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AsstrACT. Neutrosophic crisp sets represent a broad generalization of classical mathematical structures and
have attracted increasing attention due to the flexibility and diversity of the algebraic operations defined on
them. The existence of multiple forms of intersection, union, and complement, along with the variability of
points and their membership, complicates distinguishing between elements and provides a rich framework
for theoretical development. The notion of neutrosophic crisp points and their membership constitutes a
fundamental and nontrivial aspect of this field. In this study, we examine the separation axioms &, 7o,
&,71, and &, 72 within a neutrosophic crisp topological space constructed using first-type intersections
and second-type unions and complements, considering five distinct types of neutrosophic crisp points and
their membership concepts. A subspace definition within this framework is also introduced. Our analysis
shows that, unlike classical topology, many standard separation properties do not uniformly hold for all
types of points. Comparison with prior work on stable neutrosophic crisp spaces—based on four types of
points—indicates that some theorems valid there may not extend here. All relevant theorems have been
rigorously proved, with explicit examples of properties that fail, highlighting essential differences among
neutrosophic crisp set frameworks.
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1. INTRODUCTION

The concept of Neutrosophy emerged in 1980 as an advanced logical framework. It generalizes fuzzy
logic and extends its ability to represent and handle indeterminacy and inconsistency. This concept
has opened new avenues for the development of various pure mathematical structures, particularly in
topology, where new topological spaces have been constructed based on neutrosophic foundations.

In 2014, A. Salama and his collaborators introduced the concept of Neutrosophic Crisp Sets, which

were classified into three main types [1,2], with precise definitions provided for each type Let 9" =<
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21,92,23 > be a neutrosophic crisp set. Then:

Type: Y1 NY2=0,9:1NY3=0,Y92NnY3 = 0.

TypeI: Y1 NY2 =0,D1NY3 =0,Y2NY3 =0,and Y UY2 UY3 = X.
Typelll: 91 NY2N Y3 =0, and Y; UY2 U Y3 = X.

They also defined the neutrosophic crisp empty and universal sets as follows:
0] =<0,0,X>,05=<0,%,0>,05=<0,%X,% >0 =<0,0,0 > .

X =<X,0,0,> X =< X,X,0 >, X, =< X,0,X >, X} =< X, X, X >.

In addition, they defined three types of complements of neutrosophic crisp sets. Let C" =<
C1, Cs, C3 > be a neutrosophic crisp set in X. The complements are defined as follows:

Type L (C™) =< C1¢, 1%, C5° >,
Type II: (C")? =< C5,Cs,Cy >,
Type III: (C™)* =< C3,C5¢, Cy >.

Furthermore, the concept of neutrosophic crisp points [3] was established, which later became
the basis for further extensions aimed at clarifying the membership of these points in neutrosophic
crisp sets in a more rigorous and comprehensive manner. The theory of neutrosophic crisp sets has
demonstrated its effectiveness in several important applications, including image processing [4], as
well as in geographic information systems [5] and database processing [ 6], highlighting its significance
from both theoretical and applied perspectives.

In the context of topological development, researchers have investigated separation axioms within
neutrosophic crisp topological spaces, where the first definition of such axioms in this framework was
introduced in 2018 [7], paving the way for further advanced studies in this area.

In [8], we introduced a definition of a topological space based on a Type-1 intersection, complement,
and a Type-2 union, leading to a structure with distinct algebraic characteristics. In [9], the concept of
a stable neutrosophic crisp topological space was proposed, while in [ 10, 11] separation axioms were
developed based on four types of points, corresponding to four types of membership relations within
the stable topological framework.

In this paper, we extend these developments by introducing separation axioms based on five types
of points, corresponding to five types of membership relations, according to the definition presented
in [8]. Through a systematic comparison with both classical topological spaces and stable neutrosophic
crisp topological spaces, it is shown that several separation properties do not hold for all types of points;
they may be satisfied in certain spaces but fail in the space under consideration. Moreover, the results
reveal that the choice of algebraic operations (intersection, union, and complement) plays a crucial role
in determining the validity of these properties, emphasizing the sensitivity of the topological structure

to the nature of the adopted operations.
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This paper is organized into three main sections. Section 2 presents the fundamental definitions and

supporting theorems, while Section 3 introduces the separation axioms, proves the properties that

hold, and provides illustrative examples for cases where these properties fail.

Definition 2.1. |

X.

TasLE 1. List of symbols

Symbol Descriptions
S, Cs Neutrosophic Crisp Sets
SCms Neutrosophic Crisp Point
Sy C7(1,2)-space | Neutrosophic Crisp Topological Spaces
SCC- set Neutrosophic Crisp Closed Set
S,CO- Set Neutrosophic Crisp Open Set
S,-6,C7 (1 2)— space | Subspace Neutrosophic Crisp Topology
S, To— space Neutrosophic Crisp 7p— space
S, 71— space Neutrosophic crisp 71— space
S, T2— space Neutrosophic Crisp 72— space

2. PRELIMINARIES

Their union is defined as follows:

Type LEY UL LY =< & UL, E ULy, E3N L3 >.
Type ILEY U LM =< E1 U L1, EN Ly, E3N Ly >.

