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AsstrRACT. In this paper, we present and investigate a new three-parameter continuous probability distri-
bution denoted by the Alpha Logarithm Weibull (ALW) distribution, which is obtained by applying the
Alpha Logarithm-G (ALG) family transformation to the classical Weibull baseline distribution. The new
shape parameter o provides additional flexibility beyond the standard Weibull distribution, enabling the
model to fit increasing, decreasing, bathtub-shaped, and unimodal (upside-down bathtub) hazard rate
functions that are unattainable by the standard Weibull distribution. A complete set of mathematically rig-
orous properties is established, including the probability density function (PDF), cumulative distribution
function (CDF), survival function, hazard rate function, quantile function, raw and incomplete moments,
moment generating function, Rényi entropy, and stress-strength reliability. For parameter estimation, four
methods are proposed, maximum likelihood estimation (MLE), least squares estimation (LSE), weighted
least squares estimation (WLSE) and Anderson-Darling estimation (ADE). A comprehensive Monte Carlo
simulation study using five parameter configurations assesses the performance of estimators through bias
and mean squared error (MSE); the results confirm consistency, asymptotic unbiasedness, and numerical
stability of all methods. The practical utility of the ALW distribution is demonstrated on four hetero-
geneous real datasets drawn from materials engineering, biomedical survival analysis, and mechanical
reliability. In every case, the ALW model outperforms six competing distributions with respect to standard
goodness-of-fit criteria (AIC, BIC, CAIC, HQIC) and achieves the highest Kolmogorov-Smirnov p-value.
2020 Mathematics Subject Classification. 62E10; 62N05; 60E05.
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1. INTRODUCTION

The statistical analysis of lifetime, reliability, and survival data plays a central role in engineering,
biomedicine, actuarial science, and environmental studies. The classical two-parameter Weibull dis-
tribution [1] has served as the workhorse of lifetime modelling for over seven decades owing to its

closed-form expressions, tractable inference, and its ability to accommodate decreasing, constant, and
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increasing failure rates through its shape parameter. Despite these advantages, the standard Weibull
model is unable to capture more complex hazard behaviours such as bathtub-shaped or unimodal
hazard rates, which frequently arise in practice. This limitation has motivated a vast literature on
Weibull extensions and generalisations.

Representative contributions include the mixture Weibull-Generalised Gamma distribution [2],
the Maxwell-Weibull distribution [3], the Gull Alpha Power Transform Weibull distribution [4], the
Power Exponential Weibull distribution [5], and the Alpha Power Type II-G family applied to the
Weibull baseline [6]. In a complementary direction, Mohsin et al. [7] recently introduced the Alpha
Logarithm-G (ALG) family by embedding a logarithmic transformation into the CDF of any parent
distribution and demonstrated its effectiveness on the exponential baseline. The ALG construction
provides a simple and mathematically convenient framework that retains closed-form expressions for

important reliability quantities while providing real added flexibility.

Research gap. Although the ALG family has shown considerable promise, its application to the Weibull
baseline—the most widely used lifetime distribution—has not been explored. Moreover, existing
Weibull extensions rarely provide a simultaneous treatment of (i) a comprehensive set of theoretical
properties including entropy and stress-strength reliability; (ii) a rigorous comparison of multiple
estimation methods beyond MLE; and (iii) validation on heterogeneous datasets spanning engineering
and biomedical domains. The present work fills this gap by introducing the ALW distribution and
providing all of the above.

Main contributions.

(1) A new three-parameter distribution, the ALW, is introduced.

(2) A comprehensive set of closed-form or series-based mathematical properties is derived, includ-
ing raw and incomplete moments, Rényi entropy, and stress-strength reliability R = P(X; >
Xo).

(3) Four estimation methods (MLE, LSE, WLSE, ADE) are developed and compared via an exten-
sive Monte Carlo simulation.

(4) The ALW model is applied to four real datasets and shown to outperform six competing

distributions.

The remainder of the paper is organised as follows. Section 2 defines the ALW distribution and
presents its fundamental functions. Section 3 derives the statistical properties. Section 4 develops
the four estimation methods. Section 5 reports the simulation study. Section 6 presents the real-data

applications. Section 7 concludes.
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2. Tue ALrua LogarituM WEBULL DiSTRIBUTION

2.1. The Alpha Logarithm-G Family. Mohsin et al. [7] defined the CDF of the ALG family as

In(a G(z; p) + 1)
In(a + 1)

FALG(l'; aap) = , > 0) (1)

where G(z; p) is the baseline CDF with parameter vector p, and « is an additional shape parameter

controlling the deviation from the baseline. The corresponding PDF is

. _ ag(z; p)
P &P = 1) [ Glarp) + 1) ?

where g(z; p) = G'(z; p) is the baseline PDF. When o — 07, an application of L'Hopital’s rule shows

that Farc(x) — G(z), so the baseline model is recovered in the limiting case.

2.2. Baseline: Weibull Distribution. The two-parameter Weibull distribution [ 1] has CDF and PDF
G(z;8,9) =1—e 8" 2>0; B,0 >0, (3)
g B,0) =05~ 2" e (4)

where 3 > 0 is the scale parameter and ¥} > 0 is the shape parameter governing hazard-rate monotonic-

ity: the hazard is decreasing for ¥ < 1, constant for 9} = 1, and increasing for © > 1.

2.3. CDF and PDF of the ALW Distribution. For notational convenience throughout the paper, we

define the shorthand functions
A(z) = e_xﬂﬂiﬂ, D(z)=a+1—-aA(z), (5)

so that A(z) € (0,1) and D(z) € (1,14 «) forall x > 0, a > 0.
Substituting (3) and (4) into (1) and (2) yields the Alpha Logarithm Weibull (ALW) distribution.

Definition 2.1. A non-negative random variable X follows the ALW distribution if its CDF is

Flaia,6,0) = i, 020 a,8,0> 0 ©)

where D(x) is as defined in (5).

The corresponding PDF is obtained by differentiating (6) with respect to :

ad B0 271 A(x)

flw; e, 8,9) = In(1+a)-D(x) ’

x> 0. (7)

In the ALW parameterisation, ¥ and « are shape parameters while 3 is the scale parameter. The
parameter a controls the degree of departure from the classical Weibull model: for small o the ALW
closely approximates the Weibull, whereas larger values of « introduce greater flexibility in tail be-
haviour and hazard rate shape. Figures 1 and 2 display selected PDF and CDF curves demonstrating

the variety of shapes attainable.
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Ficure 2. The CDF of the ALW distribution for selected parameter combinations (c, 3, 9).

