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Abstract. In this paper, we introduce the notions of neutrosophic implicative hyper BCK-ideals and neu-
trosophic weak implicative hyper BCK-ideals in hyperBCK-algebras. We investigate their fundamental
properties and establish relationships among these new classes and previously known neutrosophic hyper
BCK-ideals. Several characterization theorems are obtained in terms of upper and lower level subsets.
Examples are provided to illustrate the concepts and to show that certain converses do not hold in general.
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1. Introduction

Marty [14] introduced the concept of hyperstructure theory, commonly known as multialgebras,
at the 8th Congress of Scandinavian Mathematicians in 1934. The notion of hypergroups was first
established by Marty, who investigated their properties and their applications to group theory and
associated algebraic structures ( [3, 5, 6, 10, 12, 22]). Since then, numerous works, including articles
and books, have explored this topic, showcasing its broad applicability across various branches of
pure and applied science. BCK-algebras (briefly, BCK-A) were initially investigated in 1966 when
Imai and Iséki [8] established them in the form of a generalization of propositional calculi and set
difference operations. Subsequent to their inception, there was a significant amount of scholarly interest
in the concept ofBCK-As, especially with regard to studying its ideal characteristics. In their work,
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Borzooei et al. [9] developed the notion of hyper-BCK algebras (briefly, HBCK-As) by integrating
the hyperstructure framework with BCK-As. In addition, the authors proposed the concepts of weak
hyper BCK-ideals and hyperBCK-ideals (briefly, HBCK-Is).

As a generalization of classical sets, Zadeh’s fuzzy sets [23], and Atanasov’s intuitionistic fuzzy
sets [4], the neutrosophic set (briefly, NSS) was introduced by Smarandache ( [19,20]) to provide a
comprehensive conceptual framework. The theory of NSSs has found applications across several fields
of mathematics and has attracted considerable interest from researchers committed to developing,
improving, and expanding the theory ( [1, 2, 7, 15–18, 21]). As presented in [13], Borzooei, Jun, Zahedi,
and others defined neutrosophicHBCK-Is in various forms (strong, weak, and s-weak) and investigated
the associated characteristics and relationships between them.

In this article, we introduce and investigate two novel classes of neutrosophic ideals in the frame-
work of hyper BCK-algebras, namely the neutrosophic implicative hyper BCK-ideals (NIHBCK-Is) and
the neutrosophic weak implicative hyper BCK-ideals (NWIHBCK-Is). We establish their defining con-
ditions, examine their interrelations with existing neutrosophic structures, and characterize them
through level subsets. Several structural theorems are presented, along with illustrative examples and
counterexamples that clarify the distinctions between these ideal types.

2. Preliminaries

In this section, we recall essential definitions and theoretical results related to hyper BCK-algebras
(HBCK-As) and neutrosophic sets, which are instrumental in formulating the new concepts introduced
in this paper. We begin by outlining the structure of HBCK-As, followed by key types of hyper
BCK-ideals and their properties. Subsequently, we review the notion of neutrosophic sets and their
applications in algebraic contexts, laying the groundwork for the definitions of neutrosophic hyper
BCK-ideals and their implicative variants.

Definition 2.1 ( [9]). By an HBCK-A pT̀, ˝, 0q, we mean a nonempty set T̀ endowed with a hyper operation

˝ and a constant 0 satisfying the following axioms

pp0 ˝ u0q ˝ pr0 ˝ u0q ! p0 ˝ r0, (2.1)

pp0 ˝ r0q ˝ u0 “ pp0 ˝ u0q ˝ r0, (2.2)

p0 ˝ T̀ ! tp0u, (2.3)

p0 ! r0 and r0 ! p0 ñ p0 “ r0 for all p0, r0, u0 P T̀. (2.4)

We can define a relation! on T̀ by letting p0 ! r0 if and only if 0 P p0˝r0 and for everyA1, A2 Ď T̀, A1 ! A2

is defined by for all a P A1 there exists b P A2 such that a ! b. In such case, we call ! the hyper order in T̀.
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Theorem 2.1 ( [9]). Let T̀ be an HBCK-A. Then

(i) p0 ˝ 0 ! tp0u, 0 ˝ p0 ! t0u and 0 ˝ 0 ! t0u, for all p0 P T̀,

(ii) pB1 ˝B2q ˝B3 “ pB1 ˝B3q ˝B2,B1 ˝B2 ! B1 and 0 ˝B1 ! t0u, for any non-empty subsets B1,B2

and B3 of T̀.

