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AsstrAcT. This article presents new results concerning second-order elliptic operational differential equa-
tions with boundary conditions where the coefficients are closed linear operators, in a noncommutative
setting. The study is conducted when the second term f belongs to C? ([0, 1]; X) , with 6 € ]0, 1[ arbitrary,
X being a complex Banach space. We prove new results on the existence, uniqueness, and maximum
regularity of strict solutions, using semigroups and interpolation theory.This article can be considered a
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1. INTRODUCTION AND HYPOTHESES

Let X be a complex Banach space. We consider the following abstract second-order differential

equation of elliptic type
(1.1) v’ (z) + Au(z) —wu (z) = f(x), x€]0,1],

together with the following Robin’s type abstract boundary conditions:
(1.2)

where A and H are closed linear operators in X, w is a complex spectral parameter, dy, d; € X; and the
second term f is in the space C ([0, 1]; X'). Our main objective is to find a strict solution u to problem

(1.1)-(1.2), that is a function u such that:
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u € C*([0,1];X) N C([0,1]; D (4))

u(0) € D (H),

and which satisfies (1.1)-(1.2).
Since f € C ([0, 1]; X) is not sufficient to solve problem (1.1)-(1.2), this is why we assume, throughout

the work that the function f is in an interpolation space:

CG([O,l];X):{fEC([O,l];X): sup Hf(ac)_f(y)H<oo}.

ryepiayzo  |o—yl

The techniques used here are based on interpolation theory, Dunford’s functional calculus and methods
applied in [4] and [13]. Here are some works related to ours.

In [3], the authors considered, in a complex Banach space X, the problem (1.1)-(1.2), where A = w is
a positive spectral parameter. For w sufficiently large , under certain geometric assumptions on the space
X and hypotheses on operators A — wl and H including the fact that they commute in the resolvent
sense, the authors have furnished necessary and sufficient conditions on the data dy, d; to obtain the
existence and the uniqueness of a solution to (1.1)-(1.2) verifying u € W?2? (0,1; X) N L? (0, 1; D (A)).
In [4], the authors studied the problem (1.1)-(1.2) in a Holder space but without the spectral parameter
w and in a commutative framework.
In [5], they developed an interesting new approach in a noncommutative setting, where they studied
the problem (1.1)-(1.2), when f € L (0,1; X) with 1 < p < oo and when X is an UM D space with
the same Robin boundary condition in 0.
Recently, in [13], the authors studied the same problem ( 1.1)-(1.2) in a noncommutative setting,
when f € C%([0,1]; X), with 0 < 6 < 1 and X is a Banach space. They considered the case where
D (vV/=A) C D(H), when v/—A is defined. Following on from this recent study, regarding hypotheses,
we address the problem (1.1 )-(1.2) in the case where.D (H) C D (A).
So, for ¢ € (0, 7), we set

S ={z € C\A{0} : farg (2)| < ¢} U{0}.

Our main assumptions are the following;:

Jpo € (0,7) : Sy, € p(A) and IC4 > 0 :

(A—wl Ca

(1.3) B
) Ml < T

Vw € Sy,

(p (A) denotes the resolvent set of A; this assumption means exactly the ellipticity of our problem as in

Krein [15]).
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We will assume, moreover that

(1.4) D(H) c D(4),
and H has to satisfy

(1.5) 0€p(H).
In all this work, we set for w € S,

A, =A—wl

Remark 1.1. It is well known that assumption (1.3) implies that the square roots Q = — (—A)% and
and (e*@)

X, not strongly contiuous at zero, see Balakrishnan [2] for dense domains and Martinez [ 18] for non

Qu=—(—A+wl )% are well definied and generate analytic semigroups (%) 250 I

x>0

dense domains. Note that, D (4) = D (Q), see Haase [12], Corollary 3.1.11. Page 59.

Remark 1.2. The space of Holder space, C? ([0,1]; X), defined by

09([0,1];X):{feC([O,l];X): sup ||f(m)_f(y)‘<c>o}.

x/y/e[[)’]_}’xfy/;éo ‘x - y‘e

is an interpolation space.

Remark 1.3. We have the following propositi, Let 6 € |0, 1[. So
Ch([0,1):X) € €% ([0,1]; X) € € ([0,1]; X),

and €Y ([0, 1] ; X) with 6 € ]0, 1] furnished with standard

1f () — f Wl
HfHC@([O,l};X) = ||f||c([o,1];X) + sup — 8
rye1]z—y#0 |z —y|

is a Banach space, see [19], page 12.

Due to (1.3), we recall that D¢ (0; +00) = (D (Q) ; X)1- 9;+0 is the real interpolation space described
see [7].

We will also suppose that

(1.6) Q- H)""(D(Q) c D(QY,

and

(1.7) Q*(Q—H) ' (Dq (1 +6;+00)) C D(Q);
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here, for the moment, (QQ — H )_1 is understood in the term’s specific context. Later on, we’ll observe
that this
Q-H) 'eL(x).

We recall the notation

Do (1+6;4+00) ={p € D(Q) : Qp € Dq (6;+00)} .
To achieve the highest level of regularity, we replace (1.7) by
(18) Q*(Q — H)™(Dg (1 4 6;+00)) C Dq (6;400).

This paper is the valuable addition of [13], where the authors have studied problem (1.1)-(1.2) under
(1.3), (1.5)~(1.8) and also
D(Q)c D(H),

instead of (1.4).

Remark 1.4. assume (1.3) we deduce that, there exists 6y € |0, 7/2[ and ry > 0 such that the resolvent

operator of A satisfies:

p(A) D Seore = {2 € C\{0}: |arg(z)| < 6o} U B (0,70),
where B (0, 7¢) is the closed ball of radius 7 and centered in 0.
Remark 1.5. Assume (1.3) and (1.4). Let w > 0, we know that there exists P,, € £ (X), such that
(1.9) Q=Q.,+P,and P,Q ' =Q'P,.

