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1. INTRODUCTION

Imai and Iséki’s pioneering work [5] introduced BCK-algebras, abstracting the properties of set
difference. Iséki subsequently extended this concept to BCl-algebras. Notably, BCK-algebras are
grounded in BCK logic, while BCI-algebras are rooted in BCI logic. This interplay between algebraic
structures and logical systems enables translation between well-formed formulas and theorems in logic
and algebra, offering valuable insights into the underlying logics.

The concept of hyperstructures was introduced by Marty [14] at the 8th Congress of Scandinavian
Mathematicians in 1934. Today, hyperstructures are widely applied in both pure and applied mathe-
matics. In 1985, Bhattacharya and Mukherjee [ 2] established relations for fuzzy groups. In 1966, Imai

and Iséki [5] proposed a set of axioms, known as BCK-algebras, while investigating the properties of
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set difference. Later, Jun et al. [6,9] applied hyperstructures to BCK-algebras in 1999-2000, introducing
the concept of hyper BCK-algebras, a generalization of BCK-algebras, and exploring related properties.
Around the same time, applying the concept to K-algebras, Borzooei et al. introduced hyper K-algebras
in 2000, as described in [3]. In 2000, Jun et al. [&] explored the properties of fuzzy strong hyper
BCK-ideals. In 1965, Zadeh [20] introduced the concept of fuzzy sets, a tool for handling uncertainty.
Building on this, Jun and Xin [7] applied fuzzy set theory to hyper BCK-algebras in 2001. In 2020,
Mubhiuddin et al. [ 15] explored bipolar-valued fuzzy soft hyper BCK-ideals in hyper BCK-algebras. In
2021, Khademan et al. [ 10] introduced various types of fuzzy soft positive implicative hyper BCK-ideals.
Atanassov [ 1] presented intuitionistic fuzzy sets in 1986, broadening the scope of fuzzy sets. These sets
assign both membership and non-membership values to elements, providing a more comprehensive
representation than traditional fuzzy sets.

Several intuitionistic structures have been proposed to better model uncertainty. In 2020, Seo etal. [19]
introduced multipolar intuitionistic fuzzy hyper BCK-ideals in hyper BCK-algebras. Satyanarayana
et al. further developed the theory by studying various types of ideals in BCK and hyper BCK-
algebras [4,12,16-18].

This paper investigates the intuitionistic fuzzification of (weak, strong) hyper p-ideals in hyper

BCK-algebras and examines their associated structural properties.

ACRONYMS

e HBCKA : hyper BCK-algebra

e HBCKZ : hyper BCK-ideal

e HPL: hyper p-ideal

e ZFS : intuitionistic fuzzy set

e ZFHBCKT : intuitionistic fuzzy hyper BCK-ideal

o ZFHPI : intuitionistic fuzzy hyper p-ideal

e ZFSHPT : intuitionistic fuzzy strong hyper p-ideal
o ZFWHPT : intuitionistic fuzzy weak hyper p-ideal

2. PRELIMINARIES

To establish a foundation for this article, we present essential concepts in the following section.
Let U be a nonempty set endowed with hyper-operation, i.e., x is a function from U x U to Q*(U) =

Q(U)/{0}. For any two subsets € and & of K, (€ x &) is denoted by ( U mx*n. We shall use 71 * 72

mee,ned)
instead of v1 x {72}, {71} x 2 or {71} * {72}.

Definition 2.1. [9] By an HBCKA (U, %, 0), we mean a nonempty set U endowed with a hyper operation %

and a constant 0 fulfilling the below axioms:
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(HBCKATL) (71 % 73) * (2 *73) < 71 % 72,

(HBCKA2) (1% 72) *x v = (71 % 73) * 72,

(HBCKA3) v1 xU < {m},

(HBCKA4) v1 < 2 and vo < y1 = 71 = 2, for all v1,7v2,73 € U.

We can define a relation < on U by letting 71 < 7 if and only if 0 € y; * 72, and for every €, & C U,
¢ <« & is defined for all m € € there exists n € & such that m < n. In such a case, we call the relation
< the hyper-order in U.

Clearly, every BCK-algebra (U, x, 0) can be viewed as an #BCK.A with the operation 1 xy2 = {y1072}.

A notable example of an HBCK A is the set of nonnegative real numbers, denoted by U = [0, o),
equipped with a specific operation

[0,71] ifv1 <2
T *xy2: =9 [0,72] ify > #0
{n} ifr=0
Proposition 2.1. [9] In every HBCK.A U, the below properties are satisfied:(P1) v1 * v2 < {71}, (P2)
T *0 << {1}, (P3)0x0={0}, (P1) 0y, (P5)C€KC (F)CCB=CLB, (Pr)0xy ={0}, (FR)
0%x€ =0, (Py) €*{0} = {0} implies that € = {0}, (P10) v2 <K 3 implies that v1 * y3 <K 1 * Y2, for all
7,72,73 € U, and for any nonempty subsets €, & of U.

For the fundamental study related to hyper BCK-subalgebras and (weak, strong, reflexive) hyper
BCK-ideals, refer to [9]. Hereafter, U denotes an HBCKA.

Lemma 2.1. [9] For every HBCKA, the following hold:

i. Any strong HBCKZ is an HBCKL.
it. Any HBCKZ is a weak HBCKZL.

Lemma 2.2. [&] For any reflexive HBCKZ S of U, if y1 x 72 N & # 0 implies that 1 x vo < & for all
Y1572 S u.

Proposition 2.2. [6] If € is a subset of U and & is any hyper BCK-ideal of U, such that € < & then € C &.

Definition 2.2. [13] For an HBCK.A U, a non-empty subset & C U, containing 0 is known as

i. a weak hyper p-ideal of U if (71 % v3) * (2 x73) C S and v, € & = 71 € 6.
it. a hyper p-ideal of U if (71 % v3) * (Y2 x73) < Gand v2 € & = v € 6.
iti. a strong hyper p-ideal of U if (y1 % v3) * (2 xy3) NS # Dand v, € & = v, € 6.

