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AsstrACT. This paper develops a comprehensive framework for interval-valued intuitionistic fuzzy Sheffer
stroke subsets (IVIFSS) within Sheffer stroke Hilbert algebras (SSHA). We introduce and characterize
IVIFSS-subalgebras and IVIFSS-ideals, proving that these structures are closed under Cartesian products,
intersections, and the operators @ and ®. It is further shown that the product of two IVIFSS-subalgebras
(or IVIFSS-ideals) preserves the corresponding algebraic properties in the product algebra. By employing
level subset characterizations, we derive necessary and sufficient conditions for IVIFSS-filters and IVIFSS-
deductive systems, demonstrating that both notions are equivalent. These results generalize classical
theories of subalgebras, ideals, and filters in Hilbert algebras to the interval-valued intuitionistic fuzzy
context, thereby enriching the study of fuzzy algebraic logic and providing a unified algebraic foundation
for approximate reasoning frameworks.
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1. INTRODUCTION

Sheffer stroke Hilbert algebras (SSHAs) form a fundamental class of algebraic structures that under-
pin the formalization of logical operations. Characterized by the Sheffer stroke (NAND) operation,
these algebras provide a versatile framework for modeling logical inference and have applications

ranging from formal logic and automated reasoning to artificial intelligence and quantum computation.
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The Sheffer stroke is a minimal operation that can generate complex logical expressions, making it
central to the study and construction of advanced algebraic-logical systems.

The exploration of Sheffer stroke operations across different algebraic settings has revealed significant
structural insights. Notable investigations have examined Sheffer stroke reducts in basic algebras [ 17,20],
their extension to MTL-algebras [19], and their interaction with ortholattices [7]. In parallel, the
incorporation of fuzzy sets into Sheffer stroke BE-algebras [8] has demonstrated the potential of
combining fuzzy uncertainty with non-classical algebraic frameworks.

Since Zadeh'’s introduction of fuzzy sets [22], which provided a systematic approach to handling
imprecision and vagueness, numerous extensions and generalizations have emerged. These include
integration with other uncertainty paradigms, such as soft sets and rough sets [1,3,6]. A particularly
influential development has been the notion of intuitionistic fuzzy sets, introduced by Atanassov [2],
which extend fuzzy sets by accounting for both membership and non-membership degrees. This dual
characterization enhances their suitability for modeling incomplete or uncertain information, and they
have been effectively applied in areas such as medical decision-making, optimization, and multi-criteria
evaluation [11,12].

Hilbert algebras, first formalized in the mid-20th century by Henkin [13], provide an algebraic
foundation for the study of implications in intuitionistic and related logics. Subsequent contributions
by Horn, Diego, and others demonstrated important properties, including the local finiteness of these
varieties [9]. Later work focused on the role of filters in Hilbert algebras as a mechanism for constructing
deductive systems [4,5,15], with additional investigations addressing the fuzzification of subalgebras
and deductive structures [ 10], further expanding the applicability of these algebras in the context of
uncertainty and fuzzy reasoning.

Interval-valued intuitionistic fuzzy (IVIF) subsets of SSHAs have been studied with respect to their
algebraic properties and structural preservation [14]. Building on this, the concepts of IVIF Sheffer
stroke subsets and IVIFSS-ideals were introduced, together with their characterizations and extensions
to neutrosophic settings [18].

In this paper, we present a comprehensive study of interval-valued intuitionistic fuzzy Sheffer stroke
subsets (IVIFSS) within the framework of SSHAs. We introduce and characterize IVIFSS-subalgebras
and IVIFSS-ideals, and establish their closure properties under Cartesian products, intersections, and
the operators @ and ®. It is shown that the product of two IVIFSS-subalgebras (or IVIFSS-ideals)
is again an IVIFSS-subalgebra (or IVIFSS-ideal) in the product algebra, and equivalent conditions
are derived through level subsets to describe subalgebraic and ideal structures. Furthermore, the
relationships between IVIFSS-deductive systems and IVIFSS-filters are examined, where necessary
and sufficient conditions for an interval-valued intuitionistic fuzzy set (IVIFS) to constitute a filter are

obtained in terms of order-preserving properties and operator-based inequalities. These results not only
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extend the classical concepts of subalgebras, ideals, and filters in Hilbert algebras to the interval-valued
intuitionistic fuzzy context, but also provide a unified algebraic foundation for the further development
of fuzzy algebraic logic and its applications in approximate reasoning and computational intelligence.

