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Asstract. This article deals with a new type of fuzzy open sets in Sostak’s fuzzy topological space (X, T),
called r-fuzzy semi-delta-open sets for r € Iy. An r-fuzzy semi-delta-open set A € I* or r-8;,-open set, is
defined such that, for each fuzzy point z,. € A, there exists an r-fuzzy open set Ag containing z satisfying
IT(sCr(Ao,r),7) < A. Some properties of r-0s,-open set are established, including the corresponding
r-0s-interior, r-d ys-closure, and basis. In addition, the functions r-d¢s-open functions, r-é ¢s-continuous,
and 7- s;-homeomorphisms are introduced, and some of their properties in Sostak’s fuzzy topological

spaces are established.
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1. INTRODUCTION

Sostak [1] introduced fuzzy topology as an extension of Chang’s fuzzy topology [2]. Since then,
it has been developed in many directions within the field of fuzzy topology. The notion of r-fuzzy
semi-open sets was defined and studied by S. J. Lee and E. P. Lee [3] in Sostak’s fuzzy topological
spaces. More recently, in 2024, Singh and Gupta [4] introduced the concept of semi-delta-open sets
in topological spaces. In this study, the researcher introduces a new type of r-fuzzy open set called
an r-fuzzy semi-delta-open set in Sostak’s fuzzy topological spaces by using the idea of semi-delta-
open sets in classical topological spaces. Some of its properties are established, and its corresponding
r-fuzzy semi-delta-interior, r-fuzzy semi-delta-closure, and basis are defined along with some of their
properties. Moreover, this study introduces the r-fuzzy semi-delta-open functions, r-fuzzy semi-delta-
continuous functions, and r-fuzzy semi-delta-homeomorphism, in Sostak’s fuzzy topological spaces,

and some of their properties are likewise be established.
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2. PRELIMINARIES

Throughout this paper, nonepmty sets will be denoted by X, Y, and Z, I = [0,1] and Iy = (0,1]. A
fuzzy set A of X is a mapping A : X — I, and I denotes the family of all fuzzy sets in X. For a € I,
a(z) = aforallz € X. For any A € I, A° denotes the complement T — A. A fuzzy point z; is an
element of I~ such that

t, y=ux,

0, y#uz.
for all y € X. The set of all fuzzy points in X is denoted by Pt(X). A fuzzy point z; is said to be
an element of a fuzzy set A, denoted by z; € A4, if and only if t < A(z). If A C X, the characteristic

function x4 on X is defined by

1, ifx € A,
xa(x) =
0, ifx¢ A
Definition 1. [2] Let X be a nonempty set. A Chang’s fuzzy topology on X is a family 7 of fuzzy sets
which satisfies the following conditions:
(i) 0,1 € 7.
(ii) If A\, Ay € 7, then Ay AN Ay €T
(iii) If {Aw}weq € 7, then\/ o A, € 7.

The pair (X, 7) is called a Chang’s fuzzy topological space.

Definition 2. [1] A function 7 : IX — [ is called a Sostak’s fuzzy topology on X if it satisfies the

following conditions:
(i) T(O) =T(1) =1,

(11) T(vaQ Aw) 2 /\wEQ T(Aw)l for any {Aw}wEQ - IX7
(iii) T(Al VAN AQ) > T(Al) A\ T(AQ), for any A, A € I¥.

The pair (X, T) is called a Sostak’s fuzzy topological space, abbreviated as SFTS.

Remark 3. [5] Let (X, 7) be a SFTS. Then, for every r € Iy, T, = {V € I’* : T(V) > r} is a Chang’s
fuzzy topology on X.

Definition 4. [3] Let (X, 7) be a STFS. For r € Iy and A € I, A is said to be
(i) r-fuzzy open set, denoted by r-f-open set, if T(A) > r; and
(ii) r-fuzzy closed set, denoted by r- f-closed set, if T (A¢) > r.

Definition 5. [3] Let (X, 7) be a SFTS. For each r € Iy and A € IX, the r-fuzzy interior is defined by
IF(Ar)=\{VelX:. V<A T(V)>rh
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Definition 6. [3] Let (X, 7) be a SFTS. For each r € Iy and A € IX, the r-fuzzy closure is defined by
Cr(A,r)y=N{VelX: A<V, T(Ve) >r}.

Theorem 7. [6] Let (X, T) be a SFTS. For A, B € IX and r, s € Iy, the r-fuzzy closure, C, satisfies the
A< Cr(A,r), Cr(A,r) v Cr(B,r) = Cr(AV B,r), Cr(A,1r) <

following conditions: C7(0,r) = 0,
Cr(A,s)ifr <s,and Cr (Cr(A,r),r) = Cr(A,r).

