the context of isotropic operators.

This paper is concerned with the anisotropic elliptic strongly non linear equation with variable exponent
in which the 7 (.)-Laplacian is more general. In the papers (see [6,7,18,21]), this kind of operator was
considered.

We denote by M;(€2) the space of bounded Radon measures in (2, equiped with its standard norm
|-l A, () - Note that, if 1 belongs to M;(2), then [u[(€2) (the total variation of 1) is a bounded positive
measure on {.

Given p € M;(2), we say that p is diffuse with respect to the capacity WO1 P() (Q)(p(.)-capacity for short)
if u(A) = 0, for every set A such that Cap,,y(4,) = 0.

For every A C (2, we denote
Sy (A) = {u e W) NCo(Q) :u=1onA,u>0 on Q}

The p(.)-capacity of every subset A with respect to (2 is defined by
Cap, (A, Q)= inf / VulP@dz b
p() (4, Q) uesm(A){ Q| |
In the case S, )(A) = 0, we set Cap,, (A, Q) = 400
The set of bounded Radon diffuse measure in the variable exponent setting is denoted by MZ(') (Q).
Note that, since we are dealing with the nonhomogenous boundary conditions, we cannot work with

the common space VVO1 PO (©2). However, the common space is whEl) (©2), so we cannot use directly
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the argument of decomposition of measure, since the second part of the measure is in W~17n()(Q)
(the dual of W, 1) (Q)).

To overcome this difficulty, we use the same ideas as authors in [28]. We consider a smooth domain
2 in order to work with the space VVO1 Pm () (Uq), where p,,,(.) : Ug — (1, 00) is a continuous function
such that py,(x) = pm(x) for all 2 € Q, and return after to the space W1Pn()(Q). More precisely, (2
is assumed to be a bounded domain in R with a boundary 9 of class C. Then, Q is an extension
domain (see [8]), so we can fix an open bounded subset Ug, of RY such that Q C Ug, and there exists a

bounded linear operator
E: Wm0 Q) » Wy (Ug),

for which

(i) E(u) = ua.e. in Q for each v € Whrm()(Q),

(ii) [|E(w)]l,,, 1m0, < Cl[ully1.pm () (), where C'is a constant depending only on €.
We define

gﬁé’m()( Q) :={ue Mpm()( Uq) : j1is concentrated on Q}.

This definition is independent of the open set Uy. Note that for u € WP=()(Q) N L®(Q) and y €
Dﬁg’"(') (€2), we have

(1, E(u)) = / udjt.
Q
On the other hand, as y is diffuse, there exist (see [27,28]) f € L'(Ug) and F e (LPn()(Uq))Y such
that u = f — div(F) in D'(Ug). Therefore, we can also write

(1, E(u)) = fE(u)da:—i—/ FVE(u)dx.
Uq Uq

We give a useful convergence result (see [27]).

Lemma 1.1. Let (5,,)n>1 be a sequence of maximal monotone graphs such that 5, — [ in the sense of the
graph (for (z,y) € j3, there exists (zy, yn) € By, such that x,, — x and y, — y). We consider two sequences
(2n)n>1 C LY (Q) and (wy,)p>1 C LY(Q).

We suppose that: ¥n > 1,wy, € Bn(zn), (wn)n>1 is bounded in L*(Q) and z, — z in L*(Q). Then,

z € dom(p3).

The rest of the paper is organized as follows. In Section 2, we introduce some fundamental prelimi-
nary results which are useful in this work. Then, we study the existence and uniqueness of entropy or

renormalized solution in Section 3.
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2. PRELIMINARY

We recall in this section some definitions and basic properties of anisotropic Lebesgue and Sobolev

spaces with variable exponents. Set

Ci(Q) = {p €C(Q): glelgp(x) >1 ae z€ Q}

For any p € C (), the variable exponent Lebesgue space is defined by
£PO(Q) == {u : 2 — R a measurable real valued function such that / luP® de < oo},
Q
endowed with the so-called Luxemburg norm

The p(.) modular from LP()(Q) into R is defined by

Pp() (1) = / JulP™) da.
Q

For any u € LP)(Q), the following inequality (see [15], [16]) will be used later.

, - + - +
mzn{|u§(.); \u|z(.)} < pp()(u) < max{|u|§(_); ’U|§(_)}‘ (2.1)

p(x)dx < 1}.