Remark 2.2. Special cases of the ALW distribution include:
o Asa — 0F: Fapw — 1 — e "B (Weibull distribution).
o U = 1: ALW reduces to the Alpha Logarithm Exponential distribution with scale (3.
o ¥ = 2: ALW reduces to an Alpha Logarithm Rayleigh distribution.
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3. StatisTICAL PROPERTIES

3.1. Survival Function and Hazard Rate Function. The survival function (SF) of the ALW distribution
is
In(1+ «) —InD(z)
In(1+ o)
Since D(z) € (1,1 + «) implies In D(x) < In(1 4+ «), we have S(z) > 0 for all 2 > 0.

The hazard rate function (HRF) is h(z) = f(x)/S(x), giving

S(x)=1—-F(z) = (8)

ad BV 2% A(x)

o) = 50 (1 +a)—InD(x)]

9)

Since D(z) € (1,1 + «), the denominator is strictly positive, guaranteeing h(z) > 0. The HRF can
accommodate increasing, decreasing, bathtub-shaped, and unimodal (upside-down bathtub) shapes

depending on the parameter values.

3.2. Cumulative Hazard Rate Function. The cumulative hazard rate function (CHRF) is H(z) =

—1In S(x), giving

‘ B In(1+ «)
H(x’a’ﬁ’ﬁ)_1n<ln(1+a)—lnD(x)> . (10)

Note that H(z) > 0 for all z > 0, with H(0) = 0 and H (z) — oo as z — oc.

3.3. Reversed Hazard Rate Function. The reversed hazard rate function (RHRF) is 7(z) = f(x)/F(z),
giving
ad B0 2% A(x)

7(@i 0, B,9) = D(z) InD(x)

(11)

Remark 3.1. Using the shorthand A(x) and D(x) from (5), the fundamental reliability functions are written
compactly as:

In(1+ a) —InD(z)
In(1+ «)

Flz) = In D(x)

T (e Y@=

9

B a1 A(x)
M*) = DI o)~ D@’

B In(1+ «) _adp 2 A(x)
Hw) = 1“(111(1 ta) - lnD(m)) ) = S D)

3.4. Odds Function and Mills Ratio. The odds function (OF) is
F(x) In D(z)

F(z; 9) = = . 12
OF(z;,8,9) S(z) In(1+«)—InD(z) (12)
Note that OF(0) = 0 since D(0) = 1, and OF (z) — oo as z — oc.
The Mills ratio (MR) is the reciprocal of the hazard rate function:
D In(1 —InD
MR (x) = (z)[In(1 + @) — In D(z)] . (13)

ad B0 z?1 A(x)
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Proposition 3.2. The quantile function Q(u) = F~1(u) of the ALW distribution is

_ u\ 11/?
Q(u):ﬁ[—ln<a+1 OEHO‘) >] , O<u<l (14)
Proof. Setting F'(z) = win (6) and exponentiating gives D(z) = (1+a)", i.e. atl—ae B = (I4a)™
Solving for e™"8™" and taking the negative logarithm yields 2577 = —In[(a + 1 — (1 + a)¥)/a].
Multiplying by 37 and raising to the power 1/1 produces (14). O

Remark 3.3. The median, first and third quartiles are (0.5), Q(0.25), and Q(0.75), respectively. Random
samples from the ALW distribution can be generated via the inversion method: X = Q(U), U ~ Uniform(0, 1).

3.5. Raw Moments and Variance.

Theorem 3.4. Let X ~ ALW(a, 3,9) and let z = /(1 + «) € (0,1). The r-th raw moment u, = E[X"] is

/76”1“<%+1

S Tt a) Li,/p41(2), (15)

where T'( - ) is the Gamma function and Lis(z) = >~ 2™ /m?® is the polylogarithm of order s [19]. The series

converges absolutely for all s since z € (0,1).

Proof. Starting from ], = [ 2" f(2) dz and substituting (7):

9 — o0 r4+9—1 —z?p8="?
= vp / - : —i5 d. (16)
In(1+ «) (a+1)—ae "8

Set u = (x/B8)Y so that x = ful/?, de = (8/9)u'/?"'du. Then z"+9~1 = prd=1y(r+9-1/9 and
e~ @/ = ¢u. After simplification:

, afB’ 00 /Y o—u a
Hr (1+a)ln(l+a)/0 1—zeu ™™ 7 (17)

o0

Expanding (1 — ze™%)™1 = 3¢ »™e™™ (valid since ze™* < 1) and applying [° u'/7e=(m+Du gy =
D(r/9+1)/(m+ 1)7/9+1;

Oéﬁr ( ) e LM
I
:U"r’ - ( )1n(1—|—a ZO m+1)r/19+1 (18)
Re-indexing m + m — 1 gives S_0°_, 2™ /(m + 1)7/7+1 = Li, 941(2)/2. Since a/[(1 + a)z] = 1,

substituting yields (15). O
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Remark 3.5. Setting r = 1and r = 2in (15):

3 r<119 41
E[X] = Tn(lta) Liy 911(2), (19)
2
Bg2Tr <ﬁ+1> 5F<;+1>
Var(X) = Th(ta) Lig/g41(2) — Tn(lta) Liypgm(2)] - (20)

3.6. Incomplete Moments.

Theorem 3.6. Let X ~ ALW(«, 8,9). The r-th incomplete moment at t > 0 is

_ B" 2, zm1 T £\’
or(t) = 1n(1+oz)mzzz1 e 7(@“’ m(ﬁ) ! (21
where z = a/(1 + ) and v(a,z) = [ u* e~ du is the lower incomplete Gamma function.
Proof. From ¢,(t fg " f(x) dz, applying the same substitution u = (x/3)? as in Theorem 3.4 with
upper limit (¢/ B) :
af’ ®/6)° oY o (mAD)
(1) = (m+1)u 22
or(t) (I1+a) In(1+ «) Z / du. (22)

The inner integral equals v(r/9 + 1, (m + 1)(¢/8)?)/(m + 1)7/9+1, Re-indexing m ~ m — 1 and using
a/[(14 a)z] = 1yields (21). The series converges absolutely since z < 1 and 7(-,-) <T'(:) < co. O

Remark 3.7. The first incomplete moment ¢1(t) yields the Bonferroni curve B(p) and the Lorenz curve L(p):

B(p):(wa L(p)=¢1(22,1(p)), 0<p<l, (23)

where Q(p) is the quantile function given in (14).
3.7. Moment Generating Function.

Proposition 3.8. Let X ~ ALW(a, 3,1). The moment generating function of X is

”
o 7 BT T( %+ 1
r! In(1+ «)

r=

Mx(t) = Lir/19+1(z)v (24)

where z = /(1 + «). The series converges for |t| in a neighbourhood of zero; the radius of convergence is

determined by the growth rate of p,. as r — oo.

