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AssTtrRACT. In this article, we propose a Dai-Yuan projection method for solving monotone nonlinear
equations. The method is structured to avoid derivative evaluations at each iteration, thereby reducing
computational complexity. To further accelerate convergence, an inertial term is incorporated into the
framework. We establish global convergence of the proposed algorithm under standard assumptions. This
work complements and extends existing results in the literature by combining efficiency, stability, and
enhanced convergence properties.
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1. INTRODUCTION

. In this paper, we consider iterative method for finding the solutions of the following nonlinear

monotone equation
K(w) =0, (1.1)

where K is continuous, w € C'and C' C R" is a nonempty, closed, and convex subset of an n-dimensional
Euclidean space R” such that R" is equipped with the Euclidean norm ||.|| and the inner product
(u,v) = ul'v, for u,v € R™.

Many effective methods have been developed lately to solve (1.1), Among them are, Newton method,
Quasi-Newton method, Gauss-Newton method, Levenberg Marquardt method and a series of their

variants, (see [2,9-12,14,16] and references therein). These methods are very popular because of
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their fast local convergence property. However, they are not suitable to solve large-scale optimization
problems because they need the computation of Jacobian matrix or an approximation at each iteration,
which makes them not suitable for handling such optimization problems. To address the drawback,
matrix free approaches were developed for solving large-scale unconstrained optimization problems
because of their simplicity and low storage, e.g, conjugate gradient method (CGM), spectral gradient
method (SGM), and spectral conjugate gradient method (SCGM). A common one among these methods
is the CGM which is as follows:

“, gF Ad; A
—~ dlAd; "

di+1 = gk (1.2)

fori=1,2,.... k.

Several researchers have combined the projection technique of Solodov and Svaiter [4], with CGM to
solve nonlinear equations. For instance Wang et al. [3] extended the work of Solodov and Svaiter [4]
and proposed a projection type method to solve monotone nonlinear equations. Also, Ma and Wang [5]
presented a modification of extra-gradient method with projection for solving constrained nonlinear
equations. Zheng and Zhou [6] proposed a spectral gradient projection method for solving nonlinear
monotone equations. By popularizing the idea of Zheng and Zhou [6], Yu et al. [7] proposed a
constrained version of the spectral gradient method for solving monotone nonlinear equations. A
recent interesting projection type of CGM is the Dai-Yuan method introduced by Dai, Y.H and Yuan
Y. to solve a monotone nonlinear equation. The Dai-Yuan projection method stands out among CGM
projection techniques because of its strong global convergence properties and efficient descent direction,
even without exact line search. Unlike other CGM methods, it effectively avoids the loss of descent
direction, making it particularly suitable for tackling challenging monotone nonlinear equations. Its
robustness and low computational cost per iteration further enhance its practical appeal compared
to classical projection methods. Moreover, the method demonstrates stability and adaptability when
extended to constrained settings, which broadens its scope of application.

Efficiency of an algorithm is often measured by the speed of convergence. In doing this, most researchers
incorporates inertial extrapolation. The inertial extrapolation type algorithm was first introduced by
Polyak [28] as an acceleration mechanism to tackle smooth convex minimization problems. The inertial
method is a two-step iterative approach, which uses two iterates to compute the next one, effectively
improving the rate [14, 5, 15]. There is a body of literature dedicated to this area, with various fast
iterative algorithm sconstructed using inertial extrapolation. For example, we have inertial forward-
backward splitting method [17, 18], inertial Mann method [20], inertial Douglas-Rachford splitting
method [24], inertial ADMM [20], inertial subgradient extragradient method [21], inertial forward-

backward-forward method [22], and inertial contraction method [19]. These strengths motivate the
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incorporation of an inertial term in to the Dai-Yuan projection method for solving nonlinear equations
in the Euclidean space setting.

The rest of this paper is organized as follows: In Section 2, we present the inertial algorithm for solving
(1.1) and some technical tools needed in this paper. In Section 3, the convergence analysis of the method

is proved.

2. PRELIMINARIES AND ALGORITHM

This section presents some important definitions and Lemmas that are important for establishing the

convergence of our proposed algorithm.

Definition 2.1. Let K : R" — R" be a mapping. Then we have the following.

K'is called monotone, if
(Ku — Kv)T(u—v) > 0,Vu,v € R".

