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AsstrACT. This paper deals with a mixed type additive quadratic functional equation

R(P+204+3C) +R (W —204+3¢C) + R (I + 20— 3¢)
+ R (¥ —20—3¢) =48 (V)
F8R() + R (=) + 18R () + R (=()]
For any ¥,¢,¢( € H, in non-Archimedean Banach algebra. By the direct and fixed point methods, we
studied the previous equation’s stability. The results are presented within non-Archimedean Banach
algebra.
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1. INTRODUCTION

Functional equations are substantial to mathematical analysis, and the notion of stability is one
of their major properties, which indicates that the in exact solution is close to the perfect one. This
research focuses on the stability of a F-E within N-A B-As, where the image of convergence differs from
the classic model.

The paper inspects an equation showing both additive and quadratic behavior, the function nature is
specified by the symmetry: in the odd case, it’s additive. In the even case, it's quadratic. The purpose of
this work is expanding the range of results connected to stability in this unusual algebraic and analytic
framework.

Where non-standard measures and ideal convergence phenomena dominate. The findings pant to

progress the theory of stability in an analytical scope that remains underrepresented. Applications of
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N-A space include advanced fields in mathematics and physics, most notably number theory (p-adic
numbers) and quantum mechanics. These applications rely on a strong trigonometric inequality, which
facilitates the study of fixed points, the analysis of functions, and the approximation of solutions in
geometric and algebraic contexts. There are a huge number of sources on this subject, from the time
this issue began with Ulam [12] until today. We will refer to some of them [1-5,7-10, 13].

In this paper, we investigate the generalized Ulam-Hyers stability of a mixed type A-Q F-E:
N (0420 +3C) + R (9 — 204 3C) + R (P + 2 — 3()
(1.1) + N () —20—3¢) =4R(9) + 8 [N (¢) + R (—¢)]
FI8[R(C) + R (=)
In N-A B-A.

2. PRELIMINARIES

See [6,11] Let p indicate a field and a function |-| : p — [0, 00), is a N-A valuation absolute function
if it satisfies the inequality |¢ + ¢| < max {|J], |¢]} < [F] + [¢], 0, € p.

The related field p is indicated to as a N-A field. Clear that, |1| = |—1] =1and |[¢] < 1Ve > 1, A
petty example of a N-A valuation is the function | -] occupation everything unless 0 into 1 and [0] = 0.
We constantly suppose in addition that |-| is nontrivial, i.e., thereis a { € p such that |¢| # 0, 1.

Let S be a linear space on p with a N-A nontrivial valuation |-|. A function [-]: r — [0,00) isa N-A
norm if it is a norm over p with ultrametric inequality i.e.,

[9 4+ ] <max{[V], ]}V, ¢ € x, Then (x,[]) is called a N-A space.

Here a sequence {z.},r € Nis Cauchy iff {#),;1 — ¥}, — 0. By a complete N-A space we mean
one in which every Cauchy sequence is convergent. A N-A B.A is a complete N-A algebra A which

satisfies

[0 < P[] V0,0 € A

Theorem 2.1. [10] Let (8, m) be a complete generalized metric space and let Q2 : & — & be a strictly contractive
mapping with Lipschitz constant v < 1, Then for each gives element x € &, either m (J* z, J'* 2) = oo for all
n € No (non-negative integers) or there exists ny € N such that

(1) m (J’ﬂ,J’Jrl ¥) < 00,7 > ng,

(2) The sequence {J™ 9} converges to a F-B X\* of J,

(3) y* is the unique F-B of J in the set Y = {y € &, m (J*° 9, \) < o0},

(4) m(1,0") < =m (1, J)VI, LY

Definition 2.2. [10]letS, D be B- As. A real linear mapping Q: S — I is said to be a homomorphism
if Q(U) = Q(¥)Q(¢) forall ¥, € X,
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Definition 2.3. [10] Let S.D be B-As. A real linear mapping Q: S — D is said to be a derivation if
Q () = 1Y) +9Q(¢) forall ¥, € X,
3. DIRECT STABILITY RESULTS FOR (1.1)
Let S, D are non-Archimedean Banach algebras, and
Dy, (9-1-¢) =N (9 + 20+ 3¢) + R (I — 20 + 3()
+ R+ 20—3¢) + R (I — 20— 3Q)
— AR (V) =8 [R (ye) + R (=0)] = 18R () + R (=()]

Theorem 3.1. [10] Let i € {1,—1} and 3] < 1.A:S* — [0,00) be a function such that