Theorem 2.2 ( [9]). In any HBCK-A T̀, the followings hold

(i) 0 ˝ 0 “ t0u, 0 ! p0, p0 ! p0 and B1 ! B1,

(ii) B1 Ď B2 ñ B1 ! B2,

(iii) 0 ˝ p0 “ t0u and 0 ˝B1 “ t0u,

(iv) B1 ! t0u ñ B1 “ t0u,

(v) p0 P p0 ˝ 0,

for all p0, r0, u0 P T̀ and for any non-empty subsets B1 and B2 of T̀.

Definition 2.2 ( [9]). Let J be a nonempty subset of HBCK-A T̀. Then J is said to be

‚ an HBCK-I of T̀ if for all p0, r0 P T̀, p0 ˝ r0 ! J and r0 P J ñ p0 P J ,

‚ a weak HBCK-I of T̀ if for all p0, r0 P T̀, p0 ˝ r0 Ď J and r0 P J ñ p0 P J ,

‚ a strong HBCK-I of T̀ if for all p0, r0 P T̀, p0 ˝ r0 X J ‰ H and r0 P J ñ p0 P J ,

‚ a reflexive if p0 ˝ p0 Ď J for all p0 P T̀,

‚ an S-reflexive if pp0 ˝ r0q X J ‰ Hñ p0 ˝ r0 ! J for all p0, r0 P T̀,

‚ closed if p0 ! r0 and r0 P J ñ p0 P J for all p0 P T̀.

Definition 2.3 ( [5]). Let T̀ be an HBCK-A. Then T̀ is said to be a positive implicative HBCK-A if

pp0 ˝ r0q ˝ u0 “ pp0 ˝ u0q ˝ pr0 ˝ u0q

for all p0, r0, u0 P T̀.

Definition 2.4 ( [11]). Let J be a nonempty subset of T̀ and 0 P J . Then J is said to be

(i) a weak implicative HBCK-I of T̀ if pp0 ˝ u0q ˝ pr0 ˝ p0q Ď J and u0 P J , then p0 P J .

(ii) an implicative HBCK-I of T̀ if pp0 ˝ u0q ˝ pr0 ˝ p0q ! J and u0 P J , then p0 P J .

Theorem 2.3 ( [11]). Let J be a nonempty subset of T̀. Then

(i) if J is an implicative HBCK-I of T̀, then J is an HBCK-I of T̀.

(ii) if J is an HBCK-I of T̀, then J is an implicative HBCK-I of T̀ if and only if pp0 ˝ r0q ˝ p0 ! J ñ

p0 P J , for all p0, r0 P T̀.

(iii) if J is an implicative and reflexive HBCK-I of T̀, then J is a positive implicative HBCK-I of type-3.

Theorem 2.4. Let B1, B2 and J be non-empty subsets of T̀. Then

(i) if J is an HBCK-I of T̀ and B1 ! J , then B1 Ď J .
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(ii) if J is a reflexive HBCK-I of T̀, then pp0 ˝ r0q X J ‰ Hñ p0 ˝ r0 ! J for all p0, r0 P T̀.

(iii) if J is an HBCK-I of T̀ and B1 ˝B2 ! J and B2 Ď J , then B1 Ď J .

Definition 2.5 ( [19]). An NSS in T̀ is a structure of the form

M “ txp0;λtpp0q, λipp0q, λf pp0qy | p0 P T̀u

where λt : T̀ Ñ r0, 1s, λi : T̀ Ñ r0, 1s, and λf : T̀ Ñ r0, 1s denote the truth, indeterminacy, and falsity

membership functions, respectively.

For simplicity we use M “ pλt, λi, λf q for the NSSM “ txp0;λtpp0q, λipp0q, λf pp0qy | p0 P T̀u.