1
For any u € LPM)(Q) and v € L90)(Q), with —— + —— = 1 for any z € 2, we have the Holder type

rorany pa) " @)
inequality
1 1
wvdz| < | — 4+ — | ulp)|V]g0)- 2.2
/Q (p_ q_>\ () 10lq0) (2.2)

If Q is bounded and p, ¢ € C' () such that p(z) < ¢(x) for any = € €, then the embedding L") (Q) <
L10)(Q) is continuous (see [25], Theorem 2.8).

Herein, we need the following anisotropic Sobolev space with variable exponent

Wl’?()(Q) — {u c LPJVI()(Q) : aau - Lpl()(Q)’Z = 1, ...7N}7
Xl

which is a separable and reflexive Banach space (see [26]) under the norm

N oy
lull ) = by + D 15— 1w
i=1 ¢

We need the following embedding and trace results.

Theorem 2.1. ( [15], Corollary 2.1) Let Q C RN (N > 3) be a bounded open set and for alli = 1,...,N,
pi € L>®(Q), pi(x) > La.ex € Q. Then, for any q € L*°(Q) with q(x) > 1, a.e v € Q such that

ess inf (pr () —q(2)) > 0,
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we have the compact embedding

WL?(-)(Q) < £10(Q). (2.3)

Theorem 2.2. ( [7], Theorem 6) Let Q@ C RN (N > 3) be a bounded open set with smooth boundary and let
T () € (CL(Q)N, r € C(Q) satisfying the condition 1 < r(z) < mz‘n{p?(m), ...,p‘?v(a:)}; Vo € 0. Then,

there exists a compact boundary trace embedding
WLTO(Q) < 17O (9Q).

In particular,

WLPO(Q) < L1(99).

We introduce now the numbers

Np-1)
= - d = =
1= N1 "MT TN T N_4

The following result is due to Troisi (see [32]).

Theorem 2.3. Let py,...,px € [1,00); g € WhPL-PN)(Q) and

{ g= @) if)* <N,

24
g€ [l,00) if (p)* > N. @4

Then, there exists a constant Cy > 0 depending on N, p1, ...,pn if p < N and also on q and meas(Q?) if p > N
such that
%

dg
lgllLeo) < CyIIY, gl Lrar () + H%HLW(Q) . (2.5)

In this paper we will use the Marcinkiewicz space M4(2) (1 < ¢ < 400) as the set of all measurable

function g : Q@ — R for which the distribution
Ag(k) :=meas({x € Q: |g(x)| > k}),k >0 (2.6)
satisfies an estimate of the form
Ag(k) < Ck™1, for some finite constant C' > 0. (2.7)
We will use the following pseudo norm in M4(£2).
g llna = mf{c >0 A (k) < Ck™7,Vk > o}. (2.8)
Finally, we will use throughout the paper, the truncation function 7}, (k > 0) defined by

Tk (s) = max{—k, min{k; s}}. (2.9)
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It is clear that kETOO Ti(s) = s and |Tx(s)| = min{|s|; k}.

In order to simplify the notation, for any v € W70 (©2) we use v instead of v|sq for the trace of v on
o

Set le(')(Q) as the set of the measurable functions v : @ — R such that for any k£ > 0, Tj(u) €
WwL70O(Q).

We define the space 7;,11?(') (€2) as the set of functions u € TP (€2) such that there exists a sequence
(tn)nen C WEPO(Q) satisfying:

i) up, — wa.e. in Qasn — 4oo.

i) Oil(wn) _, 9Tu(w) e LY(Q),Vk > 0.

6951- (‘9@
iii) There exists a mesurable function v on 92 such that u,, — v a.e. on 92 as n — +oc.

We also define the reflexive space
E = WhPOQ) x 12w (9).
Let X/ be the subspace of E defined by

Xo={(u,) € E:v=7(u)},

L70()

where 7(u) is the trace of u € T, in the usual sense, since u € W17 () (€2). In the sequel, we will
identify an element (u, ) € X, with its representative u € W70 ().

We need the following Lemma proved in [6].