Similarly, their intersection is defined as:

TypeI:S"ﬁl LPN=<E1NL,ENLy,E3ULy > .
TypeII: E"M L=< E1NLy, E9U Loy, E3U Ly > .

Definition 2.2. |

in X, two subset relations are defined as:
TypeL: " C1 L & & C L£1,E C Lo, L3 C &s.
Typell: E" Cy LM & & C L4, Ly C &, L3 C &s.

Definition 2.3. [9,
i.
ii.
iii.
iv.

V.

m" =<0, {m},{m}° >
m" =< {m},0, {m}° >
m" =<, 0,0, {m} >, where {m} is singleton.
m™ =<, {m},0 >, where {m} is singleton.

m™ =< {m}, 0,0 >, where {m} is singleton.

| Let E" =< &1,&2,E3 > and L" =< L1, L9, L3 > be two neutrosophic crisp sets in

] For any two a neutrosophic crisp sets £" =< &1, &2, E3 > and L' =< L1, Lo, L3 >

] Let X be a non-empty set. A neutrosophic crisp point (GCms) is defined as:
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Definition 2.4. [11] Let 9" =< 21,922,253 > be a neutrosophic crisp set in X. Then
im"me Pt méYs.

ii. m2 e Pt me ;.

jii. m" €3 Y" & m e Ys.

iv.mM ey Pt & m e Qo.

v.mbB e Pt m e Q).

Definition 2.5. [11] Let H" =< H;,H2,Hs > be a neutrosophic crisp set in X. Then the non-
membership relations are defined as follows:
im"Mé H o meé Ho Am e Hs.
ii. M2y H "o me HsAm ¢ Hy.
iii. m" ¢35 H" < m ¢ Ha.
iv. mM ¢, H" & m ¢ Ho

We introduce a fifth type of non-membership relation, defined as follows:
m" &5 H" & m ¢ Hy

Definition 2.6. [9] Let &" =< &1,&2, &3 > and L™ =< L4, L3, L3 > be two neutrosophic crisp sets in
X. Then &" # L% if and only if m" €; " m™ &; L orm™ &; E" m™ ¢; L, i =1,2,3,4,5.

e m" £ ¢" if and only if m # q.

Definition 2.7. [13] If P" =< Py, P2, Pz > is a neutrosophic crisp open in Y, then the preimage of P
under f, defined by f~1(B") =< f~1(B,), f1(B,), F1(P;) >, is a neutrosophic crisp set in X.
Similarly, If 3" =< J1, J2,J3 > is a neutrosophic crisp set in X, then the image of J" under f, defined

by f(3") =< f(31), [(Js), f(J3) >, is a neutrosophic crisp set in Y.

Corollary 2.8. [2] Let f : X — Y be a function, and let 3" =< J1,J2,J3 >, M" =< My, Mo, M3 > be
6&,Cs in X. Then:

i JVC MY e f(IY) S f (M)

ii. 3¢ Co M™ < f (3" Sy f(M™)

Corollary 2.9. [?] Let f : X — Y be a function, and let P* =< P1, P2, Vs >, i =< {1, f2, f3 > be a &,C;
inY. Then:

PGt e fHPY) S f ()
ii. P Co fr e TP S2 FTH()
Definition 2.10. [3] The pair (X, T) is called a Neutrosophic Crisp Topological (&,C7(; 2)-space) when

the following criteria are satisfied:
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i 0 =<0,0,X>€7T,and X} =< X,0,0 > T.
ii. Forany A", 0" € T, thesetA" N, O" € T.
iii. IfA"j € TVj € J, then U;pA" € T.
For any O" € T, it is a neutrosophic crisp open set (&,CO - set), and (O")* is a neutrosophic crisp

closed set (&,CC - set).

Definition 2.11. [3] Let (X, 7x) and (Y, 7y) be 6,C7(; 2)-spaces. A function f : X — Y is called
neutrosophic crisp continuous 7 function if the inverse image of every &,CO- setin Y is a &,CO - set
in X.
Definition 2.12.
(1) Afunction f : X — Yisinjective if V m"# ¢", m", ¢" are SCms in X, then f (m") # f (¢"),i =
1,2,3,4,5.

(2) A function f : X — Y is surjective if V s" is GCms in Y 3 m™ is SCms in X such that f (m") =
(s™),i=1,2,3,4,5.

Definition 2.13. Let (X, 7x) and (Y, 7y) be &,C7(; )-spaces. A function f : X — Y is called a neutro-
sophic crisp open(; ) function if for every neutrosophic crisp open set 2" in X, the image f(") is a

neutrosophic crisp open set in Y.

Definition 2.14. A function f : (X,7x) — (Y,7y) is called neutrosophic crisp homeomorphic; )

function if f bijective, continuous; 2) and open(; o) function .

Theorem 2.15. Let Y" =< 91,92,z >,L" =< L;1,0, L3 > be neutrosophic crisp sets in X. if m" €; L"
and m™ &; P, then m" ¢, P" Ny L*,i =1,2,5.

