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AssTRACT. In this study, we investigate the spectral properties of the non-commuting graph associated with
the group Usn, for n > 1. Specifically, we determine the spectral radius and graph energy derived from the
eigenvalues of the normalized Laplacian (/N L) and normalized signless Laplacian (/NSL) matrices. Our
analysis reveals that the N L-energy coincides exactly with the V.S L-energy for all admissible values of n,
and notably, this common energy value is always an odd integer. These findings contribute to a deeper
understanding of spectral invariants in algebraically defined graphs and highlight a structural symmetry
between N L and N SL frameworks for this class of groups.
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1. INTRODUCTION

The non-commuting graph of a finite group G, denoted by I'i, is defined by taking G\ Z(G) as its
vertex set, where Z(G) represents the center of G. Two distinct vertices v, and v, are connected by an
edge if and only if they do not commute in G [1]. In this study, we consider the finite and non-abelian
group Usy, of order 6n, where n > 1, given by the presentation Us, = (a,b: a®*" = b* = e,a 'ba = b~ ')
[8]. Accordingly, the non-commuting graph associated with this group is denoted by I'y,,, .

The notation of graph energy was first introduced by Gutman in 1978 [5], and is defined as the sum
of the absolute values of the eigenvalues of the graph. The largest absolute eigenvalue is referred to as

the spectral radius [7].
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Spectral graph theory has traditionally relied on the eigenvalue analysis of matrices associated with
graphs, including the adjacency matrix, Laplacian matrix, and their normalized counterparts, to extract
structural properties. Hogben [6] explored the interrelationships among these matrices within the
framework of the spectral graph theory. Furthermore, Khan and Pirzada [9] investigated the spectral
radius of the distance signless Laplacian matrix of graphs.

Recent developments include improvements in upper bounds of Laplacian-energy-like invariants
for trees [ 13], as well as bounds for normalized Laplacian energy [22]. Additionally, studies on the
Hermitian Laplacian matrix and classical Laplacian matrix have been discussed in [11,21].

Moreover, investigations into the energies of commuting and non-commuting graphs of dihedral
groups have been carried out in [17,18], where measures such as Seidel energy and closeness energy
were introduced and analyzed. In addition, Romdhini et al. [19,20] examined the non-commuting
graph associated with the group Us,, in relation to Seidel and Laplacian matrices.

The paper is organized as follows. Section 2 presents preliminary results and existing theoretical
foundations relevant to the study. Section 3 provides the main results, including explicit formulas for
the spectrum and energy of I'yj,,, corresponding to the normalized Laplacian (/N L) and normalized
signless Laplacian (/V.SL) matrices. Finally, the concluding section discusses the obtained results and

highlights the relationship between the energies derived from these two matrices.

2. PRELIMINARIES

This section summarizes essential definitions and known results that will be utilized in the subsequent
analysis.

Let I'y,,, be the non-commuting graph associated with the group Us,,.

Definition 2.1. The adjacency matrix of I'y;,, denoted by A(I'y,) = [as;] of order n x n, is defined by

1, ifv; # v; and v; is adjacent to v;
aij =
0, otherwise

Definition 2.2. The diagonal degree matrix D(I'y,) = [ds;] is given by

dy,, ifi=7j
P L j
0, otherwise,

where d,, denotes the degree of the vertex v;, i.e., the number of vertices adjacent to v;.

Accordingly, the matrix \/D(I'y,, ) is defined as

T
Vi =g Vo

0, otherwise.
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Definition 2.3. ( [3]) The normalized Laplacian matrix of 'y, is is defined as

NL(Tu,,) = vVD(Tug,)  (D(Tug,) = A(Tug )V D(Tog)

Definition 2.4. ( [3]) The normalized signless Laplacian matrix is given by

-1

NSL(Tu,,) = v/D(Tus)  (D(Tu,) + ATug))v/D(T0s,)

The spectrum of the normalized Laplacian matrix can be expressed as

)\17 A27 R An
oni(Tus,) = ;
ki, ko, ..., kn
where )\; are the eigenvalues k; denote their corresponding multiplicities. The normalized Laplacian

energy is then defined by
ENL(FUGn) =X Al
while the spectral radius is given by

pNL(Lug,) = maz{|A| : A € onL(Tg,)-

Analogous definitions apply to the normalized signless Laplacian matrix.
Throughout this paper, the non-commuting graph of U, is is denoted by I'yj;, . Since it is a simple
graph, both NL and N SL-matrices are well-defined.
We partition the group Uy, \ Z (Usy,) into the following subsets:
Glz{a%"'lzogrgn—l}
Gy = {a2r+1b10§r§n—1}
Gs = {a2r+1b2:0§r§n—1}
G4:{a2rb:0§r§n—1}
G5:{a27"b2:0§7’§n—1},

each having cardinality n.