See [12], Proposition 3.1.7, p. 65. Form (1.9) we deduce that P, is continuous from D (Q) into D (Q)
by writing for all »r € D (Q)

P,x = P,Q'Qx
= Q_lpr%7
which gives
1Poxllpg) = Mol + 1@l x

= ||Polx +[|QQ T PuQx|

[1Posll x + [P Q| x

N

[Pollx 17l x + 1Bl x 1@l x

N

1Pollx Izl x + 1@l ]
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< Pollx 1l pgy »

therefore F,, is continuous from any interpolation space Dg (¢; +00) into itself.

Remark 1.6. Let w > 0, we have

Dgq,, (0;+00) = Dq (8;+00), Dq, (1+0;+00) = Dg (1 +0;+00).

Moreover D (Q.,) = D (Q) and D (Q2) = D (Q?) with

However, we have

Q72

Q2:QE)+2Pwa+P£a

2 (AT + (~A+wn
2 (AT A+ D) (A D) T (AT (A (A wD) !
Zow(-A) N (—A+wD!

Q7 - wQ7?QL”

Remark 1.7. Let w > 0, let us show that if (Q — H) ' exists and verifies

(1.10)

then

Q- H)" (D(Q) c D(QY,

(Qu—H) " (D(Qu) c D(Q2),

when (Q,, — H) ! exists.

Proof. Assume (1.10) and set

then

(Qu—H)" Q&) =n,

We have seen that from (1.9)

Q=Q,+P,and Q'P, =P Q!

Since n € D (Q), then there exists ( € X such that n = Q~1(¢), therefore

Q) = (Qu-QQ Q)+ (@Q—H)n
= —Q7'P,(Q)+(Q—H)n,
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and

n=Q-H)[Q (& +Q P, ()] €D(Q?.

U
Remark 1.8. Let w > 0. Now, prove that if (Q — H) 'exists and verifies the following properties
111) (Q—H)" (D(@) € D (@)
Forsome¢ € X, (Q—H) "' (¢) € D(Q?),
then, when (Q, — H )_1 exists, we have also
(Qu—H)"' (&) € D(Q).
Proof. In fact, set
(Qu—H)" () =mn,
SO
£=(Qu—H) (1) =(Qu—Q)n)+(Q—H)n),
where 7 = Q71(p), ¢ € X. As above, we have
£=-Q7'P,(p) +(Q—H) (),
from which it follows
Q- () =-@Q-H)Q'P(p) +.
in virtue of (1.11), we obtain
n=(Q-H)" (O +(@Q-H)Q 'Plp) € D(Q?.
U

Remark 1.9. Let w > 0. Assume that (Q — H) 'exists and verifies the four following properties

i) (Q—H)™ (D(Q) € D(Q)

i) Q*(Q — H) ™ (D(Q)) € D(Q)
iii) For some £ € X, (Q — H) ™' (¢) € D (@?)

iv) Q*(Q — H)™ (&) + £(0) € D(Q),

(1.12)

then, when (Q,, — H) ! exists, we have also

(Qu—H) " (¢) € D(Q?) and
Q*(Qu — H)™" (&) + £(0) € D(Q).
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Proof. In fact, by setting
(Qu—H)"" (&) =n,

and using the last calculus, we get

n=(Q-H)""(€+(Q-H) QP (p),

SO
Q* (Qu—H)" (&) + [(0)
= Q) +/(0)=Q*(@Q-H) " (O+Q*(Q-H) " Q'P(s) € DQ).
U
Regarding the necessary conditions
Let us assume (1.3) and that there exists a classical solution to the problem (1.1)-(1.2)
u () + Au(x) —wu (z) = f(z), z€]0,1],
v’ (0) = Hu (0) dp, u(l) =dj.
This is a mixed-type, second-order abstract elliptic problem; therefore, we are informed that necessary
we have

f(Q1) = Audy € D(A) = D(Q)
u'(0) € D(Q)
Qu'(0) € D(4) = D(Q).

The proof of these results can be found in [16], theorem 8, on page 732.

The plan of the paper is as follows:

We introduced our hypothesis (1.3)~(1.8). in the first part, following the presentation of our problem
(1.1)-(1.2) and a few writers’ works on the same theme. Next, we presented all of the implications of
these theories in the form of notes. We provide some useful fundamental lemmas in the next section.
The representation formula for strict solution u of problem (1.1)-(1.2) is provided in Section 3. The
primary result’s evidence is covered in Section 4. Section 5 concludes by providing some specific

instances of partial differential equations that our theory can be applied to.

2. TECHNICAL LEMMAS
In this section, we recall some well-known facts, useful in our proofs.
Lemma 2.1. Note that

5<¢){ o if 6<(0.5]

T—¢ if gbe[g,()).
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(")
cos | ——
2

1): Let 6 € (0, (¢)) , Then A, is an operator of type 6 with bound Cp := . Moreover for

any » € Sy, we have

Ch

A, + I‘1H < 0
H( ) LX) 7 14 |w|+ |~

2): Let w € Rand s € C such that § = |w| € (0,¢(¢)) and Re (>ce=%/2) > 0. Then loperator
Q. + I is boundedly invertible and

C
wt ) < =T
O @] + |
with C, & 1= Ca P
cos (arg (») — w/2) cos <2>
3): Lety € rr + £(#) then Q. is a linear operator of type 1p with bound Cy, := _Ga where
' 272 2 ) ¢ P yp YT cos? (By)
T, h—e(9) ™
bo=g3+" €<0’2)'
Moreover for » € Sy, we have
C
wt )7t < —— .
H(Q ) Hﬁ(X) V1 |w|+ |~
Proof. 1): See [8], Lemma 2.4, p. 99.
2): The idea is to use the calculus given in [8], in Lemma2.4,at the end of p. 99:
~+o0 it /2 ) .
H(Qw-ﬁ-%f)le = 1 \/.;672 (Aw—i-rem]) Leim ,
L(X) T Jo re'” 4 i £0X)
since
i -1 Cg
Aw ’LZUI < _
H( +re™) Hc(x)l—i—r—i—\w[
then
H(Q + %I)le < @ +o0 \/77 1 ,
v cx)y — 7w Jp |ret® + 32| 1+ |w| + ||
< CQ/JrOO vr L dr
T Jo arg (»%) — @ o\ L wl + [
cos (2 (7“ + || )
+o0o
< Co / vr dr
7 cos (arg (») — @ /2) J (7“ 4 ‘%|2> 1+ |w| +7)
< Cy 1
~ wcos(arg (x) —w/2)cos[(¢ +0) /2] \/1 + |w] + |5
Cz,w

1+ |w| + |2
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3): See [8], Lemma 2.4, p. 100.