The list of acronyms is given in Table 1.

TasLE 1. List of acronyms

Acronyms Representation

SSHAs Sheffer stroke Hilbert algebras

IFSs Intuitionistic fuzzy sets

IVIFSs Interval-valued intuitionistic fuzzy sets

IVIFSS-subalgebras Interval-valued intuitionistic fuzzy Sheffer stroke
subalgebras

IVIFSS-ideals Interval-valued intuitionistic fuzzy Sheffer stroke
ideals

IVIFSS-deductive systems Interval-valued intuitionistic fuzzy Sheffer stroke

deductive systems
IVIFSS-filters Interval-valued intuitionistic fuzzy Sheffer stroke

filters

2. PRELIMINARIES

In this section, we provide the background needed for the results that follow by outlining the key
properties and relationships among the algebraic and fuzzy constructs introduced earlier. We specify
the main operations and structures and highlight their interactions. This preparation clarifies the

setting and provides a solid theoretical basis for the subsequent sections.

Definition 2.1. [?1] Let A := (A, |) be a groupoid. The binary operation | is called the Sheffer stroke (or Sheffer

operation) if it satisfies the following axioms:

(s1) (V32€4)Glr=rl3)

(s2) (Va,x € A)((13)|Glx)=23)

(s3) (Var,9€eA) G| (@) @n)=(Glr)|GI) )

(s4) (V3,5,0€ A)(GI(GIa) @) GG (x]1) =3)

For later use, we introduce the following notation, which will be used throughout:

pl(r|r) ="
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Definition 2.2. [16] A Sheffer stroke Hilbert algebra (SSHA) is a groupoid Sy := (SH, |) equipped with a
Sheffer stroke operation satisfying the following conditions:

(sH1) (Va,r,0€ Sp) (G (& [2) [ (GG 137) [ G137 137) =3°),
(sH2) (V3,1 € 9m) ' =¥ =3 = 3=1).

Proposition 2.1. [16] Let Sy := (S, |) be an SSHA. Then the binary relation
3<rt ifandonlyif 3 =0
is a partial order on Sp.

Definition 2.3. [10] Let Sy; := (SH, |) be an SSHA. A nonempty subset A of Sy is called a subalgebra of Sy
if3¥|3f € Aforall 3,x € A.

Definition 2.4. [”] Let X be a nonempty set. The intuitionistic fuzzy set (IFS) on X is defined as a structure

A={G,pa(),743)) |5 € X}, (2.1)

where pa : X — [0, 1] represents the degree of membership of 3 in X, and y4 : X — [0, 1] represents the degree
of non-membership of 3 in X such that

0<pa(3)+74G) <1

The IFS in (2.1) is simply denoted by A = (f14,74).

Let DJ0, 1] be the set of all closed subintervals of the interval [0,1]. Consider I;,I, € D[0,1]. If

I = [ny,my] and [» = [ng, my], then
rmin{/y, Io} = [min{n;, no}, min{m;, ma }|

and
rmax{[y, [o} = [max{n;, na}, max{m;, ma}|.

Thus, if I; = [n, my] € D[0, 1] fori=1,2,..., then we define

rsup,{L;} = [Slilp{m}, Stilp{mi}]v

and
rinfi{fi} = [inf{n:}, inf{m;}].

We write I; > I, if and only if ny > ny and m; < my. Similarly, the relations I1 < I, and I; = I are
defined.
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Definition 2.5. An interval-valued intuitionistic fuzzy set (IVIFS) A over a universe X is defined as an object

of the form
A={(,14(),74G)) | 5 € X},

where 14(3) : X — D[0,1] and v4(3) : X — D|0, 1]. The functions pa(3) and y(3) represent the intervals

of the degree of membership and non-membership of the element 3 in the set A, respectively, where j14(3) =

[1543), 1%y (3)] and 7a(3) = [V (5): 74 (3)] for all 5 € X, subject to the condition 0 < pify (5) + 4 (3) < 1. For
simplicity, we denote the IVIFS Aas A = (pua,va), where A = {(3,114(3),74(3)) | 3 € X}. Additionally, the

complements of 14 and ~ 4 are given by

mAG) = [1—p%G),1 — p5G)]

and
F4G) =1 —7%6), 1 —756)),

where [[14(3),7A(3)] represents the complement of 3 in A.

