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AsstracT. We consider a system of two coupled Schrédinger equations with homogeneous Neumann
boundary conditions in a bounded domain Q C RY. Under suitable regularity assumptions on the
coefficients and a geometric condition on the observation subboundary I'1, we establish an observability
inequality for the corresponding solution. More precisely, we prove that the initial energy E(0) can be
estimated from above by the energy localized on the observed part of the boundary over a sufficiently
large time interval [0, T']. The proof relies on Carleman estimates for Schrodinger operators, combined
with a regularization argument to handle the Neumann boundary conditions. The resulting inequality is a
key tool for inverse problems and for controllability/stabilization results of coupled Schrodinger systems.
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1. INTRODUCTION

The concept of observability inequality plays a fundamental role in the theory of partial differential
equations, particularly in the context of control theory, inverse problems, and stabilization of dynamical
systems. Observability inequalities provide a quantitative estimate that bounds the energy of a system
at initial time by the measurements of the solution on a portion of the boundary over a finite time
interval. More precisely, for a given evolution equation, an observability inequality typically takes the

form

T
CrE(0) < / / |measurement|? dI dt,
0o Jry

where E(0) represents the initial energy of the system and the right-hand side involves boundary

observations on a subboundary I';. Such inequalities are essential for establishing exact controllability
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(via duality), uniform stabilization, and inverse problem stability. The Carleman estimate has emerged
as a powerful and systematic tool for deriving observability inequalities, especially for equations with
lower-order terms, variable coefficients, and in the presence of boundary conditions that do not satisfy
the Lopatinski condition (such as Neumann boundary conditions). Carleman estimates are weighted
L?-estimates involving an exponential weight of the form e™®(*:!), where ¢ is a pseudo-convex function
and 7 > 0 is a large parameter. Their strength lies in the ability to absorb lower-order terms and
boundary contributions, often yielding observability inequalities without the need for independent
uniqueness results.

The seminal work of [9] provided one of the first systematic treatments of Carleman estimates for
hyperbolic equations, laying the foundation for their application to unique continuation and inverse
problems. This approach was later refined and extended to Schrédinger equations in a series of impor-
tant contributions. [5] and [6] developed multiplier methods for wave and Schrodinger equations, es-
tablishing regularity and continuous observability inequalities in the Dirichlet case with optimal spaces.
However, these early results required lower-order terms to be handled via compactness/uniqueness
arguments, leading to non-explicit constants.

A major advance came with the work of [15], who provided Carleman estimates for non-conservative
Schrodinger equations on Euclidean domains. These estimates contained interior lower-order terms,
but the methodology introduced the use of the multiplier e™*V¢ - Vi and established a one-parameter
family of estimates. This work was subsequently generalized to Riemannian manifolds by [17] and [16],
extending the applicability to variable coefficient principal parts. A distinguishing feature of the work
by [7] and [8] (Part I and Part II) is the elimination of lower-order terms from the Carleman estimates
at the H'(Q2)-level. This is achieved through a refined pointwise estimate followed by an integral
inequality that yields a Carleman estimate without interior lower-order terms. The key innovation is
the use of a “pointwise” approach inspired by [9], which allows the absorption of lower-order terms via
a large parameter 7. This development is critical because it yields observability inequalities with explicit
constants of the form C e*Cﬂ, where ¢ measures the norm of the coefficients. Such explicit estimates
are valuable for semilinear problems [4,20] and for computing minimal norm steering controls [3, 14].
The case of Neumann boundary conditions presents particular challenges, as finite energy solutions do
not produce H!-traces on the boundary. [7,3] overcame this difficulty through a delicate regularization
argument, employing a dissipative boundary problem and an approximation procedure that extends
the Carleman estimates from H*?(Q) to H%'(Q) solutions.