Theorem 8. [6] Let (X, 7) be a SFTS. For A, B € I* and r, s € Iy, the r-fuzzy Interior, I7, satisfies the
following conditions: I'7(1,7) =1, IT(A,r) < A, IT(A, ) NI7(B,r) = IT(AAB, 1), IT(A, 1) < IT(A, 5)
ifs<r, It (IT(A’ T)a T) = IT(A7 T’), IT(AC? T) = (CT(A7 T,))c, and CT(Acv T) = (IT(Av r))c'

Definition 9. [3] Let (X, 7) be a SFTS. Let A € IX and r € I. Then A is said to be an
(i) r-fuzzy semiopen setif A < Cy (IT(A,r),r), and
(ii) r-fuzzy semiclosed set if I (Cr(A,r),r) < A.

Definition 10. [3] Let (X, T) be a SFTS. For each r € Iy and A € I, the r-fuzzy semiinterior is defined
by sIT(A,r) = \/{V € I | V < A, V is r-fuzzy semiopen}.
Definition 11. [3] Let (X, 7) be a SFTS. For each r € Iy and A € X, the r-fuzzy semiclosure is defined
by sCr(A,r) = N{V € I* | A<V, V isr-fuzzy semiclosed}.

3. SOME RESULTS OF 7-0 fs-OPEN SET

Definition 12. Let (X,7) be a SFTS, z € X, A € I%, and r € Ij. Then A is said to be an r-fuzzy
semi-delta-open set, denoted by r-0 rs-open set, if for all fuzzy point =, € A, there exists an r-fuzzy open

set Ay containing z,, such that I7 (sC7(Ap,7), 1) < A.
A fuzzy set A € IX is said to be an r-&,-closed set if and only if A° is an 7- ss-open set in SFTS.

Example 13. Let (X, 7) be a SFTS, where X = {z,y,z} and A1, As, A3, A4 € I¥ be fuzzy sets of X

defined as follows:
Ai(z) =04, Ai1(y) = 0.5, A1(2) =0.2; Asz(x) =0.7, Az(y) = 0.4, A3(2) =0.8;
Az(z) = 0.6, A2(y) = 0.6, Aa(z) =0.8; As(x) =0.6, As(y) = 0.4, Ay(2) = 0.8,

and the function 7 : IX — [ is defined as follows:
4

1, ifAe{0,1},

%, if A= Ay,
T(A) = )

Z’ lf A — AQ,

0, otherwise.
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Letr = i and choose the fuzzy set A;. By Definition 12, A is a i—é rs-open set in X.
Remark 14. Let (X, 7) be a SFTS and r € ly. Then 0 and 1 are r-05-open in X.

Theorem 15. Let (X,7)beaSFTS, A, B € IX,z € X,and r € lp. If A < B and A is an -0 s5-open set
of X, then B is an r-§ ¢,-open set of X.

Proof. Let A < B and A is an r-6¢,-open set of X. Then by Definition 12, for all fuzzy point z, € A,
there exists an r-f-open set Ay containing x, such that IT(SCT(A[), ), r) < A < B. Thus, B is an

r-0 rs-open set of X. O

Theorem 16. Let (X, 7 ) be a SFTS, A € I, and a fixed r € Iy. Then A is an r-6 #s-open set if and only
if for every fuzzy point z,, € A, there exists a nonempty family U,,. C I of r-fuzzy open sets such that

ar € UforallU € Uy, and gy, Ir(sCr(U,r),r) < A.

Proof. Let A € I X be an r-§ fs-open set and z, € A. By Definition 12, there exists
an r-fuzzy open set U; containing z, such that IT(SCT(UU, ), r) < A. Define U,, =
{U € I'* : Uis an r-fuzzy openset, z, € U, I7(sC7(U,r),r) < A}. Clearly, U, # @ since Uy € Uy, .
Note that for every U € U,,, IT(sCr(U,r),r) < A. Hence, Vieu,. I (sCr(U,r),r) < A

Conversely, assume that for every fuzzy point z, € A, there exists a nonempty family ¢, C I of
r-f-open sets such that z, € U forallU € U,,, and Vg, Ir(sCr(U,r),r) < A. Letz, € A. Since
Uy, # I, choose any Uy € U,,. By hypothesis, z, € Uy and

IT(SCT(U(),T),’I“) < \/ IT(SCT(U, r),r)
Uy,

<A
More precisely, A is an r-d ss-open set in X. O

Theorem 17. Let (X,7) be a SFTS, A € I,z € X, and r € I. If for each 7-f-open set A of X satisfies
IT(sCr(A,r),r) < A, then for each 7- f-open set of X is an -0 y,-open set of X.

Proof. Let A be an r-f-open set of X and it satisfies I7(sCr(A,r),r) < A. Now, z, € A implies
IT(sCr(A,r),r) < A. By Definition 12, this shows that A is an r-§,-open set of X. O

Theorem 18. Let (X, 7) beaSFTS, A € IX,r € In. If {A,}uecq isa family of r-0s-open sets of X, then
Veq Ai is an r-dy,-open set of X.