Definition 2.6. [14] Let Sy := (Su,|) be an SSHA. An IVIFS A = (ua,va) in Sy is called an IVIFSS-
subalgebra of Sy if

(2.2)

(V3,1 € Si) ( pwa(3t |35 > rmin{pa(3), pa(r)} ) |

43" | 5°) < rmax{ya(3),7a(x)}

Proposition 2.2. [14] Let Sy; := (Sw, |) be an SSHA. Every IVIFSS-subalgebra A = (j14,7v4) of Su satisfies

114(0) > 114(3) ) ' (2.3)

Y4(0) < va(3)

(V3 € Su) (

Definition 2.7. [18] Let Sy; := (Su,|) bean SSHA. An IVIFS A = (ua,v4) in Sg is called an IVIFSS-ideal
of Sy if the following conditions hold:

3 € Sp) 114(0) > pa(3) (2.4
74(0) < va() |
(V3. € Si) pa(3) > rmin{pa(z* | 5%), par)} (25)
v4(3) < rmax{ya(3" | 3*),va(r)}

3. Probucrt or IVIFSS-SuBaLGeEBRAS/IDEALS IN SSHAS

In this section, we study the behavior of interval-valued intuitionistic fuzzy Sheffer stroke subalgebras
(IVIFSS-subalgebras) and IVIFSS-ideals under product constructions in SSHAs. We examine whether
these structures are closed under Cartesian products and the operators @& and ®, and we establish
equivalent characterizations using level subsets. These results clarify how the fundamental algebraic

properties of IVIFSS structures are preserved and extended in product algebras.
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Definition 3.1. Let A = {(3,14(3),74()) | k € X} and B = {{x, up(x), 18(t)) | ¢ € Y} be IVIFSs of X
and Y, respectively. The Cartesian product A x B = {((3,1), paxB(3,%), axB(3,¥)) | 3 € X,x € V} defined

by
paxp(3,y) = rmin{pa(s), pp )}
and
YaxB(3,¥) = rmax{y4(3), 78(x)},
where paxp : X X Y — D[0,1]and yaxp : X x Y — D[0,1] forall 3 € X andy € Y.

Remark 3.1. Let X and Y be SSHAs. We define |xxy on X x Y by

(37 F) |Xx)i (n7 m) = (3‘){'“7 ;|ym)
for every (3,r), (n,m) € X x Y. The identity element of this product algebra is defined by

and (X x Y, |xxy,0xxy) is an SSHA.

To improve the clarity of this manuscript, we introduce the following notation, which will be used

consistently throughout the text:

(n,my) [xxy ((n2,m2) |xxy (N2, m2)) := (n12, M12) AxB
and

]y (n2fyn2) := (n1"2)a.

Proposition 3.1. Let X and Y be SSHAs. If A = (pua,v4) and B = (up, ) are IVIFSS-subalgebras of X
and ), respectively, then A x B is also an IVIFSS-subalgebra of X x ).

Proof. Let (31,11), (32,12) € X x Y. Then

axp((312,312) axB |xxy (312,312) axB)

= paxB((31%) al ¥ (31°) 4, (1) Bly (11%) B)

= rmin{pa((G1%)alx (1) 4, 1B (@17) Bly(11%)B)}

> rmin{rmin{sia (31), pa(32) }, rmin{pp (r1), B (x2) b}
= rmin{rmin{p4(31), 5 (x1)}, rmin{pa(32), uB(r2)} }
= rmin{paxp (31, 11), paxp(32,12)}

and

YaxB((312:312) AxB |xxy (312,312) AxB))
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= 7axB((31%) alx(31%) 4, (11%) Bly (117) B)

= rmin{ya((31°*) al x(31") 4, 78(11") Bl (11%) B) }

< rmin{rmax{v4(31), 74(32) }, rmax{v5(r1),75(r2) }}
= rmin{rmax{v4(31),vp(r1)}, rmax{ya(32), v5(x2) } }
= rmax{rmin{ya(51), y5(x1)}, rmin{ya(32), v5(x2) }}