Proof.
Casei =1

From the Definitions 2.3, 2.4 and 2.5
m" =<0, {m}, {m}° > m" e L"m¢ Lg

So, L" M P" =< L1 NY1,0 N Y2, Lz UYs > by Definition 2.1.
Since, m"™ ¢; Y". So, m € Y3 and. Hence, m € L3 UYs3. Thus, m™ ¢; P" Ny L".

Case: =2
m™ =< {m},0,{m}*>m" €y L" & m e L;.
So,
L"M Y " =<L1NY1,0NYs, L3 UY3 >
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Since, m"2 ¢4 YP". So, m ¢ ;. Hence, m ¢ L; NQY;. Thus, m™ &9 P" Ny L™

Casei =5
m" =< {m},0,0 > m" €5 L" ©me L;.
So, L"MY" =< LiNY1,0 N Y2, Lz UY3 >.
Since, m" ¢5 Y". So, m ¢ ;. Hence, m ¢ L1 NY;. Thus, m" &5 P" Ny L".

Remark 2.16. For i = 3,4, Theorem 2.15 does not necessarily hold.

Case: =3
For example let m™ =< 0,0,{c} >€3 L" =< {a},0,{c} > ,m"™ ¢39" =< {a,b},0,0,>. But,
m™ 3 L"MYP" =< {a}, 0, {c} >. Thus the theorem fails for i = 3.

Case? =14
It is clear that

Theorem 2.17. Let Y" = < 1,2, Y3 >, L" =< Ly, Ly, Ly > be neutrosophic crisp sets in X. If Y* Ny L" =
(0%, then for any m™ &; ", it is follows that then m"™ ¢; L", fori = 1,2,4,5.

Proof. Assume that 9" N; L" = 0} and m"™ €; Y" for i = 1,2, 4, 5. Then by Definition 2.1 we have:
@nﬁl I"=< QJl NL1,Y2N Lo, YP3U Ly >= @111 =< @,@,36> .

Casei=1
If m™ €; P", then m ¢ Y3 by Definitions 2.4. Since 93 U L3 = X it is follows that m € Lz which implies
m™ ¢; L" by Definitions 2.5.

Casei =2
If m" €5 P", then m € 9, by Definitions 2.3 and 2.4. Since 91 N L; = () we obtain m ¢ L;, hence
m" ¢, L" by Definitions 2.5.

Casei=4,5
The proof it is similar to that of Case i=2 Therefore, if " Ny L" = 0}, thenm™ ¢; L", fori =1,2,4,5. O

Remark 2.18. For i = 3,4, Theorem 2.17 does not necessarily hold. For example, let m" =< 0,0, {c} >€3
D" =< 0,0,{b,c} > and let L" =< 0, 0,{a,c} >.
Then " Ny L" = 0}, but m™ €3 P" does not imply m™ €3 L.
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3. SeparATION Axioms IN NEUTROSOPHIC CRrisp ToroLoGIcAL Spaces (&, C7 1 2)-SPACE)

In this section, the separation axioms are examined based on the presented topological definition. In

addition, some properties relying to five types and five types of memberships are investigated.

Definition 3.1. Let (X, 7) be a 6,C7; 5)- space and let 4" =< &;,(), U3 >C; X}. Then, the Neutro-
sophic Crisp Topology defined on 4" is called the subspace Neutrosophic Crisp Topology (briefly
&5 — 6,C7(1,9)- space), denoted by (7yn), where Tyn = 4" M1 P : Y € T.

Theorem 3.2. The pair (U", Tyn) is a Neutrosophic Crisp Topological space.

Proof.

(1) Since, X} =< X,0,0 > 7,0} =< 0,0,%X > T. So " =< Uy, 0, 3 >, 4Ny OF = 0} € Ty and
UM X =< th NX,0N0,Us UD >=U"e Tyn.
) If G e Ty Vt.S,3Y% €T 5 G = U Ny P, V .. So,

UgeG™ = Uy (U™ M1 ™)) = Ut (< Dy, N8k, Yo N O, U3 U D3y >)

= (<UD, N8h), 0,0 (M3 UD3p) >) = (< N (WD), 0, Uz U (MeD5y) >)
= " My (Ugtﬁ‘jnt).

Hence, Uy G™ € Tyn.

B) G € TinV1<i<nS0,3Y% €T 3G =M Y V1<i<n.
So,
Tim1GM o= N1 (UM DY) = N (K Dy Nk, Yo N0, Us U Y3 >)
= (<M (Y N ), 0, M7y (D, Ush) >) =<t 0 (N2 D1e) , 0, Uz U (M7 Dse) >

=4 N (NT=1 D).

Hence, N7,_;G";€ Typn.

