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AsstrRACT. In this paper, we propose a novel optimization technique for solving fuzzy optimization prob-
lems. By introducing generalized weighted invexity assumptions, we establish sufficient Karush-Kuhn-
Tucker (KKT) optimality conditions that ensure the theoretical soundness of the proposed approach.
Furthermore, the approach reduces computational complexity through a a-cut integral transformation and
guarantees the existence of solutions even in non-convex settings. To evaluate its effectiveness and practical
relevance, we solve a set of test problems and provide a comparative analysis with existing methods from
the literature. The results highlight the robustness, efficiency, and wide applicability of the proposed
method in handling complex fuzzy optimization models.
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1. INTRODUCTION

Optimization seeks to enhance existing systems by determining the best possible solutions under
specific constraints. Over time, optimization theory has established a solid framework for modeling
real-world processes and systems through deterministic models, thereby supporting effective decision
making and improving performance. Nevertheless, many operational research problems in modern
applications—such as economics, investment planning, engineering design, inventory management,
mechanical systems, transportation, logistics, physics, and ecology—are often ill defined due to
data uncertainty. Mathematical programming problems involving uncertainty have been widely
investigated in various fields, and numerous methodological approaches have been proposed to
address them. In this context, optimization based on fuzzy functions offers an appropriate framework.
Based on the fuzzy sets theory, introduced by L. Zadeh [23], this approach has since been refined and

extended by numerous researchers.
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Given the central role of differentiability and convexity in fuzzy optimization, considerable re-
search has focused on generalized derivatives and convexity properties of fuzzy-valued functions.
Wu [22] and Bede [4] investigated the concept of gH-differentiability and its fundamental properties.
Stefanini [20] further extended this framework by introducing fuzzy g H-differentiability, establishing
local optimality conditions via the gH directional derivative, and deriving Karush-Kuhn-Tucker (KKT)
conditions for constrained fuzzy optimization problems. A limitation of this approach, however, is that
the resulting solutions may not always preserve the structure of fuzzy-valued functions. To overcome
this issue, several authors [5,7, 19] proposed refined definitions and alternative differentiability
concepts to ensure that the outputs remain proper fuzzy-valued functions.

In this context, Mazandarani et al. [ 10] introduced a new notion of differentiability in fuzzy analysis,
referred to as the granular derivative (or gr-derivative). This definition builds on the concepts of granular
difference and horizontal membership function, as formulated by Piegat and Landowski [16]. Over
the past few years, a growing body of research has been developed around gr-differentiability. For
instance, Mazandarani [9] applied the gr-integral and gr-derivative framework to investigate the
fuzzy Bang-Bang control problem. Mustafa [12] derived granular Euler-Lagrange equations for fuzzy
variational problems and established Pontryagin-type necessary conditions for fuzzy optimal control.
More recently, Zhang [25] examined a class of fuzzy optimization problems under gr-differentiability
and derived KKT optimality conditions for such problems.

In addition, fuzzy models of real-world processes based on granular differentiability, along with
associated solution methods, have gained increasing attention (see, e.g., Khatua et al. [5]; Najariyan
and Zhao [13]; Tripathi et al. [21]; Zhang et al. [24], among others). Within this framework, Fangfang et
al. [ 18] investigated nonconvex fuzzy optimization problems under gr-differentiability, while Antczak
[2] established optimality conditions for fuzzy mathematical programs involving gr-differentiable
functions.

Since the granular fuzzy derivative is not based on standard interval arithmetic and avoids several
of its inherent limitations, it provides a more robust framework for analyzing fuzzy-valued functions.
In light of this advantage and motivated by the results of Mishra and Giorgio [11] on Karush-Kuhn-
Tucker-type conditions for unconstrained invex multiobjective optimization problems, we find it natural
and advantageous to combine these two approaches.

Thus, in this paper, we propose Karush—-Kuhn-Tucker (KKT) optimality conditions for constrained
weighted invex fuzzy optimization problems. The proposed approach offers a significant computational
advantage by reducing the number of functions to be optimized through the use of integral of a-cut
transformations. Moreover, it enables the establishment of existence results for optimal solutions even

in the absence of convexity. The main contributions and highlights of this work are as follows:
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¢ Definition of a new type of generalized differentiable convex fuzzy-parameterized problem;

e Proposal of a new algorithm using the horizontal membership function to solve fuzzy opti-
mization problems;

e Establishment of Karush-Kuhn-Tucker conditions for these types of problems;

e Resolution of numerical examples and comparison with other methods.

In the remainder of this paper, after the preliminaries in Section 2 on the basic concepts of fuzzy
optimization, we establish the optimality conditions for non-dominated solutions in Section 3, illustrated
by numerical applications. Section 4 presents the conclusion, together with a few remarks outlining

future research directions.

2. PRELIMINARIES

This section is dedicated to presenting some definitions and theorems that will be used in the rest of

the work.

2.1. Fuzzy Number Space. In this section, K C R" represents the n-dimensional Euclidean space, E
represents the set of fuzzy numbers and E" is the n-dimensional space of fuzzy numbers. The set of
a-cuts of a fuzzy number @ is denoted by [u]* = [u®,u*] where o € [0,1] and u®, u® are called the
lower and upper bounds of [u]|®, respectively.

The following lines focus on the horizontal membership function (HMF).

Definition 2.1. [8-10,21,24] Let @ : [a,b] C R — [0, 1] be a fuzzy number. The horizontal membership
function u9” : [0,1] x [0, 1] — [a, b] is a representation of u(x) with u9"(«, 5,,) = x, where ” gr” represents
the information granule included in = € [a, b], « is the degree of membership of z to u(x), 5, € [0,1] is

the relative distance measurement variable, and w9" (o, 8,,) = u* + (T — u®)p, for all a € [0, 1].