Theorem 2.1. [13] Every (strong, weak) hyper p-ideal is a (strong, weak) hyper BCK-ideal.
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Remark. Generally, every (strong, weak) hyper BCK-ideal is not a (strong, weak) hyper p-ideal
(see [13]).

Theorem 2.2. [13] For every HBCK.A, the following hold:
i. Any hyper p-ideal is a weak hyper p-ideal.
ii. Any strong hyper p-ideal is a hyper p-ideal.

Remark. Generally, the converse of Theorem 2.2 isn’t hold (see, [13]).

For a detailed study of fuzzy (weak, strong) hyper BCK-ideals, one must consult [7].

Theorem 2.3. [/] For every HBCK.A, the following hold:

i. Every fuzzy hyper BCK-ideal is a fuzzy weak hyper BCK-ideal.
i1. Every fuzzy strong hyper BCK-ideal is a fuzzy hyper BCK-ideal.

Definition 2.3. [13] For an HBCK.A U, a fuzzy set &V in U is said to be

i. a fuzzy weak hyper p-ideal of U if for any v1,v2,73 € U,

eN(0) > €V (71) > min{ inf &N (m), &V (12)},
me(y1xy3)*(12%73)

ii. a fuzzy hyper p-ideal of U if v < ~o implies that €N (y1) > €N (v), and for any y1,742,73 € U,

¢V (1) > min{ inf  N(m), M ()},
me (y1xy3)*(y2*7y3)

i1i. a fuzzy strong hyper p-ideal of U if for all vy1,7v2,v3 € U,

inf eNm)>eN(p)>min{  sup (), N (1)}
meYIANL ne(y1xy3)x(y2x3)

3. ZFHP-IpeaLs or Hyrer BCK-ALGEBRAS

We present the concept of ZF (W, S)HPIs and explore their properties.

Definition 3.1. For an HBCK.A U, an intuitionistic fuzzy set(ZFS) N' = (&N, v in U is called
i. an ZFWHPTI of U if for any v1,v2,73 € U,

eN(0) > ¥ (71) > min{ inf &N (m), &V (12)},
me (y1%y3)*(v2%y3)

vN(0) < vV (1) < max{ sup N (), vV (1)},
rE(v1%y3)x(v2%73)

ii. an TFHPT of U if y1 < 7o implies that &N (v1) > &V (), and vV (v1) < vV (2) and for any

7,72,73 € U,
V(1) > min{ inf N(m), N (1)},
me (y1xy3)x(y2x73)
vV (71) < max{ sup oM (@), 0N (12)},

rE(v1%y3)*(v2%73)
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iii. an ZFSHPI of U if for all v1,v2,v3 € U,

inf V(m) > N (y) > min{ sup &N (), eV (2)},

mEYM ne(y1xy3)*(y2*y3)
sup vV (r) < vV (71) < max{ inf N (), vV (12) 1.
TEYI* YL nE (Y1%y3)*(v2%73)

Theorem 3.1. Any intuitionistic fuzzy (weak, strong) hyper p-ideal of U is an intuitionistic fuzzy (weak, strong)

hyper BCK-ideal of U.

Proof. Let N = (5/\/, ’UN) be an ZFHPZ of U. Then V ~1,72,73 € U, we get

N (y) > min{ inf eN(m), eV (1)},
me(y1xy3)*(v2%73)

WNm) < max{  sup oM@, 0N (p))
r€(y1xy3)x(v2xy3)

Now, putting o = 0, then

Ny > min{  inf Nm), N ()},
me (y1x0)*(72+0)

Vi) < max{ sup V()N ()}
r€(y1%0)x(v2%0)

thus
N(m) = min{ inf V(m), V()
me(y1xy2)

’Yl) < max{ sup UN(?%UN’(’V?)}‘
r€(v1%72)

N (
Remark. Generally, the converse of Theorem 3.1 is not valid. See the following examples.

Example 3.1. Let U = {0, 1,72} be an HBCK.A with the binary operation % as follows

TabLE 1. Hyper BCK-algebra

x| 0 gl 72
0| {o} | {0} | {0}
7| {nt | {0,m} | {0,m}
Y2 | {2} | {12} [{0.7}

Define an ZFS N = (¢V,vV) in U by: ¢V (0) = 0.5, eV (1) = 0.3, €V (12) = 0.1, and vV (0) = 0.2,
vV (71) = 0.3, vV (72) = 0.4. One can readily confirm that A" = (¢V, vV) is an ZFWHBCKZ but not an
IFWHPLof U as

M) =03 < 05=min{ inf  ¥(n),eM0)},
Y1E(Y1x71)*(0%71)

WN(y1) =03 > 0.2 =max{ sup oV (1), 0V (0.
Y1E€(1*71)*(0%71)
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Example 3.2. Consider the hyper BCK-algebra U = {0, v1, v2} with the binary operation  defined as in Table 1
of Example 3.1.

Define an ZFS N = (¢V,v) in U by: ¢V (0) = 0.3, &V (1) = 0.05, £V (12) = 0.02, and vV (0) = 0,
vV (71) = 0.25, vV (72) = 0.6. Clearly N = (¢V,v") is an ZFHBCKZ but not an ZFHPZ of U since

eN(m) =005 < 0.3=min{ inf  N(m),eN0)},
Y1E€(Y1%71)*(0xy1)

oV (y) =025 > 0=max{ sup N (1), vV (0)}.
Y1E(y1*y1)*(0%71)

Example 3.3. Let U = {0, v1,72,73} be an HBCK A with the binary operation % as follows:

TabLE 2. Hyper BCK-algebra

x| 0 M 72 73
0| {o} | {0} {0} {0}
71| {nd [ {0} [ {0} | {0,}
Y2 | {12} | {r2} [ {0,7m} | {0}
s [ {vst | {} | {w) | {0,m}

Define an ZFS N = (¢V,vN) in U by: ¢V(0) = eN(y1) = 0.4, N(y) = 0.03, &V (72) = 0.02,
and vV(0) = 0, vV (1) = 0.3, vV (72) = 0.4. Evidently N = (¢V,vV) is an ZFSHBCKT but not an
IFSHPT of U since

N (1) =0.02 < 0.4 =min{ sup N(y), eV )},
Y1 E€(v2*72)*(0xy2)

UN(’Y2) =04 > 0=max{ inf UN(’Yl)a'UN('Vl)}'
71€(r2%72)%(0%72)

Theorem 3.2. For every HBCK A, the following hold:

i. Every ZFHPTL isan ZFWHPL.
i1. Every ZFSHPIL isan TFHPL.