The following result is useful for simplifying determinant computations.

A B
Theorem 2.5. ( [4]) If a square matrix be partitioned as M = where |A| # 0. Then
C D

A B )
|M| = = |A||D - CA™'B].
O D-CA™'B

The following known result describes centralizers in Us,,.
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Lemma 2.6. ( [14]) For 0 <r < n — 1, the following hold:

(1) Z(Uan) = (a?).

(2) Cu, (a**1) = (a).

(3) Cus, (a®110) = (a?) - ({a®*T1h:0< s <n—1}).
(4) CUM (a®10?) = (a?) - ({a®*T1?: 0 < s <n—1}).
(5) Cus, (a®b) = (a?) - ({a?b,a®b? : 0 < s <n—1}).

As a consequence, the degrees of vertices in I'y,, are given as follows.

Corollary 2.7. ([10]) Forn >1and 0 <r <n —1:
(1) dy2r+1 = 4n,
(2) dy2rr1p = 4n,
(3) dyzr+1p2 = 4n,
(4) dg2ry = 3n,
(5) dy2rye = 3n.

It is well known that a graph may be classified based on its energy relative to the complete graph.

Since I'yj,,, has 5n vertices, we adopt the following definition.
Definition 2.8. [12] A graph I'y;,,, with 5n vertices is said to be non-hypoenergetic if £(I'y,,) > 5n.

3. MaiN Resurrs

In this section, we derive the energy of I'ys,, in relation to VL and NSL matrices.

3.1. Normalized Laplacian Energy of I'y;,,. We begin by determining the characteristic polynomial of

the normalized Laplacian matrix associated with I's,,,.

Theorem 3.1. Let Py, )(A) denote the characteristic polynomial of N L(T'ys, ). Then

Py, y(A) = (A = 1)5n—4 ()\ — i>2 ()\ — ;) .

Proof. Since the graph I'yj,,, contains 5n vertices, the NL(I'y,, ) is of order 5n x 5n matrix. Based on

Lemma 2.6, the entries of NL(I'y,, ) = [nl;;] can be described as follows:

(1) nljj=0,for1 <i#j<nn+1<i#j<2n,2n+1<i#j<3n,and3n+1<i#j<bn;

(2) nlyj = — o f,for1<z<3n,3n+1<j<5n,aswellasfor3n+1<z<5n,1<]<3n,

(3) nlij——ﬂ,forlgzgn,nJrlS]§3n,f0rn+1§z§3n,1§]gn,forn+1§z§2n,
2n+1<j<3n,andfor2n+1<i<3n,n+1<j<2n;

(4) nlj; =1,fori =j.
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We can construct N L(I'y,, ) as follows:
a oat ab ooad®y ab? Loap? b . a2 Dp b2 o a2 p2
a 1 0 _L _L _L _ L _1_ .t __1_ 1
4n 4n 4n e 4n 2nv3 e 2nv/3 V3 2nv3
2n—1 0 1 _L _L _L _L __1_ -1 __1_ __1_
a 4n 4n 4n e 4n 271,\/5 e 27L\/§ 27L\/§ e Zn\/g
ab 1 _1 1 0 1 S T 1 _ 1 1
T in TR in /5 T3 IR 3
2n—1 1 1 1 1 1 1 1 1
a b —%n —%n 0 1 —dn - —%n T3 T s s
ab? 1 1 _ 1 1 0 __1_ S S 1
I in in I TR T3 5 T3
2n—112 1 1 1 1 1 1 1 1
e e R T w0 L g e TR T T
b 1 1 1 1 1 1 1 0 0 0
2nv3 e 2nv/3 2nv/3 2nv3 2nv3 T 2nv/3
2(n—1) 1 1 1 1 1 __1
a b 2nv3 e 2nv/3 2nv/3 2nv3 oanv3 T 2nv/3 0 1 0 0
b2 1 S N — L L —L 0 0 1 0
2nv/3 e 2nv/3 2nv/3 2nv3 oanv3 T 2nv/3 e e
2n—1)32 \ _ _ 1 1 1 1 1 1
a b v IR T3 T3 T3 PV RREE T3 0 0 0 1