= rmax{yaxB(31,21),7axB(32,x2)}-
Hence, A x B is an IVIFSS-subalgebra of X' x ). O

Let (X,|x,0x) and (Y, ]y,0y) be SSHAs, and let A and B be IVIFSs of X and ), respectively. For
the product IVIFSS A x B on X x ), the complementary membership and complementary non-membership

functions fi 4 g and 7 4 g are defined by

Faxp (1) == laxy — taxs(,8) = [1 = 15 5G.0), 1 — 1. 5G,1)]

and
Fax(3:5) = laxy = vaxB(G.5) = [1 =4, 8G.1), 1 —vhxp(G.1)]

forall (3,r) € X x ).

Lemma 3.1. Let X and ) be SSHAs. If A = {(3,14(3),74(3)) | 5 € X} and B = {{x, pp(x), v8(1)) | r € V}
are IVIFSS-subalgebras of X and Y, respectively, then &(A x B) = {((3,1), taxB(3,1), Baxp(3:1)) | (3,1) €
X x Y} is an IVIFSS-subalgebra of X x ).

Proof. Let (31,11), (32,x2) € X x ). Then

Taxp((312,312) AxB |xxy (312,312) AxB)

= Haxp((31%) Al (31%) 4, (117) By (117) B)

= Laxy — paxB((31%)alx(31%) 4, (11%) Bly(11%) B)

= laxy — rmin{pa((31*) al ¢ (317) 4, B (01%) Bly (©17) B) }

< laxy — rmin{rmin{pa(31), pa(32) }, rmin{up(r1), pp(r2)}

= rmax{1lyxy — rmin{pa(31), uB(x1)}, Laoxy — rmin{pa(32), p5(r2)}}
=rmax{lyxy — paxB(31,11), Lxxy — paxp(32,52)}

= rmax{fiax5(31,%1), Baxp(32,22)}-

Hence, &(A x B) is an IVIFSS-subalgebra of X' x ). O
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Lemma 3.2. Let X and Y be SSHAs. If A = {(3,104(3),74(3)) | x € X} and B = {(x, uB(x),v8(x)) | r € YV}
are IVIFSS-subalgebras of X and ), respectively, then @(A x B) = {{(3,1), Yax5(3,), 7ax5(3:1)) | (3,1) €
X x Y} is an IVIFSS-subalgebra of X x Y.

Proof. Let (31,11), (32,22) € X x V. Then

Faxp((312,312) AxB |xxy (312,312) AxB)

=Y axp((312)alx(317) a4, (1%) Bl (117) B)

= Luxy — 7axB((31%) al ¢ (31%) 4, (11%) Bly(11%) B)

= laxy —mmin{ya((1%*) alx (1) 4, v8((11") Bly (¥17) B))}

> lxxy — rmin{rmax{y4(31),74(2)}, rmax{vp(r1), v5(r2) }}

= lxxy — rmax{rmin{y4(31),v5(xr1)}, rmin{ya(32), v (x2) } }

=rmin{lyxy — YaxB(1: 1) Lyxy — yaxB(32:12)}

=min{7 s, p(31:21), Tax5(32,52)}-
Hence, ®(A x B) is an IVIFSS-subalgebra of X x ). O
Theorem 3.1. Let X and ) be SSHAs. The IVIFSs A = (ua,va) and B = {(x, up(x),v5(x)) | r € T} are

IVIFSS-subalgebras of X and Y, respectively if and only if ®(A x B) and ®(A x B) are IVIFSS-subalgebras of
X x ).

Proof. It follows from the Lemmas 3.1 and 3.2. O

Proposition 3.2. Let X and Y be SSHAs. If A = (pua,va) and B = (g, yg) are two IVIFSS-ideals of X and
Y, respectively, then the Cartesian product A x B is also an IVIFSS-ideal of X x Y.