Proof. (i) Let N = (¢V,vV) be an ZFHPT of U. Since, for any ZFHPT is an ZFHBCKZ (by Theorem
3.1) and any ZFHBCKT is an ZFWHBCKZ (by Theorem 2.3(i)), hence N is also an ZFWHBCKZ of
U. Thus, N = (§N, UN) satisfies §N(0) > §N(fyl), and UN(O) < 'UN(’}/l) for all v; € U. Also being an
TFHPIN = (&N, vV) satisfies

V(1) > min{ inf &N (m), &V (72)},
me (y1xy3)*(y2x73)
vV(n) < max{ sup oM (x), vV (12)}

r€(y1xy3)x(v2%y3)
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YV v1,72,73 € U. Therefore, N = (fN, UN) isan ZFWHPI of U.

(i1) Let N = (&V,v") be an ZFSHPT of U. Since any ZFSHPT is an ZFSHBCKI (by Theorem 3.1)
and every ZFSHBCKT is an ZFHBCKZ (by Theorem 2.3(ii)), we obtain N is also an ZFHBCKZ of
U. Thus, for all v1,72 € U, if 77 < 7, then §N(fyl) > §N("}/2) and ’UN(’}/l) < ’UN(’)/Q). Also being an
TFSHPI,N = (&N, vV) satisfies for any 71, 72,73 € U,

) = min{  sup M), eV()}
me (y1xy3)x(y2x73)

vV(m) < max{ inf oM (@), vV (12)1.
r€(1xy3)x(v2*y3)

Since sup V(m) > &N (n) and inf oV (1) <oV (y) forall n,y € (71 % 43) * (Y2 %73).
me (y1%73)*(Y2%73) r€(y1%v3)*(y2*73)
We get

Ny > min{  sup  V(m), N (9)} > min{eV (n), N (12)},
me (y1xy3)*(y2%73)

vNiy) < max{ inf  oN(r), vV (30)} < max{vV (), vV (1)},
r€(y1xy3)x(v2%y3)

forall n,y € (y1 x73) * (y2 x73). €V (n) > inf ¢¥(m) and
me (y1xy3)*(y2xy3)

oV () < sup vV (x) forall n,9 € (71 xv3) * (72 * 73), thus we have
re€(vaxys)*(y2*v3)

Ny) > min{eV(n), Y (12)} > min{ inf N (m), eV (1)},
me(y1xy3)*(v2%73)

WNy) < max{oN(y), vV (1)} <max{  sup  vN(r), V(1))
rE€(y1+v3)*(v2%73)

That is,

V() > min{ inf  N(m), N ()},
me (y1%7y3)*(y2%¥3)

Ny) < max{  sup V() vV ()}
rE(v1xy3)x(v2%73)

v

Remark. Evidently, the converse of Theorem 3.2 is not valid (see the following example).

Example 3.4. Let U = {0, 71,72} be an HBCIK.A with the binary operation x as follows:

TasLE 3. Hyper BCK-algebra

x| 0 M Ve

0| {0} | {0} {0}

Y[ {n}t [ {0} ] {0,m}
Y2 [ {2} | {2} [ {0,772}
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Define an ZFS N = (¢V,vV) in U by: ¢V(0) = 0.6, &V (71) = 0.03, £V (72) = 0.2, and vV (0) = 0.15,
N (y1) = 0.4, vV (72) = 0.3. Then N = (¢, v) is an ZFWHPZ but not an ZFHPZ of U as: 41 < 7o
but éV(71) = 0.03 < 0.2 = eV (7), and vV (1) = 0.4 > 0.3 = vV (7).

Example 3.5. Let U = {0, 71,72} be an HBCICA with the binary operation x as follows:

TasLE 4. Hyper BCK-algebra

x| 0 gl V2

0| {0} | {0} {0}
[ {n}t | {0, | {n}
Y2 | {2} | {2} | {0,792}

Define an ZFS N = (¢V,vN) in U by: ¢V (0) = &V (1) = 0.5,V (72) = 0.04, and vV (0) = vV (1) =
0.01, vV (72) = 0.7. Then N = (¢V o) is an ZFHPT but it is not an ZFSHPT of U as follows:

Nip)=004 < 05=min{ sup  &(m), ()}
me (yaxy2)*(y1%72)

V() =0.7 > 0.01 = max{ inf oM (@), N (1)}
r€(y2*y2)*(11%72)

Theorem 3.3. an ZFS N = (N, V) in U, N = (N, vV) is an intuitionistic fuzzy (weak, strong) hyper
p-ideal of U if and only if for all s, v € [0, 1], &Y, and v\ are non-empty (weak, strong) hyper p-ideal of U.