Lemma 2.1. Let K : R" be an Euclidean space and C' be a closed and convex subset of R", for each u,v € R",
the following inequality holds:
e+ 0l < Jlull® +2(v, u+ v). (2.1)

Lemma 2.2. Let C C R" be a nonempty closed and convex set, some vector u € R", the orthogonal projection of

u onto C denoted Pc(u) is defined by

Pe(u) = argmin {{lv —ul | v e C},

where ||lu|? = v u.

Lemma 2.3. P is called orthogonal projection of R™ onto C. The orthogonal projection Pc has the following
fundamental properties;

(i) (w— Po(w))T (Po(w) — 2) > 0,Yw € R",Vz € C,

(i) [[Po(w) = Po(2)]| < |lw = 2], Yw, z € R™,

(iii) [[Po(w) = 2] < flw = 2|* = [lw = Pe(w)|.

Lemma 2.4. Let K : R" — R" be a mapping. Then K is said to be Lipschitz continuous, if there exists L > 0
such that
|Kw— Kz|| < L||w — z||, Vw, z € R". (2.2)

Lemma 2.5. Let {z} and {wy} be sequences of non-negative real numbers satisfying > p-, wy < oo and

Tit1 < xp +wg, k=1,2,3... Then {x}} is a convergent sequence.

Throughout this paper, we assume that mapping K : R” — R" satisfy the following conditions:
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B, . The feasible set C is a nonempty closed and convex subset of R".
By. Kis monotone on C and Lipschitz continuous.

Bs. The set of solution to (1.1) denoted by I' is nonempty.
Next, we present our algorithm (D-YPM) as follows:
Initialization: Let o € R" and parameters p € (0,1),£ € (0,1),n € (0,1) X € (0,2),7 € (0,1), set
n=0
Iterative Steps: Calculate x4 as follows
Step 1: Choose o, such that 0 < «;, < @, where

: 1
I (23)

a, otherwise.

Compute
Wy, = Tp + (T — Tp—1). (24)
Step 2: If || K (w,)|| < ¢ stop. Otherwise, generate the search direction p;,.
po = —K(wo), pn=—K(wn)+ ppn-1. n>1, (2.5)

where
1K (wn) ]?
maX{pZ_lyn—hthn—ﬂ\HK(wn)H}

Yn—1 = K(wn) - K(wn—l)-

Step 3: Choose t,, = m“i, where i is the least non-negative integer such that
_K(wn + nripn)pn > 5tn”an2- (27)

Compute the trial points
Up = Wy, + TnPn-
Step 4: Ifv, € C and | K(v,)| <¢&. Stop and set wy,+1 = v, ,otherwise compute the next iterate
by
Tpt1 = Polwn — ABnK (vn)], (2.8)
where

K(Un)T(wn — Up)
15 (vn) 12

/Bn = (29)

set n = n + 1 and return to stepl.
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Remark 1: Observe that from Step 1 of Algorithm D-YPM, that for all n
o0
Zanﬂmn —zpa|? < oo (2.10)
n=0
Lemma 2.6. Let p,, be generated by Algorithm D-YPM, Then p,, always satisfies the sufficient condition, that is,

K (wn)"pn = —el[ K (w,)]% (211)

Proof. The proof is in two parts, For n = 0, it clearly holds, i.e

from (2.5)
po = —K(wo).
Multiply both side by K (wo)T, we get
K(wo)"py = —K(wo)K (wo)"
K(w)" = —|K(wo)|* (2.12)

For n > 1, by multiplying (2.5) in Step 2 by K (w,,)”, we have

K(wn)Tpn = _K(wn)K(wn)T+ﬂK(wn)Tpn—1
1K (wn) ||
max{p;_1Yn—1, t[pn—1 || K (wn)[I}
1 () ||
[Pn—1[[ K (wn)]]
1K (wn)||?
t

= (= DK )P,

= _||K(wn)||2 + .pn_lK(wn)T

< K wa)l* + N (wn) [ [P |

= —|lK (wn)|* +

Remark 2: By (2.12) and the Cauchy-Schwarz inequality, we have
K (wn) pal = | = [[K (wn)|?|
1K wa) lllpnll = (1K (wn) |2

K (wa)ll < lpall- (2.13)