Proof. Let {A, }wecq be a family of r-65-open sets of X. Note that A, is an r-d¢,-open, then for any
w € €. By Definition 12, for all fuzzy points z,, € A, where x € X, there exists an r- f-open set A
such that I7(sC7 (Ao, r),r) < As. Now, since z, € A, and A, <\ cq Aw,

r < Ay(x) <sup {A,(x) 1z € X}
weN
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- \/weﬂ AW(ZE)
So, #; € V\,cqAw. Thus, for all z, € \/ oA, there exists an r-f-open set Ag such that
I7(sC7(Ao,7),7) < Vypeq Aw- Asaresult,\/ . A, is an r-§s-open set of X. O

Theorem 19. Let (X, 7) be a SFTS, A € IX, r € Ip. If {A,}weq is a family of r-0ts-closed sets of X,
then A\ . Ao is an r-dfs-closed set of X.

Proof. Let {Ay }ucq be a family of r-d¢,-closed sets of X. Since A; is an r-d¢,-closed for all w € 2, by
Definition 12 and Theorem 18, A, is 7-6¢,-open for allw € Q and \/ ., AS, is an r-65-open set of X.
Thus, (Ve 4AS)° = Auea Aw is an r-6 s-closed set of X. O

Definition 20. Let (X, 7) be SFTS and r € (0,1]. A collection B C [0,1]X of r-0ss-open sets in X is

called a basis if every r-0ss-open set A € [0,1]% can be expressed as A = \/ 5.z B, where B’ C B.

Example 21. Let (X, 7T) be a SFTS, where X = {z,y} and A;, As, A3, Ay € I be fuzzy sets of X

defined as follows:
Al(a) = 0.2, Al(b) == 0.1; Ag(a) = 07, Ag(b) == 07,
As(a) = 0.3, A2(b) = 0.5;  Ag(a) = 0.2, A4(b) = 0.8,
and the function 7 : IX — I, is defined as follows:
1, if Ae{0,1},
1
27

T(A) = if Ae{A1,As, A3}

0, otherwise.
\

Letr = % and B C I be the collection of all %-6 rs-open sets in (X, 7). Then by Definition 20, B is a
basis of (X, T).

Remark 22. Let (X,7) bea SFTS and r € Ij. Let B be a basis consisting of r-0,-open sets in X. Then

every 7-d ss-open set can be expressed as a supremum of some elements of B

Theorem 23. Let (X, 7)) be a SFTS and r € Iy. Then B s a basis for T if for all 7-d ss-open set U € [0, 1],

a fuzzy point =, € U, where x € X, there exists B € B such thatz, € B < U.

Proof. Let U € I be an r-6;5-open set in (X, T) and a fuzzy point z, € U, where € X. Then, by
Remark 22, U = \/ g B. So, there exists B € B such that 2z, € B < U. O

Definition 24. Let (X, 7) be a SFTS. For each r € Iy and A € IX, (i) the r-fuzzy semi-delta-interior,
denoted by r-é¢,I, is defined by

SplT (A1) = \/{V € I*:V < A, Visanr-dss-open}
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and (ii) the r-fuzzy semi-delta-closure, denoted by r-§;,C7, is defined by
0tsCT(A,1r) = /\{V € I*: A<V, Visan r-dssclosed}.

Example 25. Let (X, 7) be a SFTS, where X = {z,y,2} and A1, As, A3, Ay € I¥ be fuzzy sets of X
defined as follows:

Ai(z) =04, Ai1(y) = 0.5, A1(2) =0.2; As(x) =0.7, As(y) = 0.4, A3(2) =0.8;

Ay(z) = 0.6, Aa(y) = 0.6, A2(z) =0.8; As(x) =0.6, As(y) = 0.4, As(2) =0.8;

and the function 7 : IX — [ is defined as follows:

.
1, if Ae{0,1},
%, if A=Ay,
T(4)= 17
T if A= Ay,
0, otherwise

Letr = 1. (i) Choose A{. Then by Definition 24 (i), 6,17 (A$, 1) = A;. (ii) Choose AS. Then by
Definition 24 (ii), §7sC7 (A4S, ) = A4

Theorem 26. Let (X, 7) be a SFTS. Let A € I and r € Iy. Then A is an r-§s-open set of X if and only
if A= 5fSIT(A, r).

Proof. Let A € I’X be an - s5-open set and U be the family of - ;s-open sets in X contained in A. Since
A< A, A €U. By Definition 24 (i), A = \/ U = 5,17 (A, 1).

Conversely, let A = 07;17(A,r) and let U be the family of r-05-open sets in X contained in A. Then
VU =6¢I7(A, 7). So, A=\ U and A € U. Hence, A is an r-6¢,-open set of X. O

Theorem 27. Let (X, 7) be a SFTS and r € I. Then for every A € IX, r-6;I7(A,r) is an r-6s-open

setin X.

Proof. Let A € I Xandr € Iy. Let {U,},eq bea familiy of 7-d;,-open sets in X such that U, < A for

eachw € Q. Then 6,17 (A,7) =\ weq U.. Hence, by Theorem 18, d7,I7(A,r) is an r-0 s,-open set in
U,<A

X. O

Theorem 28. Let (X, 7) be a SFTS and r € I,. For every A, B € I, the following hold:
(1) Opslr (A1) < A;

if A< B, then d7,I7(A,r) < épl7(B,7);

OpsI7 (OfsdT (A1), 1) = 075 I7(A,7); and

(iv) SpdT(ANB,7r) <S¢l (A1) NdpslT(B, 7).