The observability inequality for the Neumann case requires the control of the tangential gradient on
the observed boundary I'y. This is accomplished via a microlocal analysis result, which together with

the global uniqueness theorem yields the final continuous observability inequality.
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The Riemannian setting was further developed by [16], where Carleman estimates for non-
conservative Schrodinger equations on Riemannian manifolds are established. This generalizes the
Euclidean results of [7, 8] and parallels the earlier extension for wave equations by [18]. The use
of Bochner’s techniques and the Levi-Civita connection enables the treatment of variable coefficient
principal parts, which correspond to elliptic operators with space-dependent coefficients in R". [19]
applied Carleman estimates to inverse problems for hyperbolic equations, establishing Lipschitz stabil-
ity for the determination of potentials from Neumann boundary measurements. The work highlights
the interplay between Carleman estimates, observability inequalities, and compactness/uniqueness
arguments. Yamamoto’s results demonstrate that the best possible Lipschitz stability can be achieved
under optimal time conditions 7" > p.

In summary, the development of observability inequalities via Carleman estimates has progressed
through several key phases: foundational pointwise estimates [9]; multiplier methods providing initial
observability results for wave and Schrodinger equations [5,6]; Carleman estimates with lower-order
terms extended to non-conservative equations and Riemannian manifolds [ 15, 17]; the elimination of
lower-order terms yielding Carleman estimates without interior lower-order terms, thereby producing
explicit constants and enabling a “one-shot” derivation of observability and uniqueness [7, 8]; the
resolution of the Neumann boundary case through regularization and tangential trace estimates [7,8];
Riemannian generalizations to variable coefficients [16]; and applications to inverse problems demon-
strating the power of these estimates for stability [13,19]. The present work fits within this framework,
building upon the Carleman estimates established in [7, 8] to derive observability inequalities for
coupled non-conservative Schrodinger equations, which serve as the foundation for controllability and

stability results.

2. PROBLEM SETTING FOR THE OBSERVABILITY INEQUALITY

Let T > Oand let Q ¢ RN, N = 2,3, be an open bounded domain with boundary of class C?.
Throughout this paper, we use the following notations :
- N 52
Fr=00=TyUTly, ToNT; =0. Vo = (%,...,%),szzizl%,
v denotes the unit outward normal vector to I" = 912, % = Vv - v is the normal derivative.
Following [1,2,7,12,13,15], we make the following assumptions.
Assumption (H).
There exists a non-negative function d : @ — R of class C3, such that
(¢) if we set Vd = h, then
od

(1) 52h-u=0onf‘o,
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(41) the (symmetric) Hessian matrix H,4 of d(.) is strictly positive definite on €, d is strictly convex in

Q. i.e. there exists p > 0 such that forall z € Q and all ¢ € CV,
(2) ReHa(2)€ € > plé]”,
(4i1) d has no critical point in
(3) inf ||Vd(z)| = s > 0.
Q)
Remark 2.1. Assumption (H) holds true for large classes of triples {2, T, I'1}, see the appendices in [2,7].

LetQ =Q x [0,T], 2 =T x[0,T], 31 =T'1 x [0,T]. We consider the following coupled system of

two Schrodinger equations with homogeneous Neumann boundary conditions:

(4a) iwg + Aw = a(z) - Vw +n(x)w + a(z) - Vz+¢q(x)z inQ,
(4b) izt + Az =b(x) - Vz+m(z)z + f(z) - Vw + p(x)w inQ,
(4¢c) w(x, %) =wo(z) inQ,

(4d) z<a:, g) = zp(z) inQ,

(4e) g—f:o, %:O on X.

Here a, b are purely imaginary. The coefficients a, b, n, m, «, 3, ¢, p are known and satisfy
a,be W@, nmeW" ™ (Q), apBeL®@)]Y, q¢peW=(Q),

and the initial data (wo, z0) € H'(Q2) x HY(Q).
Under Assumption (H), we aim to establish an observability inequality that provides an upper

bound for the initial energy in terms of boundary measurements on I'; over the time interval [0, 7.

Remark 2.2. In models (4a)—(4e), we regard t = % as the initial time. This is not essential, as the change of
variable t — t — L transforms t = T to t = 0. However, this present choice is convenient in order to apply the
Carleman estimate established in [ 7] for the Schrodinger equation, which uses the pseudo-convex function p(x,t)

in (5) centered around L.

3. CARLEMAN ESTIMATE: AN IMPORTANT PREVIOUS RESULT

We now present the Carleman estimate, which is the essential tool for proving the observability

inequality, the main result of this paper.