Therefore, (4", Ty ) is a Neutrosophic Crisp Topological space. O

Example 3.3. Let X = {a,b,c} and define 7 = {0}, X},A", B*, C*,O", E*, F*,G"H", I", J"}, I = <
0,0, > X =< X,0,0 >, A" =< {a},{b},{c} >, B" =< {b},{a},{c} >,C" =< {a},{c},{b} >,
o" =< {a},0,{c} >, E" =< {a},0,{b} >, F* =< {b},0,{c} > ,G" =< 0,0,{c} > , H" =<
{a}0,0,>,1" =< 0,0,{c,b} >, J" =< {a,b},0,0,>. So, (X, T) is a &,CT(; o) — space (by Definition
2.10).
Let 4" =< {b},0,{a,c} > C;X}, then the subspace neutrosophic crisp topology is Ty» =
LU LML =< 0,0,{a,c} >.
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Remark 3.4. Let Tyn be a &5 — &,CT(y 2)- space. Then m™ =<, {m},0 >¢, G", VG " = U"N; P",G" €
Tun, D" € T. Because, 4" =< 4,0, 43 >, m ¢ (. By Definitions 2.3, 2.4 and 2.5.

Remark 3.5. Let (U", Tyn) be a &5 — &,CT (1 9)- space. if m" €; U",i = 1,2,3,5, then m" are a GCms in
X. Because, 31,345,813 C X.

Definition 3.6. Let (X, 7) be a 6,C7; 2~ space. Then (X, T) is called neutrosophic crisp 7p-space
at m" (denoted by &,7y- space) if for every pair m™ # ¢" 3P € T 2 m™ &; P, ¢ ¢; Y" or
qni € gjnv mni¢j Q.Jna i = 17 2; 3a 4a 5.

Example 3.7. Based on Example 3.3, (X, T) is a &, 7— space at m™,i = 1,2, 3, 4, 5. For instance, when
i = 2 we have: m}2 =< {a},0, {b,c} > my? =< {b},0,{a,c} > mi? =< {c},0,{a,b}>, (by Definition
2.3). Hence,

12 £ md? mi? miZare SCms 3C" € T 5 mi? € C", m})? ¢y C"

12 £ mi? mh? mi? are SCms IA" € 7 > mi2 € A, mi2 ¢p A

22 £ mh? mb% mhiZ are SCms IA™ € 7 > mh? € A™, mj? ¢y A"
In the same way, we prove that the space is a &, 7o~ space at m",i = 1,3,4, 5.

Remark 3.8. It is not necessary that all types of points and memberships satisfy the above definition.
For examples: Let X = {a,b,c} and T = {0}, X}, A", B*,C", D", E", H"} 5 0} =< 0,0,X >, X} =<

X,0,0 >,A" = {a,b},0,{c} >, B" =< {c},0,{a,b} >,C" =<{a,c},0,{b} > ,D" =< {b},0,{a,c} >,

E" =< {b,c},0,{a} >, H"=<{a},0,{b,c} >. Then (X,T)is &,C7T o) - space, but it is not a &,7g

- space at m™

Theorem 3.9. Let (U", Tin) be a &5 — &,CT 1 9)- space, and let (X, Tx) be a &,To— space at m" i =1,205.
Then (U™, Tywn) is also a Sy To— space at m™ i = 1,2, 5.

Proof.
Case: =1
Let st # s8l where s =< 0,{s1},{s1}° >,s8! =< 0,{s2},{s2}° >€; 4U" Since (4", Tyn) is
a subspace of (X,7x). it is follows from Remark 3.5 that these points are GCms in X . Because
(X, Tz) is a 6,To— space, 3 V" =< D1,92,Ys > Tx > s} € P, s ¢ Y". Consider
Q" Ut =< Uy NY4,0 N 232,113 U3 >) € Tyn.

Therefore, st! €7 U™ and s €1 Y™. So, 51 ¢ Uz, s1 ¢ V3. Hence, 51 ¢ (U5 U9Q3). Thus, st e
(4N, Y"). Therefore, sh' €; U and 5! ¢1 Y".So, 53 ¢ i3, 59 € V3.

Hence, 5o € (U U9Q)3). Thus, 521 ¢1 (U"N;Y") by Theorem 2.15. Hence, (U", Tyn) is a S, 70— space at

mnl
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Case: =2
sh2 £ 582 where s12 =< {s1},0, {s1}° >, 82 =< {s2},0, {52} > €3 U™

Since (U", Tr) is a subspace of (X, Tx). it is follows from Remark 3.5 that these points are SCms in
X.

Because (X, 7x) is ©,7T ,— space. Therefore, 3" € Tz 2 si? €32 Y", s5% ¢2 Y™

Thus, (U"N,Y") € Tyn. Therefore, s12 €5 U™ and 572 €2 Y™. So, s1 € Ly, 51 € V1.

Hence, s; € (4 N91). Thus, s§2 €5 (UM Y").

Therefore, s5 €2 4™ and s5? ¢ Y™. So, s2 € Ly, 52 & V1. So, s2 ¢ (L NY1). Thus, s§2 ¢ LUMY"
by Theorem 2.15.

Hence, (U", Ty») is a &, To— space at m"2.

Casei =5
st £ s5° where s1° =< {s1},0,0 >, 5’ =< {s2},0,0 > €5U™.