Furthermore, NL(I'y, ) can be decomposed into 25 block submatrices, arranged as follows:

I ~dndn a5z
—=Jn I —dnIn oI oz
—5dn —3n L —5nmdn —5erdn
~on5In —onmdn —gngdn In On
o 2n1\/§ Jn o 2n1\/§ Jn N ﬁ Jn On In

By applying Py, 1(A) = [Msn — NL(I'yg, )|, we obtain

Py, y(A) =

(-1,
T
T

Rl

1
2n\/§ Jn

= =y inﬁ Jn 2n1¢§ Jn
A=D1, £, anx/an anﬁ T

= (A=D1, 2n1\/§Jn %1\@ Jn
ﬁjn ﬁjn (A =1I, On

On (A= 1),

1 1
2n\/§Jn 2n\/§Jn

To derive the expression for Py, (}), it is essential to apply a sequence of elementary row and

column transformations. Let R; and C; denote the operations performed on the i-th row and i-th

column of the matrix, respectively. The computation proceeds according to the following steps:

(1

R3nyi — R3nqi — R3p, for 1 <4 < 2n.

(2 iji — iji — R3n—4, for 1 <i1<n andj =n, 2n.

(4) Copyi — Copyi + Citi, forl <i<mnandj=0,n.

(5

)
)
(3) R3pn—i —> R3p—i — R3p, forl1 <i<n-—1.
)
)

Csnt1 — C3pp1 + C3pg2 + Capys + .o + Capy + Capyr + .o+ Gy
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(6) Rj-i-i — Rj-i—i — Rn+j, forl<i<n-—1 andj =0, n.

(7) C; — Cj+Cj_1+Cjo+...+ Cj,(n,l), j=mn,2n,3n.

8) Rsn — Ran— — ' Rynyo— — ' Rynis— oot — 1 Ry LRy~
( ) 3n 3n 2n(A—1)v/3 3n+2 2m(A—1)v3 3n+3 + 2(A—1)v3 4dn 2m(A—1)v3 4n+1
-1 R
" 2a(a—1)v/3
Thus, Py L(T'y )(A) can be expressed in the form of the following determinant:
n
3.1)
A =DIn-1 O(n—1)x1 On—1 O(n—1)x1 On—1 On-1)x1 On-1)x1 0n—1 O(n—1)xn
— 2 Jix(n-1) -2 O01x(n-1) 0 O01x (n—1) 0 0 01x (n—1) O1xn
On—1 O(n—1)x1 A=1DIn-1 O(n—1)x1 On—1 Otn—1yx1  O(n—1)x1 On—1 O(n—1)xn
O1x(n—1) 0 — & Jix(n-1) -2 On—1 On—1)x1  On-1)x1 Op—1 O(n—1)xn
On—1 O(n—1)x1 On—1 O(n—1)x1 A=DIp1 Otn—1)x1  O(n—1)x1 On-1 O(n—1)xn
T dix(n-1) i T ix(n-1) 3 3 J1x(n—1) A-13 % O1x(n—1) O1xn
ﬁ‘jlx(nfl) 2*\1/3 ﬁhx(nq) ﬁ ﬁ«hx(nq) % A—1 O1x(n—1) O1xn
On—1 O(n—1)x1 On—1 O(n—1)x1 On—1 Otn—1)x1  Om—1yx1 (A —=1)In_1 O(n—1)xn
Onx(n—1) Onx1 Onx(n—1) Onx1 O x (n—1) Onx1 Onx(n—1) Onx1 A= Inxn

By applying Theorem 2.5, Py, () can be expressed as follows:

Priry, y(A) = (A = 1)5n—4 ()\ — Z>2 </\ — g) A

Theorem 3.2. The N L—spectrum of I'yj, is given by

3 5
Spec(T'yg,) =
1 2 bn—4 1

Proof. The roots of Py, )(A) = 0 are the eigenvalues of I'y,,. From Theorem 3.1, the eigenvalues
are \; = 3 of multiplicity 1, \» = —2 with multiplicity 2, A3 = 1 of multiplicity 5n — 4, and Ay = —0 of

multiplicity 1. Therefore, the spectrum of I'y;,, associated to N L—matrix is

3 5
g 2 1 0
Spec(Ty,,)=| 2 *
1 2 dn—-4 1
a
Theorem 3.3. The N L—spectral radius of 'y, is
3
Proof. 1t is clear by Theorem 3.2, the largest absolute \; fori = 1,2,3,4is 1. O