Lemma 2.4. Let g be a nonnegative function in W7 (). Assume p < N and there exists a constant C > 0

such that

9
ox;

i < C(k+1), (2.10)

/ka |”de+2/

for every k > 0. Then, there exists a constant D, depending on C' such that ||g|ly* () < D, where q* =
N(p-1)
N-p

{lgl<k

Definition 2.5. Forany p1 € mf’”") (Q)and g € Sﬁi””(') (0K2), a renormalized solution of problem P(u,g) is a
triple (u, bw) € TP (Q) x LN(Q) x L1(99),

u € dom(B) LN-ae. inQ, be Bu) LN-ae in Q, tr(u) € LY (0Q), w € y(u)LN-a.e. on O such that
there exists v € Mf’"(')(Q) withv L LV,

vt is concentred on [u = M), v~ is concentred on [u = m],
there exists A € MP™ (99 such that A 1 LV,

AT is concentred on [u = M|, X\~ is concentred on [u = m)|
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and

Z/al< ) dx +/b<pdx+/<pdu+/ w<pd0+/ god/\—/godu+/ pdg, (2.11)
"0z ) Ox; Q Q 89 o0 Q o9

forany ¢ € WHPO)(Q) 0 L*°(Q). Moreover,

au Pz‘(ﬂ?)
lim dr =0, for i=1,...,N. (2.12)
n=+00 Jin<lu)<nt1] | 02

Theorem 2.6. Assume that (1.2)-(1.8) hold, i € m§m<')(ﬂ) and g € 9)22””(‘)(8(2). Then, problem P(p, g)

admits a unique renormalized solution.
3. EXISTENCE OF SOLUTIONS TO PROBLEM (1.1) WITH DATA IN L™
In this section we consider the following problem.
N
0 ou
— —ai(x, =—) + Tr(b(u)) + ulPM@) =2y = T in Q

N
Zaz 772+Tk( ( )) :w on 897
=1

where b and y are surjective, continuous and nondecreasing function such that (0) = 0 and y(0) =0,

T e L>®(Q), 1 € L*®(09Q) for k > 0and € > 0.

Theorem 3.1. Assume that (1.2)-(1.8) hold, then P(T}(b),Y) admits at least one weak solution wj €
WLPO(Q) such that ¥ o € WHPO(Q) N L2(Q),

N

0 0
> ( a“’“)a*"d + [ Blblw)ode +e [ ful™ O Pugda + [ Titytun)odo
i—1 Q X X Q o0

= / YTodx + Ypdo. (3.1)
Q o0
Furthermore,
VE > || T]|oo, [b(ur)] < [|T|eo a.e. in Q, (3.2)
VEk > (|, |(ur)| < [|T]|oo a.e. on €. (3.3)

Indeed, we define an operator Ay : Xo — X, by

(Ax(u),0) = (A(u), @) + /

o0

Z/CM( )&pd —|—6/ |u[PM @) =2y pdz,

Ty (b(u))pdz + /8 Ti(y(w)pdo, Vg € Xo,

where
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We show with similar arguments as in [ 18] that the operator Ay, is of type (M), bounded and coercive.

Therefore, by setting

(F,p) = / YTodr + / Yodz, it follows that F' € E' C X|,. Then, we can deduce the existence of a
Q Ely!

function uy, € Xy such that

(Ag(u), 9) = (F,p), forallp € Xo.

4. PrROOF OF THEOREM 2.6

The poof is done in three steps.
Step 1. The approximate problem

For every € > 0, we consider the Yosida regularization . of 5 and ~. of 7y see [32], given by

fe= (I —(T+e5))
and
te= (= (T +en)™).

Thanks to [32], there exist nonnegative, convex and l.s.c. functions j and z defined on R such that

and

To regularise j and z, we consider

1
Je(s) = min{s —rf? +j(r)}, VseR, Ve >0
reR | 2¢

and

1 9
ze(s) = 17}1611[1{3{26\5 — +z(r)}, VseR, Ve >0.

By Proposition 2.11 in [32] we have

;

dom(B) C dom(j) C dom(j) = dom(p),
jo(s) = %|ﬁe(s)|2 +j(J.) where J. := (I + ¢8)~1,
je is a convex, Frechet-differentiable function and 3. = Jj.,

JeTjaselO.

and

dom(v) C dom(z) C dom(z) = dom(~),
zs(s) = %‘75(8)’2 + 2(Z.) where Z. := (I +ey)™ 1,
z. is a convex, Frechet-differentiable function and 7. = 0z,

ze T zasel 0.
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Moreover, for any € > 0, 3. and -, are nondecreasing and Lipschitz-continuous function (see [25]).
Since pand g € Mf’"(')(UQ), recall that u = f — div(F) and g = h — div(H) in D'(Ug) with f and
h e L' (Ug) and F and H € (LP=0)(Uq))N where Uq, is the open subset of R which extends  via the
operator .