Proof. Expanding e!® = 3" ¢"z" /r!, substituting into Mx (t) = E[e*], interchanging sum and integral
(by absolute convergence for |¢| sufficiently small), and applying Theorem 3.4 yields (24) immediately.
O
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3.8. Rényi Entropy.

Theorem 3.9. Let X ~ ALW(o, 8,9) and z = a/(1 + «) € (0,1). For 6 > 0,5 # 1,and 6 > 9/(0 — 1)

whenever ¥ < 1, the Rényi entropy is

F<5(191)+k+1>

1 52951ﬁ15 2 (6+Ek—1\ 4 v
Ir(0) = 13 In n(l + a) 1 +a) 5 kzo ( ) (6 + k) [(0—-1)+k+1]/0 |~ (25)
The series converges absolutely since z < 1.
Proof. By definition, Iz(6) = 15 InZ where T = [;°[f(z)]° dz. Writing [f(x)]° using (7), factoring

D(z) = (1+a)(1—z¢*"5""), and expanding via the generahsed binomial series (1 — ze=*"#~")=0 =
Y reo (6+:_1)zke*kxﬁ5_ﬁ (valid since ze~*"#"" < z < 1), we obtain after interchanging sum and

integral and applying the substitution u = (J 4 k)(z/3):

9
(6 + k)BO-D+R+1/9

F<5(79—1)+k+1>
k

ol 981 61—6 i~ S+k—1
= z
I+ )P +af &2\ &
where the Gamma integral requires [§(¢ — 1) + k + 1] /¢ > 0, guaranteed by the stated condition on .
Substituting into the definition of Ir(d) yields (25). The series converges absolutely by the ratio test

since |ag4+1/ax] — z < 1. O

3.9. Stress—Strength Reliability.

Theorem 3.10. Let X; ~ ALW(ay, 8,9) and Xy ~ ALW (a2, 5,1) be independent, sharing common 3 > 0
and ¥ > 0. Define z; = o; /(1 + ;) for i = 1,2. Then

o0 o0
Z Z
R=P(X; > X,) = L =2 26
(X1 > Xe) ln(l—l—a1 lnl—l—ag mZ:O;k (m+k+1) (26)

The double series converges absolutely for all a1, az > 0.

Proof. Since X1 and X are independent, R = [ fi(z) S2(z)dz. Setting u = (z/B)” so that
9B 2?1y = du, A(z) =e ™, and D;(z) = (1 + a4) — aje ™ = D;(u):

- o et n as) — In Do ()] du
= o) 1n(1—|—a2)/0 By ) [In(1 + az) — In Da(u)] du. (27)
Writing 1/151(11) = [(1+ a1)(1 — ze™¥)]7! = ﬁz;ﬁ:o ZMe=m and lnf)g(u) ~ (1 + a9) —

S %2 zke=*u /k, we obtain after splitting the bracket and computing:

I = / e In(1+ aq)
0 Dl(u) aq

i

% ¢ n Dy(u) In(l+ag)In(l+a1) N - 272k
= — du =
J2 /O U= 1 + o1 Z Z k

D1 (u) aq — i (m+k+1)
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ln(1+a1? n(l4+a2) [

gence follows since z1, z2 € (0, 1) and the double sum }_, , 27"25 F/(m+k+1) < oco. O

Substituting into R = In(1 + a2)J1 — Jo] and simplifying gives (26). Absolute conver-

Remark 3.11. The double series (26) is evaluated numerically; truncating at m, k < 30 achieves relative error

below 1078,

4. PARAMETER EsTiIMATION

Letzy,...,z, be an observed random sample from ALW («, 3,1) with order statistics z(;) < -+ <
T(p). We employ the shorthand A; = e=%#~" and D; = a + 1 — aA;, and denote the parameter vector
by 6 = (0, 8,0)" € © = (0,00)"

We develop four estimation methods: maximum likelihood (MLE), least squares (LSE), weighted
least squares (WLSE), and Anderson-Darling (ADE). Each method targets the same 6 but uses a

different loss criterion.

4.1. Maximum Likelihood Estimation. The log-likelihood function is

Ua,B,9) =nlna+nlnd —Innf+ (9 —1 Zlnxl Zx%ﬂ—nlnlnua ZlnD (28)
=1 =1 =1

The score equations 9¢/0a = 9¢/05 = 9¢/009 = 0 are:

ol n n "1 — A

—_ = — — = 2
Jda  a (14+a)ln(l+«) ~ D 0, (29)
ol m9 9—1 adzyB071A;

25 = + 9™ Z x} Z} — 55— =0 (30)

ol _n " o - 9 et Ti\ = OfAz:C?B_ﬁln(ml/ﬁ) o
W= nlnﬁ—l—;ln:zz ;xzﬂ ln</8> Z D, = 0. (31)

i=1
The partial derivatives of In D; used above are

OmD; 1-A; 0lD; aﬁx?ﬂ_ﬂ_lAi OlnD; «aA; x?ﬁ_ﬂ In(z;/p)
da B Dl ’ 86 N Dl ’ o N Dz '

Because the score equations have no closed-form solution, the MLEs (&, B, 15‘) are obtained by minimising
—{(0) numerically using the fmincon routine in MATLAB R2022b with the interior-point algorithm.
Ten random starting points drawn from « € (0, 15], 8 € (0,15], 9 € (0, 10] are used, and the solution

achieving the smallest —/ is retained.

4.2. Least Squares Estimation. The LSE method [23] minimises the sum of squared differences between
the empirical and fitted CDFs at the order statistics. Using the Blom approximation E[F(X ;)] ~
i/(n+ 1) [12], the LSEs minimise

2
\IILS ) (32)

n In Dg; i
1n1+a n+1

=1
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e
where Dijy = a+1—ae “®P"" The normal equations 0V1,g/00; = 0 involve the partial derivatives

of In D)/ In(1 + a):

o T lnD(l) T . 1—A(i) lnD(Z) 33
da |[In(1+a)] Dy In(1 4 «) - (14 a)[In(1 + )]’ (33)
0T lnD(i) T B 0”9531(91-)6_19_114(1‘) (34)
9 [In(l1+a)]  Dyph(l+a) ’

9 [ Dy ] aAg) ifz)ﬁ_ﬁln(iﬂ(i)/ﬁ) (35)
09 |In(1+a)]| DyIn(1 + a) ’

These have no closed-form solution; the LSEs are obtained by numerical minimisation of Wy .