O
From the previous Lemma, we deduce that
(2.1) Vs >0 ’(A +%I)_1H < G
' I £x) T 1w+ [5
and
(2.2) Vi€ S H(Q +%I)_1H PR S
B L) T /T w| + |5
where Cy := C 4/ cos (¢/2) and Cy := C4/ cos? (¢/2).
Lemma 2.2. Forall w € S, there exists a constant C' 4 > 0 independent of such that:
Ca
1): ! < —.
195 ey <
V1
2): Forz e B |0, Vitlel , we have z € p (Q.,) and
2C'4
_ 2C,
w—2)71 ‘ < —.
i@ =207 e = 5
Proof. For statement 1, it is enough to consider (2.2) with s = 0.
V1
For statement 2, we consider z € B (0, 2;M> . Then
A
1 _ -1 71+ |w| Cy _ 1
[ HL(X) = |2/ | Qs Hc(X) < 20, X N =5 < 1,
hence Q., — zI = Q., (I — 2Q_") is boundedly invertible with
S R I TR
H(Q“ 21) HL(X) < e Hﬂ(X) ‘ (I -=Q.7) £(X)
2C 4
V14wl
O
Lemma 2.3. Let s > 0and w € Sy, we have
1): I + e~ %9« is boundedly invertible and (I + e‘SQUJ)f1 e L(D(X)).
2): AM > 0: Vs > 0, we have
e = 27
L(X) L(D(Q))

3): We have
(I+e¢9) " e L(D(Q),X)y,,
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with0 <6 < landp > 1.

Proof.

73Qw

le

leee)

which implies that

1): Since ),,is boundedly invertible there exist M > 0 and v > 0 such that foral s > 0

< Me ",

—SV

lim supHe S"QWH ln )

n—>+400
then (I 4 e=5@) ~" exists and belongs to L (
Then for all £ € D (Q)), we have

(T+e9) "¢
Q—l

and thus (I + e_SQ“)_lf € D(Q) and

[CE I P

2): We have

lyticity that

IN

Then
|+

3): This last result is obtained by interpolation.

X). Itis easy to show that Q1

(I + e_SQw)

< Qo

where v is the boundary of S, oriented from ooel(

/
v

and e %%« commute.

T QLQue

(I+ @)1 Que,

L H (Z+ e_SQw)ile:(X) '

s

2

™

—+wo
2

+<p0) *i<
to oce

) . It follows by ana-

eZ

+ e”

a2
S

(e3)”

1 dlz|
) °
Re(z
/ —d|z|.
~

<M
L(E) ~

ez

1+ e
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Lemma 2.4. Let w € S, we have Q2 H ' € L (X); moreover there exists a constant M > 0 independent of w

such that:

(2:3) [AH™ ;) < M,
(24) QEE ™ | sy < M (14 [wl),
and

(2.5) |QuH ™y <M (VIFTw]).

Proof. We have

QLA k) = A+ H Ty,
< HAH_IHz:(X) + HWH_IHLJ(X)
< M1+ W),
and
HQ“-’H_IHL‘(X) = HQ;lQiH_lHﬂ(X)

IN

195 | 2oy 1QEH | 2 xy

e (VIFT).

IA

Lemma 2.5. Assume that (1.3)~(1.5) hold. Then there exists po > 0 and a constant C' > 0 independent of

W € Sy, po such that the operator Q.+ H,, is boundedly invertible, moreove
C
V1+w]

Proof. From (43), there exists py > 0 such that for all w € Sy, ,,, we have

(2.6) 1(Qu + H) Y|y <

1
—1
HQwH HL(X) = 9’

Then from (1.5), that operator @, = H is invertible and we have

H(Q” + H)_IH Lxy HH_l (QuET = I)_1H£(X)

1
< Hil
= 1= HQUJH_l”E(X) H HLZ(X)
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< —_—
VA %)

Now, for w € Sy, »,, we define operator A, by:
Aw:Qw_H_‘_eQQw (QW+H)

Note that, since D (H) C D (Q?), we have D (A,) = D (H) and furnish results on A,,.

Lemma 2.6. (1) There exist ro > 0 and M > 0 such that for all Sy, ., we have

0€p((1-e2) ™ (14 ) QuH ~ T

(2.7) H ¢2Qu) (I +e2Q) QHL — I} -

<2

£(X)

(2) The operator A, is boundedly invertible and
(2.8) 1A |y <M,
and
(2.9) QEASH £y <M (14 w]),

Note that Q% A, has the same behavior as Q,H*.