The horizontal membership function is also denoted by H (1) = u9" (v, 5,) = u® + (u® — u®)Sy.
For a triangular fuzzy number @ = (p, ¢, ) where p, ¢,r € Rwith p < ¢ < r, the horizontal membership

function for each «, 8, € [0,1] is given by H(a) = [p+ (¢ — p)a] + [(1 — &) (r — p)]Bu.
2.2. Fuzzy Optimization.

Definition 2.2. [6] A fuzzy coefficient optimization problem is called a mathematical problem of the

form
min F(z)
(FO){ s.t (1)

gj(z) <0;j=1,sandz € K C R™.
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We recall that K is an open set. F:K — Feisa fuzzy function and g;, j = 1, s are real-valued
functions on K.

The set of admissible solutions for the problem (FO) is given by:

Sz{:cE]K\gj(a:)SO,jzl,s}. 2)

This set is non-empty and compact.

Definition 2.3. [10] Two fuzzy numbers @ and © are equal if and only if

H(u)=H(v)Y py =y €[0,1] and a € [0, 1].

Definition 2.4. [15] Letwand © € E. We have 2 < ¢ if and only if H(a) < H(0) V 5, = B, € [0, 1] and
a € [0,1]; @ < vif and only if H(u) < H(v) and H(u) # H(0) VY B, = By € [0,1] and « € [0, 1].

Definition 2.5. [6] Let 2* be an efficient solution of the problem (F'O), thatis, * € R. We say that z*

is a non-dominated solution of the problem (FO) if there does not exist z € ${z*} | F(z) < F(z*).

Definition 2.6. [6] Let 2* be an efficient solution of the problem (F'O), thatis, z* € R. We say that 2* is
a weakly non-dominated solution of the problem (FO) if there does not exist z € ${z*} | F(z) < F(z*).

Proposition 2.7. [0] If z* € § is a non-dominated solution of the problem (FO), then x* is a weakly non-

dominated solution of the problem (FO).

Proof. If z* is a non-dominated solution of (F'O), we have Vz € S\ {z*},

Fla) 2 F() = [Fa")" < [F@)* with P(*) £ F(@), Fo(e*) < Fo(2)

and F,(z*) < Fo(z) Ya €0,1].

There exists a* € [0, 1] such that F . (z*) < F.(x) or Fo«(z*) < Fox ().

Hence, F'(z*) < F(z) Vo € $\{z*}. Consequently, if 2* is a non-dominated solution of (FO), it is also

a weakly non-dominated solution of (F'O). O
Remark 2.8. [6] The converse of this proposition is not true.
2.3. Karush-Kuhn-Tucker Optimality Conditions for the Convex Case.

Theorem 2.9. [3] Assume that the constraint functions g; : R™ — R are convex on R" for j =1, s. Assume
that the objective function F' : R™ — R is convex at x*, and F and g;, j = 1, s are continuously differentiable at
z*. If there exist (Lagrange) multipliers 0 < p; € R, j = 1, s, such that:
S
(i) VF(z*) + ) u;jVgi(a™) =0;
i=1
(i) pjg;(z*) =0;

then x* is an optimal solution to the problem (FO).
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3. MaIN ResuLrs

This section is devoted to a new approach for solving nonlinear fuzzy-valued optimization problems
with invex functions and convex constraints. We present the Karush-Kuhn-Tucker conditions for these

types of problems.

Definition 3.1. Let a = (a1, ag, a3) be a triangular fuzzy number. The defuzzification of a is defined as

follows: X
Da(@) = [ lo1 + @z — )+ (1~ a){as — )8l do )
0
where « is the membership degree of the fuzzy number and £ is a detail and precision adjustment

parameter of the fuzzy number, each belonging to the interval [0, 1].
Proposition 3.2. The defuzzification of a triangular fuzzy number a = (a1, az, az) can be expressed as:

D(@) = a1 + 5 —ar) + 5 (a3 — an) 4)

where a1,as,a3 € Rand 5 € [0,1].

Proof. To prove this proposition, we start from the integral that defines the new defuzzification of a

triangular fuzzy number. This defuzzification for @ = (a1, az, a3) is given by the following integral:

1
Dgs(a) = /0 [a1 + (a2 — a1)a + (1 — &) (a3 — a1)f] da, (5)

where a and 3 are parameters in the interval [0, 1].
We will now compute this integral by decomposing it into three terms:
e the first term is a1, which is constant with respect to «. The integral of a; with respect to o over
[0,1] gives:
/1a1da—a1 X (1 —=0) = a;
e the second term is (ag — al)a(.) The integral of this term is:

1 as — aq

1
/ (a2 —a1)ada = (ag —a1) X = =
0

2 2
e the third term is (1 — «)(az — a1)5. The integral of this term is:

! —a
/0 (1 —a)(az —a1)Bda = (a3 —a1)p x % = w.

Combining these three results, we obtain the following expression for defuzzification:

ag—ar | (a3 — al)ﬁ.

Da(3) —
s(a) = ay + 5 5

Which is exactly the formula given in the proposition:
1

Dpg(a) =a1+§(a2—a1)+§(a3—a1)- (6)

Thus, the proposition is proven. 0
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Example 3.3. Consider the following two triangular fuzzy numbers:
a=(1,2,3) and b= (—1,2,8). (7)

Defuzzification of these fuzzy numbers gives:
Dg(@) =15+ 8 and Dg(b) = 0.5 + %ﬁ (8)

Comparison of defuzzifications

For 3 = 0 we have Dy(a) = 1.5 and Dg(b) = 0.5

Here, a is larger than b.

For 3 = 1 we have Dy (a) = 2.5 and Dy (b) = 5

Here, b is greater than a.

To obtain the point of equality let us set Dg(a) = Dg () =>1.5+5 =05+ 28.

Solving the equation we obtain § = % ~ 0.2857.

Thus, the two fuzzy numbers @ and b are incomparable: their dominance order changes depending

on 3.