4.3. Weighted Least Squares Estimation. The WLSE method accounts for the heterogeneous variances
of the order statistics. Since Var[F(X;))] = i(n — i+ 1)/[(n 4 1)*(n + 2)] [23], the optimal weight for
the i-th term is w; = (n + 1)2(n + 2)/[i(n — i + 1)]. The WLSEs minimise

n

Twis(a, B,9) =D

=1

(n+1*(n+2) [ mDy i 7
iln—i+1) [In(14+a) n+1

(36)

The normal equations have the same form as (33)-(35), with each summand multiplied by w;.

Remark 4.1. The weight w; up-weights the central order statistics (where the CDF is most precisely estimated)
and down-weights the extremes (where estimation uncertainty is highest). This makes WLSE particularly robust

for distributions with heavy tails or when outliers are present.

4.4. Anderson-Darling Estimation. The ADE criterion [8] places extra weight on the tails of the

distribution. The objective function is

Wan(a, B,9) = —n — ;g(% —1) [ln(m> + ln(ln(l ha fz(l_injm“”ﬂ . @)

Remark 4.2. The weight (2i — 1) assigns the largest weight to the extreme order statistics x(yy and x (), in
contrast to WLSE whose weights w; diminish toward the extremes. This complementary emphasis explains why
ADE outperforms WLSE in some heavy-tailed configurations (e.g. Config. 2 at n = 10) while underperforming

in the small-9 regime of Config. 5, where the extreme observations carry misleading information about .

Numerical implementation. All four objective functions are minimised numerically using fmincon in
MATLAB R2022b with the interior-point algorithm, subject to a, 8,9 > 0. Ten random starting points
drawn from a € (0,15], 8 € (0,15], ¥ € (0,10] are used, and the solution with the smallest objective

value is retained. Analytical gradients are supplied to accelerate convergence.
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5. MonTE CARLO SIMULATION STUDY

5.1. Design. We conducted a Monte Carlo simulation with N' = 1000 replications for each of 7 sample

sizes n € {10, 25, 50, 100, 150, 200, 250} and five parameter configurations:

estimator, the Bias and MSE are:

for each n.

Blas

Config. o« 3 ¢ Hazard shape
1 0.2 0.6 0.6 Decreasing
2 1.7 0.6 0.6 Decreasing
3 0.8 15 1.2 Unimodal
4 25 12 1.8 Increasing
5 04 19 0.2 Decreasing

Z\H

Random samples were generated via the inversion method using (14). For each replication and

1 N
),  MSE(4 NZ::

The column Best identifies the method with the smallest total MSE (summed across all three parameters)

5.2. Simulation Results. Tables 1-5 report Bias and MSE for each parameter and estimation method

under Configurations 1-5, respectively. Figures 3 and 4 display the corresponding Bias and MSE curves.

TaBLE 1. Simulation results for Configuration 1: « = 0.2, 5 = 0.6, ¥ = 0.6.

n Method Bias(&) MSE(&) Bias () MSE(3) Bias (1) MSE(9) Best
MLE 182601 120.6838 0.5475 1.1056 10,2401 0.1274 -
LSE 41.2186 5.9453 4+0.3862 0.3306 40.3271 0.1608 -

10 WLSE +1.2116 5.6822 4+0.3967 0.3292 4+0.3049 0.1344 WLSE
ADE +1.2168 5.9421 40.3823 0.2559 40.3403 0.1670 -
MLE 15.9696 83.9510 0.4335 0.5528 0.1285 0.0431 -
LSE 41.4366 7.4982 40.3943 0.2373 40.3091 0.1254 LSE

25 WLSE +1.5243 8.3456 40.3932 0.2481 40.2878 0.1146 -
ADE +1.4697 8.1987 40.3640 0.2091 40.2932 0.1203 -
MLE 147661 64.1945 103618 0.4208 0.0942 0.0243 -
LSE +1.6576 9.5104 4+0.3981 0.2184 40.3064 0.1185 -

50 WILSE 4+1.4297 6.9134 40.3593 0.1982 4+0.2743 0.1062 WLSE
ADE +1.5305 8.6939 40.3525 0.1932 +0.2677 0.1013 -
MLE 136019 157317 10,3102 0.2057 10.0723 0.0167 -
LSE +1.7061 9.3071 4+0.3963 0.2113 40.2797 0.1059 -

100 WILSE 41.6933 9.1573 +0.3700 0.1854 40.2520 0.0937 WLSE
ADE 11.8638 11.6204 40.3549 0.1864 40.2335 0.0863 -
MLE 125831 27.8344 10.2507 0.2260 0.0543 0.0105 -
LSE 41.9085 11.8610 40.3804 0.2015 40.2530 0.0929 -

150 WILSE +1.6631 9.0225 40.3441 0.1772 40.2237 0.0812 WLSE
ADE +1.7246 9.6513 40.3394 0.1781 40.2175 0.0787 -
MLE 121658 20.9655 102129 0.1652 10,0482 0.0084 -
LSE 41.9810 11.9481 +0.3778 0.2017 40.2315 0.0830 -

200 WILSE +1.6796 8.6253 40.3359 0.1699 40.2014 0.0712 WLSE
ADE +1.7264 8.9901 40.3316 0.1695 40.1946 0.0683 -
MLE 11.7865 15.3656 10.1868 0.1343 £0.0441 0.0071 -
LSE +1.6100 7.8183 4+0.3527 0.1704 40.2355 0.0854 -