Proof. Letw € Sy, 1y, for some r > 0. From (1.5), wehave Q,H ! € £ (X) so
(I—e) " (I+e2)QuH ™ — T € L(X),
and we have

- 1y

L£(X)

IN

M Qua™|

£(X)

1 |w
M<w+w+¢ww0

1 1/2 2M
< - < .
< M <w|1/2 + |w| ) < 13

So there existsr 79 > 0 such that for all w € S »,, we have

N =

(=) (1 ey Qi <
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We deduce that
Lo= (T =) [(T =) (14+62%) QuE™ — 1] € £(X)
is boundedly invertible. Moreover
L= (1= )7 (142 Qui — 1] - e
satisfies
LS| . <2M.
L£(X)
Now, we write
Ay = (T+€9)Q, — (I —*%) " H = L,H,
is boundedly invertible with

At=H1L71

w w

Then

1QEAM N ey = NQEH M| gy 12" 2y = M+l
O

Lemma 2.7. Assume (1.3)~(1.6). Fix wi € Sy, r,. Then there exists C' > 0 such that for all w € Sy, ,,, we

have

(1) Q2 (Qu — H) ' Q" € £L(X), with

<C

|2 @.-m™ oz

H[l(X)

(2) There exists W, € L (X)) such that
AGH = (Qu—H) (I = 2% W),

with
Wollgxy < C and [|QEAZ Q5| o) < C-

Proof. Letw € Sy rp-

(1) Due to Lemma 2.4 and Lemma 2.5 and by using the same techniques as in [9], Lemma 5.3, we

obtain that

|@@.-m7o|,  =|er Qe -nTer!

HL(X)

(2) For the second assertion, see [?9], Lemma 6.4. Statement 3.
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3. REPRESENTATION FORMULA OF THE SOLUTION

In this section, we assume that (1.3) is satisfied and that problem (1.1)-(1.2) has a strict solution. To
find this solution, we will use the classical method of reducing the order of the equation. This method
uses fractional powers of the operators and the Dunford (or Dunford-Riesz) method on the explicit
representation of the solution, obtained through the assumptions and heuristic reasoning. The method
of reducing the order is also called Kerin’s S.G. reduction method [15]. The advantage of this method

is that if problem (1.1)-(1.2) has a solution, then this solution is necessarily unique.

Proposition 3.1. We assume (1.3)~(1.5).and we consider w € Sy, r,, then if the problem (1.1)-(1.2) has a
strict solution, that is to say u € C? ([0,1],X) N C ([0,1], D (A)) such that uw(0) € D(H), and u check the
problem (1.1)-(1.2),u is given by the following formula

w (@) = us (&) + ur (2), w€0,1],
with us () a singular part of the solution u, and u, () a reqular part.defined for « € [0,1], by
us(r) = ¢ [(Qw ) - Q5 F O]+ QG (0)] + 1 (@)
+ellm0)Ce <d1 + %Qf f (1)) +J (z) and
ur(2) = Ri(2)+ Ra(x) + Ryle),

Proof. Under (1.3)~(1.5), we consider w € S, ,, if u is a strict solution of (1.1)-(1.2) then there exist

20, 21 € X such that
(3.1) u(z) = ez + e L [ (2) 4+ J(z), ze€0,1],

Note here the framework is non-commutative, unlike [3], we take into account the commutativity be-
tween A and H. Now, taking into account the fact that I —e?@= is invertible, we set T, = (I — e2@«) -l
T, =1+¢€*T,and S (z) = T,, (e*@ — 170 eQw) '€ £ (X), z € [0,1], then there exists y and 1

in X such as formula (3.1) writes in the following form
(32) u(x)=8@)po+SA—z)m+1(x)+J(x), zel0,1],
where

1) = 5Q27 [ el 1 (5)ds,

(3.3) J () = %Q;l [l el f (s) ds,

S(2) = T, ("9 — 1-1Qu Q)
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Now to obtain the final representation of w, it is enough to find o and p1, and for this we use the

boundary conditions of the problem (1.1)-(1.2), we have

w(0) = o + J (0),4/ (0) = QuTo, (I + €29) o — 2QuTe™ 1y — QuJ (0)
Hu (0) = T,,Qu (I +€29) AZ' By — T o,

S0
W (0) — Hu(0) = T,B80 — Qull (I +€*%) J(0) — 2QuT,e? 1 — QuJ (0)
= do + 2T0,Que? p1 + 2T,QuJ (0) — QuT, (I + €*@) J (0)
—2Q,Tue% 1 — QuJ (0)
= dp.
and
w(1) =+ (1) = di,
hence
po = A1 By — J (0) with
(3.4) Bo = (I —e22) dy + 2Que$ +2Q,J (0)
w =d; —1(1).
Finally, if the problem (1.1)-(1.2) admits a strict solution u, then this solution can be defined by (3.2),
(3.3) and (3.4). O

Remark 3.2. To apply the holderianity assumption on f, we need to change the previous representa-

tion.Noting that they exist ag, a1, and oy € X (obviously calculable) such that

u(r) = (I + eQQ“’Tw) (emQ“ - e(l_x)Q‘“eQ“) 140
+ (I +e2%41,) (e(l_x)Q“’ — er”eQW) (di = I(1)+1I(x)+J ()
= "Qupy 4 1D (d) — T (1)) + 1 (2) + J (z) + " ePuay + (170w Cuq,
= " (A [do +2Qu T (0)] — J(0)) + I (2)
+e1=9)%w (dy — 1 (1)) + J (z)
+eP @ A Le@u g 4 ¢ Que@uqy 4 e170)@wQuqy,

Thus A = (Qu — H) ' = (Qu — H) ' €?2=W,,, so there exist £1, £, &3 in X (clearly computable) such
that

(35) (@) = e |(Qu—H) (do+2Qu (0) = T (0)] + 1 ()
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+e(1=0%w (d) — 1 (1)) + J (x)

+e" (Qu—H) ™

+erweQw€2 n RERCE engg_
Now, we write
1 -1 ! sQ 1 -1 ! sQ
T0) = Q5" [ e ()= Fo)ds+ 5@z [ e r0)ds
|

= ' s 0)) ds + ~Q5%e £ (0) — 2QZ%F (0
= SO [ e (9~ FO) s+ QIS (0) ~ 5QI (0),

and

1 1
1) = 5Qit [ () = p ) ds+ Q0 [0 (1)
1

= QU [T (f ()~ F () ds - QI (1) + 522 F (1),

0

so from (3.5), we can define 1, 1, 73 € X such that
(36) w) = e [(Qu-H) - Q5 O]+ 3053 )] + 10
=910 <d1 £ QT (1)) +J(2)
+Ry (x) + R (x) + R3 (),
with

Ry () = €@ (Qu — H) ™" Qe + [ e (£ (5) — £ (0)) ds)
(B7) 4 Ra(@) = =3 Q1 [y % (F () = [ (0)) ds = 5eDQg1 [ 1799 (£ (5) — f (1)) ds
Ry (1) = e"@ueQuny + ellm)QueQupy,

The study above shows that if problem (1.1)-(1.2) has a strict solution, then it is uniquely determined

by (3.6).