We regularize f,h, g and p respectively as follows.

For any € > 0 and = € Ugq, we define the functions
fe(x) = T1(f(z))xa(2).

he(x) = T1(h(z))Xo0@)-
Let (Fe)es1 € C§°(Uq) and (He)es1 C C§°(Uq) are sequences such that F, — F strongly in
(Lﬁlm(')(Ug))N and H. — H strongly in (LP=()(Uq))N . For any € > 0, we set . = xoF., H. = xaoH.,
= f. — div(F,.) and g. = h. — div(H.). For any ¢ > 0, one has
o i € M(Q), pe — pin My(Ug) and g € Lo(Q).
o g € M(9Q), g — gin My(Ug) and g, € L>(09).

e (fo)es0, (he)e=o are sequences of bounded functions which converges to f € L'(Q) and h € L'(992)

respectively.
Moreover,
[ fellr) < I fllpi), ¥Ve>0, (4.1)
hell a0y < |IPllL1a0), Ve >0, (4.2)
| T < kO Q) Yk >0, ¥ o € THm (@) (43)
0
and
/ Te(p)dg.| < kC(g,09), ¥k > 0, ¥ o € THPnO(90). (4.4)
20

We have the following lemma (see [28], Lemma 4.1).
Lemma 4.1. The Yosida regularization 3. and -y, are surjective operators.

Now, we consider the following approximating scheme problem

—Za 8u5 —i—ﬁe(ue)—i-e]u |Pru(@) =24 = pe in Q

P(ﬁea He, ge) (4‘5)
N

Oue
ZCLi(Z', 87%)-77@ + 76(“6) = g on Of),

i=1

where € > 0.
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Theorem 4.2. The problem (4.5) admits at least one weak solution . in the sense that u € Wl’ﬁ(')(Q)QLI(GQ),
Be(ue) € L¥(9), ve(uc) € L%(09) and ¥p € WHFO(Q) N Lo(Q),

Z/al( aue) &pd +/ Be(ue)godx—l—e/ \ue\PM("C)_zuewdm—l—/ %(ug)cpdaz/godue—i—/ gepdo. (4.6)
O0x; Q a0 Q o0

For the proof of Theorem 4.2 we fix k > max(HTHOO, Hme) in P(Ty(b),Y) and set ¥ = p, b= 5,

y = 7. and ¢ = g, to end the proof of the Theorem 4.2.
Step 2. A priori estimate

Lemma 4.3. Let u. be weak a solution of P ([, jte, gc). Then, there exist positive constants C'(, Q) and C(g, 0€2)
such that for any k > 0,

N ne C(p. Q) + Clg,00)
; /Q 7o, Ti(ue)|  da < k( & ) (4.7)
/Q Be(ue) Ti(u)d < K(C(1, Q) + Clg, 09) (4.8)
and
/a () Ti (e < k(C(,2) + Clg. 09). (4.9)

Proof. We begin by Proving (4.7) and (4.8).
By Taking ¢ = T} (u,) as test function in (4.6), we get

al A\ 0T} (ue)
Z/ ai<x, 6) TR g —1—/56 ue) Tk (ue) d:):—l—e/ \uE\PM uETk(ue)dx+/ Ve (ue) Tk (ue)do
~ Jo ox; ox;

a9
= / Tk(ue)dﬂe + / geTk(ue)da'
Q 09
Then, taking into account that [, g7k (uc)do < kC(g, 982), we use (1.5) and (4.3) in the last equality

to get

o)

pi(w)

Tk ue)

dx—i—/ﬂﬂe(ue)Tk(ue)dx—i-/

Ve (ue) Tk (ue)do + e/ ]uEIPM(I)_QueTk(ue)
15)9) Q

ox;

ue| <k

< k(C(p, Q) + C(g,00)). (4.10)

Since Ty, B, s — s7()=25 are nondecreasing and f.(0) = T;(0) = 0, all the integrals in (4.10) are
nonnegative. Therefore, we deduce from (4.10) that

Z/ ’Tk ue) w)dx - k(C(M,Q) 230@@9))

and
/Q B(ue) T (ue)dex < K(C(11, Q) + Clg, 09)).