Theorem 3.4. The N L—energy of I'y,, is

ENL(FUgn) = on.
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Proof. By applying the result of Theorem 3.2, the N L-energy of I'yj,, is obtained as follows:

Exu(To,) = | \ \ ] (51— 4)[1] + (1) [0] = 5n.

3.2. Normalized Signless Laplacian Energy of I'y,, .

Theorem 3.5. Let Pygyry, () be the characteristic polynomial of NSL(Lyg, ). Then

Pyspry, )(A) = (A— 1)>n—4 ()\ - i>2 (A—2) <>\ - ;) :

Proof. Since I'yy,, has 5n vertices, then NSL(I'y,, ) is a 5n x 5n matrix. According to Lemma 2.6, then
the (i, j)—entries of NSL(I'y,) = [nsl;j] are:
(1) nslij=0,for1 <i#j<nn+1<i#j<2n,2n+1<i#j<3n,and3n+1<i#j<bn;
(2) nslij = - f,for1<7,<3n 3n+1<j<bn,andfor3n+1<i<5n,1<j<3n;
(3) nslij—4n,for1<z<n n+1<j<3nforn+1<i<3n 1<j<nforn+1<i<2n,
2n+1<j<3m,andfor2n+1<i<3n,n+1<j<2n;

(4) nsljj =1, fori = j.
We can construct NSL(I'y,, ) as follows:

a a?n ! ab a?" 1y ab? Looa?rh? b LI DN b2 c. a2nmp2
a 1 0 1 1 _ 1 1 1 1 1 1
4an 4an 4an 4an 2n/3 2nV3 2n/3 2nV3
a2n—1 0 1 1 1 1 1 1 1 1 1
in an 4an 4an 2n/3 2nV3 2n/3 2nv3
ab 1 1 0 1 1 1 1 1 1
an an 4an 4an 2n+/3 2nV3 2nV3 2nV3
a2n—1p 1 1 0 1 1 1 1 1 1 1
in in an 4n 2n3 2nV3 2nv3 2nV3
ab? 1 1 1 L 1 0 1 1 1 1
4n 4n an 4n 2n/3 2nvV3 2nvV3 2n+/3
a2n—1p2 1 1 1 1 0 1 1 1 1 1
an 4n 4an an 2n+/3 2nv3 2nv3 2n3
b 1 1 1 1 1 1 1 0 0 0
2n+/3 2nV/3 2n+/3 2nv/3 2nv/3 2n3
2(n—1) 1 1 1 1 1 1
a b — ... - L. . 1 -
2n+/3 2nV/3 2nV3 2n/3 2nV/3 2n3 0 0 0
b2 1 1 1 1 1 1 0 0 1 0
2ny/3 2n3 2nv3 77 2nV3 2nv3 2nv3 T
2(n—1)32 1 1 1 1 1 1
@ b 2n3 2n3 2n/3 2n3 2nV3 2n/3 0 0 0 1

Furthermore, NSL(I'y,, ) can be decomposed into 25 block submatrices, arranged as follows:

I, I wmdn grmdn srogdn
=y I, ndn gimIn ggdn
NSL(Tye,) = | £Jn £ In 5imIn 5iggdn
s3I smdn gemdn In On
5 snsdn gamdn On I,
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By applying Py sy, )(A) = [Alsn — NSL(I'yg, )|, we obtain

A=Vl —gdn I —gmdn —gdn
1 1 1 1
g A-Dh —gdn “o3In Ty
st V= | ~didn i A= Dh —glah —gla
1 1 1
~snmIn —ommdn —gmmdn A=l On
1 1 1
_2n\/§Jn _Qn\/gjn _2n\/§Jn On, (A - 1)ITL

To obtain the explicit form of Pyg L(Ty, y(A), a sequence of elementary row and column operations

is required. Let R; and C; denote be the the operations applied to the i—th row and i—th column,

respectively, of the matrix associated with Py ¢ L(Tug y(A). The procedure is carried out through the

following steps:

(32)

(

~~ N

(

1) R3n+i — R3n+i — Rgn, for 1 <i<2n.
2) R];Z' — iji — Rgn,i, for 1 <i1<n andj =n, 2n.
3) R3,—i — R3n_i — R3p, for 1 <i1<n-—1.