3. CONVERGENCE ANALYSIS

Lemma 3.1. Let Assumptions By — B3 hold and the sequence x,, and vy, be generated by Algorithm D-YPM. if
x* € I'. Then the following inequality holds

—_ 4
e — 2l < g — 2 - A2 - W21 2]

Kol G1)
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Moreover,
kli_}n;o l|wn, — va|* = 0. (3.2)
Proof. Let * € I then
Jonss — 212 = Ilpclwn — ABaK ()] — 2|1
< fwn = ABuK (va) — ||
= [lwn = 27" = 228K (vn)" (wn — ) + N B K (va) | (3.3)
By assumption By, we have
K@) (wn —2%) = K(vp)T (w, —vp +vp — 2%)
= KT (w, —vp) + K ()T (v — 2%)
> K(vn) (0w, —vn) + Kz (v, — %) (3.4)
Since I is a solution set and z* € I', then
K@) (w, — %) = K(vp)T (wn — vn). (3.5)
Now, from (3.5), we have that
K(vp)" (wy —2) = K(wn +tapn)" (~tapy)
2
= 52 [[wn t—%vn”
This implies that
K ()T (wn — %) = K(vp)T (wp — vp) = 8||wp — vn| (3.6)
Combining (3.3) and (3.5), we have
Wy, — vp|*
fenin = anl? < un —°|P = A2 - a2 el (37)
and thus
[2n1 =2 < Jlwn — 2. (38)
This implies that
[Zner — 2% < flwn — 27|
= lon + an(en — 2n1) — 27
< lan — 27| + anllzn — 2l (39)

Noting from (2.10), it follows from Lemma (2.6) that the sequence ||z, — z*|| is a convergent, therefore

we can deduce that ||z, — 2*|| is bounded by a positive number say M, so by the definition of inertial

term (2.4), Lemma (2.2), eqn (3.7) and the boundedness of x,, we have that
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||wn—x*||2 = |lzn + anlzn — zn-1) —JJ*H2
< o, — x*H2 + 200, (2 — :En_l)T(a:n —z* + ap(zy — Tp-1))
< lon — x*Hz + 2an[|rn — Tp-1||[[(zn — 27) + an(Tn — 20-1)||
< lwn = 2|1 + 20mllzn — 2o || (Jon — 2 + len(@n — 2a-1)])
< |lon - x*H2 + 2Moan |7 — 1| + 4Mocwn || — 1|
< lzn — 2F||* + 6 Moo || 2n — 2n_1 . (3.10)

Combining (3.7) and (3.10), it follows that

* ()2 )2 2||wn—vn||4
[Znt1 — 2|7 < lzn — 277 + 6Mocw ||z — 2n-1]] — A(2 = A)0 W (3.11)
Thus, we have
2Hwn_vnH4 * %112
A2 —A)d 7”[((1} TE < lon — 2% + 6 Moo ||2n — Tp—1|| — |Tne1 — =% (3.12)

Since x,, is bounded, it is easy to see that w,, is also bounded. Building upon the assumption of Lipschitz

constant for the mapping K, we can conclude the existence of a positive constant denoted by ¢, that is
K (wn) || < € Wk, (3.13)
using (3.16) and Assumption B; yields

K(UH)T(wn —vp) = (K(vn) — K(wn))T(wn —vp) + K(wn)T(wn — p)

IN

[ (wn ) [[[wn = vl

IN

k|| wn — vpl|- (3.14)
Combining the above with (3.6), we can deduce that ||w;,, — v,|| < %. Then, we can obtain

€k
lonll < = + [Jwnl| (3.15)

Since w,, is bounded, therefore v, is also bounded. Given the Lipschitz constant of the mapping K
and boundedness of vy, it follows that the sequence K (v,) is also bounded. Consequently, if a positive
number w> 0 such that || K (v,)| <w . By combining the information with the (3.9) and summing over

k=1,2,3,... we have
[o¢] [o¢]
FPAR =N wn = vnl* < K@) IIPY (o — 2|7 = lonss — 2*)|* + 6Moan||lzn — zn—1])
n=0 n=0
< Q.
This means that

lim |jwy, —vy| = 0. (3.16)

n—oo
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O
Lemma 3.2. Let wy, and vy, be the sequence generated by Algorithm D-YPM. then we have for all n
tn >ty >0, (3.17)
where
L olK)?
(L +8)lIpal®

Proof. By (2.7) we have that
—K(wn +0r'pa)" > tallpal®.