(ii

(iii

)
)
)
)
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Proof.

(i) Let Ac IXbea fuzzy setin X and {V,,}.eq be the collection of r-J¢,-open sets of X such that
V < A. This implies
SpsIr(Ar)y=\/ V
weN

V<A

< A.

(ii) Let A < B. Let O4 be the set of all r-6;,-open sets contained in A and Op be the set of all
r-0 s-open sets contained in B. Suppose that V € Oy, thenV < A,andsince A < B,V < B
and V € Op. This implies that O4 C Op, and hence,

SpslT(A 1) = \/ Oa

(ili) Let A € IX. Then by Theorem 27, §;5I7(A,r) is an r-s-open. This implies by Theorem 26,

5stT(5stT(A7 T)a ’l“) = 6stT(Aa T)'
(iv) Let A, B € I*. Since AAB < Aand AAB < B, by Theorem 28 (ii), § s I7(AAB, 1) < 87 I7(A, )
and d¢sIT7(A N B,r) < d¢s17(B,r). Hence,

5st'T(A N B, T) < 5st7'(Aa T) N 5st7—(Ba T)'

0

Theorem 29. Let (X,7) be a SFTS. Let A € IX and r € Iy. Then A is an r-§ ts-closed set of X if and
only if A = 0;Cr(A, ).

Proof. Let A € I be an r-§;5-closed set and V be the family of r-6;,-closed sets in X containing A.
Since A < A, A € V. By Definition 24 (ii), A = AU = 6¢,C7(A, ).

Conversely, let A = §;;C7(A,r) and let V be the family of r-d5-closed sets in X containing A. Then
AU =6¢17(A,r). So, A= AVand A € V. Hence, A is an r-dss-closed set in X. O

Theorem 30. Let (X, 7) be a SFTS and r € Ij. Then for every A € IX, r-§;,C7(A,r) is an r-§¢5-closed

setin X.

Proof. Let A € IX and r € Iy. Let {U, },cq be a familiy of -6 ts-closed sets in X such that A < U, for

eachw € Q. Then §;,C7(A,r) = A\ wea U,. Hence, by Theorem 19, §;,C7(A,r) is an 7-d ¢s-closed set
U, <A

in X. [l

Theorem 31. Let (X, 7) be a SFTS and r € (0, 1]. For every A, B € [0, 1]%, the following hold:
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(i) A <67p.07(A,7);

(ii) if A < B, then d;,Cr(A,7) < 64,C7(B,1);
(iii) d7sC7 (07sCT(A,7), 1) = 075CT(A,7); and
(iv) 87sC7 (A, 1) Vo5 C(B,1) < 67CT(AV B, ).

Proof.

(i) Let A€ IX bea fuzzy set in X and {V,,}.cq be the collection of r-§¢,-closed sets of X such
that V' > A. This implies

A< AV

we
V<A

=0p,C7 (A, ).

(ii) Let A < B. Let C4 be the set of all r-6,-closed sets containing A and Cg be the set of all
r-0 ss-closed sets containing B. Suppose that V' € Cp, then B <V, andsince A < B, A<V
and V € C4. This implies that Cp C C4, and hence,

31sC7(A,r) = N\ Ca
< /\ Cp
= 04sCr(B,r).

(ili) Let A € I*. By Theorem 30, §7sC7(A,r) is an r-6;s-closed. This implies by Theorem 29,
5fsCT <5fSCT(A7 T)a T) = 5fsCT(A7 T’).

(iv) Let A, B € I*. Since A< AV Band B < AV B, by Theorem 31 (ii), §;sC7(A,r) < §;sC7(AV
B,r)and §;,C1(B,r) < 07sCr(AV B,r). This implies that

8tsCT (A, )V 5, Cr(B,1) < 07sCT(AV B, 7).

Remark 32. Let (X, 7) be a SFTS and r € Iy. Then for each A € IX, §;,I7(A,r) < §55Cr(A, 7).

Theorem 33. Let (X, 7) be a SFTS and r € Iy. For any family {4, },ecq C I¥,

(1) Voeq 07sCT(Aw,r) < 5f507< \ Aw,r) ; and

we

(ii) 5f517< A Aw,T> < N SpsIr(Au, ).

we weN

Proof.
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(i) Let {A,}ueq C IX be any family of fuzzy sets in X and » € Iy. Note that for each 3 € (),
Ag <\, eq Aw. By Theorem 31 (ii), 07sC7(Ag, 1) < 6£5C7 (Ve Aw, 7). Consequently,

\/ 6fsCT(Aw7T) < 6fsCT< \/ AwaT> .

weN weN
(ii) Let {Au}weq C T X any family of fuzzy sets in X and r € Iy. Note that for each g € (,
Nier Aw < Ag. By Theorem 28 (ii), 677 (Apeq Aw,7) < 87s17(Apg, 7). As a result,

5f517< A Aw,r> < N OpIr(Au, 7).

weN weN

Theorem 34. Let (X, 7) be a SFTS and r € Ij. Then for every A € I,
(1) 5st7'(Aca r) = (5fsCT(Av T))c; and
(ii) 5fSC7‘(AC,T‘) = (5stT(AvT))C :

Proof.