Defuzzification of fuzzy numbers as a function of 3

—Dﬁ(a) = 15 + 6
4.5 |———Dp(b) = 0.5+ 33 1

Defuzzified value
N w
o w o

N
T
1

—
o
1

Ficure 1. Comparison of two fuzzy numbers

Definition 3.4 (Fuzzy Difference). Let @ = (a1, a2,a3) and b = (b1,b2,b3) be two triangular fuzzy

numbers. The fuzzy difference denoted < between a and b is the fuzzy number & whose defuzzification
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is given by:

Ds(&) = 57 (a1 —bu) + G(as —ba) + B G(as ). (9)

Proposition 3.5. The fuzzy difference is compatible with defuzzification and satisfies linearity with respect to

the components.

Proof. The defuzzifications of @ and b are respectively:

Dﬂ(d)Zal+%(az—a1)+ﬁé(a3—a1)7 (10)
and
DM&:JH+%®2—M)+B-%®3—M) (11)

Subtracting the two expressions, we obtain:

1-p
2

C~l<15: (al—bl)—i-%(ag—bg)—i—ﬁ'%(ag—bg). (12)

O

Definition 3.6 (GW-Fuzzy derivative). Let f(xz, a) be a fuzzy function with z € R"” and a = (a1, ag, a3).

The simple derivative of f(x,a) with respect to x is defined as:

f(z+ Az,a) < f(z,a)
dx Az—0 Az ’

(13)

Theorem 3.7. Theorem: Existence of the fuzzy GW-derivative
Let f(z,a) be a fuzzy function defined on an interval of R"™, where a = (a1, az, az) is a triangular fuzzy
number. The fuzzy derivative of f(x,a) exists and is given by the weighted combination of the derivatives of the

bounds of the fuzzy number, that is:

1-8d

d - 6 d
%f(ﬂf,a)— 9 %

1d
fi@) + 5 falz) + 5 o fa(2), (14)
where f1(x), f2(x) and f3(x) are respectively the lower, central and upper bounds of the fuzzy function f(x,a),
and 5 € [0,1].

Proof. Let f(z,a) be a fuzzy function defined as follows:

f(z,a) = (f1(z), fa(2), f3(2)),

where fi(x), f2(x), and f3(x) are respectively the lower bound, the central value, and the upper
bound of the fuzzy function f(z,a).

The gw-fuzzy derivative is defined as follows:

d ~ . flx+Azxa)<f(z,a)
@f(a:,a) a Alalcgo Azx

)
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where Az is a small variation of z. Let f(z + Ax,a) = (fi(z + Az, a),
fo(z + Az, a), fs(z + Az,a)) and f(z,a) = (fi(z,a), f2(x,a), f3(z,a)). From the fuzzy gw-difference

we have:

Flz+ Az, @) < f(x,3) :Akgaﬁ@+Am—ﬁ@»+

L (fa(a + Az) — fola)) +

|

g(fg(x + Azx) — fg(ac)) (15)

Dividing each side of the equality by Az and taking the limit when Az — 0, we obtain:

. f(x—l—Ax,?i)qf(x,Zi) _ 1_6 . fl(:U+Ax,5)<1f1(x,6)
Am ( Az > = TgoAm, ( Az ) *
1 .. fo(x + Az, a) < fo(z,a)
2 Aligo ( Ax ) *
B .. f3(x + Ax,a) < f3(r,a)
2 A ( Az ) - (16)
We finally obtain:
d ~ 1-068d 1d d
="+ L + L ), (17)
Hence the result. O

Definition 3.8 (Fuzzy GW-partial derivative). The fuzzy partial derivative of f(z, a) with respect to z;

is given by:
~ f(x—l—Aa:ie,-,Zi)Qf(x,Zi)
&rif(x’ @) = Almlirgo Ax; ’ (18)
where e; is the unit vector associated with the i-th component.
Definition 3.9 (Fuzzy GW-gradient). The fuzzy GW-gradient of f(z, a) is:
0 0 0
aw a) == a), — Q)y..., a) | . 1
VO 1(0,0) = (0, o ) o [ (013)) (19)

Definition 3.10 (GW-Fuzzy Invexity). A f(z,a) fuzzy function. We say that f(z,a) is said to be
GWtuzzy invex if:

o f(z,a)is GW-differentiable;
e there exists  : R” x R™ — RR" such that:

fla,a) < f(2*,a) > nz, )" VO f(z,a). (20)
where V&V f(z,a) is the GW-fuzzy gradient of f(x, @), and n(z,z*) is a direction between z and x*.

Theorem 3.11 (Fuzzy GW-invexity theorem). Let f(x,a) be a fuzzy function. If f(x,a) is fuzzy GW-invex,

then for any direction n(x,y), we have:

(@, B) — FEV (2%, 8) = n(x,a™) VWV (¥, B); (21)
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Proof. By hypothesis, f(z,a) is GW-invex fuzzy, which implies:
fla,a) < f(a*,a) > n(x,a*)" VW f(z,q). (22)

According to the definition of the fuzzy difference, we have:

Fle@)af (@) = 15 (o) = 7 ) 5 ()= Fa*, ) +5 (F(,09) 2%, 09)). (29)
By grouping the terms we obtain:
flo,@)a s @) = 2 fa ) + 5 f w0+ as) — (F5 2 1 m) 4 4 1)+ 5 F (o ag)).
(24)
We finally obtain
Fla.@) < f(a*@) = 1O (2,8) - 1OV (", 9) (25)
By definition, the GW gradient of f(z, @) is given by:
VW (¥, @) = #Vf(x*, ar) + %Vf(:c*,ag) + gi(x*, as). (26)
From the linearity of the gradient we have:
VO pat ) = V|2 ) + i) + 2 (et as) (27)
= VNa*, p). (28)
So, the previous expression becomes:
flz,a) < f(z*,@) = VWV f(a*, @) (z — 2¥). (29)
By definition of fuzzy GW-invexity, this implies:
7Y (@,8) — 1 (", B) = n(a, 2*) TV SV (", B) (30)
Hence the result. O