Proof. Let N = (¢V,v") be an ZFHPZI of U. Since Nip) = (€N, v]Y) is nonempty, so for any ~; in
Nis,v)s V(1) > s and vV (1) < v. Since every ZFHPT is also an ZFWHPZL (by Theorem 3.2(i)), so
N = (N, vN) is also an ZFWHPT of U. Hence, £V (0) > V(1) > s and vV (0) < vV (1) < v for all
71 € U, imply 0in N g o). Let (71%73)*(12x73) < N(gp),and 72 € Nis ), then forallm € (y1xy3)x(72%73),
there exists n € &V such that m < n. So &V (m) > ¢V (n) > s for all m € (1 *3) * (72 * 73). Hence,

inf N (m) > s. Also &N (72) > s5,asy2 € fé\/ . Thus,
me (y1%y3)*(v2x73)
Ny)>min{ inf  (m),eV(92)} > min{s,s} =
me (y1xy3)x(y2%73)

imply v € &, and V¢ € (71 x73) * (72 x 73), there exist y € v} such thatr < n. So vV (r) < vV (y) <o

Vi€ (71 %73) ~ (72 *73). Hence, sup vV () < v. Also vV (73) < v,as v, € U{,v. Therefore,
r€(v1xy3)*(y2xv3)
W) < max{  sup V()0 (12)} < max{v,v} =0
r€(v1%y3)*(v2xv3)

implies y; € v¥. Thus, &V and v}¥ are HPZs of U. In contrast, suppose that & and v are non-
empty HPZ of U for all 5,0 € [0,1]. Lety; < =, for some v;,72 € U and let £N(72) = 5. Then
Y2 € fé\/ .50y K v € fév implies 7, < fé\f . Being an HPZ, fé\/ is also an #HBCKZ of U (By Theorem
2.1) thus by Proposition 2.2, v, € fé\f . therefore &V (71) > 5 = &V (72). Thatis, 1 < 72 implies
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fN(w) > §N(72) for all v1,v2 € U. Let UN(’)/Q) =v. Then € v{,\/. Sovi <7 € U{,\/ implies 11 < U{,\/.
Being a hyper p-ideal, v is also a hyper BCK-ideal of U (By Theorem 2.1) thus by Proposition 2.2,
Y1 € U{,\/ . Therefore vV (M) <v= oM (72)- Thatis, 71 < 2 implies oM (1) < oM (v2) for all vy, v2 € U.

Moreover, for any 71,72,7v3 € U, let to = min{ inf VN (G), Y (2)}. Then €V (2) > w implies
i€ (v1*y3)*(v2x73)
that 5 € &Y, and for all v € (y1 xy3) * (72 *x¥3) N) > inf V() > 1o, imply v € E’Q/. Hence,
J€(yixy3)*(v2xy3)

(y1%73) % (y2%y3) C fg. By Proposition 2.1(Fs), (71 %73) * (72%73) C §£f implies (y1x7y3)* (2% 73) < f@f,
which along with 75 € &Y = 4 € &Y. And let 0 = max{ sup vV (a), vV (72)}. Then

a€(y1*xy3)*(v2%73)
vV (72) < 0 implies 4o € v} and for all e € (71 * v3) * (72 x 73), vV (¢) < sup wV(a) <0,
a€(v1#y3)x(v2x73)
implies ¢ € v}, Hence, (71 * 73) * (72 % 13) € v). By Proposition 2.1(Ps), (71 * 73) * (72 * 73) C v

N N

implies (1 *xv3) * (72 % 73) < vé\/ , which along with v € v}¥ = v1 € vy'. Therefore, we obtain

Ny) > w=min{ inf &N G), €N (12)},
J€(v1xy3)x(v2%v3)

UN('yl) < 0 =max{ sup UN(a), UN(’yg)}.
ac(y1xv3)*(y2%y3)

0

Theorem 3.4. If N = (¢ o) is an intuitionistic fuzzy (weak, strong) hyper p-ideal of U, then P = {y; €
UIEN (1) = €N(0), and vV (v1) = vV (0)} is a (weak, strong) hyper p-ideal of U.

Proof. Let N = (¢V,vN) be an ZFSHPT of U. Clear, 0 € P. Let (v %73) * (Y2 %y3) NP # fand v, € P
for some 71, 72,73 € U. Then there exist v1 € (71 * 73) * (72 * ¥3) N P such that §N(71) = §N(0) and
N (1) = vV (0). Also &V (v1) = €V(0) and vV (1) = vV(0). Then

HNew) > min{  sup Nm), N ()}
me (y1%y3)*(v2xv3)

> min{fN(’Yl), fN(’Yz)}

= min{eV(0),V(0)} = £V (0)
implies £V (v;) > ¢V(0) and

UN(

IN

max{ inf UN(I), N (v2)}

71
) r€(y1xy3)x(y2x73)

IN

max{v" (1), vV (72)}

= max{v"(0), vV (0)} = vV (0)

implies vV (1) < vV (0). Being an ZFSHPL, N = (¢V,vV) is also an ZFWHPT of U (by Theorem
3.2), so it satisfies £V'(0) > ¢V (1) and vV (0) > v (1) for all v, € U. Hence, £V (0) = ¢V (y1) and
N (0) = vV (1), and so v, € U. O
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Theorem 3.5. Let N = (¢N, vN) be an TFS in U defined by:
s if NMEP o if n¢gP
=17 and (=3 ° T
0 Zf 71 ¢ Pa 0 Zf M € Pa
Vs,0 € U, where C Uands, v € (0,1]. Then, P is a (weak, strong) hyper p-ideal if and only if N' = (€N, vN)

is a intuitionistic fuzzy (weak, strong) hyper p-ideal.