A (379,373t . A(379,3%,,3% .
> (|3—|LC) < oo and limy, o0 % = 0V9,t, € SAndletR, : S — D be an odd function,

N, (0) = 0, N, satisfies the inequality

(3.1) 1Dy, (9,4, Oy < A (9, 1,€)

(3.2) IIN (9e) =R, (F) N, (0) || < A(D,,0) VI, 0, €S

So, can find an additive mapping h : S — D, h satisfying the F-E [1.1] and the homomorphism property such
that

(3.3) IR, (¥) —h(9¥)| < — lim max

‘6” 7—00

A (39,3749, 0)
3| ,0<m< e, V9 eS

The mapping h (9) is defined by h (9¥) = lim, 0 (3“ 7) Vo9 es

h is unique if

(3.4) T67] i, Jim max

{ A (39, 3%9,0)

37 ,m§b<z+m}:0,

Proof. Assume i=1. Replacing (¢, ¢, () by (9,4,0) in (3.1) and using oddness of X,, we get

(3.5)

R, (9) — 319 H A @00V es

Here we replace z by 3"z and dividing by 3 in (3.5). We get

Ne (3@119) Ne (3iz+1§)
i o ir+1

< T !3”!A (3"9,3"9,0) — 0ast — oo

‘ 1
<

V4 € S, Hence the sequence { il (: ") } is Cauchy sequence. Since D is complete, there exists a mapping

R (30)

h:S — I So that h (¢) = limy, 0 57— VU € S. we can prove that

1 A (3%9,3%9,0)
— max W,O <m<zt

N (3%9)

(3.6) -
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Making n — oo in (3.6).
This proves that (3.3) is true for every ¥ € S.
To prove h satisfies F-E (1.1), we change (¢, ¢, ) by (379, 3%, 3%() and dividing by 3" in (1.3), we

obtain

(31219 3“[, SZZC)H A (3@719 322 312C)

1
e 1 Eg

Vi, 1,z € S. making n — oo in the a bove inequality and utilizing the definition of & (1), we notice that

Dh (197 L, <) =0
Hence h satisfies [1.1] V¥, ¢, ¢, € S, and h is an additive mapping.

Ne (Sm’l93mb) B Ng(gizlg) Ne(gizb)

h () —h (9 =1 —— . :
I (00) = B ) R ()] = Jim || = L

—00

Jimn, gy X
(%4 1T
< fim AG0.300) cX

T n—oo ‘32“‘

(3% 9 3%0) — X, (3%0) X, (3%4) |

Sh() =h(@)h()-VI,L€S
To show h is unique, Let / be another additive mapping satisfying (1.1) and (3.3). then

b}

|n @) =i @) < max {0 0) - x @),
. {A(3Z’mq9,3m19,e)}

max

|6’\ t—00 0<m<rt |3¢m|
A (39,9, e
<L lim lim max u =ovd eSS
|6" m—00 t—00 m<b<r4+m ’37’17‘
Hence h is unique.
For i = —1, we can prove a similar stability result. This completes the proof of the theorem.
Corollary 3.2 is an instant outcome of Theorem 3.1 O
Corollary 3.2. Let r be nonnegative real number.
N,: S — D an odd function satisfies the inequalities:
AR
O+l +TCT r<d
1
TS T T T 1
[T+ =TT rs
[1Dx, (9,4, Q) <
1] 1l 3
ol r
Re (00) =R, ()R (]| <
[N fell™ rz1
[N+ flell™ el > 1




Asia Pac. J. Math. 2026 13:70 50f8

Vi, 1,¢ € X. So, we can find a unique additive mapping h: S — D and confirms the homomorphism property

such that

(3202
SN

‘3|177‘

AT

1
IR (9) =R ()] < (o lim max 3 3m 377 |92

6] m—ro0 0<m<x

2r—1 2
3 (1

213" [|9]”

forall ¥ €S.

Theorem 3.3. Leti € {1,—1}and 6 : S* — [0,00) be a function such that

i S (31‘24197 ?)z'zy7 3iz<) < soand lim ) (3iz19’ 3izy’ 3iz<)

Ed S NNFE

=0V, 1, € X

i=1

and R, : S — D be an odd function satisfies the inequality
”DN@ (ﬂa 2 g)HY < 0 (197 Ly C)

and

IR (Fe) — 2R, () — X (P)]|y <0 (F,0,0) VI,0,{ €S.