Since (4", Tyn) is a subspace of (X, Tx). it is follows from Remark 3.5 that these points are GCms in
X. Since, (X, Tx) is 6, T ,— space. Therefore, 39" € Tx > PNt L - ) L

Consider (4"N;Y") € Tyn, Therefore, s% €5 U and s €5 Y".So0,51 € Uy, s1 € ;. Hence,
s1 € (U, NY1). Thus, s% e (U, Y"). Therefore, s €5 UM and s5° ¢5 Y™ So, so € U, 52 ¢ V1. So,
s2 ¢ (ﬂ?, U9s).

Thus, s5° ¢5 (U"M1Y") by Theorem 2.15. Hence, (U", Ty ) is S, To— space at m™. O

Remark 3.10. The result of Theorem 3.9 does not necessarily hold for i = 3, 4.

Case: =3
In Example 3.3 (X, Tx) is a &, To— space at m™, i = 1,2, 3,4, 5, but (U", Ty») is not &, C7(1,2)— space at

m™, i = 3.

Case? =14

The flows from Remark 3.4.

Theorem 3.11. Let f : (X, Tx) — (Y, Ty) be homeomorphic , ) neutrosophic crisp function and (X, Tx) is a
&, To— space at m™, then (Y, Ty) is also a &, To— space at m™ i = 1,2, 3,4, 5.

Proof. Let ¢} # ¢5' where ¢%", ¢5* are GCms in Y.
Since, f is bijective there exist m{", m}’ in X > m§' £ m}’, f (m}’) = ¢}, f (m}’) = ¢5* (by Definition
2.12). Since, (X, Tx) is a 6,7 —space 3Y" € Tx > mi €, YU mY & P",i = 1,2,3,4,5. Because f is

homeomorphic(; 5) it is an open(; oy mapping (by Definition 2.14).
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Hence, f (9") € Ty (by Definition 2.14). Moreover, f (m}) = ¢}’ €; f ("), f (m}’) = ¢&* & f (D).
Therefore, (Y, 7y) is a &, To— space at m™,i = 1,2,3,4, 5. O

Definition 3.12. Let (X, 7) is a 6,C7; 2) — space. Then (X, T) is called neutrosophic crisp 71~ space at
m™ (denoted by &, 71- space) if for every pair m™ # ¢" where m", ¢" are SCms there exist L", 9" € T
such thatm™ €; P", ¢™ ¢, Y"and ¢™ €; L, mM¢; L" i=1,2,3,4,5.

Example 3.13. Let X = {a,b,c} and T = {0}, X7,2", B",C",O",E",H"} > 0} =< 0,0, X >
=< X,0,0 >, A" =< {a,b},0,{c} >, B" =< {c},0,{a,b} >,C" =< {a,c},0,{b} > ,0" =<

{b},0,{a,c} >,

E" =< {b,c},0,{a} > ,H" =< {a},0,{b,c} >. Then (X, T) is a &,CT(; 9~ space (by Definition 2.10).
Moreover, (X,T) is a &, 71— space at m™, i = 1,2,3,5. For instance, when i = 2 we have m}? =<

{a},0,{b,c} >, m§? =< {b},0,{a,c} >, mi? =< {c},0,{a,b} >, (by Definition 2.3). We verify

separation:

m!? # mi? where m}?, m4? are SCms, there exist H*, O" € T such that
m‘1‘2 SD) Hn, 2 %2 o° andm €9 On 2 ¢2 o".
m}? £ m4? where m2, mj}? are &Cms, there exist H", B" € T such that
62 I‘In m §§2 H“andm €9 Brl m §é2 B"
mj? £ m}? where mj}?, mj? are GCms, there exist 2", B" € T such that
m)? € P", mY? ¢9 PY" and m}? € B", m}? ¢, B"
Thus, the space is a &,7;— space at mn2, Similarly, it is holds for 7 = 1, 3, 5.

Remark 3.14. It is not necessary that all type points and memberships satisfy the above definition. For
example: In Example 3.13 m}* =< 0, {a},0 >, mj* =< 0, {b},0 >. Then m}* # mj*, but there do not
exist Y™, L* € T o> m}t €4 P, mi?t ¢4 Y" and m}* ¢, L", mi* €4 L". Hence, the space is not a G, 71—

space at m™

Example 3.15. Let X = {a,b,c} and T = {0}, X}, A", B",C",O",E", F"} > 0} =< 0,0,% >, X} =<
X,0,0 > A" =< X,{a},0 >, B" =< 0,{a},X >,C" =< X, {b},0 >,0" =< 0,{b},X > ,E" =<
X, {c},0 > F"=<0,{c},X >. Then (X, T) is a §,CT(; 2)— space (by Definition 2.10).

Moreover, (X,7) is a &,7;— space at m™

e itis nota &,7;—spaceatm™,i =1,2,3,5

Theorem 3.16. Every &, T— space at m™ is a &, Ty — space at m™,i = 1,2, 3,4, 5.
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Remark 3.17. The converse of Theorem 3.16 is not true. For example, in Example 3.7 (X,7) is a 6,7y -

space at m"™ i =2 5butnota S, 71 — space at these indices.

Theorem 3.18. Let f : (X, Tx) — (Y, Ty) be homeomorphic(, o) neutrosophic crisp function. If (X, Tx) is a
&, T1 — space at m™. Then (Y, Ty) is also a &,T; —space at m™ i = 1,2,3,4,5.
The proof is analogous to the proof of Theorem 3.11.