3.1. Carleman Estimate. We will present the Carleman estimate for a single Schrédinger equation

(see [7]).
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3.1.1. Pseudo-convex function ( [7], p. 46). Choosing the strictly convex potential function d (x)
satisfying Assumptions (H) and d (z) > dp > 0, we next introduce the pseudo-convex function ¢ (z,t)
defined by

T\ 2
(5) gp(x,t)zd(x)—c(t—2> , x €0, tel0.T],
where T' > 0 is arbitrary and ¢ = cr is chosen large enough as to have

(6) ¢T? > 4maxd (z) so that ¢T? > 4maxd () + 46,
z€eQ) e
for a suitably small 6 > 0, henceforth kept fixed. With d (x), T" and ¢ chosen as described above, this

function ¢ (x,t) has the following properties:

(7) oz, t) < (z, g) forany ¢ > 0 and any z € €2,
T2
(8) o (x,0)=¢(x,T)=d(z)— e < —0 uniformly in z € Q.

There are ty and ¢1, with 0 < ¢y < % < t1 < T,such that forall x € Q

(9) min ¢ (z,t) > o > 0.
2€Q, tE€[to,t1]

Since ¢ (2, L) = d(z) > dy > 0.forallz € Q (in fact, only the weaker property: min ¢ (z,t) > o > —¢
x€Q, tE€[to,t1]
is actually needed).

3.1.2. Carleman estimate at the H'-level (Schrédinger equation). Consider the Schrodinger equation

of the form
(10) iwg (z,t) + Aw (z,t) = G (w) + F (2,t) in Q, F € L*(Q),

G (w) =c1 (z) .Vw+ ¢y (z) w,

where |c1], ¢o € L™ () so that the following pointwise estimate holds true
G W) < Cr [[Vul® + ], ¥ (z,t) € Q,

at first without imposing boundary conditions. For the solutions w to (10) in the class

(11) w € H*?(Q)=L*(0,T,H*(Q)NH*(0,T,L* (%)),
(12) ‘;Z] € IL? (o,T,H% (r)) , we € L2 (0,7, H' (Q)), wy|p € L? (O,T,H% (r)).

Theorem 3.1. ( [7], Theorem 5.1, p. 74). Assume (H) and F € L*(Q), |c1|, co € L™= (). Let w be a
solution of (10) in the class (11)-(12). Then the following one parameter family of estimates holds true, for all
T > 0 sufficiently large

Bl (w) + 4/ 2T |F)? dQ
Q
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(13) > 61,T /Q PiAd [|Vw|2} dQ + 62,7— /Q 2T |w|2 dQ — C’d;TTe_QT‘S [Ew (0) + Ey (T)],
where

- 1 ~ R
(14) Cir = do <27‘p — 2) —4Cy, Oy = 47%ps® (1 — 6¢) + O (77) — 4Cr.

Here s > 0,8 > 0 are as in assumption (3), (6), 0 < 8o < 1 is some fixed number, the constant in O depends on
d,c, N, while Cy r is a positive constant depending on d (x) and T'. Moreover the boundary terms BT |, (w)are

given explicitly as follows, where £ = Re (w) , n = Im (w), after recalling also assumption (1)

T
Bly (w) = 27/ /e2w 27‘2|h|2+q)} w|? h.vdDdt
Iy

R CH] R

—27’/ / > (¢, — &ny] hovdDdt
I

/ / 2T 27_2‘}1‘ _ ][ 8w+waw] dldt
0
27' — ow
+2r ?h |V —+v w5 | dldt

(15) —27/ / 2™ |Vw|? h.vdldt.
0 Iy

Here, c is the constant in (6), while the function ® may be taken to satisfy: either & = 0, or else & = TAd (x).
Moreover, the enerqy function E., is defined by

(16) oy (t):/Q 1V (@) + o (1)) de.

Next, we recall a Carleman estimate for the solutions of (10) in the class

(17) we C([0.7],H (), ?5» w, € L* (0,7, L*(T)).

Theorem 3.2. ( [/], Theorem 7.3.1, p. 92). With reference to (10), assume (H) and F €
L?(0,T,L* () .Then, the Carleman estimate (13), (14) hold true also for a solution of (10), in the class
(17).

4. MAIN RESULT. OBSERVABILITY INEQUALITY

The main result of this paper is the following observability inequality for a system of coupled
Schrodinger equations with homogeneous Neumann boundary conditions.