Remark 3.3. The behavior of u near 0 is given by the first term
e (@~ 1) o — Q1 (0] + 3051 )] + T (o),
in (3.6), the behavior of u near one 1 is covered by the second term,
=00 (44 3021 (1) + 7 (o),

and while terms R; (z), Ry (), and Rj3 (z) are regular (see Propositions 4.5 and 4.6 below). Note that

we did not need a commutativity hypothesis between H and (), in the above calculus.
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e According to the commutativity assumption made in ( [4]), which provides the term R; (x) is
regular. We are unable to employ in this study; instead, we use (1.6) and (1.7) to determine

the regularity of Ry ().

4. REGULARITY RESULTS

In order to analyze the terms of the solution, we begin this part by proving a few technical lemmas.

Proposition 4.1. (1) Let ¢ € X and 0 €]0,1[. Then e ¢ € C([0,1]; X).if and only if o € D(Q).
(2) Let6 €]0,1[, f € C° ([0,1]; X) and ¢ € X. Set

v (z) = erap + / e(x*S)Qf (s)ds.
0

Then~y € C' ([0,1]; X) N C ([0,1]; D (Q)) ..ifand only if o € D (Q) and f (0) + Qp € D(Q).

Considering the well known real interpolation space

(D(Q),X)1 g0 = (X, D(Q))g00 = De (65 +00),

(see H. Triebel see [21] p. 25 and 76), we have also:

Proposition 4.2. (1) Let ¢p € X and 0 € 10,1[. Then @y € C%([0,1]; X)..if and only if ¢ €
Dgq (0;4+00) .
(2) Let g € C° ([0,1]; X). Set

$(@)= [ 99 (s) g (0)ds.

Then 6 € C*° ([0,1]; X) N C” ([0,1]; D (Q)).
(3) Let h € C([0,1]; X) and ¢ € X. Set

w(z) = " —I—/ @R (s) ds.
0

Then w € C"* ([0,1]; X) N C? ([0,1]; D (Q)) ...if and only if h € C? ([0,1]: X), ¢ € D(Q) and
h(0) + Qv € Dg (0;+00).
(4) Let f € C?(]0,1]; X) . Then

1
Q / eQ (£ (5) = £ (0))ds € (D(Q), X)1 g -
0

Proof. Statement 2 is obtained by applying the Da Prato-Grisvard sum theory [7]. Statement 3 which
improves Statement 2 is due to E. Sinestrari [ 19], see also G. Da Prato [6]. We can find in D. Guidetti [11]

a simple proof of these results (see Corollary 2.1.and Theorem 2.4, p.136). O
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Notation 4.3. Let ¢ and & be two given X-valued functions defined on [0, 1] and # € |0, 1[. We write
¢~ h,
if
o —heC’(0,1];X).
As a consequence of Proposition 4.2 we get (see [ 10] Proposition 8, p. 976):

Proposition 4.4. Let g € C” ([0,1]; X) with 6 € |0, 1] and ¢ € D (Q). Set

v (z) = ef”Qcp —I—/ e(“c_S)Qg (s)ds.
0

Then
Qv (") =9 €9 (Qp+g(0)).

Proof. It is an easy consequence of Proposition 4.2 and Proposition 1.2, statement (ii) in [19], that
1) = Qe+ Q [ () —g ) ds+Q [ eI 0)ds
= Qe +Q [ g (s) ~ g (0)ds — [9(0) - 9 0]
= Qe g0+ Q [ I g(5) =g (0)ds =g 0.
O

Proposition 4.5. Assume (1.3) ~(1.7) . Let f € C9([0;1}; X), with0 < 0 < 1 and d,, d; € X. Then for
w € Sepg,ro:

(1) @R, € C=([0;1]; X),

(2) R, € C7([0:1];X) and Q2 Ry € O([0:1): X),

(3) Ry € C([0:1): X) and Q, Ry € C([0:1): X),

(4) @R\, Q Ry, Q R, € C([0;1]; X).

Proof. see [13], Proposition 5, p 15. a

Proposition 4.6. Assume (1.3) ~(1.8). Let f € C%([0;1]; X), with0 < < 1,and d,, dy € X. Then for
w € Spy,ro:

(1) Q@2R, € C7([0,1]; X),

(2) R, € C*([0,1]; X) and Q2 Ry € C°([0,1]; X),

(3) Ry € C([0,1): X) and Q, Ry € C*(0,1]: X),

(4) QR,.Q R, Q'R, € C([0,1); X).

Proof. see [13], Proposition 8, p 19. O
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5. MAIN RESULT

Now, based on this study of the regularity of the solution, we are ready to provide our main results

concerning the existence and uniqueness of the regular solution of the problem (1.1)-(1.2).

Theorem 5.1. Assume (1.3)~(1.7). Letdy € X, dy € D (A)and f € C?([0,1]; X), with 0 < @ < 1. Then,
forany w € Sy, :Problem (1.1)-(1.2). admits a unique strict solution w if and only if

(Qu—H) " [do— Q' f(0)] € D(A)
(5.1) A (Qu— H) " do — Q' f (0)] + £ (0) € D (A)
Audi 4+ f(1) € D(A).