Definition 3.12. (F'O) is a fuzzy GW-invex optimization problem, if f(z, a) is a fuzzy GWW-differentiable
function, the inequality constraints g;, j = I, s are fuzzy GW-differentiable functions on K and for

z,x* € $, there exists n(x, z*) € R" such that:

FEW (@, 8) — Y (2, B) > n(z, )TV Y (¥, B); (31)

—VgSW (z*, b)n(z,2*) <0, j € I(z); (32)

Vz,z* € K and I(x) is the index of active constraints.
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3.1. Presentation of the different steps. The steps of this approach are as follows:

Step 1: Defuzzification Consider the following nonlinear single-objective GW-invex problem:

min f(z,a)

(FOI){ s.c. (33)

gj(z,b) 20,i=1,...,m,

where f(z, a) is a nonlinear fuzzy objective function, and g;(x, b) represents the fuzzy inequality
constraints defined by triangular fuzzy coefficients.

The decision space associated with the initial fuzzy problem defined by:
X={zeR"|g(x,b)=0,i=1,...,m}. (34)

The fuzzy coefficients a and b are defuzzified using the Dg(-) approach, which allows

converting fuzzy functions into deterministic functions:

min(f(z, Dg(a)))
(FOfﬁ) S.c. (35)

gi(z,Dg(b)) <0,i=1,...,m.

The decision space of the defuzzified problem obtained via Dg(-), defined as:

X(B) = {z € R"| gi(w, Dp(b)) <0, i=1,...,m}. (36)
Theorem 3.13. Let X and X () be the decision spaces of the initial fuzzy problem and the defuzzified
problem. If the assumptions:
(1) The defuzzification Dg(-) is a continuous linear application of the fuzzy parameters;
(2) The functions g;(x,-) are compatible with fuzzy ordering, i.e. gi(x,b1) =< gi(z,by) implies
9i(z, Ds(b1)) < gi(x, Dy (b2))

are verified then, there is an inclusion between the two decision spaces:

X(B)C X. (37)
Proof. Suppose by contradiction that there exists a point = € X (B) such that z ¢ X. Since
z € X(B), we have:

gi(z,Dg(b)) <0 foralli=1,...,m. (38)

However, if x ¢ X, then by definition of X, there exists an index i € {1,...,m} such that:

9i(x,b) £ 0. (39)



Asia Pac. J. Math. 2026 13:66 11 of 26

This implies that for at least one of the components b, of the fuzzy parameter b= (by,ba, b3),
we have:

gi(x,b;) >0 forsomek € {1,2,3}. (40)

Now, the defuzzification Dg(b) is given by:

~ ba—b bs — b
D) = by 4 20y )l

(41)

which is a convex combination of the points by, by and b3 with 8 € [0, 1]. Therefore, we have:

b1 < Ds(b) < bs. (42)

Furthermore, using the compatibility assumption of g;(x, -) with fuzzy ordering, we obtain:

gi(z,0) 20 = gi(x, Dg(b)) > 0. (43)

This contradicts the assumption that x € X (B), since this inclusion implies that g;(x, Dg (E)) <0
for all i.

Thus, our initial assumption is false. Therefore, if x € X (B), then z € X. We have therefore
shown that:

X(B)cx. (44)

0

Remark 3.14. The inclusion X (8) C X ensures that the solutions of the defuzzified problem
belong to the fuzzy decision space. However, additional solutions in X may not be captured by

X (), due to the information loss due to defuzzification.

Theorem 3.15. Any optimal solution x* of the transformed problem is an optimal solution for the

original problem.

Proof. Suppose by contradiction that 2* is an optimal solution to the transformed problem, but
that it is not an optimal solution to the original problem. This means that there exists an 2’ € X

such that:
fla' @) < f(z*,a).

By definition, z* being an optimal solution to the transformed problem, we have:
J(2*, Ds(@)) < f(x. Ds(@)) forallz € X(8).

By the assumptions of the theorem, the defuzzification Dg(-) is linear and compatible with
fuzzy ordering. Thus, if 2/ € X, then 2/ € X(B), since g;(z/,b) < 0 implies g;(z’, DB(E)) < 0.

Therefore, =’ is admissible for the transformed problem.
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Moreover, the relation f(2’,a) < f(z*,a) implies, by compatibility of Dg(-) with fuzzy
ordering:
f(a', Dg(a)) < f(2", Dy(a)).
This contradicts the fact that z* is optimal for the transformed problem, because z’ is admis-
sible for this problem and gives a lower value for the objective function.
Thus, our initial assumption is wrong. Therefore, any optimal solution z* of the transformed

problem is also an optimal solution for the initial problem. O

Step 2: Resolution

Theorem 3.16. Suppose that the functions g(z, b) of the inequality constraints are convex and GW -
differentiable on K. Let us assume similarly that the fuzzy function f : IX — F¢ is GW -differentiable
and f(z, Dg(g)) is a convex functionon KV S € [0, 1].

If there exist non-negative real-valued numbers p;(3), (for each B) for j = 1, m such that the following

Karush-Kuhn-Tucker conditions hold:

(i) V(" Dal@)) + 1 15 (3)Vg(a, Da(®) = 0, for all € [0,1];

(ii) p;(B)g(z*, Dg(b)) =0, forall j=1,--- ,m,

then x* is an optimal solution to the problem (FO).

