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Asstract. This paper presents a new three-dimensional continuous autonomous chaotic system with
eight terms and three quadratic nonlinearities. The basic dynamical properties of the new system are
analyzed by means of equilibrium points, eigenvalue structures, stability and apply it to investigate the
local bifurcations of the new system. Some of the basic dynamic behavior of the system is explored further
investigation in the Lyapunov exponent.
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1.. INTRODUCTION

The science of nonlinear dynamics has sparked many researchers to develop mathematical models
that simulate vector fields of nonlinear chaotic physical systems. Nonlinear phenomena arise in all
fields of engineering, physics, chemistry, biology, economics, and sociology [1-3].

Chen and Ueta [3] constructed a three-dimensional autonomous differential equation withoonly two
quadratic terms, xy and xz. In fact, Chen system has been proved to be dual to the Lorenz system [3,4],
many theoretical analysis and numerical simulation results in [5]. The Chen system [5] which takes

the form:
¥ =aly — )
/

Yy =(c—a)r—zz+cy (1.1)

7 =xy — bz
where the parameters a, b and c are real parameters.
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The T system has only two quadratic terms, xy and xz. The T" system isorelated to the Lorenz and

Chen systems [8] being a small generalization of the later one. The 7" system [6] is:

v = aly - )

/

y = (c—a)x —azrz (1.2)

7 =xy—bz

with parameters a, b and c are real parameters.

Most researchersodeveloped a new systemodepending on one chaotic system like Chenoor 7" system.
The proposedoscheme in this paperobased on merging two chaotic systems Chen chaotic system and 7'
chaotic system. Therefore, will be added two systems in (1.1) and (1.2), thus a new systemois shown
in (1.3).

2 = 2a(y — x)
v =2(c—a)x— (a+1)xz+cy (1.3)
2 = 2xy — 2bz

with parameters a,b and c are real parameters and a # 0, —1 .

The history of research on PDEs goes back to the 18th century in the work of Euler, Alembert,
Lagrange and Laplace as a central tool in the descripton of mechanics of continua and more generally,
as the principal mode of analytical study of models in the physical science. The analysis of physical
models has remaned to the present day one of the fundamntal concerns of the development of PDEs.
Beginning in the middle of the 19th century, particularly with the work of Riemann, PDEs also became
an esential tool in other branches of mathematics [7-11].

Recently, there are manyanalytical and numercal methods used to solve PDEs on Cantor sets such
as, Adomian decomposition method [12-15], series expansion method [31,33], Fourier series method
[34,35], Laplace transform method [36], Picard successive approximation method [37], homotopy
perturbation method [38, 39], similarity solution [40], reduce differential transform method [41],
differential transform method [42,42,44], Laplace decomposition method [45,46], and another methods

[47-62] involving the local fractional operators.

2.. STABILITY ANALYSIS

(3¢ — 2a)

Lemma 2..1. If b 1 > 0, then the system (1.3) has three isolated equlibria
a

0(07 07 0)7
< b(3c —2a) b(3c —2a) 3c— 2a>
£y ;

a+1 ' a+1 7 a+1
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B _\/b(?)c — 2a) _\/b(Sc —2a) 3c—2a
2 a+1 7’ a+1 " a+1 )’

< 0, it has only one isolated equilibrium .

b(3¢c — 2a)
dfor =22 — =%
and for |

Proof. Solving the system(1.3)

2a(y—z)=0= 2=y

3c—2a
(c—a)x—(a+ Dzz+cy — 2 —
b(3c —2
Qxy — 2z =0= 2z =FVbz = F b(3c — 2a)
a+1
ich vi — — — b(3c — 2a) o b(3c—2a)  b(3c—2a)
wh1chy1eldsx—O,y—O,z—Oandforaiﬂ>0thena:—y_:F Tudl T aa1

Therefore, the system (1.3) has only one equilibrium O(0, 0, 0) for b(3¢ — 2a)

b(3¢c — 2a)
a+1

< 0, but has three

isolated equlibria: O, E, E» for all > 0. O

Lemma 2..2. For the system (1.3) the following statements are true:
1If(a>c>0,b>0)or (a>0,b>0,c<0)then O(0,0,0) is asymptotically stable.
2.If(a<0,c<0)or(a<0,c>0)orb<0orc>a>0then O(0,0,0) is an unstable..

Proof. The Jacobian matrix of system (1.3) at the point O(0, 0, 0) is:

—2a 2a O
JO)=1|2¢c—=2a ¢ 0
0 0 —2b

The characteristic polynomial of J(O) is
A3+ \2(2a + 2b — ¢) + A(4ab — 6ac — 2¢cb + 4a*) + 4ab(2a — 3¢) = 0.
Then, the eigenvalues of J(O) are:

A = —2b,

1
)\2:—04—5(0—\/CQ+QOGC—126L2>,

1
/\3:—a+§(c+ \/02+20ac—12a2>.