Proof. Let (3,r) € X x ). Then

paxs(0x,0y) = rmin{pa(0x), up(0y)}
> rmin{pa(3), up(r)}
= :uAXB(aax)

and
vaxB(0x,0y) = rmax{v4(0x),vr(0y)}

< rmax{y4(3),v8(x)}

Z’YAxB(z,P)-
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Let (317?1)5 (327?2) S X % y Then

paxs(31,1)

= rmin{pA(31), u5(x1)}

> rmin{rmin{pa((512)l ¢ (512).4) b rmin{up((1%) 8l (11%) 5) }}

= rmin{rmin{s4((31%) al x (31%) ), 5 ((012) By (01%) 5)},
rmin{ua(32), pp(r2)}}

= rmin{paxB((312,312) AxB |¥xy (312,312) AxB)); haxB(32,¥2) }

and

YaxB(31,11)
= rmin{ya(31), 78(x1)}
> rmin{rmax{y4((31%%) al x (31%*) 4), 74(32) },
rmax{vp((11%)5ly(¥1")B), v8(x2)} }
= rmax{rmin{y4((31%)alx(31%)4), v8((t:")B)},
rmin{sa(32), pp(r2)}, rmin{ya(32), v (r2) }}
= rmax{vax5((312:312) Ax B |xxy (312,312) AxB): HAxB(32,F2),
YaxB(32:22)}
Hence, A x B is an IVIFSS-ideal of X' x ). =
Lemma 3.3. Let X and Y be SSHAs. If A = {(3,114(3),74(3)) | 3 € X} and B = {(x, up(¥), y5()) [ ¥ € V}

are IVIFSS-ideals of X and ), respectively, then &(A x B) = {((3.8), paxs 30, Faxp(3,0) | 1) € Xx V)
is an IVIFSS-ideal of X x ).

Proof. Let (3,r) € X x Y. Then
Faxp(0x,0y) = lyxy — paxs(0x, 0y)
= laxy — rmin{pa(0x), uB(0y)}
< lwxy —rmin{pa(3), np(®)}
= laxy — paxs(3:¥)
= Tiaxp(3:¥):

Let (31,21), (32,x2) € X x ). Then

Fasp(31,81)
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= lxxy — paxs(31,11)
= Lyxy —rmin{pa(31), uB(r1)}
< lyxy — rmin{rmin{pa((51%) 4| x (31°*) 4), 1a(32) },
rmin{up((11") Bly(01%) B), ne(r2)}}
= lyxy — rmin{rmin{pa((31%) 4|4 (51%) 4),
1B ((11%)Bly (x1%)B)} rmin{pa(32), ps(r2) }}
= lxxy — tmin{paxp((312,312) axB =y (312,312) AxB); HAxB(32,82) }
= rmax{lyxy — ptaxB((312,312) AxB laxy (312,312)axB), Laexy — paxB((32,12))}
= rmax{fisy 5((312,312) Ax B |xxy (312,312) AxB); Faxp(32,12) }-
Hence, &(A x B) is an IVIFSS-ideal of X' x ). O
Lemma 3.4. Let X and Y be SSHAs. If A = {(3, 1a(3),74(3)) | 3 € X} and B = {(x,v5(x),v5(x)) [r € V}

are IVIFSS-ideals of X and Y, respectively, then @(Ax B) = {((3,2), YaxB(3,1), 7axB(3,1)) | (3,1) € X xV}
is an IVIFSS-ideal of X x ).

Proof. Let (3,1r) € X x ). Then

YaxB(0x,0y) = Lxxy — yaxB(0x,0y)
= laxy — rmin{ya(0x),v5(0y)}
> lxxy —rmin{y4(3),78()}
= laxy —7axB(3 1)
=YaxB(3,1)

Let (31,21), (32,x2) € X x ). Then

Yaxp(31,21)

= Llyxy —vaxp(31,11)

= laxy —rmin{ya(31), 78(r1)}

> 1axy — rmin{rmax{ya((51%) al x (31)4),74(32)},
rmax{yg((11)Bly(¥1%)5), 78(r2) }}

= Lyxy — rmax{rmin{ya((31%*) al v (51%)4),
vB((®1%)Bly(X1%) )}, rmin{ya(32), v (r2)}}

= laxy —rmax{yax5((312,312) AxB |xxy (312,312)AxB), YaxB((32,22))}
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= rmin{lyxy — 7axB((312,312) AxB |¥xy (312,312) AxB);
laxy — vaxB(32,12)}
= rmin{7¥ 4, p((312,312) axB |rxy (312,312) AxB), Vax B((32,22)) }-
Hence, ®(A x B) is an IVIFSS-subalgebra of X x ). O

Theorem 3.2. Let X and ) be SSHAs. The IVIFSs A = (ua,va) and B = (up,yp) are IVIFSS-ideals of X
and ), respectively, if and only if ©(A x B) and @(A x B) are IVIFSS-ideals of X x ).