If ¢, # n the line search procedure implies that b= %” does not satisfy the condition in (2.7). By

contradiction, we have
_K(wn + n_ltnpn)Tpn < 577_1tn||pn||2- (318)

By Lipschitz continuity and (3.16)

I (wa) P = =K (wn)"pn + K (wn + 0~ tupn) pn = K (wn + 0~ tupn) pn
= (K(wn + 0" tnpn) = K(wn)) pn = K (wn + 07 tnpn) " pn
< K (wn + 0~ tapn) = K (w)l[1pall = K (wn + 0" t0pa) " pn
< Lln~ tapnllllpall + 60~ tallpal®
< Ly~ tallpal® + 0p™ nllpall?
< 0 ta(L+0)pall®. (3.19)
The above inequality leads to the desired inequality O

Lemma 3.3. Let € be a constant such that for alln > 0, | K (wy,)|| > ce,, then the search direction p,, generated

by Algorithm D-YPM is bounded. that is ||p,| < ma.

Recall from sufficient decent condition

v

_K(wn)Tpn HK(wn)H2

| — K(wn)Tpn’

\%

| K (wn)|®

[ (wn ) [ | K (wn)|%,

Y

which implies
[pnll = el K (wn)|| = ce. (3.20)

Now, we establish that the search direction p,, is bounded, we have two :
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Case 1: If the max{pl ;yn_1,t||pn_1 || K (wn)|} is t||pn_1]/ || K (ws)|, we have as follows:
Pn = _K(wn) + pUpn—1.

Then

1K (wn)]?

max{p} 1 Yn—1, tpn—1ll|| K (wn)]|

K (w)]]?
tpn—1 |15 (wn)
1l Cwn)
HK(wn)H + t||K(wn)||
I (wn) |

t

= (1) Iewat.

Setting My =1+ % it follows that Vn > 0 we obtain

lonll = H_K(wn)+ |Pn—1

IN

(K (wn) | + ” [pn -1

IN

= [[K(wn)ll +

[pall < Mae (3.21)

Theorem 3.4. (Global convergence) Suppose that assumption By, By and Bs hold. Let x,, be the sequence
generated by Algorithm D-YPM, then

le inf||K(wy)|| = 0. (3.22)

Proof. Suppose (3.22) does not hold, there exist a constant e > 0 such that

| K (wy)|| > € n>0. (3.23)
By (2.12), we know that
1K (wn)l| < llpa]l-
This shows that
Ipnll = 1K (wa)]| 2 €0 Vn = 0. (3.24)

Next we show that p,, is bounded. From

Pn = _K(wn) + Upn—1,

we have that

1K (wy)||?
lonll = ||—K(wn) + |Pn—1
" " max{pl_yn—1, tpp— |1 K (wn)]|
| K (wy)]?
<K (wn)] + |Pn—1]|
" tpn—1[[|| K (wn)|| "
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Wn, 2
< HK(wn)HJr,ka}E'(wiH)H
- HK(wn)HJr”K(;M

= (1) Iewal.

Setting M; =1+ % it follows that Vn >0

[pnll < M| K (wn)

B (3.25)

which together with (3.17) means that lim,, ,~ t,, = 0. For ease of notation, we define ¢,, = nr*. Thus

from (2.7), for sufficiently large n, the following inequality holds
K (wn + 1% p) pn < 601 ||1pal|?. (3.26)

Combining with the boundedness of w;,, there exists a subsequence of {w, } and {p,} such that, taking

limits on (3.26) yields
K(w)" p<o,

where w, p are limit points of corresponding subsequences, Also by taking limit on both side of (2.7)

we obtain
K (w)" p> ||K (w)]]*.

From the above two inequalities, we get that | K (w)| = 0, which contradicts (3.24). Furthermore, since
K is monotone and (3.23) holds, then the sequence {w,} has some accumulation point say w, for
which K (w,) = 0 that is, w. is a solution of (1.1). From (3.5), it holds that {||w, — v,||} converges and

since wy is an accumulation point of {w, } we must have {w, } converges to ws. O
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