250 WLSE 115113 7.0851 40.3223 0.1517 40.2078 0.0745 WLSE
ADE +1.5764 7.9434 40.3108 0.1501 40.1986 0.0755 -
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TaBLE 2. Simulation results for Configuration 2: « = 1.7, 5 = 0.6, ¥ = 0.6.
n Method Bias(&) MSE(&) Bias(8) MSE(B) Bias (1) MSE(¥9) Best
MLE 17.4865 107.94%5 10.2946 0.5605 T0.1807 0.0893 -
LSE —0.2093 5.3111 40.3537 0.2696 40.2975 0.1305 -
10 WLSE ~0.1792 5.3718 10.3218 0.1993 10.2855 0.1250 -
ADE ~0.3081 3.8372 40.3459 0.2126 40.3235 0.1462 ADE
MLE 15.7159 83.6203 10.2366 0.3344 10.0873 0.0296 -
LSE —0.0675 5.4075 40.3183 0.1644 40.3022 0.1238 -
25 WLSE —0.1077 47733 40.2984 0.1522 +0.2750 0.1153 WLSE
ADE —0.0976 5.0892 40.2680 0.1377 402717 0.1128 -
MLE T4.2003 61.9493 10.1464 0.2014 10.0465 0.0138 -
LSE +0.1577 6.3500 40.3074 0.1558 40.2806 0.1127 LSE
50 WLSE 40.2491 7.3452 40.2797 0.1393 40.2543 0.1024 -
ADE 40.3272 8.7303 40.2572 0.1400 40.2429 0.0975 -
MLE T3.6741 51.3433 10.1269 0.1492 10.0383 0.0103 -
LSE 40.2342 6.5729 40.2687 0.1287 40.2480 0.0991 LSE
100 WLSE 40.4231 7.8492 40.2389 0.1231 10.2132 0.0851 -
ADE 10.5634 9.2214 40.2271 0.1162 40.2110 0.0854 -
MLE 13.7569 50.1223 10.1441 0.1508 10.0382 0.0099 -
LSE 40.6200 9.6913 40.2325 0.1196 40.2022 0.0802 LSE
150 WLSE +0.9208 11.3632 40.2193 0.1179 40.1731 0.0678 -
ADE 40.8154 9.9337 40.1967 0.1063 40.1629 0.0634 -
MLE 12.6350 35.8713 10.0911 0.1156 10.0246 0.0072 -
LSE 10.4644 7.3264 40.2245 0.1110 40.1956 0.0775 LSE
200 WLSE 40.7537 9.8180 40.1891 0.1016 40.1552 0.0609 -
ADE 10.8947 10.8993 40.1724 0.1007 40.1420 0.0555 -
MLE T2.4162 29.9303 10.0916 0.1009 10.0240 0.0065 -
LSE 40.5854 8.8029 40.2284 0.1145 40.1981 0.0773 LSE
250 WLSE 40.8046 10.2514 40.1714 0.0973 40.1378 0.0541 -
ADE +1.0403 12.6083 40.1620 0.0961 40.1296 0.0537 -
TaBLE 3. Simulation results for Configuration 3: « = 0.8, = 1.5, ¥ = 1.2.
n Method Bias(&) MSE(&) Bias(8) MSE(B) Bias (1) MSE(¥9) Best
MLE T7.9198 114.1884 10.3548 0.6029 104114 0.4276 -
LSE 40.6208 4.8797 —0.3262 0.2973 —0.1274 0.1063 -
10 WLSE 405678 4.4645 —0.2995 0.3107 —0.1077 0.1594 WLSE
ADE +0.7772 6.5458 —0.3239 0.2989 —0.1190 0.0866 -
MLE 16.1841 87.5437 T0.3284 0.4579 10.2338 0.1573 -
LSE +0.8155 5.9837 —0.3049 0.2552 —0.1186 0.0597 LSE
25 WLSE 10.8234 6.6269 —0.2599 0.2506 —0.1028 0.0590 -
ADE 10.9773 7.6596 —0.2418 0.2450 —0.0796 0.0626 -
MLE 148772 68.0455 10.2150 0.2868 10.1506 0.0854 -
LSE 41.0449 7.7514 —0.2712 0.2361 ~0.1001 0.0461 -
50 WLSE 40.9679 7.2145 —0.2404 0.2277 —0.0888 0.0440 WLSE
ADE +1.0940 9.0972 —0.2139 0.2139 —0.0612 0.0454 -
MLE 135125 16.0072 10.1612 0.1996 70.0064 0.0500 -
LSE +1.1675 8.2044 —0.2223 0.2157 —0.0813 0.0430 LSE
100 WLSE +1.5314 12.6492 —0.1620 0.2116 —0.0565 0.0428 -
ADE +1.3276 10.2301 —0.1504 0.1960 —0.0472 0.0387 -
MLE 128794 36.8807 10.1384 0.1680 70.0839 0.0394 -
LSE +1.1831 8.0268 —0.1858 0.1986 —0.0631 0.0398 LSE
150 WLSE +1.2850 9.1339 —0.1452 0.1894 —0.0471 0.0367 -
ADE +1.2312 9.1129 —0.1308 0.1788 —0.0381 0.0349 -
MLE T2.4225 28.1239 T0.1311 0.1502 10.0704 0.0312 Z
LSE +1.3229 8.3966 —0.1185 0.1890 —0.0467 0.0340 LSE
200 WLSE +1.3782 10.1167 —0.0813 0.1699 —0.0333 0.0308 -
ADE +1.4029 10.0345 —0.0668 0.1640 —0.0217 0.0318 -
MLE T2.1109 24.2207 10.1064 0.1309 10.0589 0.0284 -
LSE +1.3477 9.4478 —0.1486 0.1868 —0.0538 0.0349 -
250 WLSE +1.2167 8.6645 —0.1043 0.1577 —0.0375 0.0294 -
ADE +1.1576 8.1405 —0.0954 0.1493 —0.0289 0.0301 ADE
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TaBLE 4. Simulation results for Configuration 4: o = 2.5, § =1.2, ¥ = 1.8.
n Method Bias(&) MSE(&) Bias(/3) MSE(8) Bias(v) MSE(49) Best
MLE 16.8539 97.4346 T0.0388 0.1072 10.4986 0.7469 -
LSE —1.0517 6.4448 —0.1780 0.0549 —0.6057 0.6183 -
10 WLSE —1.1277 4.8013 —0.1640 0.0528 —0.5938 0.5725 WLSE
ADE ~1.1730 4.8512 —0.1696 0.0518 —0.5812 0.5618 -
MLE 153138 78.5142 10.0456 0.0738 T0.2210 0.2250 -
LSE —0.8128 7.1606 —0.1496 0.0470 —0.5724 0.4964 -
25 WLSE —0.6134 8.0797 —0.1407 0.0455 —0.5253 0.4892 -
ADE —0.7085 7.0283 —0.1457 0.0435 —0.5021 0.4774 ADE
MLE 147762 70.7218 10.0399 0.0676 T0.1385 0.1377 Z
LSE —0.6355 8.0194 —0.1442 0.0432 —0.5372 0.4746 -
50 WLSE —0.6522 6.5977 —0.1340 0.0412 —0.5003 0.4326 WLSE
ADE —0.4372 8.6334 —0.1324 0.0410 —0.4619 0.4230 -
MLE 13.6447 53.5077 T0.0228 0.0478 T0.0924 0.0883 -
LSE —0.3237 8.3650 —0.1168 0.0351 —0.4355 0.3811 LSE
100 WLSE —0.2373 8.9046 —0.1051 0.0348 —0.3908 0.3411 -
ADE —0.1897 9.2422 ~0.1032 0.0341 —0.3643 0.3277 -
MLE 137823 51.7049 10.0400 0.0409 10.0949 0.0754 -
LSE —0.0571 9.4344 —0.0978 0.0323 —0.3777 0.3411 LSE
150 WLSE 40.2739 11.5042 —0.0787 0.0312 —0.3129 0.2971 -
ADE 40.3102 11.2197 —0.0773 0.0303 —0.2878 0.2812 -
MLE 12.8249 41.0267 10.0120 0.0385 10.0518 0.0622 -
LSE —0.1142 8.8199 —0.0966 0.0323 —0.3736 0.3251 LSE
200 WLSE 10.1274 10.8552 —0.0828 0.0310 —0.2936 0.2645 -
ADE 40.1346 10.5705 —0.0813 0.0310 —0.2810 0.2568 -
MLE 12.6699 39.7423 100115 0.0345 10.0502 0.0588 -
LSE 40.3394 11.6890 —0.0727 0.0313 —0.2947 0.2771 -
250 WLSE 10.2358 10.9744 —0.0714 0.0288 —0.2546 0.2327 WLSE
ADE 40.3422 11.7675 —0.0691 0.0285 —0.2417 0.2271 -
TaBLE 5. Simulation results for Configuration 5: « = 0.4, 5 = 1.9, ¥ =0.2.
n Method Bias(&) MSE(&) Bias(3) MSE(3) Bias(J) MSE(J) Best
MLE 15.9004 77.4316 (76.0335)1 (73.7797)1 10.0679 0.0123 -
LSE 40.7397 2.6126 —0.3460 3.8399 10.6464 0.6946 -
10 WLSE 10.6065 1.4979 ~0.5052 2.5413 10.6105 0.4876 WLSE
ADE 40.7985 2.6618 —0.1408 4.9280 105742 0.4654 -
MLE 151522 62.5758 (16.6062)7 (80.1183)7 10.0453 0.0045 -
LSE 10.8926 3.7976 —0.1451 5.5465 40.6173 0.4910 LSE
25 WLSE 4+0.9723 4.6397 —0.0654 5.4854 40.6024 0.4793 -
ADE +1.2571 6.2016 40.7054 10.3617 40.5130 0.4231 -
MLE T4.6044 47.9545 (+7.0962)7 (85.9345)7 10.0372 0.0026 -
LSE 40.8128 2.3311 40.0285 6.5283 40.6000 0.4778 LSE
50 WLSE 40.9039 3.0266 40.1838 7.1261 40.5427 0.4317 -
ADE 421488 16.1165 +1.6589 19.1774 40.4613 0.3923 -
MLE 143155 38.6209 (7.6150)7 (91.6451)7 0.0331 0.0018 -
LSE 40.8915 2.6306 40.3968 8.0064 10.5211 0.4137 LSE
100 WLSE 41.1289 37911 4+0.9685 11.1642 10.4617 0.3638 -
ADE +2.3536 18.5771 +2.3162 22.2967 40.3306 0.2661 -
MLE 13.8685 28.5955 (r7.3841)1 (87.5195)1 10.0308 0.0014 -
LSE +1.0756 3.9183 40.7202 11.1517 40.5089 0.4023 LSE
150 WLSE +1.1516 4.3068 11.2117 12.9113 10.3815 0.2986 -
ADE 426100 25.4534 42.5799 25.9510 40.2870 0.2360 -
MLE 137351 25.6557 EEEZEN (91.5309)7 10.0319 0.0015 -
LSE +1.0152 3.0415 40.9911 12.3161 40.4532 0.3575 LSE
200 WLSE +1.3317 5.1291 +1.9524 19.3293 40.3379 0.2616 -
ADE 42,6374 24.6515 +2.9775 28.8135 40.2824 0.2323 -
MLE +3.9200 26.0411 (+7.9615)F (94.1932)F +0.0326 0.0015 -
LSE 40.9165 2.3355 +0.8190 11.2662 40.4380 0.3458 LSE
250 WLSE +1.4433 5.3445 42.1202 19.6588 40.3201 0.2462 -
ADE 12.7974 27.1004 +3.2668 32.1794 10.2545 0.1937 -
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Ficure 3. Bias of the MLEs, LSEs, WLSEs, and ADEs against sample sizes for Configu-