4) Copyi — Conyi+ Cjyy, for1 <i<nandj=0,n.
5)

Csnt1 — Cspy1 + Cspgo2 + Cspgs + ... + Capy + Capg1 + - .. + Chp.

(6) Rjyi — Rj+i — Ryyj,for1 <i<n-—1landj=0,n.

(7) C; — Cj+Cj1+Cja+ ...+ Cj_(—1), j = n,2n,3n.

1 1 1 1
(8) Rgn — R3n + mR?mJ,_z + mR&,H.?,‘F. ..+ 2n(/\—1)\/§R4n+ 2n(>\_1)\/§R4n+1 +...+

1
2n()\—1)\/§R5n'
Thus, Pyg L(Tyg, ) (A) can be expressed in the form of the following determinant:

(A=1)Ip1 O(n—1)x1 On—1 O(n—1)x1 On—1 On-1yx1 Om-1)x1 On—1 O(n—1)xn

— & J1x(n-1) -3 O01x(n—1) 0 O01x (n—1) 0 0 O1x(n-1) O1xn
On—1 O(n—1)x1 A=D1Ip-1 O(n—1)x1 On—1 Otn—1)x1 O(n—1)x1 On—1 On—1)xn
01x(n—1) 0 — & Jix(n-1) A-2 On—1 Otn—1)x1 O(n—1)x1 On—1 Otn—1)xn
On—1 O(n—1)x1 On—1 O(n—1)x1 A=1DIn-1 Omn-1)x1  Om-1)x1 On—1 O(n—1)xn

— 2 Jix(n-1) -3 — & Jix(n-1) -1 — 5= J1x(n-1) -3 *% O01x(n-1) O1xn

_ﬁjlx(n—l) —ﬁ _ﬁjlx(nfl) —ﬁ _%Jlx(nfl) —237\/5 A-1 O1x(n—1) O1xn
On—1 O(n—1)x1 0pn—1 O(n—1)x1 On—1 On—1yx1  Om-1x1  A=DIn-1  Om-1)xn

Onx(n—1) Onx1 O x(n—1) Onx1 O x (n—1) Onx1 Onx(n—1) Onx1 A =DInxn

By Theorem 2.5, Pyg LTy, y(A) can be stated as

Pusiry, ) (V) = (A — 1P (A - i)Q (A—2) (/\ - ;) .

Theorem 3.6. The NS L—spectrum of I'y,, is

3
Spec(T'y,,) = 4
1 bn—4 2

— N
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Proof. The roots of Pyg L(Tug y(A) = 0 are the eigenvalues of I'y;, . From Theorem 3.5, the eigenvalues
are \; = 2 of multiplicity 1, Ao = 1 with multiplicity 5n — 4, A3 = % of multiplicity 2, and \y = % of

multiplicity 1. Therefore, the spectrum of I's;,, associated to V.S L—matrix is

2 1 21
Spec(T'y,,) =
1 5n—4 2 1
a
Theorem 3.7. The NS L—spectral radius of I'y,, is
pnsLTug,) = 2.
Proof. It is clear by Theorem 3.6, the largest absolute \; for i = 1,2, 3,4 is 1. O
Theorem 3.8. The N.SL—energy of I'y,, is
ENSL(FUgn) = 5n.
Proof. Using the result of Theorem 3.6, then the V.S L-energy of Iy, as follows:
3 1
Bst(Tes,) = 120+ Gn = )11+ )5+ 0 || =n
O

4. DiscussION

Based on the results established in Theorems 3.4 and 3.8, together with Definition 2.8, we obtain the

following consequences.
Corollary 4.1. The graph I'y,, is non-hypoenergetic with respect to both NL and N SL energies.
Corollary 4.2. The energies Enr,(I'y,, ) and Engr,(I'ys, ) are odd integers.

The result stated in Corollary 4.2 (1) is consistent with the established findings reported in [2]
and [15]. Furthermore, by directly comparing the results in Theorem 3.4 and 3.8, we obtain the

following immediate consequence.
Corollary 4.3. ENL (FU6n ) = ENSL (FUG” )
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