Let us prove (4.9). We use the fact that all integrals in (4.10) are nonnegative to obtain

/8 () T < F(C (1, ) + (g, 0). (411)
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O

We have the following lemma (we refer to [28], Proposition 4.2).

Lemma 4.4.
(i) Forany k > 0 The sequences (Bc(uc))e>0,(Be(Tk(ue))eso are uniformly bounded in L*(£).
(ii) Forany k > 0, the sequences (Ye(ue))e=0,(Ve(Tk (ue))eso are uniformly bounded in L'((2).

Proof.
(i) Dividing the terms in (4.8) by k£ > 0 and letting k goes to 0, we get

hm / Be(ue) Tk ue)dx = / Be(ue)signo(ue)dz.

[ Betwsigno(uds = [ |5 (uolde < Clu.2) + Clo00), (4.12)
Q Q

Then, (B¢ (ue))eso is uniformly bounded in L!(€2) . Since for any k > 0,

/Q 1Bu(T(ud)|da < /Q 1Be(ue)de,

we deduce that (5. (T%(uc))e>0 is uniformly bounded in LY'(Q).

(ii) Reasonning as to (i) we obtain (ii). O

Proposition 4.5. Let u. be a weak solution of (4.5). Then, for all k > 0,

Z/u€|<k

Let us prove (4.13).

aun

(4.13)

d < N.meas(Q) + k‘(C('u’ ) + Cly, 89))

Cs

Z/ Oue da::Z/ Oue dw—l—Z/ Oue dzx
— Hlucl<ky |97 = Mluel<h |32 <1y | O {Juel <k, 92 1>1) | OFi
N .
du, [P1®
< Nmeas(Q) + / < dz
@ Z {lue|<k,| 3= 21} | O
du, [P1®
< Nmeas(2) + / < dzx
Z {luc|<k} | OTi
< Nmeas +Z/ gue
X
Q 0
< Nmeas(Q2) + k(C('u’ ) —gC(g,a )>
3

Lemma 4.6. If u. is a weak solution of (4.5), then there exists a constant D which depends on p and €2 such that

D
meas{|ue| >k} < , Vk>0 (4.14)

min(be (k), |be(=k)|)
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and a constant D" which depends on 1 and € such that

/
meas{ Oue| k} < P kst (4.15)
8':L‘i Y
k ®ar)
Proof. e For the proof of (4.17), we refer to [20,28].
e For the proof of (4.18), we refer to [6]. O

We need the following lemma (see [6], [17], [18], [24]).

Lemma 4.7. For any k > 0, there exists some positive constants C' and C' such that

@) Muellpgar @) < C;

Oue
81’i

. <C,Vi=1,.,N.

MPi B (Q)

(@) |

Step 3. Convergence results

In order to pass to the limit in (4.6), the following convergence results are necessary (see [6] and [24]).

Lemma4.8. Fori=1,...,N,as ¢ = +o0o, we have

ou ou
il @, = i in L'(Q) a.e.z € Q. .
a(x,axi>—>a<x,axi>m (Q)ae xe (4.16)
Proposition 4.9. There exists a measurable function u : Q@ — R such that u € dom(p) a.e. in Q2 and

ue — u in measure and a.e. in 2 as e — 0. (4.17)

Proof. For the proof of (4.17), we refer to [60] (see also [24]).

As for k > 0, Ty, is continuous, then T} (ue) — Tk (u) a.e. in Q. Finally, using Lemma 1.1 we deduce
that for all £ > 0, T, (u) € dom(3) a.e. in Q. Since Tj(u) € dom(3), we get u € dom(f3) a.e. in © and as
dom(B) is bounded, then u € W7 () (Q). O

Proposition 4.10. Assume (1.2)-(1.8). If ue € E is a weak solution of (4.5) then.

(i) foralli=1,...,N, ggf converges in measure to the weak partial gradient of u;
(ii) foralli=1,...,.Nandk > 0, a; <x, %Tk(u5)> converges to a; (x, friTk(u)> in L1(Q) strongly and
in LPi0)(Q) weakly.

(iii) Fori=1,...,N, a; (:):, %) gze —a; <x, g;t> % in LY(Q) and a.e. z € Q.