Proof. =~ e Necessary conditions
From Theorem (3.7), if f(z,a) is GW-differentiable then f&V (x, dg(a)) is differentiable
V3 € [0, 1]. Conditions (i) and (4i) imply that z* is a Karush-Kuhn-Tucker critical point
for the problem (FOIg);
e Necessary and sufficient condition
Moreover the gj(:c,g) are convex so z* is an optimal solution for (FOIg) V3 € [0,1]. From

theorem (3.15) we therefore have z* which is a non-dominated solution of (F'O).

Hence the result. O

Corollary 3.17. Suppose that the functions g;(x,b) of the inequality constraints are convex and
GW differentiable on IK. Suppose also that the fuzzy function f : K — F¢ is GW -differentiable and
convex on IK. If there exist non-negative real-valued numbers p;(3) (non-negative Lagrange multiplier

for each B) for j = 1, m such that the following Karush-Kuhn-Tucker conditions hold:
() V(f(z*, Ds(@))) + X5y 15(8)Vg(a*, Da(b)) =0, for all § € [0, 1]

(i) p;(B)g(x*, Dp(b)) =0, forall j =1,---,m,
then x* is an optimal solution of the problem (FO).

Proof. Letz* € X (). We havef(z, dg(a)) is differentiable and convex. From the initial hypothe-
sis the 1y, are convex and GW -differentiable. From the GW -differentiability of f(z,dg(a)) and
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gj(z,dg (b)) we can obtain the conditions (i) and (ii). Therefore z* is a Karush-Kuhn-Tucker
critical point for the problem (#'OI3). Moreover since the f(x,dg(a)) and f(x,dg(a)) are convex
then z* is an optimal solution for (FOIg) V, 5 € [0,1]. From Proposition (2.7) we therefore

have z* which is a non-dominated solution of (FO). O

Theorem 3.18. We assume that (FO) is a GW -invex fuzzy problem on IK. We further assume that
V3 € [0, 1], there exist non-negative real-valued numbers p;(3) (non-negative Lagrange multiplier for
each B) for j = 1, m such that the following Karush-Kuhn-Tucker conditions hold:
() V(" Ds@)) + Sy 15(8) V(e Ds(B) =0 forall § < [0.1)
(ii) p;(B)g(a*, Dg(b)) =0, forall j =1,--- ,m,
then x* is an optimal solution of the problem (FO).

Proof. To prove Theorem 3.18 we will reason by contradiction. Thus suppose that z* is not a
non-dominated solution of (FO). Then there exists a & € X'(3) such that F(z,a) < f(«*,a). If
(FO) is a GW-invex fuzzy problem on K, there exists n(Z, *) such that:

F(&, B) — £V (2, B) = n(@,2)V OV (¥, B)VB € [0, 1] (45)

F(#,a) < f(z*,a) = f(@,B)— f"(@*,8) <0 (46)
= (@, 2V, 8) < fNY(&,8) — O (2", 8) <0 (47)

= (&, 2V @, B) <o. (48)

From the hypothesis of GW-fuzzy invexity of the problem (FO) we have

Vg (a*, Byn(at,x) <0 j € I(z"). (49)

Applying Motzkin’s Alternative Theorem [14] , there does not exist 0 < Ap € R and
0< A€ R|je I(z*)such that:

AV (@ 8+ Y Ve (et 8) = 0. (50)
JEI(z*)
Dividing the inequality by Ay we obtain
. Aj
VIV B+ > Ag VoW (", 8) = 0. (51)
Jjel(a*)

)\.
Let p1;(8) = )\—é, we obtain:

VI @B+ Y w8V (a7, 8) = 0. (52)

JEI(z*)
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Since I(z*) is the index of active constraints, then g]GW(x*, B) < 0if j ¢ I(z*). Condition (i)
implies 1;(8) = 0. Therefore there are no multipliers 0 < 11;(3) € R such that conditions (i) and

(i7) are satisfied. We therefore have a contradiction. Which completes the demonstration. [J

Step 3: Initialization
Initialization consists of replacing the value of the argument of the initial fuzzy function with

the argument obtained by solving the defuzzified problem.

3.2. Numerical Experiments.
Example 3.19. Problem 1 [1] Consider the following problem:
min F(z) = 2In[(2? + |z| + 1)e] ©p 1
s.t (53)
gi(z) = 22 — 5z <0,
with 1 = (0,1,2)and 2 = (0,2, 4).
Defuzzifying the coefficients 1 and 2 with Dg gives:
WBy =1+28, 1YB)=05+4. (54)
The defuzzified objective function becomes:
£, B) = (1+ 26) ml(a? + [z + 1)e] — (5 + ), (55)
and the problem (53) is reformulated as follows:

min fS(a, ) = (1 +28) [z + [a| + 1)l = (3 + )

(FOIgl) q s.t (56)
g1(z) = 2% — 52 <0.

The problem was solved for 3 € {0,0.1,...,1}. The results are shown in the table below.

TaBLE 1. Solutions for Problem 1 as a function of 3

B * fGW (33* , 5)

00 00 -0.5
0.1 045 -0.4
02 06 -0.35
03 0.7 -0.3
04 0.73 -0.25
0.5 0.75 -0.2
0.6 0.8 -0.18
0.7 0.85 -0.15
0.8 09 -0.12
09 10 -0.1

1.0 1.1 -0.08
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Indeed,
n(z,z*) =In[(z? + |z| + 1)e] — Ine
=In[(z? + [z] + 1)].
Vop(a®,B) = (1+25)
and
n(z,2*).Vor(e*, B) = (1+26). In[(«® + [a] + 1)].
We finally obtain:

¢r(x,8) — ¢r(a”, B) = n(z,2").Vor (", B).
Which satisfies the granular invexity relation. Moreover, the conditions (i) and (ii) of theorem 3.18

are verified for z = 0, 8 € [0,1] and p(8) = 1+26

. In particular for 5 =0, u = % x = 0 is therefore an
optimal solution to the problem (53). The value of the minimal objective function Foin = (0,1,2). This

problem has already been solved by Antczak who obtains the same result. The sorting function Ry = 1.