Theorem 3.19. Let (U", Tyn) be a &5 — &,CT(y oy~ space, and let (X, Tx) be a &,T1 — space at mY,i=1,2,5.
Then (U™, Tyn) is also a &, T, — space at m".i=1,205.

Proof.

Case: =1
Let 3! # s3! where s =< (), {s1}, {51}° >, s8 = < 0, {s2}, {52} >€1 U™

Since (U", Ty ) is a subspace of (X, Tx). it is follows from Remark 3.5 that these points are GCms
in X. Since, (X, Tx) is a 6,71 — space, there exist 9" < 91,22,93 >, L" < L1, Ly, Ly >€ Tx such that
silep Yn, s8¢ P and s§ € L, st LT

Consider
UMY =< Uy, 0,43 > Ny < D1,D2,DV3 > =< U NV, 0N Yo, Us UY3 >€ Ty, U Ny L™ = < Uy, 0,
U3 >Ny < L1,Lo, Ly >=< U1 N L1,0N Loy, U3 U Lz >E Typn.

Using the same argument as in Theorem 3.9:
stoer (U M), sit ¢ (UrN ), S5 ey (PN LM, s ¢y (UPNy L"). Thus, separation holds in the

subspace.

Casei =2
sh2 £ 582 where s12 =< {s1},0, {s1}° >, 82 =< {s2},0, {s2}° > €2 U™
Since (4", Tyr) is a subspace of (X, Tx), it is follows from Remark 3.5 that these points are GCms in
X. Since, (X, Tx) is &, 7Ti— space, there exist
D" < D1,92,Y3 >, L" < Ly, Loy, Ly >€ Ty such that 5712 €3 Y, 552 ¢9 Y™ and s52 €9 L", s12¢ L".
Consider
(UMYt =< U1,0,43 > N1 < D1,92,Y3 >=< U NY1,0N Y2 ,Us U Y3 >) € Ty, (UM YP" =<
$Uy,0, 843 >Ny < Ly, Lo, Ly >=< 4y N L1,0 N Lo, 43U L3y >) € Tyn.
Using the same argument as in Theorem 3.9:
s12 €9 (UNLDM), s82 ¢o (UM, YN, s52 €2 (UM LM), 12 ¢y (UMM, L"). Thus, separation holds in the

subspace.

Casei =25

Analogous to previous cases. 0



Asia Pac. J. Math. 2026 13:85 12 of 17

Remark 3.20. The result of Theorem 3.19 does not necessarily hold for i = 3,4,

Case: =3
In Example 3.13 (X, Tx) is a 6,71 — space at m", but (4", Ty») is not &,7;— space at m". Indeed,
Tyn =< 05, 4", L, Q™ >, 4" =< 0,0, {a} >, L" =< 0,0,{a,c} >, Q" =< 0,0,{a, b} >.

Casei =14

This follows directly from Remark 3.4.

Theorem 3.21. Let (X,T) be a &,C7Ty 2 — space then:
(1) m"2,,t =1,2,...are S,CC- set in X if and only if (X, Tx) is a &,T1 — space at m"2.
(2) fm™,t=1,2,...bea S,CC-set in X. Then (X, Tz ) is a SyT1 — space at m™.

Proof.

(1) Let m™ =< {m},0,{m}° > and s" =< {s},0, {s}° > be G,CC-setin X > m" # s" m #
5. S0, (m")? =< {m}“,0,{m} >, (s")? =< {s}°,0,{s} > are ,CO-setin X. And s €
{m}“,me {s}.

Since, s € {m}¢, we have s" €5 (m"?)? m" ¢, (m"?)™.

Similarly, m" €5 ("), s"2 ¢4 (s"2)?.

Hence, there exist (m"?)®, (s"2)® € T such that s™ €5 (m"?)® m" ¢, (m")® and m" €,
(57)°2, 5% 5 (s™)°.

Thus, (X, 7x) is a 6,71 — space at m"2.

Conversely, Assume (X, T) is a &,7; —space at m". Let s € {m}°, then s™ €5 (m"?)® m # s
by Definition 2.4.

Because, (X, 7x) is a 6,71 — space at m"?, there exist 9".n, € T such that s"2 €29"n,,
m2 o D,

Thus, {s"2} C {m}°,{s"2}° D {m}. Hence, Y"n, C; (m")? j=1,2.

Therefore, m"2? = UQ[snzez(mnz)cz] D) LR

Thus, (m™)? is a 6,CO- set. Hence, m"? is a &,CC- set.

(2) Letm™ =< 0,{m}, 0 > and s™ =< 0, {s}, ) > be S,CC-setin X > m™ # "™ m # s.

So, (m™)® =< 0, {m},0 >, (s™)? =< 0,{s},0 > are &,CO-set in X.

And s € {s}, m € {m}.

Since, s € {s}. we have s™ €4 (s")%, m™ ¢4 (s™)™.

Similarly, m™ €4 (m"™)®, s™ ¢, (m"™)~.