(i) Let A € I be a fuzzy set in X and r € Iy. Let {V,, }.cq be a familiy of r-§ ss-closed sets in X
and for eachw € Q, V,, > A. Then, 6;,C7(A,7) = Aweq V... Complementing both sides yield
V>A

c

(6fsCT<A7 T))C - /\ Vi

weN
Vw>A

Z\/V(fa

we
VS<Ac

where V¢ is an r-§¢5-open set in X for each w € Q. Now, let U, = V¢ € IX for eachw € (.
Then

(5fSCT(A7T))C = Us

(ii) Let A € I be a fuzzy setin X and r € Iy. Let U = A° € IX, by Theorem 34 (i), §7sI7(U¢,r) =
(87sCr (U, r))°. Taking complement of both sides then simplify,

(0fsI7 (U 1)) = ((07sCT (U, 7))
= 0p,Cr (U, 7).
As a result,

(0ysI7((A, 7)) = (055 I7((A)°, 7))
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= 57,CT (A, 7).

4. SOME RESULTS OF 7-0 fs-OPEN FUNCTION, 7-0 4~-CONTINUITY, AND 7-0 fs~-HOMEOMORPHISM

Definition 35. Let (X,7) and (Y,N)beaSFTSs, f : (X,7T) — (Y,N) be a function, and r € Iy. Then f
is called an r-fuzzy semi-delta-open function, denoted by -8 ¢s-open function, if f(A) is an 7-d¢s-open set

inY for each r-0y4-open set A in X.

Example 36. Let (X, 7) and (Y, N') be a SFTSs, where X =Y = {z,y, z} and the fuzzy sets Ay, Ay, A3 €
IX, I are defined by the following:

Ai(z) =04, Ai1(y) =0.2, Ai(z) = 0.4;
As(z) = 0.5, Aa(y) = 0.5, Aa(z) = 0.4;

Ag(:ﬁ) = 03, Ag(y) = 0.2, Ag(z) = 0.6.

And the functions 7 : IX — I'and NV : I — [ are defined by the following:

1, if Ae{0,1},
1, if A€ {0,1}, 5
-, if A= Ay,
T(A) = % if A= As N(A) = 51”
—, if A= A,
\0, otherwise. 2
0, otherwise.

Letr = 1 and f: (X,7) — (Y,N) be an identity function. Then by Definition 35, f is a 3-d7,-open

function.

Theorem 37. Let (X,7) and (Y,N) be a SFTSs, f : (X,7) — (Y,N) be a function, and r € I.
Then f is an -0 s-open function if and only if for every collection { A, },cq of r-0ss-open sets of X,

F(Vpea Aw) = Voeq f(A;) is an r-dg5-openin Y.

Proof. Let { A, }.eq be a family of -6 s-open sets of X. By Theorem 18, \/ ., A; is an r-§ ;;-open set of
X. Since f is an r-¢5-open function, it follows that f(\/ cq Ai) = Vyeq f(Aw). is an 7-6¢-open set of
Y.

Conversely, assume that for every family { A, },ecq of r-0¢,-opensetsin X, \/ q f(4;) = f (VweQ Ai) is
an r-0s-openin Y. Let B be a basis of (X, 7") consisting of -0 ss-open setin X and A € | X be any r-0 fe-
open set in X. Then, by Remark 22, there exists a subfamily {A,},cqo € Bsuch that A =\/ ., Aw.. By
hypothesis, f(V cq Aw) isanr-ds-opensetinY and f(A) = f(V,eq 4i) = Vueq f(Aw). Indeed, f(A)
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is an r-0s,-open in Y. Since A is an arbitrary r-d;,-open set in X, by Definition 35, f is an -0 ;s-open

function. O

Theorem 38. Let (X, 7) and (Y, N)beaSFTSs, f : (X,T) — (Y,N) be a function, and r € Iy. Then f

is an r-65-open function if and only if for every 4 € I,
f (5fSI7—(A7r)) < 5stN (f(A),’f') :

Proof. Let f be an 7-d¢,-open function. Let A € X, By Theorem 28 (i) d7:I7(A,7) < A, and so,
[ (0ssI7(A)) < f(A). By Theorem 18, 67,17 (A,r) is an dss-open set in X, and since f is an ¢ s,-open
function, f (67517 (A)) is an r-0ss-open set in Y. Now, let

F={Vel0,1]Y:V < f(A),Visanr-d;;-open setin Y}
Then f (r-6¢s17(A)) € F, and hence,

f@pIr(Am) < \/ vV
VeF

= 0psIn (f(A), 7).