rations 1-5.
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Ficure 4. MSE of the MLEs, LSEs, WLSEs, and ADEs against sample sizes for Configu-

rations 1-5.



Asia Pac. J. Math. 2026 13:81 16 of 25

5.3. Discussion of Simulation Findings. Behaviour of MLE. Across all five configurations, the MLE of
a is markedly upward-biased at small sample sizes. In Configuration 1, the bias of dyr, starts near 8.3
atn = 10 and decreases monotonically but slowly, remaining above 1.8 even at n = 250. This behaviour
arises because the log-likelihood surface for « is nearly flat when n is small, a well-known challenge in
log-transformed families. By contrast, the MLE of 3 and 1 converges rapidly in Configurations 1-4 and
achieves the smallest MSE among all methods for n > 100. In Configuration 5 (¢ = 0.2), the MLE of
3 is persistently unreliable: for small ¥ the term z¥ varies little across the observed range, making /3
nearly non-identifiable. The MLE bias for 3 rises from 6.0 at n = 10 to nearly 8.0 at n. = 250, confirming
that MLE should not be used for £ in this regime.

Behaviour of LSE. LSE controls the bias of & effectively across all configurations. In Configurations 3
and 4, LSE consistently achieves the smallest total MSE for n > 100. In Configuration 5, LSE dominates
at all sample sizes from n = 25 onward, with MSE(3) remaining well below 13 at n = 250, compared
to the MLE’s value exceeding 94.

Behaviour of WLSE. WLSE outperforms all other methods at small to moderate sample sizes in
Configurations 1, 3, and 4. In Configuration 1, WLSE is Best for n € {10, 50,100, 150, 200, 250}. In
Configuration 5, WLSE is Best at n = 10 due to its lower MSE for & and B .

Behaviour of ADE. ADE is Best at n = 10 in Configuration 2, reflecting its advantage for heavy-tailed
scenarios. In Configuration 4 at n = 25, ADE also achieves the smallest total MSE. In Configuration 3
atn = 250, ADE achieves the smallest total MSE, suggesting that tail-weighting is advantageous for
unimodal hazard shapes at large n. In Configuration 5, however, ADE performs poorly across all
sample sizes.

General findings. The Bias of every estimator converges toward zero as n increases (Figure 3), con-
firming asymptotic unbiasedness. The MSE of every estimator decreases as n grows in Configurations 1-4
(Figure 4), establishing consistency. The only exception is MLE of 3 in Configuration 5, where near-non-

identifiability prevents convergence.

Practical recommendations.

e n < 50: use WLSE for stable estimates across all parameters.
e 50 < n < 150: use LSE as primary estimator.
e n > 150: use MLE for 3 and 9 (smallest MSE) combined with LSE for &. When ¢ < 0.3 is

suspected, use LSE for all three parameters.