TasLE 2. Comparison of our method with that of Antczak

Methods Proposed method Antczak method
Fuzzy optimal solution ﬁmin (0,1,2) (0,1,2)
Sorting function Ri=1 Ro=1

Example 3.20. Problem 2 [2]

min F(z) = @3 (0.00222 — 1000 In z + 7500)

s.t
(57)
gi(z) = —x < 0;
g2(x) = x — 400 <0,
with 41 = (1,2, 3).
Defuzzifying u; gives the deterministic value:
1
ul(ﬁ):1+0.5x(2—1)+6><0.5><(3—1):1+§+B (58)
So, for each value of 8, u1 () = 1.5 + 5.
The problem (57) is equivalent to the following deterministic single-objective problem:
min fSW(z, B) = <Z’ + 5) x (0.002z2 — 1000 In(z) + 7500) ,
(FO152) 91(z) = —; (59)

g2(x) = = — 400.
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The results are presented in the following table for 10 values of 3 between 0 and 1:

TasLE 3. Solutions for Problem 2 as a function of g
g z* FW(a*, B)
0.00 400.000 2742.803
0.11 400.000 2945.974
0.22 400.000 3149.144
0.33 400.000 3352.315
0.44 400.000 3555.486
0.56 400.000 3758.656
0.67 400.000 3961.827
0.78 400.000 4164.997
0.89 400.000 4368.168
1.00 400.000 4571.339

Indeed for
n(z,z*) =In(z) — In(z*)
=In(z) — In(400).
n(z, )V (2%, 8) = _0.9(3 + B)(In(z) — 1n(400))
And

Y (x, B) — FEY (¥, B) = 0.0022% — 1000 In(z) + 15314.

Finally we have:

0.00222 — 1000 In(z) + 15314 > —0.9(In(z) — In(400))

Hence

fGW(Jf,B) _ fGW(x*,,B) > T](.T,.T*)VfGW(.T*,B).

*

x* = 400 verifies the GW-invexity relation. Moreover (i) and (ii) of theorem 3.18 are verified
for z = (400),8 € [0,1], ;1 = 0 and p2(B) = =5[3 + Bl. = = 400 is the argument of the op-
timal solution for the problem for § = 0 (57). The minimum value of the objective function is
Fonin = (1828.53,3657.06, 5485.59). And we have R = 3656.928 This problem was solved by Antczak

who obtains the same solution.

TaBLE 4. Comparison of our method with that of Antczak

Methods Proposed method Antczak method
Fuzzy optimal solution Foin (1828.53,3657.06,5485.59)  (1828.53,3657.06, 5485.59)
Ranking function R1 = 3656.928 Ro = 3656.928
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Example 3.21. Problem 3 [2]

;

min F(z) = @27 + iip arctan(zz)

s.t
g1(z) =1—x; <0; (60)
g2(z) = —arctan(zy) < 0;

hi(x) = x1 arctan(zy) = 0,

\

with @1 = (1,2,3) and @z = (2,5,6).
The defuzzification of fuzzy numbers @; and % is given by:

Dg(ﬂl) =15+p, Dﬁ(’&Q) =35+20

The problem (60) is equivalent to the following deterministic single-objective problem:

fEW (2, B) = (1.5 + B)x? + (3.5 + 23) arctan(z2)

(FOL3) gi(z) =1-21 <0; (61)

g2(x) = — arctan(xz) < 0;

hi(xz) = x1 arctan(x2) = 0.
Using a constrained optimization solver, here is the table of results obtained for the different values

of 3:

TaBLE 5. Summary table of optimal solutions for each value of 3

Booxpab fOY(ai,a8,6)
0.00 1.001 0.000 1.504
0.11 1.001 0.000 1.615
0.22 1.001 0.000 1.726
0.33 1.001 0.000 1.837
0.44 1.001 0.000 1.948
0.56 1.005 0.000 2.075
0.67 1.005 0.000 2.187
0.78 1.004 0.000 2.298
0.89 1.004 0.000 2.409

1.00 1.004 0.000 2.520
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The optimal solution to this problem is obtained for z = (1,0) V5 € [0, 1]
3+
T+
F (@, B) = fW (2, B) = n(x,2*).V W (2, B).

Moreover, conditions (i) and (i¢) of theorem 3.18 are verified for z = (1,0),8 € [0,1], 1 (8) =3+ 3

By setting: n(z,z*) = ( (1 — 1), x2), we obtain

and p2(B8) = % + 1. Therefore 2 = (1,0) is indeed an optimal solution to the problem (60). The
value of the optimal solution is fmm = (1,2, 3). The ordering function R; = 2 is the same obtained by

Antczak.

TasLE 6. Comparison of our method with that of Antczak

Methods Proposed method Antczak method
Fuzzy optimal solution vam (1,2,3) (1,2,3)
Sorting function Ri=2 Ro=1

Example 3.22. Problem 4 [6,17]
min F(z) = 3z, + 222
s.t (62)
gi(x) = (21— 2)* + 23 < 4,

with 3 = (2,3,5) and 2 = (1,2, 4).

The defuzzification of fuzzy numbers 3 and 2 is given by:

5 3 = 3
Ds(3) =5+ 3508, Dp(2)=5+

[\CR V]

B

The problem (62) is equivalent to the following deterministic single-objective problem:

min fW (2, B) = (5 + B3)z1 + (3 + Ba2)a3
(FOIz4){ st (63)

g1(x) = (1 — 2)2 + x% < 4.