Proof. It follows from the Lemmas 3.3 and 3.4. O

Definition 3.2. Let X and ) be SSHAs. Let A = (ua,va) and B = (up,yp) be IVIFSs of X and Y,
respectively. For [ay, ag], [b1, b2] € D[0, 1], the set

U(paxp : a1, a2])) = {(3,x) € X X V| paxp(3,x) > [a1, az]}

is called upper [a1, ag)-level of A x B and

L(yaxp : [b1,b2]) = {(3,8) € X x V| yaxB(3 1) < [b1,bo]}
is called lower [by, ba]-level of A x B.
Theorem 3.3. Let X and Y be SSHAs. Let A = (pua,v4) and B = (up,yp) be IVIFSs of X and Y, respectively.

If A x B is an IVIFSS-subalgebra of X x Y, then non-empty upper [s1, sa|-level cut U(paxp : [a1, az]) and
non-empty lower [by, ba]-level cut L(yaxp : [b1, ba]) are subalgebras of X x Y for all [ay, az], [b1, bo] € DI0, 1].

Proof. Let A = (114,74) and B = (up,vp) be IVIFSs of X and Y, respectively be such that A x B is an
IVIFSS-subalgebra of X x ). Then

paxB((312,312) AxB |xxy (312:312) axB) > rmin{puaxp(31,11), LaxB(32,12)}

and
YaxB((312:312) axB |axy (312,312) AxB) < rmax{vaxp((31,21)), YaxB(32,52)}
forall (31,11), (32,12) € X x V. Let [a1, az], [b1, b2] € D[0, 1] be such that U (axp : [a1, a2]) and L(yaxB :
[b1, ba]) are non-empty sets of X' x V. Let (3,1) € U(paxp : [a1,a2]). Again, let (31,11), (32,02) € X x Y
be such that (31,11), (32,12) € U(paxp : [a1,a2]). Then
paxs((312,312) AxB |xxy (312,312) AxB) > rmin{[a1, ag], [a1, az]}
= [ay, ag].

This implies, ((312,312)AxB |xxy (312:312)axB) € U(paxp : [a1,a2]). Thus, U(paxp : [a1,a2]) is a
subalgebra of X x ).



Asia Pac. J. Math. 2026 13:57 12 of 18

Let (3,r) € X x ). Then

YaxB((312:312) AxB laxy (312:312) AxB) < rmax{yaxB(31,21), vaxB(32,12)}

< rmax{[by, ba], [b1, ba]}
— [b1, bs)].

This implies, ((312,312)AxB |xxy (312,312)axB) € L(vaxp : [b1,b2]). Thus, L(yaxp : [b1,b2]) is a
subalgebra of X x ). O

Theorem 3.4. Let X and Y be SSHAs. Let A = (pua,v4) and B = (pup,yp) be IVIFSs of X and Y, respectively.
If Ax B isan IVIFSS-ideal of X x Y, then non-empty upper [a1, ag]-level cut U(puax p : [a1, az]) and non-empty
lower by, ba]-level cut L(yaxp : [b1, ba]) are ideals of X x Y for all [ay, as], [b1, ba] € D[O0, 1].