Conversely, assume that for every A € IX, f(6;I7(A,7)) < sy (f(A),r). Let U € I¥ be an
r-d ts-open set. By Theorem 26, § ;.17 (U,r) = U. So,

fU) = f @psIr(U,r))

< opsln (f(U),7)

Theorem 28 (i) yields f(U) = é¢sIn (f(U),r). By Theorem 27, f(U) is an r-ds5-open set in Y. Since
U € I* was an arbitrary chosen 7-§5-open set, it follows that by Definition 35, f is an 7-ds-open

function. O

Theorem 39. Let (X, 7), (Y,N), and (Z,K) be a SFTSs, and r € (0,1]. If f : (X,T) — (Y,N) is an
r-d¢s-open function and g : (Y, V) = (Z,K) is an r-0s5-open function, then the composition g o f is an

r-0 rs-open function.

Proof. Let A € I* be an r-0s5-open set. Since f is an 7-d¢5-open function, f(A) is an r-67,-open set
in Y. Again, since g is an r-§¢,-open function and f(A) € IY, g(f(A)) is r-ds-open in Z. Thus,
g(f(A)) = (go f)(A)is an r-05-open set in Z, and hence g o f is an 7-d y;-open function. O

Definition 40. Let (X,7) and (Y, /N) be a SFTSs. Let f : (X,T) — (Y,N) be a function and r € I,.
Then f is called a r-fuzzy semi-delta-continuous function, denoted by r-0 ss-continuous function, if f=1(A)

is an -0 s-open set in X for each r-0s,-open set Ain Y.
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Example 41. Let (X,7) and (Y, N) be a SFTSs, where X =Y = {x,y, z}, and the fuzzy sets 4;, A,
As, Ay € IX and As, Ag € IY are defined by the following;:

Ai(z) =04, A1(y) = 0.5, Ai1(2) =0.2;  Ay(z) = 0.6, Ay(y) = 0.4, As(z) =0.8;

Asg(x) = 0.6, As(y) = 0.6, Az(2) =0.8; As(z) =04, As(y) = 0.2, As(z) = 0.5;

As(x) = 0.7, A3(y) = 0.4, As(z) =0.8; Ag(z) = 0.6, Ag(y) = 0.8, Ag(z) = 0.6.
And the functions 7 : IX — I'and N : IY — I are defined by the following:

;

1, if A€ {0,1}, )
. 1, if Ae{0,1},
—, if A= Ay, .
T(A) = f N(A) = 5 if A€ {45 Ac}
T if A= Ay,
0, otherwise.
0, otherwise.

Letr =t and f: (X,7) — (Y,N) be defined by f(z) = z, f(y) = 2, and f(z) = y. Then by Definition

40, fisa i—& fs-continuous function.

Theorem 42. Let (X,7) and (Y,N) be a SFTSs, f : (X,7) — (Y,N) be a function, and r € I.
Then f is an r-§¢,-continuous if and only if for every family {A, }weq € I7 of r-dss-open sets of Y,

S (Vwea Aw) = Vea [ (AL) is an r-05-open set in X

Proof. Let { A, }weq be a family of 7-d;s-open sets of Y. Then by Theorem 18, \/ . 4; is an r-§¢,-open
set of Y. By continuity of f, f~!(\ecq 4i) = Ve f~1(4i) is an -6 s-open set of X.

Conversely, assume that for every family {A,}.eq of r-dy,-open sets in Y, \/ .o Y A,) =
S (Vpeq Ai) is an r-6p5-open set in X. Let B be a basis of (Y, \) consisting of r-67,-open set
inY and A € I* be any r-0s5-open set in Y. Then, by Remark 22, there exists a subfamily
{Au}weq C Bsuch that A = \/ . A,. By hypothesis, f~!(\/ cq Aw) is an 7-67,-open set in X and
F7HA) = 71 (Vpea Aw) = Vea f1(A). Indeed, f(A) is an r-6f,-open in X. Since A is an arbitrary

r-0rs-open set in Y, by Definition 40, f is an r-6 ¢,-continuous. O

Theorem 43. Let (X, 7) and (Y, N)beaSFTSs, f : (X,7) — (Y,N) be a function, and r € Iy. If f is an
r-0s p-continuous and a fuzzy set A € I' is an r-dss-closed set in Y, then f~1(A) is an r-64,-closed set

in X.

Proof. Let f be an r-d,s-continuous and A € [ Y bean r-§ rs-closed setin Y. Then A€ is an -0 ss-open set
in Y. Since f is an r-§5-continuous, f~!(A¢) is an r-d ss-open set in X. Note that f~*(A¢) = (f~1(A))".
Thus, (f~'(A)) is an r-dy,-open fuzzy set in X. Thus, it follows that f~!(A) is an r-d7,-closed set in
X. O
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Theorem 44. Let (X,7) and (Y,N) be a SFTSs, f : (X,T) — (Y,N) be a function, and r € I,. If
f is an r-6,-continuous, then for every family {A, },co of r-6fs-closed sets of Y, f~1 (A cq Aw) =

we 7w
Nweo fH(Ay,), is an r-0,-closed in X.