We consider the following system:

(18a) iwg(z,t) + Aw(z,t) = a(z) - Vw + n(x)w + a(z) - Vz 4+ q(x)z inQ,
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(18b) ize(x,t) + Az(z,t) = b(z) - Vz +m(z)z + B(x) - Vw + p(x)w  inQ,
(18¢) w(:v, g) =wo(x) inQ,

(18d) z(x, g) = zp(x) inQ,

(18e) ?VU =0, gj =0 onX.

Here the coefficients satisfy
(19) a,be W@, nmewb>(Q), a,fe L), ¢peW =),
and the initial data satisfy (wo, 20) € H'(Q) x H'(2). Under these conditions one has
(20) w,z € C([0,T]; HY(Q)).

We assume that the solution {w, z} of (18a)—(18e) enjoys the additional regularity

ow 0z

(21) w,z € C([0,T]; HY(Q)), wy, z € L*(0,T; L*(T)), 5 o €

L*(0,T; LA(T)).

Theorem 4.1. (Observability inequality). Assume (H), (19), and T > 0. Let {w, z} be a solution of (18a)—
(18e) in the class (21). Then there exists a constant C = C(Q, T, q,p) > 0 such that

T
(22) CrE(0) g/ / (Jwl? + [wnl? + |22 + |z[?) dT dt,
0 Iy
where
E(t) = Ew(t) + Ez(t)a

Bu(t) = /Q (Ve ) + (e t)) dz,

23) B.(0) = [ (Va0 +]2(z.0) da.
Q
5. PROOF OF THEOREM 4.1 (OBSERVABILITY INEQUALITY)

The proof of Theorem 4.1 rely heavily on Carleman estimates for Schrédinger equation.

Step 1.

proposition 5.1. ( Carleman estimates ). Let {w, z} be the solution of the system (18a)-(18e) in the class
(11),(12), and we assume ¢ (x,t) by (5). Then, for all T > 0 large, we have

K3 7 dota /Q e ||Vl + [ + V2 + |2 | dQ = Carre ™ [B(T) + E (0)

(24) < Blg(w)+ Blg (2) + constr 5, o2 [HwHC([O.T],L?(Q)) + HZHC([O.T],LQ(Q))} ;

where

K3.T.data = min { <5]~7T - 46@1(175@) ’ (5277- - 4Ca7q757p)} )
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Ca,q,ﬁ,p = max(cavq’ cﬁap)

(25) E(t) = Ey(t) + E: (1),
Here E,, (t), E. (t) are as in (23) , also we have By, (w) and By, (2) defined as in (15).

Proof of Proposition 5.1. By applying the Carleman estimates (13) of Theorem 3.1 to the w-equation
(18a) with F (.,.) = a(.).Vz+q(.)z(.,.) € L? (0,T, H" (Q))

Bly; (w) + 4 /Q & |a(z) . Va4 q(2) 2 (2,0)7dQ > Ci, /Q ¢ | [Vul’| dQ + Ca,s /Q &7 [w|* dQ
(26) —~Carre? [Ey (0) + By (T)].

From (19), |a|, ¢ € L™ (2), and consequently
(27) /Qezw la(2) .Vz+q(z) 2 (2,12 dQ < cayq /Q e V2 + 2 (,))? dQ

Substituting (27) on the left hand side of (26) yields the following estimate

Crr / ¢ | |Vul’| dQ + G,y / ¢ [w|? dQ — Cyrre > [E,, (0) + Ey (T)]
Q Q
(28) S B|E (’LU) + 4Co¢7q /Q' 627'59 ‘VZ +z (I‘7 t)|2 dQ + conStT,’T,ﬁ,U7O(T2) |:”wHC([0T], L2(Q)) .

where we added the coefficient const;. 5 O(r2) [HwHC([O_TL Lg(Q))} to the right-hand side of (28).
Also, by applying the Carleman estimates (13) of Theorem 3.1 to the z-equation (18b) with F'(.,.) =
B().Vw+p()w(.,.) e L*(0,T,H' ()

Bls; () + 4 /Q e | (x) Vw+p (@) w (@) dQ > Ci, /Q ¢ V2| dQ + Cor /Q e’ |27 dQ
(29) —Cyrre " [E. (0) + E. (T)].