Proof. We first suppose that (5.1) is satisfied and we have to prove that u given by (3.6) is the strict
solution of problem (1.1)-(1.2). But to prove that

ue C2([0,1],X)NC([0,1], D (4)),
it is enough to show that A,u € C ([0, 1], X) . Using the Proposition 4.5, we have
AuR; € C([O,l} ,X), 1=1,2and A,R3 € C* ([0, 1] ,X),

so we deduce
Aoﬂ} = Awu — Ale — AwRQ — AwR3 eC ([O, 1} ,X) ,

where

o) = e Qa1 - Q2 O]+ 3Q2* 0] + T

1
+e(172)Qu (d1 + 5@;2 f (1)> +J(2).
Then it is now known from Proposition 4.1, statement 1), that this term is continuous on [0, 1] if and

only if

Audi+ f(1) € D(A).
Conversely, we suppose that (5.1) is satisfied and show that the problem (1.1)-(1.2) has a strict solution

{ Ay (Qu — H) Vdo — Q1 F (0)] + £ (0) € D (A)

u. From Proposition 4.1, we have

e | Ay (Qu—H) " do = Q51 (0)] + £ (0)] € € (10,1], %)
e(17)2Qu [Avdi + f(1)] € C([0,1], X).

Which implies that A,v in C ([0,1], X). So

Ayu e C([0,1],X),
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then we deduce

we C([0,1],D(A)).

Since f € C?([0,1]; X), so
u' = f— Ayue C(0,1],X),

this means

we G (10,1],X)NC(0,1], D (4)).
Moreover, we have according to (3.4) u (1) = p1 + I (1) = diand taking into account the fact that
u(0) = po + 7 (0) = AS o € D (H)
Hu (0) = TuQu (IT+¢% ) A 6o — Tubo,

where
po = AL 6o — J (0)
By = (I - eZQ“’) do + 2Que% iy +2Q.J (0) € X.

And also, we have

u'(0) = QuTi (I+¢€*%) po —2QuT,e% 1 — QuJ (0)

= QwTw (I + €2Qw) Aojlﬁo - QwTw (I + ezQw) J (0) - QQwTweQwul - QwJ (0) )

SO
u' (0) — Hu(0) = Tufo— QuTu (I +€°%)J(0) - 2QuT0e p1 — QuJ (0)
= doy +2T,Que? 11 + 2T,QuJ (0) — QuTL, (I + €*?+) J (0)
_QQwTweQwﬂl - QwJ (0)
= dp.
Finally (5.1) is satisfied. O

Theorem 5.2. Assume (1.3)~(1.8). Letdy € X, dy € D (A)and f € C?([0,1]; X), with 0 < @ < 1. Then,
forany w € Sy, r, Problem (1.1)-(1.2) has a unique strict solution u satisfying the maximal regularity property

u", Ayu € C9([0,1]; X) ,if and only if

(Qu—H) " do — Q' f (0)] € D (A)
(5.2) A (Qu — H) ' do — Q51 f (0)] + £ (0) € Dg (8, +00)
Aydi+ f(1) € Dg (0, 4+00) .

Proof. Let f € C?([0,1]; X),with0 < 0 < 1,dy € X, d; € D (A) and we consider w € Sy, ,,. Suppose
there exists a unique strict solution u of the problem (1.1)—(1.2) defined by (3.2), (3.3) and (3.4),
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which satisfied the maximum regularity property u”, A,u € C? ([0,1]; X), this solution u must satisfy

(1.1)—(1.2), moreover, according to the lemma 4.5,
ue C*(0,1],X)nC([0,1],D (Q?)),
and v, Ayu € €’ ([0,1]; X), if and only if
W=u— R~ Ry~ RyeC2([0,1],X)nC ((0,1],D(Q2))and @ , Aii € C’ (10,1]; X),
with
i) = ()~ Rae) ~ Fao) ~ Ra(o) = [ (Qu — ™" [do — Q'S (0)]+ 3027 0

+1 (z) + 1720 <d1 + %Q;zf (1)) +J (z).

Now, using Lemma 4.5 (second part) u € C? ([0,1], X)NC ([0,1], D (Ay)) ,and u , A,u € c’ ([0,1]; X)
if and only if

(Qu = Hy)™ [do = Q51 (0)] +3Q2%F (0) € D (Q2)

L0+ Q2 [(@w - l[do—@;1f<o>1+§c2;2f<o>} € Dq (0 +ox)
di +3Q5°f (1) € D (Q3),

5 (1) + Q% [di + 5Q52f (1)] € Dq (6; +00) .

After a calculation, as above, we find

(Qu—H) " [do — Q' f (0)] € D (Au),
Q2 (Qu — H) " [do — Q51 f (0)] + f (0) € Dg (8 +00),
Q2d1 + f (1) € Dg (0;400).

6. APPLICATION

We present below the concrete problem of the heat equation in the square domain = (0,1) x (0,1)
with a dynamic Wentzell condition on one of its lateral boundaries, in order to illustrate the results

obtained in this work.
ou

5 (t,z,y) = Dy yu(t,z,y), (t,z,y) € (0,400) x Q

ou ou 0%u

S (000) = 00.) + E1.0.), (10.5) € (0r00) x Ty
P w1y =o. (t,1,) € (0,+00) x I

u(t,z,0) =u(t,z,1) =0, x € (0,1),

U(O,l‘,y) = Up (xvy)7 (xay) € (07 1) X (Oa 1)7
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where
Iy = {0} X (07 1) 1= {1} X (07 1)
Yo = (071) X {0}771 = (071> X {1}7
. , , du du . .
Here a2 is the Laplace-Beltrami operator on I'y. Physically, 9z and 92 represent the interaction
0%u

between the lateral boundaries while and the domain €2, while 902 is the boundary diffusion. Set
E = LP () x LP (T'y); this Banach space is well defined and endowed with its natural norm. Define

operator K by

D (K) ={w = (u,v) : Au € LP () ,v9 € W*P? (Iy) , ulr, = vo,

s, 0?
(@) e, = (o) v + G and ulonior, =0}
ou 9%,
Kw = | Au, . Iy + o )’ for w= (u,v) € D(K).