Proof. (see [22], Proposition 3.3) O

We have the following lemmas (see [23,27,28]).
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Lemma 4.11. For any h € C1(R) and ¢ € WE-PO(Q) N L=(Q), forany i = 1,..., N,

82- (h(ue)p) — . (h(u)p) strongly in L'(Q) ase — 0, foranyi=1,...,N.
Lemma 4.12. We have
lim [ h(ue)édue = / h(u)édpu, (4.18)
e—0 0 0
lim € / e [P @)= 2y h(ue)éda = 0 (4.19)
e—0 o)
and
lim Ye(ue)h(ue)pdo = / ~y(u)h(u)edo, (4.20)
=0 Jaq 19)

forany h € CH(R) and ¢ € WHPO(Q) 0 L2 ().

Now, we pass to the limit in S (ue).
Since, for any k > 0, (A (te) Be(te))es0, (hr(te) Ve (ue))e0 are bounded respectively in L (Q2) and L (992),
there exists z;, € M;(Q2) and ¢, € M;(02) such that

hi(te)Be(ue) = 2k in Myp(Q2) ase — 0

and
P (we)ve(ue) — tg in Mp(2) as e — 0.

Moreover, for any ¢ € le(')(ﬂ) N L>(2), we have

N
— ) % 9 Ppr(z)—2
/ngdzk + /(99 pdty, = /Q;czl(aj, 6%)3% [ (u)p]dx e/ﬂcp|u| uhy(u)dx

+ [ eutdnt [ ehiudg
Q o9
which implies that z;, € Mgm(')(Q), ty € Mfm(')(ﬁQ) and, for any k£ </,
2k =21 tp =1 on []Tk(u)\ < k]

Let us consider the Radon measure defined by

z =z, on[|Ti(u)| < k] for k € N*,
(4.21)
z=0on [ [Te(w)| =k
keN~
and
(
t =tx, on[|Tx(u)| < k] for k € N*,
(4.22)
t=0on () [Te(w)| = k.
\ keN*
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For any h € C.(R), h(u) € L*>(Q,d|z|) and

/Q h(u)pdz + /8  hu)pdt = / Zaz ) O Ih(u)glds — e /Q | P )2y ()

+ [ e+ /8 ehlu)d.

for any ¢ € WL?(')(Q) N L>(9).
Indeed, let kyp > 0 be such that supp(h) C [—ko, ko],

/Q h(u)éds + /8 h(ujéit - /Q h(u)édzr, + /6 hujédt,

Oue, O
— 1 E € _ pu(z)—2
1_5%/%1 ail®, afcl)ﬁxl [h(ue)pld 25%6/ el ueh(ue)pdz
+ lim | wuch(ue)pdo + hm geh(ue)pdo
e—0 O o0
al 0Tk (ue), O
— _ T . € _ 1 pa(x)—2
251(1)/9;1 a;(z, 2, )axi [h(ue)pldz E%S/QWJ uch(ue)pdx

e—0 O

l N
-, S ate g nelar + [ bwed | neds

Moereover, we have the following lemma (see [27], Lemma 4.7).

Lemma 4.13. The Radon-Nikodym decomposition of the measure z given by (4.21) with respect to LV,
z=0bLN +v withv L LY

satisfies the following properties

)
be Bl —ae inQ be LNQ), v e MY(Q),

v is concentrated on [u = M],

v~ is concentrated on [u = m).
\

By using Lemma 4.13, we obtain the same decomposition result for the measure t:
t=wlN + X with A L LN

satisfies the following properties
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w € Bu)LN —a.e.in 00, w e L'(0Q), A € Mgm(')(GQ),

AT is concentrated on [u = M],

A~ is concentrated on [u = m)|.

To end the proof of the Theorem 2.6, we consider ¢ € WP (Q) N L>®(Q) and h € CL(R). Then, we
take h(ue)y as a test function in (4.6) to get

Z / a2< ‘;Z) ol eldo+ /Q Bo(u)h(ul)pda-te /Q e [P )2 () o+ /8 e(wh(u)gdo

= / h(ue)pdpe + / h(ue)pdge. (4.23)
Q oN

The first term of (4.23) can be written as

Z/ al< 6Tz(g; Ue))@ii [h(ue)p]dz :;/ﬂai <x, g;f) 822- [ (ue)p)da,

for lp > 0; so, by lemmas (4.11) and (4.12), we have

N N
i (01 2 _y (0T (u)) 0
i [ S Gy ) gl =l [ 52 P ) ool

By using convergence results in (4.23), we get

lim/ Be(ue)h(ue)édr + hm - Ye(ue)h(ue)édo = / h(w)édp + /Q h(u)pdg

e—0 Q
_ / al< 8%) S h(welds
:/Qh(u)cpdz+/{x2 h(u)edt
— /Q bh(u)pdz + /Q h(u)edv
+ /8 wh(u)pdo + /a (g,