Proof. Let { A, }uen be a family of 7-6,-closed sets of Y. Then by Theorem 19, A . Au is an r-6 -
closed set of Y. Since f is an r-dss-continuous, by Theorem 42, f (A cq Aw) = Awea /1 (Ay), is an
r-0 rs-closed set of X. O

Theorem 45. Let (X,7) and (Y,N) beaSFTSs, f : (X,T) — (Y,N) be a function, and r € Iy. Then f

is an -0 ss-continuous if and only if for every A4 € IV,
fil (5stN(A7 T)) < 6f8[T (fil(A% 7’) .

Proof. Let f be an r-6ss-continuous and let A € IY. By Theorem 28 (i), §sIx(A,7) < A. Then

f71(0psIn(A)) < f7Y(A). By Theorem 27, §¢5In(A,7) is an 7-d¢5-open set in Y, and since f is an

r-§ gs-continuous, f~1 (§¢sIx(A)) is an r-85-open set in X. Now, let
F={Verl*:V<fA),Visanr-§s,-open setin X}.

Then f~! (675sIn(A)) € F. Hence,

S GrIvAn) <\ V
VeF

=617 (F71(A), 7).
Conversely, assume that for every A € IV, f~1 (65515 (A, 7)) < 85517 (f71(A),7). Let U € IV be an
r-d ts-open set in Y. By Theorem 26, 07,1z (U, ) = U. So,
FHU) = FH Gpedn (U, 7))
< I (fHU), 7).

By Theorem 28 (i) yields f~(U) = r-d5sI7(f~'(U),r). By Theorem 26, f~'(U) is an r-§,-open
set in X. Since U was arbitrary chosen r-d,-open set in Y/, it follows that by Definition 40, f is an

r-0 fs-continuous. 0

Theorem 46. Let (X,7) and (Y, N) beaSFTSs, f : (X,T) — (Y,N) be a function, and r € Iy. If f is an

r-§ ps-continuous, then for every fuzzy set A € IV,
0psCr(F7H(A)r) < 7 (05Cn(A,1)).

Proof. Let f be an r-d s5-continuous and A € IY. By Theorem 31 (i), A < §7,Cxn (A, 7). Then f~1(A) <
f71(0¢sCar(A, 7). Note that by Theorem 30, 6sCr(A,7) is an r-d s5-closed set in Y, and since f is an
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r-0 rs-continuous, by Theorem 43, f ) #sCn (A, 1)) is an r-0s4-closed set in X. Now. let
F={Verl*:fY(A) <V, Visanr-d-closed set}.
Then, =1 (§¢sCn(A,7)) € F. Thus,

5psCr (£ (A)r) = A\ V

VeF

< f_l (5fsCN(A7 ’I“)) .
O
Theorem 47. Let (X,7), (Y,N), and (Z,K) be a SFISs, and r € I,. If f : (X,T) — (Y,N) is an

r-dss-continuous and ¢ : (Y,N) — (Z,K) is an r-ds-continuous, then the composition g o f is an

-0 rs-continuous.

Proof. Let A € IZ be an r-0 ts-open set. Since g is an r-d y,-continuous, g 1(A) is an r-6 fs-open set in
Y. Also, since f is an r-§;-continuous and g~'(4) € IV, f~! (¢7'(A)) is an r-d,s-open in X. Thus,
S (g7 (A)) = (go f)*(A) is an r-dfs-open set in X, and hence g o f is an r-ds,-continuous. O

Definition 48. Let (X,7) and (Y,N) be a SFTSs. Let f : (X,T) — (Y,N) be a function and r € I,.
Then f is called an r-fuzzy semi-delta-homeomorphism, denoted by -6 y,-homeomorphism, if f is bijective,

r-0 rs-continuous, and r-é ,-open function.

Example 49. Let (X, 7) and (Y, ) be a SFTSs, where X =Y = {x,y, 2}, the fuzzy sets Ay, Ay € I*
and A3, A4 € IV are defined by the following:

Al(.%') = 0.47 A1<y) = 0.2, Al(z) = 05, A3([E> = 0.4, Ag(y) = 05, Ag(z) = 0.2;
AQ(.’E) = 0.6, Ag(y) = 0.8, AQ(Z) = 0.6; A4(.CU) = 0.6, A4(y) = 0.6, A4(Z) =0.8.

And the functions 7 : I* — I and N : IY — [ are defined by the following:

1, if Ae{0,1},
1, if Ae{0,1}, .
) 3 if A= Az,
T(A) = o A€ {41 A} N(A) = |
T if A= Ay,
L0 otherwise.
0, otherwise.

Letr = Land f : (X,7) — (Y,N) be defined by f(z) = z, f(y) = 2, and f(z) = y. Clearly, f is
bijective, and by Definition 35 and 40, f is an ;-7,-open function and 1-6 ,-continuous, respectively.

Therefore, by Definition 48, f is a 1-,-heomorphism.
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Remark 50. Every r-0;,-homeomorphism f is both an r-¢¢,-continuous, and 7-4 ;s-open function.

Theorem 51. Let (X,7) and (Y, V) be a SFTSs, f : (X,7) — (Y, N) be a function, A € IX,and r € I,.