From (19), |8], p € L™ (2), and consequently
(30) /Qem 18(2) .V +p (2) w (@, £)[2 dQ < %,/Qezw IV + w (z, £)2 dQ

Substituting (30) on the left hand side of (29) yields the following estimate

Crr / ¢ V2] dQ + Cor / €27 |22 dQ — Cyre > [E. (0) + E. (T)]
Q Q
(31) < Bly(2) +4cp, /Q ¢ |[Vw +w (x,1)[* dQ + consty, g o2 [HZHC([O.T],L?(Q)) )

where we added the coefficient const,. 5 5.2 {HzHC([O'T]’ LQ(Q))} to the right-hand side of (31).

T2

Summing up (28) and (31), to obtain

(5’1,7 — 4ca7q7/37p) /QeQw [|Vw[2 + \Vzﬂ dQ + (5277 — 4ca7q75,p) /QeQw [\w|2 + |z\2] dQ

—Curre P [E(T) + E(0)]
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< Blg (w) + By (2) 4 consty 5, o2 [1wlleqor), L2y + 12l eqo.r, 2@

This gives (24) of Proposition 5.1, as desired.
Step 2.

proposition 5.2. Let {w, z} be the solution of the system (18a)-(18¢) in the class (11), (12). Then, for
0 <t < T, we have

(32) e KtE(0) - A(T)<E@) < [E 0)+ A (T)} ekt

where E (t) is defined by (23) , and

T
~ ow 10w .
A(T):2{/ / N ['th_Q’BV ‘Tl'V—FOc + |n| |w| + |w| + |a - V2| + |q] ]z@ dFdr}
o Jr
T
0 1|0 ,
+2{/ /az [|ztr+ Zlri v+ 0 +|mHz\+]2\+/B'Vw]+|pr|]dI‘dr},
o Jr|ov 2 |0v

(33) K =max{(O+ecs,),(0+cay)}-

Proof of proposition 5.2.
Step (i). We apply equality (Lemma 6.1, part (v)) in [7] to equation (18a) where f(.,.) = a(.).Vz +
q(.)z € L*(0,T,H (), F (w) = a(z).Vw + n(z) w, witha = —iry, then forall0 < s < ¢t < T, we

have

Bu(t) = By(s)+2 Re{/:/r(?;:[wt+inw—i(a(w).Vz+q(a:)z)]dFdr}

t 2 trow
+/ / ri.vdldr +2 Re {z/ /wdFdr}
s JI s JU v
. [t ow|? ([t
(34) —i—Oc/s /F o dldr + O {/S Ey (r)dr+ ||a(z) . Vz+q(x) z||L2(s’t,H1(Q))} ,

Step (ii). We apply equality (Lemma 6.1, Part (v)) in [7] to equation (18b) where f(.,.) = 5(.) .Vw +
p()w e L?(0,T,H (Q)), F(z) = b(x).Vz +m(x) z, with b = —iry, thenforall 0 < s <t < T, we

ow
ov

have

E.(t) = E,(s)+2 Re{/:/rgj[zt+imz—i(ﬁ(az).Vw—i—p(:c)w)]der}

t 2 oz
—|—/ / ri.vdl'dr + 2 Re {z/ / zdI‘dr}
s JI s JI ov

t 2 t
(35) 10, [ [15E] dvar+0{ [ yar+18 @) Vot @) wllzg oy |
s JT s

Step (iif). By summing (34) and (35) , we find by (25) for E (¢)

%
ov

%
ov

E(t) = E(s)+2 Re{/:/rgj[wt—i—mw—i(a(:v).Vz—l—q(x)z)]dFdr}



Asia Pac. J. Math. 2026 13:79 10 of 15

+2 Re{/:/rgi[zt—i—imz—i(ﬁ(x) .Vw+p(x)w)]df‘dr}

t 2 t ow
/ / ri.vdldr + 2 Re {1/ wdfdr}
S I s T 81/
t 2 t
+/ / % ri.vdldr +2 Re z/ /azzdfdr
s T 81/ s T 81/
) t
+0. / /
s JI