Proof. Let A = (pa,v4) and B = (up,vg) be IVIFSs of X and ), respectively, such that A x B is an
IVIFSS-ideal of X x ). Let [a1, az], [b1, b2] € D[0, 1] be such thatU (uaxp : [a1, a2]) and L(yaxp : [b1, b2])
are non-empty sets of X' x Y. Let (3,1) € U(paxp : [a1, a2]). Since ppaxp(0x,0y) > paxp(3,r) > (a1, a9,

we have (0x,0y) € U(puaxp : [a1,a2]). Let ((312:312)axB |lxxy (312,312)axB)s (32,12) € U(paxp :
[al,aQ]). Then

1axB(31,51)

> rmin{paxp((312:312) AxB [xxy (312,312) AxB), haxB(32,12) }

> rmin{[ay, ag], [a1, as]}

= [ay, ag].
Hence, (31,11) € U(iaxp : [a1,a2]). Therefore, U(puaxp : [a1,az]) is an ideal of X x Y. Let (3,1) €
L(vaxp : [t1,t2]). Since yax5(0x,0y) < vaxp(x,y) < [t1,t2], we have (0x,0y) € L(yaxp : [t1,12]). Let
((312,312) AxB lxxy (312,312) AxB), (32,82) € L(vaxp : [b1, b2]). Then

YaxB(31,11)

< rmax{vaxB((312:312) AxB |xxy (312,312) AxB), YAxB(32, F2) }

< rmax{[by, by, [b1, bo]}

= [by, ba].
Hence, (31,11) € L(vaxp : [b1, ba]). Therefore, L(vaxp : [b1, b2]) is an ideal of X' x ). O

Definition 3.3. Let Sy := (Su, |) be an SSHA. An IVIFS A = (uua,va) in Sy is called an IVIFSS-deductive
system of Sy if it satisfies

(3.1)

s e S ( 114(0) > 11a(3) ) |

74(0) < 74(3)
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(3.2)

(V.1 € Sp) ( pa(®) = minfpa(s), na)} ) |

74(r) < max{ya(3),74(5)}
Definition 3.4. Let Sy := (Su, |) be an SSHA. An IVIFS A = (14,7v4) in Sy is called an IVIFSS-filter of
Sy if it satisfies (3.1) and

(% € Si) (pa(s") 2 1a®), 746 < 1) ) (33)

(3.4)

(V@, Ly € SH)
va() < max{ya(x),ya(n)}

pa™) = min{pa(0) pa(0)} ) |

Theorem 3.5. Let Sy, := (Su, |) bean SSHA. Given an IVIFS A = (ua,va) in S, the following are equivalent

to each other.

(1) A= (pa,va) is an IVIFSS-deductive system of Sp.
(2) A= (pa,va) is an IVIFSS-filter of Sgr.

Proof. Assume that A = (p14,74) is an IVIFSS-deductive system of Sy and let 3,r,n € Sy. Note
thatr | (5* | 5*) = 0. Then pa(5*) > min{pa(r), pa(r | G6* [ 3))} = min{pa(r), pa(0)} = pa(r) and
v4(3") < max{ya(r),va(G" | 5*)} = max{ya(x),74(0)} = va(z). Note that

L@ ) = el (@ 0)" ] ([ 0)"™)
= (o) | @)
= (r] )
= 0.

It follows that

pa(x”) > min{pa(x), pa(e | (" 1)}
= min{pa(x), pa(0)}
= pa(x)

and

74@") < max{ya(r), 74" | ")}
= max{y4(r), 74(0)}
= ya(x).
Since n | ((x [ ) | (& [9))I((x [9) | (x[9))) =v](x]n) =1 we obtain

pa((® )| @lv)
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> min{pua(y), pa(o [ (@) [ @) 0) [ @)}

= min{pa(n), pa(z’)}

> min{pa(y), pax)}

and
CARIANCAR))
< max{ya(),ya(v | (@[ 0) | & o)) | (x]9))}
= max{y4(n),va(x")}
< max{y4(n),ya(x)}-
Hence,
pa(G ] @lv) | (@ln)
= pa(GI(@ [9) [ @)@ ] (D)
> pa(@|v) | (x]))
> min{pa(y), pa(r)}
and

Ya(G 1 @l0) | (x]))

=7a(GI(@[9) [ @Io)IE[0) [ (D)
<ya(@l) | (xn)

< max{y4(n),va(r)}.