Definition 2.6 ( [13]). An NSS M “ pλt, λi, λf q in T̀ is said to be a neutrosophic HBCK-I (NHBCK-I) of

T̀ if the following conditions are met

(NHBCK-I 1) p0 ! r0 ñ λtpp0q ě λtpr0q, λipp0q ě λipr0q and λf pp0q ď λf pr0q

(NHBCK-I 2) λtpp0q ě min

$

&

%

inf λtpaq

a P p0 ˝ r0
, λtpr0q

,

.

-

(NHBCK-I 3) λipp0q ě min

$

&

%

inf λipbq

b P p0 ˝ r0
, λipr0q

,

.

-

(NHBCK-I 4) λf pp0q ď max

$

&

%

supλf pcq

c P p0 ˝ r0
, λf pr0q

,

.

-

for all p0, r0 P T̀.

Definition 2.7 ( [13]). An NSS M “ pλt, λi, λf q in T̀ is said to be a neutrosophic strong HBCK-I

(NSHBCK-I) of T̀ if it satisfies following

(NSHBCK-I 1)
inf λtpaq

a P p0 ˝ p0
ě λtpp0q ě min

$

&

%

supλtpbq

b P p0 ˝ r0
, λtpr0q

,

.

-

(NSHBCK-I 2)
inf λipcq

c P p0 ˝ p0
ě λipp0q ě min

$

&

%

supλipdq

d P p0 ˝ r0
, λipr0q

,

.

-

(NSHBCK-I 3)
supλf peq

e P p0 ˝ r0
ď λf pp0q ď max

$

&

%

inf λf pfq

f P p0 ˝ r0
, λf pr0q

,

.

-

for all p0, r0 P T̀.

Definition 2.8 ( [13]). AnNSSM “ pλt, λi, λf q in T̀ is said to be a neutrosophic weakHBCK-I (NWHBCK-

I) of T̀ if the following conditions are met

(NWHBCK-I 1) λtp0q ě λtpp0q ě min

$

&

%

inf λtpaq

a P p0 ˝ r0
, λtpr0q

,

.

-

(NWHBCK-I 2) λip0q ě λipp0q ě min

$

&

%

inf λipbq

b P p0 ˝ r0
, λipr0q

,

.

-
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(NWHBCK-I 3) λf p0q ď λf pp0q ď max

$

&

%

supλf pcq

c P p0 ˝ r0
, λf pr0q

,

.

-

for all p0, r0 P T̀.

Theorem 2.5 ( [13]). An NSS M “ pλt, λi, λf q be a NWHBCK-I of T̀ if and only if the non-empty sets

Upλt, rq,Upλi, sq, and Lpλf , tq are weak HBCK-Is of T̀ for all r, s, t P r0, 1s.

Definition 2.9 ( [13]). An NSS M “ pλt, λi, λf q in T̀ is said to be a reflexive neutrosophic HBCK-I

(RNHBCK-I) of T̀ if the following conditions are met

(RNHBCK-I 1)
inf λtpaq

a P p0 ˝ p0
ě λtpr0q,

inf λipbq

b P p0 ˝ p0
ě λipr0q and

supλf pcq

c P p0 ˝ p0
ď λf pr0q

(RNHBCK-I 2) λtpp0q ě min

$

&

%

supλtpaq

a P p0 ˝ r0
, λtpr0q

,

.

-

(RNHBCK-I 3) λipp0q ě min

$

&

%

supλipbq

b P p0 ˝ r0
, λipr0q

,

.

-

(RNHBCK-I 4) λf pp0q ď max

$

&

%

inf λf pcq

c P p0 ˝ r0
, λf pr0q

,

.

-

for all p0, r0 P T̀.

Theorem 2.6. LetM “ pλt, λi, λf q is an NSS in T̀, then the following statements hold: If for all r, s, t P r0, 1s,

the non-empty sets Upλt; rq, Upλi; sq and Lpλf ; tq are reflexive positive implicative HBCK-Is of type 2(3) and

M “ pλt, λi, λf q satisfies sup-sup-inf property, then M is a neutrosophic positive implicative HBCK-I of type

2(3).

3. Neutrosophic Implicative HyperBCK-Ideals

Building upon the foundational definitions of neutrosophic hyperBCK-ideals, this section introduces
two novel classes: the neutrosophic implicative hyperBCK-ideals (NIHBCK-Is) and the neutrosophic weak
implicative hyperBCK-ideals (NWIHBCK-Is). These structures are motivated by the desire to extend
implicative properties from classical and fuzzy contexts into the neutrosophic framework, within the
setting of hyperBCK-algebras.