Proof. Let P be a strong HPZ of U. Then, for any 1, 72,73 € U, if (71 xv3) * (72 xy3) NP # () and
9 € P, it follows that vy, € P. Hence,

Nim) = s=min{ sup N(m), eV (1)},
me (y1%y3)*(v2x73)

V() = b =max{ inf oMV (@), vV (1)}
r€(m1%y3)*(v2%73)

If (71 x73) * (Y2 x3) NP = Pand 72 ¢ P, then £V (n) = 0 and vV () = 0 forall n,y € (41 %73) * (72 x73),
and &V (7) = 0 and vV (72) = 0, hence

min{  sup  N(m), N (12)} =0 < N (),
me (y1xy3)x(v2%73)

max{ inf N (), vV (12)} = 0 > vV ().
rE(v1%y3)x(v2%73)

If (v xy3) *x (2 xv3) NP =0 and y2 & P, or, (71 x73) * (Y2 *¥3) NP # () and v € P. Therefore, for
both cases

min{  sup  N(m), N (12)} =0< N (),
me (y1xy3)x(y2%73)

max{ inf N (), vV (12)} = 0 > vV ().
rE(v1*%y3)x(v2%7y3)

According to Proposition 2.1(P;), we have v x 71 < y1 V1 € U. Thenforallj,a € v x71,) < m
and a < 7. Being a strong HPZ of U, P = &V is an HPZ of U (by Theorem 2.2(ii)), and hence
&N is an HPZT of U (by Theorem 3.3). Hence, j < ~; implies gN(j) > fN(yl) forallj € vy xv1 =
je(i/rllfm)EN(j) > N () forall 4 € U. And P = v is an HPZ of U (by Theorem 2.2(ii)), and hence

vV is an HPZ of U (by Theorem 3.3). Hence, a < v, implies vV (a) < vV (;) forall a € 3, 71 =

sup vV (a) < vV () forall y; € U. Therefore, N = (¢V,vV) is an ZFSHPT of U.
a€(y1*71)
Conversely, let N' = (¢V,v) be an ZFSHPT of U. Then by Theorem 3.3, for all 5,0 € (0,1],

&N = vl = Pisastrong HPT of U. O

Theorem 3.6. The family of TF SHPZLs forms a completely distributive lattice under join and meet operations.

Proof. Consider a family of U, denoted as {\V*|k € K}. Given that [0, 1] forms a completely distributive

lattice under the standard ordering, it suffices to confirm that k\/KJ\/ k and k/\K/\/ k are U. Forany v; € U,
€ €
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we get
. N o . N
m€1%£71((k¥K§k J(m)) = m€1$1£71(ilel£ §ic (m))

= inf &Y (m
sup(, dnf & (m))

> sup &Y (1)
kek

_ N
= (Y &0
: N N
thus, inf (v &)(m) > (v §)() and
N : N
su VvV ou ) (x = su inf vy (z
S (Y e)E) = s (inf i (5)
N

= inf( sup v (¢
kEK(z:EM*M < (&)

< inf oV
< nf vy (1)

= (Y a)n)

implies sup (( V v2¥)(r)) < ( V v¥)(1). Moreover, for any 71, 72,73 € U, we have
€mixyr KEK keK

(v ) = sup&¥(m)
€K keK
> sup|[min{ sup &Y (n), &Y (12)}]
keK nE (y1%y3)*(y2%73)

= min{sup( sup &Y (n)),sup &' (2)}
keK ne(y1xy3)x(v2*xy3) keK

= min{ sup (sup & (n)), sup & (72)}
ne (y1xy3)x(y2%y3) keK keK

= min{ sup  ((V. &), (Vv &)}
ne(y1xys)*(y2xys) KEK keK

Hence, ( vV &V > min sup v ENYM), (Vv V) ()}, and
(&I zmind s (L 69m).y &)02)

(v )n) = inf ol ()

IN

inf [ma inf Y ,UN
nffmax( it (o). (o))

= max{inf inf Y , inf Y
X{keK(UG(’Yl*’Ya)*(“/z*’YS) < () kek ¢ ()}

= ma inf inf oY , inf Al
X{UG(%*%)*(W*VS)(‘(GK k (U)) kek  © (72)}

max{ _inf (Y )00 (Y, o))

imply, (v uii)(n) < maX{Uemwl‘SE(w%)((kgK v ) ), (Y, v )(72)}, Therefore, v Nic is an

ZFSHPI of U. Now, we prove that k/\KNk isan ZFSHPT of U. For any v; € U we have
€
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thus, inf (A 6)(m) = (

N

inf
mey1*y1

(ALDm) = inf (inf & (m))
= jnf( inf & (m))

> inf &V
> ;gka (71)

= (A&

A&)() and

N
su A U r =
IG%E%(("EK (@)

: N
sup (inf v (¢
zcem*vl(kEK k (©)

. N
= inf( sup v (¢
kGK(;en*M k ( ))

< inf oV
< nf vy (71)

= (A

implies sup (( A v’ )(r)) < (ké\KU{(\/)(m). Moreover, for any 71,72,73 € U, we have

r€vixyn keK

(A& )

Hence, (  &)(n) = min{

(A (n)

Thus, ( A v))(71) < max{
keK
of U.

v

ok G o)
inf [min{ sup fﬁ\/(n)a fﬁv(W)}]
kek n€ (y1%73)*(Y2%73)
min{ inf ( sup

keK ne(y1xy3)*(y2xv3)

(inf &/(n)). inf &(12)}

. N N
mln{ne(W%Emwa)((kQK & )(n)), (kQK & )(2)}

&Y (n)), inf &Y (1)}

min{ sup
nE(y1xy3)*(y2%73)

s (A G, (A 6 ()} and

neE(y1%y3)x(v2%y3)

keK

inf v (71)

inf [max inf oV ,UN

kEK[ {06(71*'73)*(')’2*’73) () uic ()]

max{ inf ( inf w¥ (9)), inf v (v2)}
keK 06(71*73)*(72*’73) keK

max inf inf v} , inf Y
{UE(Wl*’Y's)*(Wz*Ws)(kGK () kek (2)}

inf A M), (A v .
max{ne(wﬂls*mm)((keK v )0)), (A v )(2)}

inf (A oY), (A o)) (72)}, Therefore, A N is ZFSHPI
K keK keK

r€(mixy3)x(y2xy3) ke

4. Probpuct OPErRATIONS IN HYPER BCK-ALGEBRAS

0

In this section, the product of various types of ZFHHTs is examined. Utilizing the transfer principle

(see [

]) for ZFSs, it is demonstrated that the product of two ZFHHTs is likewise an ZFHHT.
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Definition 4.1. Let N = (¢V, o) be an TFS of U. Then TFSs N7 = (&), vl¥) and Ny = (€)', v3) on Uy
and Uy respectively, are defined N1(v1) = N ((71,0)), Na(12) = N((0, 9)).