Then we can find an additive mapping h: S — D, h satisfy the F- E [1.1] and the derivation property such that

‘6Z| t—00 e<m<x

1 § (3Pm9, 39, 0
IR, (9) = h (V)] £ — lim max { ( 3| ) }

The mapping h (V) is defined by

Ne 0
h(9) = lim M, Vo €S

—00 3

h is unique if

Lo {5 (3ibz9,3ibz9,e)}
Iim lim max —_— 2 3 —¢

‘61’ m—00 t—00 m<b<m-+r ’3Zb‘
Proof. The proof is as in the previous theorem, and we only establish the condition of the derivation.

rY3) BN, (379) 39N, (3%
1A (80) — 9 (2) — th (B)]y = lim | NeBV80) 3% (3%9) - (371)

N—00 3ir3iv 3ir3iv 3ir3ir
) 1 ) ) ) ) .
= lim Eg [Re (3%) — 3R, (3%09) — 3R, (379) ||
1 ) .
< lim 3] 6 (3"9,3%1,0) =0

Soh(9) =9h (1) + th(9). n
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4. Fixep Point StasiLity Resutts For (1.1)

Theorem 4.1. Let L < 1,|3| <1, A:S — [e, 00) is a function with the conditions
A (39,37, 3C)

hm —_——— =8¢
r—00 |37|

and
A (39,30,32) < |3| LA (V,¢,(),
N, : S — D is an odd function, R, (0) = 0.
N, satisfying
1Dy, (0,0, Ol < A (9, 1,C)
[Re (F2) = Re (D) N ()| S A (D, 0,0) VI, 0, €S

Then there exists unique additive mapping h: S — D, h satisfies homomorphism property and

IR (9) = h (D) < A0, 9,¢).

-
6] (1 L)
Proof. HN (9) — @H < ﬁ A (0,7, e) consider the set

B={g:S—D,g(e) =e}

and mention the generalized metric on B.

d(%, g) :inf{C€R+: IN() - g ()] sg’Aw,g,e)}WES
Easily, we find that (X, d) is complete. Define J : B — B by
T =2yzes
Now, let p,q € B, d(p,q) = C
C
Ip @) =g )l < 1A 0, 9:0)
1Tp (9) — Jq ()] = Hp(?’ﬁ) _ WH
3 3
1
el Ip (39) —a (39)
1 C
< E@A (39,39, e)
1 C
= 376l 13| LA (30,30, ¢)
_CLA@9,0)

6]
~.d (Jp,Jq) <L C

= d (Jp,Jq) <L d (p,q)
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i.e. J is a strictly contractive mapping on X with Lipschitz constant L. Since

1
< —
6]

R, (30) H

R (9) — = A9, 9,e)

— d (X, JR,) < 1

hisaF-Bof J, Thatis J (h (¥)) = h(¥) i.e. h(39) = 3h () VI € S, h is unique F-B of J in the set
{g € B: d(X, g) < oo}, therefore, there exists k € (¢,00) s.t.d (X,, h) < k.

Hence

Re (9) = h (9)]| < 0] A (0,0,e).

Also, d (J*R,,h) — easn — oo i.e.

lim J° X, (9) = h (9).

n—oo

im G v es
1—00 3¢
. <
A(Neh) < 7= AN, TN)
IR (9) — R (@) < — A (9,0,0)
(4 - _7 776
1= ][6]

As in the Theorem 3.1, it can be proven that h satisfies the F-E [1.1], also confirms homomorphism
property.

We note that if we put the derivation condition instead of the homomorphism condition in the
previous theorem, then the theorem is also correct.

Corollary 4.2 is an instant outcome of Theorem 4.1 O

Corollary 4.2. Let r be a real number.
N,: S — D, R, is an odd mapping, X, (0) = 0,L < 1. And

91l

1—7r
O TeT r<1,4L2> 3

——t— <-2,L> L
oM+ 1ICT™ e i
Dy, (9 <
H N( ( 7L7C)H - ||’l9|| ||L|| N < 1 L > ’3|1—£
IR, (92) =R, ()X, ()| < | PI° L=
1O fell™ r> 100> 3P

11"+ [lell” + 1SN, r > 1, > (3"
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Vi, 1, ¢ €S, then there exists a unique additive mapping h : S — D, h confirms the homomorphism property

( 2
[9]*
20101

>

1
2[l91"

1 .
INe () =R (9)]| < 7 lim max ¢ [|9)>"

|6] m—o000<m<r

1™

291"
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