We formally define these ideal types using neutrosophic membership functions and investigate their
structural behavior. Several fundamental theorems are presented to characterize their relationships
with existing neutrosophic ideals, particularly with respect to inclusion, level subsets, and implicative
conditions. Additionally, illustrative examples and counterexamples are constructed to demonstrate
the distinctions between the two classes and to show that certain converses do not hold in general.

Definition 3.1. LetM “ pλt, λi, λf q be anNSS of T̀ and λtp0q ě λtpp0q, λip0q ě λipp0q, and λf p0q ď λf pp0q

for all p0 P T̀. Then,M “ pλt, λi, λf q is called a
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(a) neutrosophic weak implicative hyperBCK-ideal (NWIHBCK-I) of T̀ if

(NWIHBCK-I 1) λtpp0q ě min

#

inf λtpaq
aPpp0˝u0q˝pr0˝p0q

, λtpu0q

+

(NWIHBCK-I 2) λipp0q ě min

#

inf λipbq
bPpp0˝u0q˝pr0˝p0q

, λipu0q

+

(NWIHBCK-I 3) λf pp0q ď max

#

supλf pcq
cPpp0˝u0q˝pr0˝p0q

, λf pu0q

+

(b) neutrosophic implicative hyperBCK-ideal (NIHBCK-I) of T̀ if

(NIHBCK-I 1) λtpp0q ě min

#

supλtpaq
aPpp0˝u0q˝pr0˝p0q

, λtpu0q

+

(NIHBCK-I 2) λipp0q ě min

#

supλipbq
bPpp0˝u0q˝pr0˝p0q

, λipu0q

+

(NIHBCK-I 3) λf pp0q ď max

#

inf λf pcq
cPpp0˝u0q˝pr0˝p0q

, λf pu0q

+

for all p0, r0, u0 P T̀.

Theorem 3.1. In an HBCK-A T̀, every NIHBCK-I of T̀ is a NWIHBCK-I.

Proof. SupposeM “ pλt, λi, λf q is a NIHBCK-I of T̀ and for p0, r0, u0 P T̀, we have

inf λtpaq
aPpp0˝u0q˝pr0˝p0q

ď supλtpaq
aPpp0˝u0q˝pr0˝p0q

inf λipbq
bPpp0˝u0q˝pr0˝p0q

ď supλipbq
bPpp0˝u0q˝pr0˝p0q

inf λf pcq
cPpp0˝u0q˝pr0˝p0q

ď supλf pcq
cPpp0˝u0q˝pr0˝p0q

.

Therefore,

λtpp0q ě min

#

supλtpaq
aPpp0˝u0q˝pr0˝p0q

, λtpu0q

+

ě min

#

inf λtpaq
aPpp0˝u0q˝pr0˝p0q

, λtpu0q

+

λipp0q ě min

#

supλipbq
bPpp0˝u0q˝pr0˝p0q

, λipu0q

+

ě min

#

inf λipbq
bPpp0˝u0q˝pr0˝p0q

, λipu0q

+

λf pp0q ď max

#

inf λf pcq
cPpp0˝u0q˝pr0˝p0q

, λf pu0q

+

ď max

#

supλf pcq
cPpp0˝u0q˝pr0˝p0q

, λf pu0q

+

.

Thus,M “ pλt, λi, λf q is a NWHBCK-I of T̀. �

Example 3.1. Consider an HBCK-A T̀ “ t0, a, bu as defined in the Table 1.

Define an NSSM “ pλt, λi, λf q on T̀ as shown in Table 2.

ThenM “ pλt, λi, λf q is a NWIHBCK-I of T̀ but it is not a NIHBCK-I of T̀, because

λtpaq “ 0.13 ă 0.95 “ λtp0q “ min

#

supλtptq
tPpa˝0q˝pa˝aq

, λtp0q

+
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Table 1. HyperBCK-algebra

˝ 0 a b

0 {0} {0} {0}

a {a} {0,a} {0,a}

b {b} {a} {0,a}

Table 2. Neutrosophic set

T̀ λtpp0q λipp0q λf pp0q

0 0.95 0.88 0.01

a 0.13 0.21 0.97

b 0.75 0.73 0.47

λipaq “ 0.21 ă 0.88 “ λip0q “ min

#

supλiptq
tPpa˝0q˝pa˝aq

, λip0q

+

λf paq “ 0.97 ą 0.01 “ λf p0q “ max

#

inf λf ptq
tPpa˝0q˝pa˝aq

, λf p0q

+

.