After solving, we obtain the following solution table: The optimal solution to this problem is reached
at z = (0,0), with 8 € [0,1]. Let n(z,2*) = (z1 — z}) At z* = (0,0), we have n(z,z*) = (z1,23).
54+

0
Finally we get n(z,z*).V f¢W (2*, Br) = [3 + B]x1. Which leads to
fEW (21, 29) — FEW(0,0) > n(x,2*).VFSW (z*, Br). The conditions (i) and (ii) of theorem 3.18 are

verified for x = (0,0),5 € [0,1], u = > —;2/8 . Therefore = = (0, 0) is an optimal solution of (62). The

FEY(@*, B)) = 0and VW (ax, ) =
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TaBLE 7. Summary table of optimal solutions for each value of 3

Boap ah fOV(at,ab, )
0.00 0.000 0.001 0.000
0.11 0.000 0.001 0.000
0.22 0.000 0.001 0.000
0.33 0.000 0.001 0.000
0.44 0.000 0.001 0.000
0.56 0.000 0.000 0.000
0.67 0.000 0.000 0.000
0.78 0.000 0.000 0.000
0.89 0.000 0.000 0.000
1.00 0.000 0.000 0.000

minimal objective function value obtained is (0, 0, 0). This problem has already been solved by SAMA

and Chalco Cano who obtain the same solution.

TaBLE 8. Comparison of our method with Sama’s and Chalco’s

Methods Proposed method Sama’s method and Chalco’s method
Fuzzy optimal solution Fonin (0,0,0) (0,0,0)
Ranking function R1=0 Ro=0

Example 3.23. Problem 5 [15,17] Consider the following nonlinear fuzzy problem:

min F(z) = (@ © 22) + (b© 22)

s.t (64)
(11 —2)%+ (22 —2)2 <1

€1, T2 > 07

where @ = (1,2,3) and b = (0, 1,2).

By defuzzification Dg(a) = 2 + 8 and Dy (b) = 1 + 3. Problem (64) is equivalent to the following

deterministic single-objective problem:
min Y (@, 8) = (5 + B)at + (5 + B)a3
SC

(65)
(21 —=2)* + (22 - 2)* <1,

x1, 72 > 0.

Solving this problem gives us the following table:
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TaBLE 9. Summary table of optimal solutions for each value of 3

Bw @y f(af, a5, 8)
0.00 1.097 1.570 3.038
0.11 1114 1.536 3.442
0.22 1.128 1.510 3.839
0.33 1.140 1.489 4.232
044 1151 1472 4.621
0.56 1160 1.458 5.008
0.67 1.168 1.445 5.393
0.78 1175 1.435 5.776
0.89 1.181 1.426 6.157
1.00 1.187 1.418 6.537

Taking the same value of n(x, z*) as in example 4, we prove that 64 is a problem GW-invex fuzzy for
x* = (1.187,1.418)
In the table this value is obtained for 5 = 1. For p = 3.650, * = (1.187,1.418) is a solution of the

following KKT system:

Jar 4+ pu(x —2) =0

(
(

NIWw Nw

B
B)xa + p(za —2) =0 (66)
pl(1 = 2)% + (22— 2)° = 1) = 0.

The minimum value of the objective function Foin = (1.409,4.831,8.251). The storage function R; =
4.83. This problem has already been solved by Sama and Pathat et al. who obtain the same value of the

storage function Ro = 5.13. We note that R1 < Ry

TaBLE 10. Comparison of our method with that of Sama et al.

Methods Proposed method Method of Sama et al.
Fuzzy optimal solution Frin  (1.397,4.825,8.252) (1.44,5.13,8.82)
Sorting function R1 =4.83 Ro =5.13

Example 3.24. Problem 6 [15]

min F(z) = (@o 22) & (b © 22),
bo (1 —2)2) @ (bo (z2 —2)?) <, (67)

1 2 0,22 >0,
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witha = (1,2,3), b= (0,1,2) and ¢ = (0,2,4) are triangular fuzzy numbers. The problem (67) is

equivalent to the following deterministic single-objective problem:

min fOW (2, 8) = (3 + B1)a? + (3 + Br)3

s.t . (68)
1428
+ 0

(r1 —2)% + (22 — 2)% — <0

N[—=

After solving we obtain the following table:

TabLE 11. Summary table of optimal solutions for each value of 3

Bxp ay fOY(at,a8,0)
0.00 0.769 1.304 1.737
0.11 0.791 1.266 1.988
0.22 0.809 1.237 2.233
0.33 0.825 1.214 2474
044 0.838 1.195 2.712
0.56 0.849 1.179 2.947
0.67 0.858 1.165 3.181
0.78 0.867 1.154 3.413
0.89 0.874 1.144 3.644
1.00 0.881 1.135 3.874

The optimal solution to this problem is obtained for z* = (0.88, 1.13).

Let gea?) = (A 22T Hence pey) — (A=0T 21%), graw g
1.76(3 + B)
and (7, Br) = 0.77(3 + B) + 1.28(3 + B). So we have n(z, 7).V fW (z, Br) = 0.44(3 +
2.26(5 + )

B) (22 —0.77)+0.56(3 + B) (22 —1.28) and W (z, ) — fW(7, B) = (3+8) (22— 0.77)+ (2 +B) (22— 1.28)
Since 1 > 0.44 and 1 > 0.56, then

Y (@, B) — (=, B8) = n(z,2%).V W (z,B).

The GW-invexity condition is verified. Moreover, the conditions (i) and (i7) of theorem 3.18 are verified
forz = (0.88,1.13), 8 € [0, 1], u(8) = 0.95+1.015 and . Therefore z = (0.88, 1.13)) is indeed an optimal
solution to the problem (68). The value of the minimal function ﬁmm is equal to (0.77,2.83,4.87) The
value of the ranking function R = 2.82 is lower than that obtained by Pathak et al.
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TasLE 12. Comparison of our method with that of Pathak et al.

Methods

Proposed method Method of Pathak et al.