It is clear that ifb > 0,a > ¢ > 0 then A\; < 0 and Re(\23) < 0.

If (a>0,b>0,c<0)then \; < 0and Re(A23) < 0. Therefore, the point O(0, 0, 0) is asymptotically
stable.

Ifb > 0then \; > 0,ifc¢ > a > Othen Ay > 0,and if (a < 0,¢ < 0) or (a < 0,¢ > 0) then Re(Ag3) > 0.
Consequently the point O(0, 0, 0) is unstable. O
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Next, considerothe stability ofosystem (1.3) at
5 \/b(3c — 2a) \/b(3c —2a) 3c—2a
! a+1 ~ a+1 7 a+1 )’
B _\/b(Sc—Za) _\/b(3c—2a) 3c—2a
2 a+1 7’ a+1 7 a+1 |’

> 0. Because the system is invariant under the transformation (z,y,z2) —

b(3¢c — 2a)
a+1
(—x, -y, z) , one only needs to consider the stability of system (1.1) at Ej.

For all

Lemma 2..3. The equilibrium point:

B ( b(3c — 2a) b(3c—2a) 3c— 2a> 7

a+1 7 a+4+1 7 a+1
is asymptotically stable if and only if :

2a +2b—c¢ >0,

be > 0,

b(—4ac 4 2bc — ¢ + 4a® > 0.

Proof. Suppose that

-2
=X 4 b(3c a)’
a+1
b(3c — 2a)
=Y
Yy + ol
3c—2
PN Gl
a+1

The system (1.3) becomes:

¥ =2a(Y - X),
b(3c — 2
Y = —eX — (a+ 1)XZ + ¥ — (a4 1)/ 2B =20 5 (2.1)
a+1
J =92XY +2 M(X_i_y)_QbZ_M.
a+1 a+1

Hence, one has to consider the stability of system (2.1) at O(0, 0,0). The Jacobian matrix of system
(2.1) at the point O(0, 0, 0) is:

[ —2a 2a 0 ]
b(3¢c — 2a)
_ - —(a+1
J = ‘ c (a+1) a+1
2\/6(30 —2a) 2\/1)(30 —2a) o
L a+1 a+1 i

The characteristic polynomial of J is:
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M 4 (2a + 2b — )N + 4be) + 8ab(3¢ — 2a) = 0. (2.2)

Then, from Routh-Hurwits conditions, this equation has all roots with negative real parts if and only if

A>0,C>0and AB — C > 0, where

20 +2b—-c>0
ab(3c —2a) >0 (2.3)

b(4a* — ¢* 4 2bc — 4ac) > 0

3.. BirurcAaTIONS

1. Bifurcations at the point O(0, 0, 0).

Lemma3..1. Ifa = % the equilibrium point O(0, 0, 0) of the system (1.3) undergoes a pitchfork bifurcation.

Proof. If a > % the equilibrium point 0(0,0,0) is asymptotically stable and if a < % equilib-

rium point O(0,0,0) unstable and two equlibria birth E; <\/b(3c — 2a)’ \/b(Sc — 2a)7 e 2a> ,

a+1 a+1 a+1
b(3c—2 b(3c —2a) 3c—2
E, —\/ (8¢ = 2a) , —\/ (8¢ a)’ €~ %) are stable. Therefore, the system (1.3) has pitchfork
a+1 a+1 a+1
3
bifurcation at a = ?c, where 0(0, 0, 0) is bifurcation point . O

2. Bifurcations of equilibrium points E; and E;.
The characteristic equation associated with the linearization of system (2.1) at the equilibrium E; (Es)

is given by:
N 4 (2a + 2b — ) A% + 4beX + 8ab(3¢ — 2a) = 0. (3.1)

It is easy to see that this equation has no zero root since ab(3c — 2a) # 0, thus we only consider the
Hopfobifurcation.

Let b be the Hopf bifurcation parameter.
4a® + 4ac + c*

Suppose that b = by = 1

. Then the equilibrium E; (Es) has the following eigenvalues:

A = _4a2 —I-Gac7

Cc

Ao = +iv/8a2 + 8ac + 2¢2.

4a® + 4 2
Lemma 3..2. Ifb = by = %
C

b(3c — 2 b(3c—2 -2
point By \/ (3¢ a)7 \/ (3¢ a)7 3c—2a '
a+1 a+1 a+1

, then the system (2.1) undergoes a Hopf bifurcation at the equilibrium
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4a? + dac + 2
4e

4 2
</\+ = +6ac> (Az + \/8a2+8ac+2c2) =0.
C

Proof. Ifb = by = ,then the equation (3.1) becomes

Therefore, characteristic equation has a negative realoroot

A = _4@2 —I-Gac’

C

and a pair of purely imaginary roots

Aoz = +iv/8a2 + 8ac + 2¢2.