Therefore A = (ua,v4) is an IVIFSS-filter of Sy.
Conversely, assume that A = (ua,v4) is an IVIFSS-filter of Sy and let 3,1,y € X. If we replace ¢, y
and 3 with 3, 3 and r, respectively, in (3.4), then

pal®) = pa((13)" 1 ] )
= pa(G 1)) 1 &1 p)
= pa(G13°) | (e 12)")
= pa((]3) [3°)
=pa((((G13) 1) [o) 1) [ (Gl3)[x)[x)
=pa(®l G131 G135))

> min{pa(3), pa(3')}
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and

va®) =va((G13)" | @ 1))
=7a((G [ 3)) | (& [ )
=7a(G" 35 | ([ 2))
=yal(x [3) 3%
=7a((((Ga) [v) o) 1) [ (G la)2)[x)
=7a(® ] G13)) 1 G13)

< max{ya(3),va(3")}-

Therefore, A = (14, 7v4) is an IVIFSS-deductive system of Sg. O

Proposition 3.3. Let Sy, := (Su,|) be an SSHA. Every IVIFSS-filter A = (114,7v4) of Sy satisfies

(V3,x € Su) Ha™) 2 1aly) (3.5)
’ yaG) <vaG) |
(VzredSu) | s<r = #a®) 2 pa®) (3.6)
va(r) < v4(3)

Proof. Let A = (pa,va) be an IVIFSS-filter of Sy. Then

paGT) = pa(eh)
< min{pa(3),pa3)}

= pA(3)
and

Ya(E) = ya (@)
> max{y4(3),v4(3)}

=74(3)
for all 3, € Sg. Therefore, (3.5) is valid. Let 3,¢ € Sg be such that 3 < r. Then 3* = 0, and so
pa(x) = pa(0%)

= pa(')

> pa(x)
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and

Ya(r) = 4 (0%)

g

Theorem 3.6. Let Sy := (S, |) be an SSHA. An IVIFS A = (pa,7v4) in Sy is an IVIFSS-filter of Sy if and
only if it satisfies the condition (3.6) and

(3.7)

ot e S ( pa((615) 1 G 1©) > mingua(s). pae)} ) |

74((313) | (3 11) < max{va(3),74()}

Proof. Let A = (114,7v4) be an IVIFSS-filter of Sg. Then the condition (3.6) is valid. Then p4((3 | 3) |
(315) = pa((0]0)7%) > min{pa(3), pa(®)} and va(( 1) | (6 18) = 7a((0 [ 0)7F) < max{va(5),7a(x)}
forall 3,r € Sp.

Conversely, assume that A = (u4, v4) satisfies (3.6) and (3.7). Since 3 < Oand ¢ < 3' forall 3,1 € Sy,

we have 14(0) < p14(3), 74(0) < va(3), pa(3*) < pa(r), and v4(5%) < va(x). So,

pa(P) < pa((@ln)l(xly)) < min{pa(r), pa(y)}

and

761 < 7a((@l)|(xlv)) < max{ya(x),7v4(v)}

forall 3,z € Sy. Hence, A = (4, v4) is an IVIFSS-filter of Sy . O

4. CONCLUSION

In this paper, we have developed a unified framework for studying interval-valued intuitionistic fuzzy
Sheffer stroke subsets (IVIFSS) in the setting of Sheffer stroke Hilbert algebras (SSHAs). We derived
necessary and sufficient conditions for establishing deals and proved that these structures are closed
under Cartesian products, intersections, and the operators @ and ®. It was shown that the product of
two IVIFSS-subalgebras (or IVIFSS-ideals) retains the corresponding algebraic properties within the
product algebra, and level subset characterizations were derived to describe these structures in greater
detail. Moreover, the relationships between IVIFSS-deductive systems and IVIFSS-filters were analyzed,
yielding necessary and sufficient conditions establishing their equivalence. Overall, the results extend
classical algebraic concepts of subalgebras, ideals, and filters to the interval-valued intuitionistic fuzzy

framework, providing a consistent algebraic foundation for reasoning under uncertainty.
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Future investigations could explore several directions based on the current findings. One natural
extension is to apply the IVIFSS framework to other non-classical algebraic systems, such as BCK/BCI-
algebras, BE-algebras, and MTL-algebras, to examine whether similar closure and equivalence proper-
ties hold. Another promising direction is to define and analyze morphisms between IVIFSS structures,
yielding categorical formulations and homomorphism theorems in the fuzzy setting. Additionally,
potential applications may include the design of fuzzy inference models and decision-making systems

that rely on interval-valued intuitionistic fuzzy logic derived from the Sheffer stroke operation.
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