Theorem 3.2. In an HBCK-A T̀,

(i) every NIHBCK-I of T̀ is an NSHBCK-I.

(ii) every NWIHBCK-I of T̀ is an NWHBCK-I.

Proof. LetM “ pλt, λi, λf q be an NIHBCK-I of T̀. By putting r0 “ 0 and u0 “ r0 in Definition 3.1(b),
we obtain

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

λtpp0q ě min

#

supλtpaq
aPpp0˝r0q˝p0˝p0q

, λtpr0q

+

“ min

#

supλtpaq
aPp0˝r0

, λtpr0q

+

λipp0q ě min

#

supλipbq
bPpp0˝r0q˝p0˝p0q

, λipr0q

+

“ min

#

supλipbq
bPp0˝r0

, λipr0q

+

λf pp0q ď max

#

inf λf pcq
cPpp0˝r0q˝p0˝p0q

, λf pr0q

+

“ max

#

inf λf pcq
cPp0˝r0

, λf pr0q

+

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

(3.1)

First, we show that for p0, r0 P T̀ if p0 ! r0 ñ λtpp0q ě λtpr0q, λipp0q ě λipr0q, and λf pp0q ď λf pr0q.
For this let p0, r0 P T̀ be such that p0 ! r0, then 0 P p0 ˝ r0 and so from (3.1), we get

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

λtpp0q ě min

#

supλtpaq
aPp0˝r0

, λtpr0q

+

“ min tλtp0q, λtpr0qu “ λtpr0q

λipp0q ě min

#

supλipbq
bPp0˝r0

, λipr0q

+

“ min tλip0q, λipr0qu “ λipr0q

λf pp0q ď max

#

inf λf pcq
cPp0˝r0

, λf pr0q

+

“ max tλf p0q, λf pr0q u “ λf pr0q

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

(3.2)
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Let p0 P T̀ and a P p0 ˝ p0. Since p0 ˝ p0 ! p0, we have a ! p0 for all a P p0 ˝ p0. So, by (3.2), we have
λtpaq ě λtpp0q, λipaq ě λipp0q, and λf paq ď λf pp0q for all a P p0 ˝ p0. Hence,

inf λtpaq
aPp0˝p0

ě λtpp0q, inf λipaq
aPp0˝p0

ě λipp0q, and supλf paq
aPp0˝p0

ď λf pp0q (3.3)

Combining (3.1) and (3.3), we get

inf λtpaq
aPp0˝p0

ě λtpp0q ě min

#

supλtpbq
bPp0˝r0

, λtpr0q

+

inf λipcq
cPp0˝p0

ě λipp0q ě min

#

supλipdq
dPp0˝r0

, λipr0q

+

supλf peq
ePp0˝p0

ď λf pp0q ď max

#

inf λf pfq
fPp0˝r0

, λf pr0q

+

for all p0, r0 P T̀. Thus, M “ pλt, λi, λf q is an NSHBCK-I.
(ii) Let M “ pλt, λi, λf q be a NWIHBCK-I of T̀. By putting r0 “ 0 and u0 “ r0 in Definition 3.1(a),

we get

λtpp0q ě min

#

inf λtpaq
aPpp0˝r0q˝p0˝p0q

, λtpr0q

+

“ min

#

inf λtpaq
aPp0˝r0

, λtpr0q

+

λipp0q ě min

#

inf λipbq
bPpp0˝r0q˝p0˝p0q

, λipr0q

+

“ min

#

inf λipbq
bPp0˝r0

, λipr0q

+

λf pp0q ď max

#

supλf pcq
cPpp0˝r0q˝p0˝p0q

, λf pr0q

+

“ max

#

supλf pcq
cPp0˝r0

, λf pr0q

+

.