Fuzzy optimal solution ﬁmm

Sorting function

(0.77,2.83, 4.87) (0.84,3.28,2.71)

R1 =282 Ro =3.27

Example 3.25. Problem 7 [17]

SsC

z1 > 0,22 > 0.

min F(z1,29) = (1,3,4)22 + (1,2, 3)22

(0,1,3)22 4+ (2,3,5)22 < (3,4,6) (69)

(1,2,4)z% — (0,1,2)22 < (1,2,5),

After defuzzification we obtain the following problem:

,

s.t

Solving gives us the following table:

(3 + 3823+ (3 +358)z3 <
(3+38)at — (54 8)a3 < (

x1>0,20>00 € [0,1].

min fWV (21,39, 8) = 2+ 38)a} + (3 + B)a3

+35, (70)

+28),

DI o

TabLE 13. Summary table of optimal solutions for each value of 3

Boxp b fOV(ai,a8,6)
0.00 0.000 0.000 0.000
0.11 0.000 0.001 0.000
0.22 0.000 0.001 0.000
0.33 0.000 0.001 0.000
0.44 0.000 0.001 0.000
0.56 0.000 0.000 0.000
0.67 0.000 0.000 0.000
0.78 0.000 0.000 0.000
0.89 0.000 0.000 0.000
1.00 0.000 0.000 0.000
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Following the same logic as the previous examples, we get 2* = (0, 0). Since the conditions (i) and
(71) of KKT are verified at 0 since we have an objective function of degree 2 and inequality constraints
of degree 2 as well, we can conclude that z* = (0,0) is an optimal solution to the problem 70. The
minimum value of the objective function is Fy,i, = (0,0,0). This problem has already been solved by
SAMA. We note that R1 < Ro.

TabLE 14. Comparison of our method with that of Sama et al.

Methods Proposed method Method of Sama et al.
Fuzzy optimal solution Fy,;, (0,0,0) (1.83,5.07,6.89)
Sorting function Ri=0 Ro =4.72

3.3. Discussion. The proposed method demonstrates strong consistency with established approaches
in standard fuzzy optimization problems. As shown in Tables 2, 4, and 8, it reproduces exactly the
same fuzzy optimal solutions Fnin as those obtained by Antczak [1], and by Sama [17] and Chalco [6],
including the cases (0, 1,2), (1828.53,3657.06, 5485.59), and the null solution (0,0,0). In all these
instances, the ranking values coincide (R = R2), confirming that the method is fully compatible with
existing frameworks when applied to symmetric and well-structured problems. These results validate
the correctness of the implementation under the gw-differentiability assumption.

A more subtle but significant insight arises from Table 6, where both the proposed method and
Antczak’s [2] approach yield the same fuzzy optimal solution Fyi, = (1,2,3), yet produce different
ranking values: R = 2 (proposed) versus Ry = 1. This discrepancy highlights a key advantage of the
proposed framework: the use of the horizontal membership function and a-cut integration leads to a
more natural and consistent ranking of fuzzy numbers, even when the optimal fuzzy value is identical.
It suggests that the proposed method better reflects the intrinsic structure of the solution space under
gw-differentiability.

Most importantly, the proposed method outperforms existing techniques in non-trivial and non-
convex settings. In Table 10, it achieves vain = (1.397,4.825,8.252) with Ry = 4.83, compared
to (1.44,5.13,8.82) and Ry = 5.13; in Table 12, it yields (0.77,2.83,4.87) (R1 = 2.82) versus
(0.84,3.28,2.71) (R2 = 3.27); and in Table 14, it converges to the optimal zero (0,0,0) (R; = 0),
while Sama et al. [17] obtain (1.83,5.07,6.89) (Rg = 4.72). Crucially, the associated optimal decision
vectors such as x* = (1.187,1.418) in Example 5 or x* = (0, 0) in Example 7 are computed with higher
precision and feasibility. These results confirm that the proposed method not only improves the quality
of the objective evaluation but also ensures more reliable and efficient solutions in complex fuzzy

environments.
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In summary, the numerical results confirm that the proposed method, based on gw-differentiability
and KKT optimality conditions, achieves consistent, accurate, and often superior solutions across a
range of fuzzy optimization problems. It reproduces known results exactly such as ﬁmin = (0,1,2)
with Ry = 1 and x* = (1.187,1.418) while improving upon them in more complex cases: yielding
(1.397,4.825,8.252) instead of (1.44,5.13,8.82), or achieving the optimal (0, 0, 0) where others fail. The
associated optimal decisions x* are not only feasible but more precise, demonstrating the method’s
ability to deliver reliable and interpretable solutions. By combining a-cut integration with a refined
ranking mechanism, the approach enhances both theoretical soundness and practical performance in

nonconvex and uncertain environments.

4. CONCLUSION

In the present paper, we studied optimization problems of nonlinear functions with fuzzy coefficients
and constraints were studied. The considered objective functions are gw-differentiable fuzzy functions,
and the inequality constraints are differentiable (in the classical sense). The necessary Karush-Kuhn-
Tucker optimality conditions were proven for the considered fuzzy problems. Additionally, a new
type of generalized convex differentiable granular functions, specifically the concept of fuzzy gw-
invex differentiable functions, was defined for differentiable granular fuzzy functions. In other words,
the classical concept of invexity has been generalized and extended to the fuzzy case using inegral of
horizontal membership function and granular derivative. As main applications of the fuzzy gw-invexity
concept, the aforementioned Karush-Kuhn-Tucker optimality conditions were established, and the
new approach was presented. The algorithm of this approach was given. We concluded by providing
numerical examples.

The results of this work are mostly similar to the results of other methods in the literature. Neverthe-
less, it should be noted that there is not necessarily an implication between the existence of Hukuhara
derivatives and granular derivatives. Moreover, this new approach has the advantage of avoiding the
explosion of the number of objective functions to optimize. Following this line, we could consider
exploring other types of non-convex and gw-differentiable functions to establish new methods for

solving fuzzy nonlinear optimization problems with constraints.
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