Theorem 4.1. Let N = (¢, vN) be an TFS and let YN = (&}, vY) be the strongest intuitionistic fuzzy
relation on U. N = (&N, o) is an ZFSHPT if and only if YN = (&, vdl) is an ZFSHPI of U x U.

Proof. Let N = (¢V,vV) be an ZFSHPT of U. Consider

& (mn) = inf [min{¢" (m), &M (n)}]

n
(m,n)€(y1,x)*(71,X) (m,n)€(y1+y1)*(x*x)

= min{ inf ¢V(m), inf &¥(n)}

me (y1+7y1) nEXHKX

> min{&V (), N (0)}

= & (1m,%)

imply inf fj%/(m, n) > @/('yl, x) for all (71, x) € U x U.
(mvﬂ)e("fl,x)*(’Ylw)

sup A () = sup [max{v(x), N (v)}]
(&) E(r1,20)*(71,X) (x,9) E(y1xy1)*(X*X)

= max{ sup UN(I), sup UN(U)}
re€(yi*) DEX* X

< maX{UN(%), UN(X)}

= v{{(m,x)

hence sup U/%/(zc, n) < Ué}[(’yl, X)V (71,x) € UxU.
(£m)€(r1,)*(71,X)

Now, for any (71, x),(72, 2),(73,7) € U x U, consider & (1, x) = min{&V (1), &V (x)}

> min{min{ sup fN(j)v fN(’Y2)7 min{ sup fN(m)v fN(%)}}

J€(y1xv3)*(v2%v3) € (x*n)*(sex1)
= min{min{  sup  V(G),N(), sup  N(w), (),
J€(v1xv3)*(v2%73) 10 E (XHn)*(5e%17)

min{eV (12), €V (50)}}
= min{min{sup(&"(j), Y ()}, & (12, 20)},

where j € (71 % v3) * (72 xy3) and tv € (x * 1) * (32 x ) implies
& (12, ) = min{sup{min(&" (), &V (w)) }, & (72, 29)},
where j € (71 *73) * (72 x73), 0 € (X * 1) * (32 x n) implies

éJTV’(W/?a %) > min{sup(éij(jv m))7 fjf/(’m %)}7
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where
;) € ((yx73) * (v2 % 73), (X * 1) * (3¢ % 7))
= (((v, %) * (v3,m) * ((v2, 20) * (73, m)))-
Now, consider
W nx) = max{oM(n), vV ()}
< max{max{ inf oV (a), vV (1)
a€(vixy3)*(v2xy3)
max{ inf V@),V ()}}}
o€ (xxm)*(3%1)
= max{max{ inf oM (a), vV (72),
a€ (y1*y3)*(72%73)
inf oM (@), 0" ()}, max{v" (1), vV (30)}}
o€ (xxm)*(2x1)
— max{max{inf(v¥ (a), N @)}, A (32, )},
where a € (71 *73) * (72 xy3) and 0 € (x * 1) x (3 x n) imply
v (32, 2¢) < max{inf{max(v" (a), v (2))}, o (72, 20)3,
where a € (1 x73) * (Y2x73), 0 € (x * 1) x (3¢ x 1),
thus v{{ (72, %) < max{inf(v (a,0)), v{ (2, %)}, where
(0,0) € ((y*78)* (v2x73), (X xm) * (3¢ % 1))
= (v, x) % (93,m)) * (25 29) % (73, m)))-
Thus, TV = (&, vY) is an ZFSHPT of U x U.
Conversely, let YV = (&, vY) be an ZFSHPT of U x U. Then we have inf &Y (m,n) >

(m,n)€(v1,x)*(71,X)

fr (71, x) for all (y1,x) € U x U,

= inf [min{&N(m), §N(n)}] > min{fN(’yl), fN(X)}

(m,n)€(y1%71,X*X)
= min{ inf &(m), inf E¥(n)} > min{eV(m), eV (x0)}

me(y1*71) ne(xxx)
= { inf Mm), inf N>V ), NN}
me(y1%71) ne(xxx)
& inf Mm)>Nm), inf M) >Ny
me(y1%7y1) ne(xxx)
vV, x € U.
sup UQ/(ZC, n) < U/XY(yl, x) forall (y1,x) e Ux U
(r,0)€(v1,x)*(v1,X)
= sup max{v" (x),v" (1)}] < max{v" (3), vV (x)}

(1) E(y1%71,X%X)
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= max{ sup V), sup vV (n)} < max{vN (), vV (x)}
r€(y1*71) nE(X*X)

= { sup vV(r), sup vN(n)} < N (), N (0}
re(v1*71) nE(X*X)

e sup V() <oVm), sup V() <oV(x)
rE(71%71) 9E(x*x)

¥ v1,x € U. Therefore, The initial condition is fulfilled for N' = (¢V, vV ) to be considered an
TFSHPI. Note that being an ZFSHPZ U x U, YN = (&, v¥) is also an ZFWHPT of U x U (by
Theorem 3.2), hence TV = (&, v¥) satisfies TV (0,0) > YN (v, f) for all (0,0), (71, f) € Ux U
implies min{¢"(0), &V (0)} > min{e (1), €¥ (1)} = €V(0) = €V(m) for all 7, € U. Now, for any
(71, %),(v2, 20), (33, M€ U x U, TN = (&, vl) satisfies & (71, x) > min{sup(&y (co,30)), & (72, %)}
where

(e0,30) € (((v1,x) * (v3:m) * (72, 2¢) * (v3,m)))