Therefore,

λtp0q ě λtpp0q ě min

#

inf λtpaq
aPp0˝r0

, λtpr0q

+

λip0q ě λipp0q ě min

#

inf λipbq
bPp0˝r0

, λipr0q

+

λf p0q ď λf pp0q ď max

#

supλf pcq
cPp0˝r0

, λf pr0q

+

for all p0, r0 P T̀. Thus,M “ pλt, λi, λf q is a NWIHBCK-I of T̀. �

Example 3.2. Consider an HBCK-A T̀ “ t0, a, b, cu as defined in the Table 3.

Define an NSSM “ pλt, λi, λf q on T̀ as shown in the Table 4. ThenM “ pλt, λi, λf q is an NSHBCK-I,

but it is not an NIHBCK-I of T̀ because

λtpbq “ 0.32 ă 0.95 “ λtp0q “ min

#

supλtptq
tPpb˝0q˝pc˝bq

, λtp0q

+

λipbq “ 0.53 ă 0.87 “ λip0q “ min

#

supλiptq
tPpb˝0q˝pc˝bq

, λip0q

+
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Table 3. HyperBCK-algebra

˝ 0 a b c

0 t0u t0u t0u t0u

a tau t0u t0u t0u

b tbu tbu t0u t0u

c tcu tcu tb, cu t0, b, cu

Table 4. Neutrosophic set

T̀ λtpp0q λipp0q λf pp0q

0 0.95 0.87 0.19

a 0.95 0.87 0.19

b 0.32 0.53 0.72

c 0.32 0.53 0.72

λf pbq “ 0.72 ą 0.19 “ λf p0q “ max

#

inf λf ptq
tPpb˝0q˝pc˝bq

, λf p0q

+

.

From Example 3.2, we conclude that the converse of Theorem 3.2 is not true in general.

Definition 3.2. LetM “ pλt, λi, λf q be an NSS of T̀. We define the following sets

Upλt; rq “
!

p0 P T̀ | λtpp0q ě r
)

Upλi; sq “
!

p0 P T̀ | λipp0q ě s
)

Lpλf ; tq “
!

p0 P T̀ | λf pp0q ď t
)

where r, s, t P r0, 1s.

Definition 3.3. An NSS M “ pλt, λi, λf q of T̀ is said to satisfy sup-sup-inf property if for any subset z of T̀,

there exist l1, l2, and l3 such that

λtpl1q “ supλtpp0q
p0Pz

, λipl2q “ supλipp0q
p0Pz

, and λf pl3q “ inf λf pp0q
p0Pz

. (3.4)

Definition 3.4. An NSS M “ pλt, λi, λf q of T̀ is said to satisfy inf-inf-sup property if for any subset z of T̀,

there exist l1, l2, and l3 such that

λtpl1q “ inf λtpp0q
p0Pz

, λipl2q “ inf λipp0q
p0Pz

, and λf pl3q “ supλf pp0q
p0Pz

. (3.5)

Theorem 3.3. LetM “ pλt, λi, λf q be an NSS of T̀. Then the following statements hold

(i) M is a NWIHBCK-I of T̀ if and only if for all r, s, t P r0, 1s, the non-empty sets Upλt, rq, Upλi, sq,

and Lpλf , tq are weak implicative HBCK-Is of T̀.
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(ii) IfM is a NIHBCK-I of T̀, then for all r, s, t P r0, 1s, the non-empty sets Upλt, rq, Upλi, sq, andLpλf , tq

are implicative HBCK-Is of T̀.

(iii) If for all r, s, t P r0, 1s, the non-empty sets Upλt, rq, Upλi, sq, and Lpλf , tq are S-reflexive implicative

HBCK-Is of T̀, andM satisfies the sup-sup-inf property, thenM is a NIHBCK-I of T̀.

Proof. (i) AssumeM “ pλt, λi, λf q is an NWIHBCK-I of T̀.
Let r, s, t P r0, 1s and p0, r0, u0 P T̀ be such that pp0 ˝ u0q ˝ pr0 ˝ p0q Ď Upλt, rq and u0 P Upλt, rq. Then
a P Upλt, rq for all a P pp0 ˝ u0q ˝ pr0 ˝ p0q. Thus, λtpaq ě r, for all a P pp0 ˝ u0q ˝ pr0 ˝ p0q and λtpu0q ě r,
so inf λtpaq

aPpp0˝u0q˝pr0˝p0q

ě r and λtpu0q ě r. Thus, by the hypothesis,

λtpp0q ě min

#

inf λtpaq
aPpp0˝u0q˝pr0˝p0q

, λtpu0q

+

ě min tr, ru “ r,

ñ p0 P Upλt, rq.