ow
ov
gt
(36) +0, / /
s JI

Step (iv). Using (19) and (23), via (inequality (6.1) , [2]) we have

t
”6 ($) NVw +p((L‘) wHLZ(s,t,Hl(Q)) < Cﬁp/ |:/Q (‘w|2 + |V’UJ|2> dQ:| dr

aiw
ov

2 t
dl'dr 4+ O {/ Ey (r)dr + ||a(z) . Vz+q(x) Z‘Lz(s’t’Hl(Q))}

dz|? . t
E] arar+6{ [ B yar +15.0) Va0 @) wll i |

t
(37) < sy / By (r)dr,

t
o) V24 @) sy < o [ | [ (15 4195) o] ar

Q
¢
(38) < cCayg / E, (T) dr,
By inserting (37) and (38) in (36), we obtain
t
(39) () -E@| <A@ +K [ BG)ar

where A (T) and K is defined by (33).
Step (v). We apply Gronwall inequality to the two inequalities that result from (39), then for

0<s<t<T, wefind

(40) B(t) < [B(9)+ AT)| K09, B(s) < [B(1) + A(T)] K0,

for s = 0 in (40) we find (32), as desired.
Step 3.

proposition 5.3. Let {w, z} be the solution of the system (18a)-(18¢) in the class (11), (12) . Then, for T large,

we have

{ [Ks.r.dataKto,tl ¥ — Cyrr (1+€"7T) 67276] } E(0)
(41) < BTy (w,2) 4 consty 5, o2 [HWHC([O.T],L?(Q)) + HZHC([O.T],LQ(Q))} ;
where taking T sufficiently large makes the coefficient {} in front of E (0) positive in (41), where

(42) BTy (w,2) = Bls (w) + Bls (2) + { [Kgmdaw (t1 — to) €27 + cd;TTeKTe—ﬂ } A1),
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1
(43) KtO,tl == 7? [G_Ktl — G_Kto] y

also K3 ; datq s defined by (25) and K is defined by (33).

Proof of Proposition 5.3. Using the left inequality in (32), we calculate by (33)

/tlE(t)dt > / ! (B (0) ~ A1) dr

to

(44) = KiyuE(0) = (t1 —to) A(T),

Moreover, by (9) for ¢ (x,t) and (23), we estimate with reference to (24)

t1
(45) / e [|wt|2 + |Vu|* + |w]* + V2> + |z!2} dQ > %™ E (t)dt.
Q to
Using now the right inequality in (32), we find

(46) E(T)+E(0) < (1+e5T)E(0)+ A(T) M.

We now use (44) into(45) and substitute the result, along with (46), into the left of (24), this way we
obtain (41).
Step 4. We will extend the estimate (41) for the solution {w, 2} of class H*2 (Q) x H??2(Q), to the
solution of class
(47) w,z € C([0,T),H" ()
wy, z € L* (0,7, L2 (T)), 22,92 ¢ 12 (0,7, L*(T)) .
We use the same approach as in ( [2], paragraph 8) et ( [7], paragraph 7).

Step 5. We now absorb the tangential traces from the boundary terms BTy, (w, z) in (41).

proposition 5.4. Let {w, z} be the solution of the system (18a)-(18e¢) in the class (A7) . Then, there exists a

constant Ce ¢, 7 > 0, such that

T—e
/ / [‘Vtanw|2 + IVtanz|2] dl'ydt
€ Fl

T w2 9 9z > 9
< - -
< Ce’eo’T{/o /Fl <8u) +wi + <8u> + z; | dTdt +
2 2 2 2
(48) 19013 3o gy 10 o gy T IV 2 0 gy T 121 0 )

where T' > 0, I'y non-empty part of the boundaries I', € > ey > 0 and €q arbitrarily small.