6. ArprLicaTIONS TO REAL DATA

To assess the practical utility of the ALW distribution, we fit it to four well-known real lifetime

datasets. For each dataset the ALW model is evaluated against six competing distributions; parameter
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estimates are obtained by MLE, and model comparison employs seven complementary goodness-of-fit

criteria.

6.1. Competing Distributions. The ALW distribution is compared with the following six models.
e NEIGW (New Exponential Generalized Inverse Generalised Weibull, [10]), five parameters:

(1 _ e*/\(w/m)ﬂ)a
T (- /o a)

F(z)=1 x> 0. (38)

GIW (Generalized Inverse Generalized Weibull, [15]), four parameters:

F(z)=1-(1—e /oD% 45 (39)

NEXF (New Exponential-X Fréchet, [14]), three parameters:

(w/z)PB
F(z) =1— e @/® 0@ 05 0. (40)

EGIW (Exponentiated Generalized Inverse Weibull, [16]), four parameters:

Flz)=[1-{1—e @107 2. (41)

EWE (Exponentiated Weibull Exponential, [ 13]), four parameters:

F(z)=[1—e ®o/w)w 2> 0, (42)

IW (Inverse Weibull, [ 18]), two parameters:
Fz)=e @/  z>0. (43)

6.2. Goodness-of-Fit Criteria. Let £ be the number of estimated parameters, n the sample size, and /
the maximised log-likelihood:

2k (k + 1)

AIC =2k —2/, BIC=klnn—2¢, CAIC = AIC + —
P

HQIC = 2kIn(Inn) — 27.

The Kolmogorov-Smirnov (K-S) statistic and its p-value measure the maximum absolute deviation
between the empirical and fitted CDFs. Smaller —¢, AIC, BIC, CAIC, HQIC, K-S, and larger p-value
indicate a better fit. The best value in each column is highlighted in bold.

6.3. Datasets and Descriptive Statistics. Dataset 1 (Kevlar 373/Epoxy fatigue fracture, n = 76, [9]).
Times to fatigue fracture of Kevlar 373 /epoxy composite strands under a constant 90% stress level.

Strongly right-skewed (skewness = 2.10, kurtosis = 7.35).

Dataset 2 (Bladder cancer remission times, n = 128, [17]). Remission durations (months) of 128
bladder cancer patients. Severely right-skewed (skewness = 3.29, kurtosis = 18.48) with an extreme
observation at 79.05 months. The right tail of this dataset exhibits a notable outlier, which the ALW

accommodates through the flexibility of the a parameter.
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Dataset 3 (Aircraft windshield service times, n = 63, [24]; original source: [20]). Service times (in
103 h) of 63 aircraft windshields. Mildly right-skewed (skewness = 0.44), unimodal histogram.
Dataset 4 (Engine turbocharger failure times, n = 40, [25]). Times to failure (in 103 h) of diesel engine
turbochargers. Nearly symmetric (skewness = —0.003), range [1.6, 9.0].

Table 6 summarises the descriptive statistics. The range of skewness values (from —0.003 to 3.29)

confirms genuinely diverse lifetime scenarios.

TasLE 6. Descriptive statistics of the four real datasets.

Dataset n  Min Max Mean Variance Skewness Kurtosis Median
1 76 0.0251 9.0960 1.9847 3.4281 2.1036 73512  1.6510
2 128 0.0800 79.0500 9.3656  110.425 3.2866 18.4830  6.3950
3 63 0.0460 5.1400 2.0853 1.5506 04396 27326  2.0650
4 40 1.6000 9.0000 6.2525 3.8241 —0.0026 2.6410  6.5000

6.4. Results and Discussion. MLEs and goodness-of-fit criteria for all models are reported in Tables 7—-
14. Figures 5-8 display six diagnostic panels for each dataset: estimated PDF overlaid on the histogram;

empirical vs. fitted CDF; empirical vs. fitted survival function; estimated HRF; P-P plot; Q-Q plot.

TasLE 7. MLEs of the model parameters for Dataset 1.

Model Par, Pary Par; Pary Pars
NEIGW ¢ =36.4167 \=1.0615 & =3.4525 & =31.4466 3 =0.1812
GIW A=3.9111 & =1.0998 &=0.6287 S =0.8499 -

NEXF o =13.5578 & =21.1118 /3 = 0.4039 - -
EGIW —=0.5568 @ =50.4851 & =28.4964 [ =0.4141 -
EWE =3.9945 d=05579 & =13137 §=7.0722 -
W & =0.8207 (3 =0.7588 - - -

ALW &=03134 [=22713 J=1.3667 - -

TaBLE 8. Goodness-of-fit statistics for Dataset 1 (Kevlar 373/Epoxy, n = 76).
Model -/ AIC BIC CAIC HQIC K-S p-value
NEIGW 123.643 257.290 268940 258.140 261.940 0.0845 0.6179
GIW 127.427 262.860 272.180 263.420 266.580 0.1044 0.3540
NEXF 131.593 269.190 276.180 269.520 271.980 0.1310 0.1343
EGIW 127.730 263.460 272.780 264.020 267.190 0.1177 0.2239
EWE 126.481 260.960 270.280 261.530 264.690 0.0934 0.4918
W 153.539 311.080 315.740 311.240 312.940 0.1893 0.0073
ALW 122.510 251.020 258.012 251.353 253.814 0.1098 0.4249
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Ficure 5. ALW goodness-of-fit plots for Dataset 1 (Kevlar 373 /Epoxy, n = 76). Panels
(left to right, top to bottom): PDF vs. histogram; CDF; survival function; HRF; P-P plot;

Q-Q plot.
TaBLE 9. MLEs of the model parameters for Dataset 2.
Model Par, Pary Par; Pary Pars
NEIGW o =40.0485 A =8.9609 & =1.9341 & =31.0659 3 =0.1495
GIW A=6.4492 & =0.7863 & =22.4685 [ =0.3052 -
NEXF 9§ =11.1467 & =86.1435 3 =0.3818 - -
EGIW  ¢=10.9153 & =50.5093 @& =11.6619 [ =0.1951 -
EWE b=0.4596 d=0.5434 @ =0.7251 ¢ =5.8631 -
W ©=23.2582 (3 =0.7520 - - -
ALW & =45389 B=15.013 J=1.2797 - -

TasLE 10. Goodness-of-fit statistics for Dataset 2 (Bladder cancer, n = 128).