Let p0, r0, u0 P T̀ be such that pp0 ˝ u0q ˝ pr0 ˝ p0q Ď Upλi, sq and u0 P Upλi, sq. Then b P Upλi, sq for all
b P pp0 ˝u0q˝ pr0 ˝p0q. Thus λipbq ě s, for all b P pp0 ˝u0q˝ pr0 ˝p0q and λipu0q ě s, so inf λipbq

bPpp0˝u0q˝pr0˝p0q

ě s

and λipu0q ě s. Thus, by the hypothesis,

λipp0q ě min

#

inf λipbq
bPpp0˝u0q˝pr0˝p0q

, λipu0q

+

ě min ts, su “ s,

ñ p0 P Upλi, sq.

Again, let p0, r0, u0 P T̀ be such that pp0 ˝ u0q ˝ pr0 ˝ p0q Ď Lpλf , tq and u0 P Lpλf , tq. Then c P Lpλf , tq
for all c P pp0 ˝ u0q ˝ pr0 ˝ p0q. Thus, λf pcq ď t, for all c P pp0 ˝ u0q ˝ pr0 ˝ p0q and λf pu0q ď t, so

supλf pcq
cPpp0˝u0q˝pr0˝p0q

ď t and λf pu0q ď t. Thus, by the hypothesis,

λf pp0q ď max

#

supλf pcq
cPpp0˝u0q˝pr0˝p0q

, λf pu0q

+

ď max tt, tu “ t,

ñ p0 P Lpλf , tq.

Therefore, Upλt, rq,Upλi, sq, and Lpλf , tq are weak implicative HBCK-Is of T̀, for all r, s, t P r0, 1s.
Conversely, let for all r, s, t P r0, 1s, the non-empty sets Upλt, rq, Upλi, sq, and Lpλf , tq be weak

implicative HBCK-Is of T̀. Let p0, r0, u0 P T̀, and put

r “ min

#

inf λtpaq
aPpp0˝u0q˝pr0˝p0q

, λtpu0q

+

.
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Then

inf λtpaq
aPpp0˝u0q˝pr0˝p0q

ě r and λtpu0q ě r.

So that

λtpaq ě r for all a P pp0 ˝ u0q ˝ pr0 ˝ p0q and λtpu0q ě r.

Hence,

a P Upλt, rq for all a P pp0 ˝ u0q ˝ pr0 ˝ p0q and u0 P Upλt, rq.

That is,

pp0 ˝ u0q ˝ pr0 ˝ p0q Ď Upλt, rq and u0 P Upλt, rq

and so, by the hypothesis, p0 P Upλt, rq. Thus,

λtpp0q ě r “ min

#

inf λtpaq
aPpp0˝u0q˝pr0˝p0q

, λtpu0q

+

.

Put s “ min

#

inf λipbq
bPpp0˝u0q˝pr0˝p0q

, λipu0q

+

. Then

inf λipbq
bPpp0˝u0q˝pr0˝p0q

ě s and λipu0q ě s.

So that

λipbq ě s for all b P pp0 ˝ u0q ˝ pr0 ˝ p0q and λipu0q ě s.

Hence,

b P Upλi, sq for all b P pp0 ˝ u0q ˝ pr0 ˝ p0q and u0 P Upλi, sq.

That is,

pp0 ˝ u0q ˝ pr0 ˝ p0q Ď Upλi, sq and u0 P Upλi, sq

and so, by the hypothesis, p0 P Upλi, sq. Thus,

λipp0q ě s “ min

#

inf λipbq
bPpp0˝u0q˝pr0˝p0q

, λipu0q

+

.

Put t “ max

#

supλf pcq
cPpp0˝u0q˝pr0˝p0q

, λf pu0q

+

. Then

supλf pcq
cPpp0˝u0q˝pr0˝p0q

ď t and λf pu0q ď t.
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So that

λf pcq ď t for all c P pp0 ˝ u0q ˝ pr0 ˝ p0q and λf pu0q ď t.