Proof of Proposition 5.4.
Step (i). We apply (8.10) of Theorem (8.3) in [7] to the w-equation (18a) with f (z,t) = o (x) .Vz +
q (x) z, then
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T—e¢
/ |V anw|® dT1dt
€ Fl

T ow\? 9
< Cepe — dr'ydt
<ol [, (2 v
2 2
(49) F I, by + 100 V24 @RIy }
Step (ii). We apply (8.10) of Theorem (8.3) in [7] to the z-equation (18b) with f (z,t) = 8 (z) .Vw +
p (z) w, then
T—e
/ |Vianz|? dT1dt
g Fl
T 2
0z
< Cee = 7| dUydt
= °’T{ L [(8) et
2 2
(50) I o) 180) Vo pul }
Step (iii). Next we sum up (49) and (50) and use
o @) V2400 2, g S Can [IV2l 300 ) 12 ydieoigy)
H/B (x) vw +p($) w“H7%+€O(Q) S Cﬁ,p |:||VwHH%+€0(Q) + Hw||,H%+EO(Q):| *

Hence we get (48).
Step 6.

proposition 5.5. Let {w, z} be the solution of the system (18a)-(18¢) in the class (47) . Then, for T sufficiently

large, there exists a positive const, » such that

T
consty, £ (0) < / / [wtz +w? + 22 + |z)?| dT1dt +
0 Jry

2
HI*0(Q

2

2 2
(51) constr s |IV01% 4y + 1003y IV gy + 141 g

Proof of Proposition5.5. For fixed € > 0 small we apply estimate (41) of Proposition 5.3 over the

interval [e, T — €], rather than over [0, 7]. We obtain

K. E (¢)
< BT|[5,T—5]><F (’IU,Z) +
(52)

consty 5 o o¢2) e [1Wleqor, ) T 1121eqom, 2@y | -

Using the left inequality in (32) with ¢t = € we have
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(53) e "B (0) - A(T) < E(e).
We next insert (53) into the left of (52), we find
Kre (e75) B(0)
< BT p_gur (w,2) + K- A(T) +
(54) CONSty, 5 o o(r2).c [Hch o, .2 T 12 lleqom, 2@
We see via the definition BT | (w, z) on [e,T — €] x T"in (42) that
BT |ie—gur (w, 2) + K7 A(T)

= B’[e,T—e]XF (’LU) + B’[e,T—e]XF (Z) +

{ |:K3.T.data (t1 — to) €™ + Cd;TTeKTB_%s} } A(T)+ K. A(T)

< BT‘[G,T—G]XF (w) + B‘[G,T—E]XF (Z) + KA (T) )
(55) K = max { |:K3.7'.data (t1 — to) €™ + Cd;TTeKTe_zTé] ; KT,e} :
since g—f v =0,2 92 |s = 0 by (18¢), And because IVM* = | ‘ + |[VianM|? , then from (55) we

have via the definition of Bl (w) and Bly; (z) in (15), and via the definition of A (T') in (33)

BT|[6,T—6]><F (w’ Z) + KT,GA(T)

< BT r—gxr (W) + Bl p_gur (2) + KA(T)

T—e¢
= 27/ / e?™?[272|h)? + ®]|w|*h - v dTdt
€ Fl
T—e
- 27’/ / e [&m — &ny|h - vdDdt
€ Fl
T—e
+ 27 / / ™| Vianw|?h - v dldt
I
T—e
+27'/ / e?™?[272|h|? + ®]|2|h - v dTdt
INT
T—e
—2r / / e*™?[¢&m — €y h - vdldt
I
T—e
27/ / 2T\ Vianz|*h - v dldt
I

T—e
<c, {/ /Uw|2—|—|wt|2—|—]Vtanw|2]dI‘1dt
I

T—e
(56) +/ / [12% + |22 + |vtanz|2}dr1dt}.
ry
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By (48), and always %—fj lx =0, a—i |z, = 0, then from (56) we have

BT’[G,T—G]XF (w7 Z) + Kap,‘r,ele (T)

T
< Cormeal| [ [l + ol +1ef? + |z2] Tt +
0 Iy

H%+€0 $+eo

57 Vul? 2 Vz|?
(57) [Vwl| (Q)+IIwIIH (Q)+II 2|,

2
%-‘rso (Q) + ||z||H%+€O (Q)}’
inserting (57) into the right of (54) yields (51), as desired.

2

H%{»E()(Q) + HwHH%+60(Q) and

Step 7 Now after creating (51), we can remove the terms ||Vuwl||

S B, in estimate (51) by applying compactness/uniqueness argument as in the

2
19202 3 ey gy * 120 30y

section below, or as in [ 10, 11] and thus obtain the desired final estimate (22).
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