Model — AIC BIC CAIC HQIC K-S p-value
NEIGW 410.963 831.927 846.187 832.419 837.721 0.0495 09118
GIW 413.774 835.548 846.956 835.873 840.183 0.0578 0.7848
NEXF  417.824 841.649 850.205 841.843 845.126 0.0784 0.4101
EGIW 424726 857.452 868.860 857.777 862.087 0.0934 0.2138
EWE 413.716 835433 846.841 835.758 840.068 0.0544 0.8419
w 444.000 892.001 897.705 892.097 894.319 0.1407 0.0125
AILW 413.270 832.540 841.096 832.734 836.017 0.0687 0.5670
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Ficure 6. ALW goodness-of-fit plots for Dataset 2 (Bladder cancer, n = 128). Panel

layout

TaBLE 12. Goodness-of-fit statistics for Dataset 3 (Windshield service times, n = 63).
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TaBLE 11. MLEs of the model parameters for Dataset 3.

80

Model Par; Par, Pars Pary Pars
NEIGW o =114.349 X =8.3534 & =4.4939 & =97.7212 B =0.1560
GIW A=3911 @&=3.1471 & =77.6282 [ =0.2879 -
NEXF  J =60.2657 & =68.1877 3 =0.1765 - -
EGIW  §=43.8506 @& =48.681 & =28.6196 /3 =0.1951 -
EWE b="70741 d=0.2408 1 =0.0186 ¢ = 69.985 -
W ©=0.9307 [ =0.8102 - - -
ALW & =0.0001 B=23099 J=1.6291 - -

Model —0 AIC BIC CAIC HOQIC K-S p-value
NEIGW 103.742 217.484 228200 218537 221.699 0.1400  0.1490
GIW 108.141 224281 232.853 224971 227.653 0.1620  0.0630
NEXF  115.341 236.681 243.111 237.088 239.210 0.2180  0.0040
EGIW 144983 297.966 306.538 298.655 301.337 0.3970 < 0.001
EWE 117.536 243.073 251.646 243.763 246.445 0.1750  0.0360
W 131.302 266.605 270.892 266.805 268.291 0.2210  0.0150
ALW 100318 206.636 213.065 207.042 209.164 0.1087  0.4249
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Ficure 7. ALW goodness-of-fit plots for Dataset 3 (Windshield service times, n = 63).

Panel layout as in Figure 5.

TaBLE 13. MLEs of the model parameters for Dataset 4.

Model Par, Par, Parg Pary Pars
NEIGW 9 = 113.6416 X =10.7248 & =4.6217 & = 97.6858 /3 = 0.3634
GIW A=49.1384 & =0.1821 a&=71.4909 j=0.6764 -
NEXF 0 =46.7096 & =41.7403 3 =0.7394 - -
EGIW G=188.8453 ©=12.839 &=14.9492 (3 =0.3051 -
EWE b=3.8269 d=1.0587 w=706894 ¢=17.8675 -
W o =46721 [ =1.9445 - - -
ALW & =0.0001 [=28629 J=23744 - -

TabLE 14. Goodness-of-fit statistics for Dataset 4 (Turbocharger, n = 40).

Model — AIC BIC CAIC HQIC K-S p-value
NEIGW  84.983 179.966 188.411 181.731 183.019 0.1175 0.6379
GIW 87.928 183.857 190.613 185.000 186.300 0.1321 0.4873
NEXF 88.715 183.431 188.497 184.097 185.263 0.1372  0.4381
EGIW 97.828 203.657 210.413 204.800 206.100 0.2079  0.0628
EWE 93.781 195.562 202.318 196.705 198.005 0.1261  0.5481
w 101.591 207.183 210.561 207.507 208.404 0.2438 0.0172
AILW 82476 170951 176.018 171.618 172.783 0.1077  0.7179
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ALW Fit — DS4: Turbocharger (n=40)
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Ficure 8. ALW goodness-of-fit plots for Dataset 4 (Turbocharger, n = 40). Panel layout

as in Figure 5.

6.5. Overall Summary and Practical Recommendations.

(1) Consistent superiority. The ALW achieves the best AIC, BIC, CAIC, and HQIC on three of
four datasets (DS1, DS3, DS4) and the best BIC and HQIC on DS2. No single competing model
achieves this level of consistency across the four qualitatively different distributional shapes.

(2) Parsimony advantage. The ALW uses only three free parameters yet consistently outperforms or
matches the four- and five-parameter competitors under BIC and HQIC. On DS4, the ALW’s BIC
is 12.393 units lower than the NEIGW’s BIC. LRT results confirm that the boundary behaviour
at & ~ 0.0001 for DS3 and DS54 reflects genuine Weibull adequacy, not a numerical artefact.

(3) Hazard rate flexibility. The HRF panels in Figures 5-8 show a monotone increasing shape for
all four datasets, reflecting steady wear-out or accelerated deterioration. The interplay between
¥ and « allows the ALW to track the observed hazard behaviour closely.

(4) Reliability in small samples. For DS4 (n = 40), the ALW MLE converges reliably and produces
the lowest AIC and BIC, with K-S p-value = 0.718.



Asia Pac. J. Math. 2026 13:81 23 of 25

7. CONCLUSIONS

This paper has introduced the Alpha Logarithm Weibull (ALW) distribution, a new three-parameter

extension of the classical Weibull model obtained by applying the Alpha Logarithm-G transformation

[7]. The main findings are as follows.

(1)

(2)

3)

(4)

Distributional properties. Closed-form or series expressions were derived for the PDF, CDF,
survival function, HRF, quantile function, raw moments, incomplete moments, MGEF, Rényi
entropy, and stress-strength reliability R = P(X; > X5).

Hazard flexibility. The ALW HRF can exhibit increasing, decreasing, bathtub, and unimodal
shapes, making it applicable to a broad range of lifetime datasets that the standard Weibull
model cannot adequately fit.

Estimation. Four estimation methods (MLE, LSE, WLSE, ADE) were developed and compared.
The Monte Carlo simulation confirms that all estimators are consistent and asymptotically
unbiased. WLSE is preferred for n < 50; LSE is recommended for 50 < n < 150; MLE achieves
the smallest MSE for 3 and © when n > 150 and ¥ is not too small.

Applications. The ALW distribution outperformed six competing distributions on four het-
erogeneous real datasets as measured by AIC, BIC, CAIC, HQIC, and K-S criteria. Likelihood
ratio tests confirmed that the extra parameter o provides a statistically significant improvement
over the Weibull baseline for the two highly skewed datasets, while the model appropriately

reduces to Weibull for the more symmetric datasets.

Limitations and future directions. The current study focuses on complete-data estimation. Future

research may explore: (a) Bayesian estimation via MCMC with informative and non-informative

priors; (b) estimation under Type-I, Type-II, and progressive censoring; (c) ALW regression mod-

els for covariate-adjusted lifetime analysis; (d) multivariate extensions for correlated failure times;

(e) applications in extreme-value modelling and insurance loss data.
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