The boundary conditions are defined in L? (I'y) and Kw € E. On the other hand it is not difficult to see

that this operator is closed in £/. When we integrate the time variable ¢, the following Cauchy problem.

ow 0 _(Ou Ovg\ B
E—a(ﬂ, 0)— <8t,8t>KwK(U,UO>

w (0) = (u(0,.),v0(0,.)) given,

writes -
= Au
ot
Ovg % I + 9%
ot \oz )M 92

u”YoU’Y1UF1 =0

w (0) = (u(0,.),v0(0,.)) given,

\

since (u,vo) € D (K) and 2—1; = Au, we obtain

ou 0%v ou
@)l = (5 ) ro+ (52 ) Iro = (1) o

and since u|r, = vo, by using the tangential derivative, we obtain

0%vg 9%y
o) =gz ) I

summarizing up, we deduce the same equation as in Problem (P):

( % = Au
ot
ou ou d%u
E |Fo - % ’Fo —+ 87342 ‘Fo
u (0, .) is given
U|70U71UF1 = 0.
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The study of the evolution equation above is based on the study of the following spectral equation

o) { K (u,00) = (h, do)

(u,v0) € D (K),
and since h, dy € E, using equality u|r, = vo, (6.1) is equivalent to
Au—wu=h
(62) (5) e+ (5p ) tro = o

u"YOU'Ylurl =0,

which is an elliptic partial differential equation with the same spectral parameter in the equation and
in the boundary condition on I'g. We will write (6.2) in an operational differential form. We consider

the Banach space X = L? (0, 1) and identify £ with L (0,1; X), by writing as usual, for g € E,

g(z,y) = (9(z))(y), z,y € (0,1).

We define operator A on X by

(6.3)
Ap (y) = ¢" (y),

then the square root of the opposite of this operator is well-defined and we have

{ D(A) = {p € W2 (0,1) : (0) = (1) = 0}

Wo? (0,1) € D ((—4)?) c W' (0,1) et |[(=4)" || = |||l + lIlx -

see [1]. We also know that Q = —+/—A generates an analytical semigroup inX, on the other hand @,
= —v—A + wl is well-defined and generates an analytical semigroup in X for allw € S,,. We now
define the operator H on X by H := —A. then, on X, the equation

Au(z,y) —wu(z,y) = h(z,y),
can be written in the following form

v’ (z) + Au(x) —wu (z) = h(z), = € (0,1),

ou d%u
% |F0+ Tyz ‘Fozdoﬂ

u' (0) — Hu (0) = do,

while the boundary condition

writes as

the condition u|,,uy, = 0 (which means that « (0,y) and «(1,y) vanishiny = 0and y = 1) is

implicitely included in the fact that « (0) := « (0,.) and u (1) := u (1,.) are in D (H). Therefore (6.2) or
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equivalently (6.1), write in the following abstract form

"

u () + Au(z) —wu(z) = h(xz), x € (0,1)
(P.A) S w' (0) — Hu (0) = dy,
u(l):dl,

where (h,dy) € E = LP(0,1;X) x LP(X). Let u be the classical solution of (P.A), then u €
W2P (0,1; X) N LP (0,1; D (A)) and (u,u (0)) € D (K), so that (u,u(0)) = (K —wI)™* (h,dy). Tak-
ing into account the fact that, here, we can take g = 7 — ¢ (¢ > 0 as close to 0 as we want), see [9],
Proposition 8.2 and Theorem 8.3, to obtain:

C

3 : h,do) € E STh 0l
C>0:VYw e Sy, (h,do) € E, e 14 |wl

[1(h, do)|l.

(K —wD)™L (h, do)H

and deduce that our operator K defined above generates an analytic semigroup in E£. This example

can be extended to the following problem

Au—wu=nh
ou 9%
ag (ar> |1"0 + bOTyQ — WYy = d()
62

ou i)
ap <8x> Ir, + blTyQ —wvr =dy

L Ulyouy =0,
The following conditions must now be verified d; and dp.

(1) The condition d; € D (Q?).

This relates to the variable y, translates to
dy € WP (0,1) : dy (0) = dy (1) = 0.
(2) The condition Q%d; + f (1) € D (Q) = L? (0,1) . this means that
y—di(y) + f(1,y) € L* (0,1).
is checked automatically because d; € LP (0,1) and

feC?(0,1]; L7 (0,1)), with0 < 6 < 1,

which implies y — f(1,y) = f(1)(y) € L? (0,1).
(3) Itis clear that the condition

Q@Q—-H) " (do-Q7'f(0) €D(Q).
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(4) The condition Q*(Q — H)™' (dg — Q' f(0)) + £(0) € D(Q) = L?(0,1). he becomes dy €
D (Q) . Finally, we applied the theorem 5.1 for the existence and uniqueness of the strict solution
to the concrete problem (P). We do the same for maximum regularity. Therefore, Theorem 5.1

for the existence and the unicity of the strict solution applies.

We do the same for the maximal regularity.

Acknowledgement. We are grateful to the referee for the comments which improved the quality of

the paper.

Conflicts of Interest. The authors declare that there are no conflicts of interest regarding the publication

of this paper.

(1]

(2]

(3]

(7]

(8]

(9]

[10]

[11]

REFERENCES

P. Auscher, A. McIntosh, A. Nahmod, The Square Root Problem of Kato in One Dimension, and First Order Elliptic
Systems, Ind. Univ. Math. J. 46 (1997), 659-696. https://doi.org/10.1512/iumj.1997.46.1423.

A. Balakrishnan, Fractional Powers of Closed Operators and the Semigroups Generated by Them, Pac. J. Math. 10 (1960),
419-437. https://doi.org/10.2140/pjm.1960.10.419.

M. Cheggag, A. Favini, R. Labbas, S. Maingot, A. Medeghri, Sturm-Liouville Problems for an Abstract Differential
Equation of Elliptic Type in UMD Spaces, Differ. Integral Equ. 21 (2008), 981-1000. https://doi.org/10.57262/die/
1356038596.