If f is an r-6 y;-homeomorphism, then the following properties hold:

(1)
(ii)
(i)
(iv)
(V)

Proof.
(i)

(ii)

(iii)

(iv)

flisanr-6 fs-continuous;

Ais an r-0ss-open in X if and only if f(A) is an r-d¢,-openin Y;
if Ais an r-6,-closed in X, then f(A) is an 7-d¢,-closed in Y
F(OpsIr(A, 7)) = r-65sIn(f(A),7); and

FH04sC7(A,r)) = 0pCn (F7H(A), 7).

Assume, that f~! is not an -8 fs-continuous. Then there exists an r-¢¢,-openset A € 1 X such
that (f~1)7!(A) is not r-§¢5-open in Y. Note that f is an r-d s;-homeomorphism, then f is
bijective, and so, (f~1)7*(A) = f(A). Thus, f(A) is not an r-§s5-open in Y. However, since f is
an -0 rs-homeomorphism, by Remark 50, f is an 7-d¢,-open function. Since, A is an r-6 ¢,-open
setin X, f(A)is an r-6s,-open in Y, a contradiction

Assume that A € I is an r-§s,-open in X. Since f is an 7-0;s-homeomorphism, f is an
r-0 ts-open function. Hence, f(A) is an r-0s-open setin Y.

Conversely, assume that f(A) € I' is an r-ss-open in Y. Since f is an -0 ss-homeomorphism,
[ is an r-§ ¢s-continuous function. Therefore, f~! (f(A)) is an r-§¢s-open in X. Now, since f is
bijective, A = f~1(f(A)), and hence, A is an -0, s-open set in X.

Let A € IX beanr-§ ss-closed set in X. Then A€ is an - ;,-open set in X. Since f is an 7-d,-
homeomorphism, by Remark 50 and Defintion 35, f is an r-0 ss-open function and f(A€) is an
r-0ss-open set in Y. Since f is bijective, then (f(A4))° = ((f(A4))°)° = f(A) is an r-§ f5-closed in
Y.

Let A € IX be any fuzzy set. Note that f is an r-§;;-homeomorphism, by Remark 50, f is
also an r-6¢5-open function. By Theorem 38, f (d¢s17(A, 7)) < d¢sIn (f(A), 7). Conversely, let
V={VelI¥:V < f(A), Visanr-§s;-open}, where A € IX. Again, by Remark 50, f is an
7-0 ts-continuous. Hence, for each V € V, f~1(V) is an -0 5-open set in X. Since V < f(A),
for each V € V, and f is bijective, f~1(V) < f~!(f(A)) = Aimplying f~1(V) < A. Now, let
U={U€I*:U<A, Uisanr-ds;-openin X}. Thus, foreach V € V, f~}(V) € U and by
Definition 24 (i),

Ffvys Vo

veu

— -5y I (A7),
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(V)

This means that for each V € V, f~1(V) < r-6;,I7(A,r). Applying f to both sides and by
bijectivity of f, foreach V €V,
V=f(f )
< f (5stT(Aa 7“)) .

So, every V € V), satisfies V < f(875I7(A,7)). As aresult,

Srsln (f =\/V
Vey

< f Osplr(AsT)).

Since f is an -0 ;s-homeomorphism. By Remark 50, f is an 7-d s,-continuous. Then by Theorem
46, 85sC7 (f71(A),7) < f71(67sCn(A,7)). On the other hand, note that f~1(A4) € I¥, by
Theorem 30 (i), f*(A) < 87sC (f~1(A),r). Since f is bijective, applying f to both sides yield
A=f(f1(4)
< f (67507 (F7H(A) 7)) -
Note that by Theorem 30, d7,Cr ( 1A, 1") is an r-dss-closed set in X, and again, f is an
r-6 fs-homeomorphism, then by Theorem 51 (iii), f (67,C7 (f~(A),r)) is an r-6,-closed set
in Y. Now, let {V,,},cq C I be the collection of r-§ fs-closed setin Y where V' > A. Then,
f (5fSC7' (f_l(A),T)) € {Vi}wea- Then

SpsCn(A,r) = N\ Vi

weN
Vu>A

< f(355Cr (F71(A),7))
Since f is bijective, applying f~! both sides yield
f_l (6fsCN(A7 ’l“)) < f_l (f (5]‘507' (f_l(A)a ’I")))
= o707 (f71(A),7).

Asaresult, f~1 (07Cn (A, 7)) = 67,C7 (f7H(A), 7).
]

Theorem 52. Let (X,7), (Y,N), and (Z,K) be a SFTSs, and r € Ip. If f : (X,7) — (Y,N) and

g: (Y,N)— (Z,K) are r-0 ;s-homeomorphisms, then g o f is an r-0 ;s-homeomorphism.

Proof. Let f and g be an r-0 s;-homeomorphisms. Then both f and g are bijections and their composition

g o f is also a bijection. Next, note that f and g are also r-d s,-open functions, by Theorem 39, g o f is an
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r-0 ts-open function. Lastly, note that since f and g are also r-0 ss-continuous, by Theorem 47, g o f is an

r-0 rs-continuous. As a result, by Definition 48, g o f is an r-6 ;,-homeomorphism. O
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