Hence, there exist (m™)?, (s™)® € T, such that s™ €4 (s™)%?, m™ ¢4 (s")” and m™ €,

(m™)? s ¢4 (m™)?, by Definition 2.5.
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Hence, (X, 7x) is a 6, 71— space at m™.

Remark 3.22.

(1) if m™ i =1,3,5is a &,CC- set in X, it does not necessarily imply that the space is &, 7. For

examples.

Case:=1,3

Let X = {a,b,c} and T = {0, X%, A", B",C*,O", E", F*,G", H", I"} , (% =< 0,0,X >,
T =< X,0,0 > A" =< {b, ¢}, {a},0 >,B" =< {a,c},{b},0 >,C" =< {a,b},{c},0 >,
o" =< {bc},0,0 > E" =< {a,c},0,0 > ,F* =< {a,0},0,0 > ,G" =< {c},
0,0 >  H" =< {b},0,0 > I" =< {a},0,0 >. Then (X,7) is a ,CT(19) — space (by
Definition 2.10).

Ifi=1

From Definition 2.3, we obtain o™ =< 0,{a},{b,c} >0 =< 0,{b},{a,c} >,
™ =< 0,{c},{a,b} > are &,CC- set in X. However, (X,7) is not a &,7; — space at
m™, since for a™ # b™, there do not exist Y*, L™ € T, such that a™ €; P", b™ ¢; P" and
b™ €y L",a™¢o L", by Definitions 2.4, and 2.5.

If i = 3.

From Definition 2.3, we obtain a™ =< 0,0, {a} >,b" =< 0,0, {b} >, c"* =< 0,0, {c} > are
G,CC-set in X. However, (X,7) is not a &,7; — space at m"3, since for a™ # b™ there do not
exist Y", L" € T such that a™ €3 Y",b" ¢35 Y™ and b"™ €3 L", a"3¢3 L", by Definitions 2.4, and
2.5.

Ifi=5

Let X = {a,b,c} and T = {0}, X}, A", B", C*,O", E*", F*,G"}, 0} =< 0,0,% > X} =< X,0,
0 >A" =< 0,0,{a} > B" =< 0,0,{b} >,C" =< 0,0,{c} >,0" =< 0,0,{a,c} > E" =<
0,0,{a,b} >, F*=<0,0,{b,c} >, G"=<0,0,0 >.

Then (X, T) is a 6,C7(; 2) — space (by Definition 2.10).

From Definition 2.3, we obtain a"* =< {a},0,0 >,b" =< {b},0,0 >, " =< {c},0,0 > are
S,CC-set in X. However, (X, 7)) is not a &,7; —space at m", since for a™ # b there do not
exist Y, L" € T such that a™ €5 P", 0" ¢5 V" and b €5 L",a"¢5 L", by Definitions 2.4,
and 2.5
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(2) The converse of statement (1) in Theorem 3.21 does not hold. is not true; refer to the Remark

3.22 (1), Case 1. Where (X, Tx) is a 6,7, — space at m"™. But m™ are not S,CC-set in X.

Definition 3.23. Let (X, T) be a §,C7; 2) - space. Then it is called a neutrosophic crisp &,7 ,~ space at
m™ if for every m"™ # ¢", there exist 2", L" € T such that m™ €; 9", ¢" €; L"and P" Ny L* = O} ,i =
1,2,3,4,5.

Example 3.24. Based on Example 3.13
o (X,T)isa&,Tz—spaceatm™ i =1,2,3,5.
e (X,7)isnota &,T; - space at m™.

Example 3.25. Based on Example 3.15
o (X,T)isa&,T;—spaceatm™ i = 3,4.
e (X,7)isnota &,CT(; o— space at m"™ i = 1,2, 5.

Theorem 3.26. Every &,7 ,— space at m™ is a &,T ,— space at m™, i = 1,2, 4, 5.

Proof. Let (X,7T)isa &,T ,—space atm™, i = 1,2,4,5, and let m" # ¢™ m"™, ¢" are SCms in X. Since
(X,T)isa &, T,-space. So, there exist 9", L" € T such thatm™ €; 9", ¢" €; L"and P" Ny L" = 0},i =
1,2,4,5.

This implies that m™ €; 9" but ¢™ ¢; Y™ and m™ ¢; L" but ¢™ €; L", by Theorem 2.17.

Hence, (X,7) isa 6,7 ,—space atm™,i = 1,2,4,5. O

Remark 3.27. For i = 3, Theorem 3.26 does not necessarily hold. For a counterexample, see Example

3.15, which valid with respect to &, 7 ,— space but not &, 7, - space.

Theorem 3.28. Let f : (X, Tx) — (Y, Ty) be homeomorphic, 5) neutrosophic crisp function. If (X, Tx) is a
S, T2 — space at m™, then (Y, Ty) is &, Ta— space at m™.

Proof. Let ¢t # ¢5" where ¢}, ¢5' are SCms in Y. Since f is a bijective there exist m}?, m§’ in X 3 m}’ #
my, f(m}") =g, f (m5") = ¢5" (by Definition 2.12).