M. Cheggag, A. Favini, R. Labbas, S. Maingot, A. Medeghri, Abstract Differential Equations of Elliptic Type with General
Robin Boundary Conditions in Holder Spaces, Appl. Anal. 91 (2012), 1453-1475. https://doi.org/10.1080/00036811.
2011.635653.

M. Cheggag, A. Favini, R. Labbas, S. Maingot, K.O. Melha, New Results on Complete Elliptic Equations with Robin
Boundary Coefficient-Operator Conditions in Non Commutative Case, Bull. South Ural. State Univ. Ser. Math. Model.
Program. Comput. Softw. 10 (2017), 70-96. https://doi.org/10.14529/mmp170105.

G. Da Prato, Abstract Differential Equations, Maximal Regularity, and Linearization, in: Proceedings of Symposia in
Pure Mathematics, American Mathematical Society, Providence, Rhode Island, 1986, pp. 359-370. https://doi.org/
10.1090/pspum/045.1/843572.

G. Da Prato, P. Grisvard, Sommes d’Opérateurs Linéaires et Equations Différentielles Opérationnelles, . Math. Pures
Appl. 54 (1975), 305-387.

G. Dore, S. Yakubov, Semigroup Estimates and Noncoercive Boundary Value Problems, Semigroup Forum 60 (2000),
93-121. https://doi.org/10.1007/s002330010005.

A. Favini, R. Labbas, S. Maingot, A. Thorel, Elliptic Differential-Operators with an Abstract Robin Boundary Condition
and Two Spectral Parameters, Results Math. 80 (2025), 188. https://doi.org/10.1007/s00025-025-02507-1.

A. Favini, R. Labbas, S. Maingot, H. Tanabe, A. Yagi, Necessary and Sufficient Conditions for Maximal Regularity in
the Study of Elliptic Differential Equations in Holder Spaces, Discret. Contin. Dyn. Syst. 20 (2008), 973-987. https:
//doi.org/10.3934/dcds.2008.22.973.

D. Guidetti, An Introduction to Maximal Regularity for Parabolic Problems and Interpolation Theory With Application
to an Inverse Problem, International Minicourse-Workshop, Interplay Between (Cj)-Semigroups and PDEs: Theory and

Applications, pp. 113-146, 2003.


https://doi.org/10.1512/iumj.1997.46.1423
https://doi.org/10.2140/pjm.1960.10.419
https://doi.org/10.57262/die/1356038596
https://doi.org/10.57262/die/1356038596
https://doi.org/10.1080/00036811.2011.635653
https://doi.org/10.1080/00036811.2011.635653
https://doi.org/10.14529/mmp170105
https://doi.org/10.1090/pspum/045.1/843572
https://doi.org/10.1090/pspum/045.1/843572
https://doi.org/10.1007/s002330010005
https://doi.org/10.1007/s00025-025-02507-1
https://doi.org/10.3934/dcds.2008.22.973
https://doi.org/10.3934/dcds.2008.22.973

Asia Pac. J. Math. 2026 13:59 26 of 26

[12] M. Haase, The Functional Calculus for Sectorial Operators, Birkhduser Basel, 2006. https://doi.org/10.1007/
3-7643-7698-8.

[13] R.Haoua, R. Labbas, S. Maingot, A. Medeghri, New Results on Abstract Elliptic Problems with General Robin Boundary
Conditions in Holder Spaces: Non Commutative Cases, Boll. Un Mat. Ital. 15 (2022), 413-436. https://doi.org/10.
1007/s40574-021-00311-7

[14] T. Kato, Perturbation Theory for Linear Operators, Springer, Berlin, 1980. https://doi.org/10.1007/
978-3-642-53393-8

[15] S.G. Krein, Linear Differential Equations in Banach Space, Nauka, (1967).

[16] F.Z.Mezeghrani, Necessary and Sufficient Conditions for the Solvability and Maximal Regularity of Abstract Differential
Equations of Mixed Type in Holder Spaces, Osaka J. Math. 50 (2013), 725-747. https://doi.org/10.18910/26010.

[17] A.Lunardi, Analytic Semigroups and Optimal Regularity in Parabolic Problems, Birkhaduser Basel, 1995. https://doi.
org/10.1007/978-3-0348-9234-6.

[18] C.M. Carracedo, M.S. Alix, The Theory of Fractional Powers of Operators, North-Holland Mathematics Studies, Vol. 187,
Elsevier, 2001.

[19] E. Sinestrari, On the Abstract Cauchy Problem of Parabolic Type in Spaces of Continuous Functions, ]. Math. Anal. Appl.
107 (1985), 16-66. https://doi.org/10.1016/0022-247x(85)90353-1.

[20] A.Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Springer New York, 1983.
https://doi.org/10.1007/978-1-4612-5561-1.

[21] , Interpolation Theory, Function Spaces, Differential Operators, Elsevier, 1978. https://doi.org/10.1016/

50924-6509 (09) x7004- 2.


https://doi.org/10.1007/3-7643-7698-8
https://doi.org/10.1007/3-7643-7698-8
https://doi.org/10.1007/s40574-021-00311-7
https://doi.org/10.1007/s40574-021-00311-7
https://doi.org/10.1007/978-3-642-53393-8
https://doi.org/10.1007/978-3-642-53393-8
https://doi.org/10.18910/26010
https://doi.org/10.1007/978-3-0348-9234-6
https://doi.org/10.1007/978-3-0348-9234-6
https://doi.org/10.1016/0022-247x(85)90353-1
https://doi.org/10.1007/978-1-4612-5561-1
https://doi.org/10.1016/s0924-6509(09)x7004-2
https://doi.org/10.1016/s0924-6509(09)x7004-2

	1. Introduction and hypotheses
	2. Technical lemmas
	3. Representation formula of the solution
	4. Regularity results
	5. Main result
	6. Application
	Acknowledgement
	Conflicts of Interest

	References