Passing to the limit in (4.23) as € — 0, we get

Z / a,< ax,> o ln(wlds + /Q bh(u) e + /Q h(u)pd + /8 uh(u)pdo + /6 RIGEDS
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= / h(uw)pdu + / h(u)pdg. (4.24)
Q 19)
It yields that (u, b, w) is a solution of the problem (1.1).
To end the proof of Theorem 2.6, we prove (4.2). We take & = T3 (u — T),(u.)) as a test function in (4.6)

to get
Z/ az< gz> iy (T (e = T () + /Qﬁe(ue)Tl(us — T (ue))da
—}—e/Q e PM @ =20 Ty (ue — T (ue))da + /89 Ye(ue) T (ue — T (ue))do
= / T (UE - Tn(UG))d/% +/ Tl(ue - Tn(ue))dge (425)
Q o9
Since

/ Be(ue)Th (ue — T (ue))dx + 6/ Jue|PM @) =20, Ty (ue — T (ue))da +/ Ye(ue)Th (ue — T (ue))do > 0
Q Q o0

and a%i(Tl (ue — Tn(ue))) = %X[n<\ue|<n+l}r we have from equality (4.25),

N

3 / . <$ 3“&) Ouc 4, < / Ty (te — To(ue))dpsc + / Ty(ue — To(u))dge.  (426)
i—1 ¥ [n<|ue|<n+1] Ox; ) Ox; Q 90
We have (see [28])

lim lim | Ty(ue — Tp(ue))dpe =0

n—+00e—0 Jo

and

lim lim [ Tj(ue — Ty (ue))dge = 0.

n—+00e—0 Jo

Then, using (1.5), and letting n — +00, € — 0 respectively in (4.26), we get

pi(z )
lim lim — Z/ = lim Z/
n—+o0 e—0 C [n<|ue|<n+1] n—too C [n<|u|<n+1]

The connexion between our notion of solution and the entropic formulation is given in the following

pi(w)

Oue dr <0.  (4.27)

a{L‘Z’

ou
o0x;

Theorem. In particular, as the domains of 5 and vy are bounded, this equivalent formulation is very
useful for the proof of uniqueness of solution to problem (1.1). We reason as authors in [27] to get the

following results.

Theorem 4.14. If (u, b, w) is a solution of (1.1) in the sense of Theorem 2.6, then (u, b, w) is a solution in the
following sense : for any ¢ € leﬁ(')(Q) N L*>($2) such that ¢ € domf3,

Z/a( axz>8xlTk(u—go)dx+/Qka(u—<p)dx+/ wTi(u — )do

o0

< / Ti(u — )dp + / T (u — p)dg, forany k > 0. (4.28)
Q o0
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The result of the uniqueness of solution to problem (1.1) is the following.
Theorem 4.15. Let (uq, b1, w1) and (ug, bz, w2) be two solutions of (1.1). Then
(
Ul = ug a.e. in ),
b1 = by a.e. in QQ,
w1 = wa a.e. in ON).
Proof. For u;, we choose ¢ = us as a test function in (4.28) to get
Z/ Cbl< ZZ‘?) aasz (ul — uz)dx + /Q blTk(ul — UQ)dJJ + /BQ w1Tk(u1 - UQ)dO'
< / T (ur — u2)dp + / Ti(u1 — uz)dg, for any k > 0. (4.29)
Q a0
Similarly for uy, we choose ¢ = u; as a test function in (4.28) to get
al dus\ 9
Z a;| x, =— 7Tk(u2 — ul)dx + bQTk(UQ — ul)dx + wQTk(’U,Q - ul)dac
= Jo dxi ) O Q 20
< / Ti(ug — uy)dp —1—/ Ty (u2 — u1)dg, for any k > 0. (4.30)
Q o0
Adding these two inequalities yields
0 0 0
Z/ ( ul — ai(x, (;;j)) %Tk(ul — ug)dx + /Q(bl — b) Ty (ur — ug)dx
+/ (w1 — wg)Tk(ul - UQ)dO' < 0. (431)
o0
Therefore, as in [ 18] the result follows. O
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