= ((n*73) * (v2x73), (x*n) * (5ex 7))

= min{¢" (1), 6V (x)} > min{sup{min(&" (e0)), & (30)}, min{&" (1), ¥ () }}
where (¢, 30) € (71 *73) * (Y2 % 73), (X * 1) * (3¢ x n)). Putting 1 = 72 = h = 0, we get
min{¢"(0), €V (x)} > min{sup{¢"(0), € (50)}, min{&" (0), &V (30)}}
where (¢o,30) € (0, ((x * 1) * (3% n))) implies

N >min{  sup N (0), V()
30€(xxn)*(3exm)

since £V(0) > ¢V (1) for all ; € U. Similarly, putting x = s = i = 0, we get

Nm) > min{memsﬁﬁ@m@g/\/ (e0), € (22)}-
Again,
o (71, %) < max{inf (04 (e3,33)), 04 (12, )}
where
(e3,33) € (((y1,%) % (93,m) * (92, 2¢) * (73, 1))
= ((nx3)* (v2x73), Oxxm) * (3% 1))
imply

max{v" (1), v (x)} < max{inf{max(v" (e3)), vV (33))}, max{vV (72), oV (50)}}
where (e3,33) € ((71 *73) * (72 x73), (X * 1) * (3¢ % 17)). Putting v; = v2 = h = 0, we obtain

max{o (0), o ()} < max{inf{max(v (0)), " (33))}, max{v" (0), vV (30)}}
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where (e3,33) € (0, ((x *n) * (3¢ % n))) implies

N(X) < max{ inf UN(33), UN(%)}v
33€ (xxm)*(exm)

(%
since vV (0) < vV (v) for all 4; € U. Similarly, putting y = > = = 0, we get

N (1) < max{ inf oM (e3), v (12) -

e3€(1*73)*(72%73)

Therefore, N = (¢V,vV) is an ZFSHPT of U. O

Theorem 4.2. Let 1) : U — U’ be an onto HBCK.As from an HBCKA U toan HBCKA U, pu= (§H s Uy NY is an
TFSHPI of U’ then the hyper homomorphic pre-image N' = (€N, o) of u = (& ﬁ[ ) ﬁ[ ) under ¢ = (& ,U{X )
isan ZFSHPL of U.

Proof. Let ¢ = ({w Uy, ) be an ZFSHPT of U'. Since N = (¢V,vV) is a hyper homomorphic pre-
image of u = (gu , Uy N) under ¢ = (51/1 O M), so N = (N, vV) is defined by N' = u « 1), that is,
Ny = {ﬁf(é’w (71)) and vV (1) = Uﬁ[(vwfv('yl)) forall v; € K. Since pu = (fu ;U N') satisfies

inf eN(e) (m)) > M€l (m))

&) (myeg) (r1)+€) (v1)=€) (v1xm)

forall y; € Uand 5{2/(71) c U implies inf &V (m) > &V () forall 4; € U. Now,
me(y1%y1)

sup ol (@) (@) <ol (W) ()
vl (®ev) ()l (v1)=v) (r1xm1)

forall vy € U and vle('yl) € U implies sup vV (1) < vV () forall 4, € U. For any vi,72,73 € U,
r€(v1*m)
consider

Nm) = & )

> minf sup &€ (), &) (32)}
gw ( )€(€¢ (71)*73)*(72*’73)

where 7,7, € U'. Since ¢ : U — U’ be an onto HBCK As, for 7,5, 74 € U’, there exist 72,73 € U such that

55(72) = v, and Sﬁf (v3) = 3. Therefore, we get

V() > min{ sup &l (&) (), &) (&) ()},

& (me(€) (r)*&) (13)x (&) (v2)x&) (73))

thus &V (1) > min{ sup &N (), V() } for all 41, 49,93 € U. Now, consider

n€(y1%73)*(y2*73)
N = o @) (m)
< max{ inf U,O/(UQ/(U))» UwN('Y/z)}

Uﬁ(‘)) (UQ[ (m )*'73)*('72*’73)
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where 7y, v; € U'. Since ¢ : U — U’ be an onto HBCK As, for 4,74 € U’, there exist 2,73 € U such that
%N(W) = 75, and U{ZY (v3) = 4. Therefore,

N : N N N/ N
v (71) < max{ inf vy, (vy (9), vy (vy (12))
A )E@ ()l () () () Y v
thus vV (1) < max{ inf vV (), vV (72)} for all v1, 49, 73 € U. O

DE(1xy3)*(y2%73)
Additionally, we discuss the product of two ZFHPZLs, referring to [ 9] for background on the product
of fuzzy hyper BCK-ideals.

Theorem 4.3. An ZFS N = Nj x Ny that is, (€N, 0N) = (&, v]) x (&Y, v)) is an intuitionistic fuzzy
(weak, strong) hyper p-ideal of U = Uy x Ug ifand only if Ny = (6, vY), and Ny = (&), v are intuitionistic
fuzzy (weak, strong) hyper p-ideals of Uy, and Us.

Proof. Let N = N7 x Na be an ZFHPZ of U = Uy x Uz and let 93 < x for some 71, x € U;. Then
(1,0) < (x,0) = &V (71,0) = & (m) = M (x.0) = &(x) and vN(11,0) = v (m) < vV (x,0) =
Uf/(x), that is, 5{\[(71) > §{v(x) and U{\/(m) < Uf[(x). Moreover, for any 71, 72,73 € Uy, let
s=min{ _inf &l (m). & (),
then for all n € (71 *793) * (72 *73),
gz if  g(m)>s,
me(y1xy3)*(y2x73)
and &Y (12) > s imply £V (n,0) > s and &V (72, 0) > s for all (n,0) € ((71,0) * (73,0)) * ((72,0) x (73,0))
= (1,0) € & and (72,0) € &, = ((11,0) * (3,0)) * ((72,0) * (73,0)) € & and (12,0) € & =
((71,0) * (73,0)) % ((72,0) % (73,0)) < & and (72,0) € & thus (71,0) € &Y, since &V is an HPT by
Theorem 3.3. Hence, &V (71,0) > 5. Now, let