Differentiating both sides of equation (3.1) with respect to b, we obtain

d\ d\
3/\2% + 4a)\% + 4b% +2)2 - 2cA% + 4bc)\% + 4e) + 24ac — 16a2 = 0.

Then, we obtain

d\ 202 + 4e) — 1642 + 24ac

db ~ 3A2+ (4a+ 4b — 2¢)\ + 4bc’

by setting b = by and A\ = iv/4bc

2boc + 4a? — 6ac — icv/be
2boc — i(2a + 2b — ¢)V/be
6boc + 8a? — 10ac — ¢
Re [N, (by)] =
¢ [X(bo)] 4boc + (2a 4 2b — ¢)?

Ap(bo) =

2
£0.

Therefore, A\ (by) #=. According to Hopf bifurcation theorem in [12], the system (2.1) has dis-
play a Hopf bifurcation at O(0,0,0), so the system (1.3) display a Hopfobifurcation at the point

B \/b(30—2a)’\/b(3c—2a)730—2a ' 0
a+1 a+1 a+1

Definition 3..1. Let V' be a subset of that contains the origin in its interior. Assume that F, G and H are real

valued functions on V' that vanish at the origin and whose partial derivatives are continuous and also vanish at

the origin. Then the system

¥ =a1z + by +c1z+ F(x,y, 2)
Y = asz + boy + coz + G(z,y, 2)

7' = agx + b3y + c3z + H(x,y, 2)
is almost linear system [1].

Lemma 3..3. The system (1.3) is almost linear system at the point O(0,0,0).
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Proof. we write the system (1.3) as follows:

1 = 2ay — 2ax + F(x,y, 2)
Y = (2¢c—2a)z + cy + G(z,y, 2)
2 = —2bz + H(x,vy,2)
where F(z,y,z) = 0,G(z,y,2) = —(a + 1)z and H(z,y,z) = 2zy. Then F(0,0,0) = G(0,0,0) =

H(0,0,0) = 0, and all first partials of F,G and H continuous and vanish atothe point O(0,0,0).
Thereforeothe system (1.3) is almost linear system at the point O(0, 0, 0). O

4.. LyaroNuv ExPONENT

To compute the maximal Lyaponuv exponent of a system of ordinary differential equations we must
integrate both the original system and its linearization v = A(t)v. Essentially any initial vector vy
can be used because almost all vectors will have some component along the direction of the maximal

Lyaponuv direction. We cannot compute the limit in maximal Lyaponuv exponent:
. 1
(@, 0) = lim Sup_|®(t,z)v],
but instead simply integrate for some long time 7" and estimate:

1 |o(T)]|
ma. T)= ;
mea(T) = 75 |vo|

such that vy # 0 [7]. This quantity will rapidly converge to the maximal exponent; to estimate the error
in the computation, it is useful to plot ;4. as a function of 7.

Next, we calculate maximal Lyaponuv exponent for system (1.3) at the critical points by using Matlab
program.

1. The maximal Lyaponuv exponent for system (1.3) at the critical point O(0, 0,0) with parameters
(a>c>0,b>0)and (a > 0,b > 0, c < 0)is negative number.

2. The maximal Lyaponuv exponent for system (1.3) at the critical point O(0, 0, 0) with parameters
(a <0,b<0,c<0)and (a > 0,b > 0,¢ > 0) and (@ > 0,b < 0,¢ < 0) and (e > 0,b < 0,¢ > 0) is
positive number.

3. The maximal Lyaponuv exponent for system (1.3) at the critical point

b(3c — 2 b(3c —2a) 3c—2 2
B \/ (3¢ a)’ \/ (3¢ a)’ €7 2% ) with parameters (a > —1,b > 0,¢ > —a) is negative number.
a+1 a+1 a+1 3

4. The maximal Lyaponuv exponent for system (1.3) at the critical point

b(3c — 2 b(3c — 2a) 3c—2 2
Ey \/(C a)v\/ & a)’ — with parameters (a<-1,b>0,c< ~)and (a<-1,b<
at1 a+1 ' a+1 3

2 2
0,c> ?a) and (a > —1,b< 0,¢c < ?a) is positive number.
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5.. CONCLUSIONS

Using a rigorous mathematical analysis based on symbolic and numerical computations we have
studied a relative new system. There are obtained some insights on stability and bifurcation. The
system possesses a pitchfork bifurcation and Hopf bifurcation. The system has a positive Lyaponuv
exponent in a special cases. Surely, there is still a lot of work, and this paper is a step in analyzing this

system.
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