Since, (X, 7x) is a 6, T ,— space, there exist 9", L" € Tx such that m™ €; 9", ¢" €; L, Y" Ny L" =

Bi=1,234,5.

Because f is homeomorphic(; ) it is an open; ) mapping (by Definition 2.14).

Hence, f (D), f (L") € Ty(byde finition2.13).

Also, f (mlf) = i & £ ("), f () = g§f € f (L*) and FO") ny F(L%) = 03

Hence, (Y, Ty) is a &, T>— space at m™,i = 1,2,3,4,5. O

Theorem 3.29. Let (U", Tyn) be a &5 — &,CT (1 o~ space, and let (X, Tx) be a &, T>— space at m", i =1,205.
Then (U™, Tyn) is also a &, To— space at m" i =1,205.
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Proof.
Casei =1
Let s}! # s8! where s =< (), {s1}, {s1}° >, s8! =< 0, {s2}, {52} >€1 U™

Since (U", Ty ) is a subspace of (X, Tx). it is follows from Remark 3.5 that these points are GCms
in X. Since, (X, Tx) is a 6,75 — space, there exist 9" < 1,92,Y3 >, L" < L1, Lo, L3 >€ Tx such that
sttep Y sbl ey Lhand P g L =< Y1 N L1, Y2 N Lo, Y3U Ly > =< 0,0, X >= 05.

Consider
UM Y=< U N Y1, 0 N Yo, U3 UY3 >€ Ty, UM L =< Uy N L1, 0 N Lo, U3 U Ly >€ Ty Since,
sileq UM st € YN, then sq ¢ U3, 51 ¢ V3. Hence, s1 ¢ (U3 UY3). So, st €1 (U°Ny PM).

Since, s5' €1 U™ s8 €1 L", then sy ¢ U3, 80 ¢ Ls.

Hence, s; ¢ (U3 UQ)3). So, s3! €1 (U"N,Y"). Hence, (4°N; P™) Ny (AP Y") =< (U, N Y1) N (L N
21),0, (Us UY3) U (U3 UY3) >=< 0,0, X >= 0.

Thus, the subspace is a &, 7> — space at mt

Case: =2
sh2 £ 582 where 572 =< {s1},0, {51}° >, 82 =< {s2},0, {52} > €3 U™

Since (L, Tyn) is a subspace of (X, Tx). it is follows from Remark 3.5 that these points are GCms in
X.

Since, (X, Tx) is a 6,73 — space, there exist 9" < 91,92,Ys >, L" < Ly, Lo, L3 >€ Tx such that
s12 €Yt b2 €y Lhand Py L =< D1 N L1, Y2 N Lo, V3 U Ly >=< 0,0, X >= (7.

Consider
LY =< 86N D100 Vo, tls U D3 > € Taoy 001 L =< 86 A L1, 01 Lo, s U Ly >€ Tan.

Since, s1? €9 U, 512 €5 V", then s; € Uy, 51 € Y1. Hence, 51 € (U N 1), s0 52 €3 (UM YY)
Since, 552 €5 U™, 512 €5 Y, then 5o € Uy, 59 € 1. Hence, s2 € (L1 NY1), s0 852 €5 (U™ Ny P"). Hence,
N Y N (W YM) =< (LN V)N (N 1), 0, (Us UY3) U (s UY3) >=< 0,0, X >= 0.

Thus, the subspace is a &, 7> — space at m"2,

Case? =5

Analogous to previous cases. 0

Remark 3.30. The result of Theorem 3.29 does not necessarily hold for i = 3, 4.

Case i = 3 In Example 3.24, (X, Tx) is 6,7z — space at m"®, but (4", Ty ) is not 6,73 — space at m"3.
Indeed, Tgn =< 0}, 4", L™, Q™ >, U =< 0,0,{a} >, L" =< 0,0,{a,c} >, Q" =< 0,0, {a,b} >.
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Casei =14

This follows from Remark 3.4.

4. CONCLUSION

In this study, we demonstrated that the structure of the neutrosophic crisp topological space heavily
depends on the choice of algebraic operations, particularly the types of intersection, union, and com-
plement. Fixing a first-type intersection alongside a second-type union and complement results in a
topological framework whose properties differ significantly from both classical topology and the stable
neutrosophic crisp topology.

One of the most important findings of this research is that the separation axioms in this context
fundamentally depend on the types of neutrosophic crisp points and their associated membership
relations. Unlike the classical case, where separation properties are uniformly defined, we found that
many of these axioms do not hold for all five types of points; they may be valid in certain cases and fail
in others.

Furthermore, we showed that some classical results cannot be generalized to this framework. For
instance, the hereditary property does not hold for all types of points, and the closedness of sets does
not necessarily imply that the space satisfies property 7; axiom. These results highlight the intrinsic
differences between this space and both classical topology and the stable neutrosophic crisp topology,
where property relations are generally more regular.

Overall, this work confirms that altering the fundamental operations leads to a substantial change in
the behavior of topological properties within neutrosophic crisp spaces. This opens the door for future
studies, particularly concerning higher separation axioms such as 73 and 73, as well as the concepts of

regularity and normality within the same framework.
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