v = max{ sup vl (1), v} (12)},

r€(y1xy3)x(v2xv3)
then for all h € (71 xv3) * (72 x73),
W< sup o) <o,
r€(y1xy3)x(y2x73)

and v1¥ (v2) > v imply vV (y,0) < vand vV (72,0) < v forall (1,0) € ((71,0) % (73,0)) * ((72,0) * (73, 0))
implies (1,0) € v} and (v2,0) € vV, implies ((y1,0) * (73,0)) * (72, 0) * (73,0)) € v and (72, 0) € v¥
which implies ((71,0) * (73,0)) % ((72,0) * (73,0)) < v} and (72,0) € v hence (71, 0) € v, since v
is an HPZ by Theorem 3.3. Hence, oV (71,0) > v. Therefore,

&(y1) > s=min{ inf &Y (m), & (12)}, and
me (y1%y3)x(v2xv3)
v (1) < b =max{ sup v (x), vl (92)}-

rE(v1%y3)x(v2%73)
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This condition satisfies our requirement. Similarly, it can be shown that A5 = (&, %) is an ZFHPZ
of Us.

Conversely, suppose that N = (6, v]) and Ny = (&), v)) are ZFHPZs of U; and U, respectively.
For any (y1, x),(72, ) € U = Uy x Uy, where 71,72 € U; and x, » € Uy, let (71, x) < (72, »). Since
(71, %) < (72, ) implies 71 < 72 and x < s imply that & (11) > &(72) and &' (x) = & (>0

= min{¢(31),6' (0} 2 min{€l' (12), " (>0)}
= (@ x &N = (@ x )0, %)
= N x) > V(2. ).

Thus (71, x) < (72, %) implies &V (y1,x) > €V (72, ).

Now, v} (71) < v (72) and 13’ (x) < v}'(>0)

= max{v) (1), 05’ (0} < max{ey (1), 13’ ()}

= () x0)) (3, %) < (W1 x 1) (72, %)

= N x) <oV, ).
Hence, (71, x) < (72, %) implies v (1, x) < v (72, ). Moreover,
for any (y1,X), (72, %), (73,7) € U, where v1,72,73 € Ur and x, 6,7 € U, €V (31, x) = (& x &) (7, %)
= min{¢}’ (1), (0}

> min{min{  inf V()& (1)}, min{  inf )£2N<m>,f2N<z>}}

i€(y1%73)*(v2%73) € (xxn)*(sexn
= min{min{ inf eVG),  inf & (w)}, min{e) (), ()}
je(y1%7y3)*(y2x¥3) € (x*n)*(sexn)
= min{ inf {min{& (§), & (w)}}, min{e (12), & (50)}}
JE(y1%y3)* (Y2xy3) W E (Xxxn ) * (3ex1)
= min{_ inf (&Y x &) x ), (& x &) (2 x )}
(,10) €((v1 %798 )% (v2573), () * (3ex77))
= min inf N',m, N ,
L et oy 02O E (12,29}
= V(y1,x) > min{ inf N (5, 10), N (72, %)}

(3,00) €((v1xv3)x(v2x3), (X *1)* (50%1))

Now, vV (71, x) = (v x 13") (71, x) = max{v} (1), 03" ()}
< max{max{ inf vV (a), v (12) ) max{ inf 0} (0),v) (3)}}
a€(y1%y3)x(72%73) € (xxn)*(5exm)
= max{max{ inf ol (a), inf 09 ()}, max{v] (y2), vV (50)}}
a€(y1*y3)*(v2x73) € (xxn)*(5ex7)
= max{ inf {max{v](a), 5" (0)}}, max{v} (12), 03 () }}
a€ (y1xy3)*(v2xy3),0€ (xkn)*(30xm)
=  max{ inf (U x o)) (a x0), (L x 1)) (72 x 32)}
(a,0)E((y1x73)x(v2%73), (xxm)*(30%1))
= max{ inf vV (a,0), vV (72, %)},

(a,0)€((v1xy3)*(v2x¥3),(x*n)*(50x7))
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N ,x) < max inf oM a,? ,UN , %)}
Ox) Smaxt L) ey (P (12200}

= v

5. ConcLusioN

Based on our discussion, we conclude that an ZFSHPL is a specific type of ZFHPL, which is itself
an ZFWHPI. Furthermore, if y = (fj}/ , Uﬁ/ ) represents the strongest intuitionistic fuzzy relation on a
hyper BCK-algebra, it forms an ZF (W, S)HPZ when N = (Vv is an ZF (W, S)HPZ. Additionally,
the hyper homomorphic pre-image of an ZF (W, S)HPZ under an onto hyper homomorphism retains
this property. The product of two ZF(W, S)HPZs is also an ZF (W, S)HPL.

This research advances fuzzy mathematical structures by integrating ZFSs with HPZs in HBCK As,
enabling sophisticated handling of uncertainty and vagueness. It enhances decision-making by captur-
ing indeterminacy and ambiguity, making it relevant for Al, data analysis, and related applications.
Introducing ZFHPZs deepens understanding of algebraic structures and yields new insights. The
findings have interdisciplinary applications in computer science, engineering, economics, and other
fields dealing with uncertainty. The comparative analysis with ZFHBCKZs guides future research and
applications.

Future directions include applying ZFHPZs to decision-making, Al, and data analysis, extending
them to other algebraic structures, and developing efficient algorithms for computation. Interdisci-
plinary collaboration and comparative studies with other models can facilitate real-world applications
and enhance their utility. Integrating ZFHPZs with soft computing techniques and conducting practi-
cal case studies can demonstrate their effectiveness in handling uncertainty and complexity, paving the

way for further research and applications.
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