Hence,

c P Lpλf , tq for all c P pp0 ˝ u0q ˝ pr0 ˝ p0q and u0 P Lpλf , tq.

That is,

pp0 ˝ u0q ˝ pr0 ˝ p0q Ď Lpλf , tq and u0 P Lpλf , tq

and so, by the hypothesis, p0 P Lpλf , tq. Thus,

λf pp0q ď t “ max

#

supλf pcq
cPpp0˝u0q˝pr0˝p0q

, λf pu0q

+

.

Therefore, M “ pλt, λi, λf q is an NWIHBCK-I of T̀.
(ii) Suppose M “ pλt, λi, λf q is a NIHBCK-I of T̀. By Theorem 3.2(i), M “ pλt, λi, λf q is an

NSHBCK-I of T̀ and, therefore, it is an NHBCK-ideal of T̀. By Theorem 2.5, for all r, s, t P r0, 1s, the
non-empty sets Upλt, rq, Upλi, sq and Lpλf , tq are HBCK-Is of T̀. Now by Theorem 2.3(ii), it is sufficient
to show that if

¨

˚

˚

˚

˝

p0 ˝ pr0 ˝ p0q ! Upλt, rq,

p0 ˝ pr0 ˝ p0q ! Upλi, sq, and
p0 ˝ pr0 ˝ p0q ! Lpλf , tq

˛

‹

‹

‹

‚

, then p0 P Upλt, rqXUpλi, sqXLpλf , tq. For this, let p0 ˝pr0 ˝p0q !

Upλt, rq for p0, r0 P T̀. Then, for all a P p0 ˝ pr0 ˝ p0q there exists b P Upλt, rq such that a ! b. Then

λtpaq ě λtpbq ě rñ λtpaq ě r for all a P p0 ˝ pr0 ˝ p0q

ñ supλtpaq
aPp0˝pr0˝p0q

ě r.

Hence, by the hypothesis,

λtpp0q ě min

#

supλtpaq
aPpp0˝0q˝pr0˝p0q

, λtp0q

+

“ supλtpaq
aPp0˝pr0˝p0q

ě r.

Thus, p0 P Upλt, rq. Let p0 ˝ pr0 ˝ p0q ! Upλi, sq for p0, r0 P T̀. Then, for all c P p0 ˝ pr0 ˝ p0q there exists
d P Upλi, sq such that c ! d. Then

λipcq ě λipdq ě sñ λipcq ě s for all c P p0 ˝ pr0 ˝ p0q

ñ supλipcq
cPp0˝pr0˝p0q

ě s.
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Hence, by the hypothesis,

λipp0q ě min

#

supλipcq
cPpp0˝0q˝pr0˝p0q

, λip0q

+

“ supλipcq
cPp0˝pr0˝p0q

ě s.

Thus, p0 P Upλi, sq. Let p0 ˝ pr0 ˝ p0q ! Lpλf , tq for p0, r0 P T̀. Then, for all e P p0 ˝ pr0 ˝ p0q there exists
f P Lpλf , tq such that e ! f . Then

λf peq ď λf pfq ď tñ λf peq ď t for all e P p0 ˝ pr0 ˝ p0q

ñ inf λf peq
ePp0˝pr0˝p0q

ď t.

Hence, by the hypothesis,

λf pp0q ď max

#

inf λf peq
ePpp0˝0q˝pr0˝p0q

, λf p0q

+

“ inf λf peq
ePp0˝pr0˝p0q

ď t.

ñ p0 P Lpλf , tq.

Thus, for all r, s, t P r0, 1s, the non-empty sets Upλt, rq, Upλi, sq, and Lpλf , tq are implicative HBCK-Is
of T̀.

(iii) Assume that for all r, s, t P r0, 1s, the non-empty sets Upλt, rq, Upλi, sq, andLpλf , tq are S-reflexive
implicative HBCK-Is of T̀. Let p0, r0, u0 P T̀.

Put r “ min

#

supλtpaq
aPpp0˝u0q˝pr0˝p0q

, λtpu0q

+

ñ supλtpaq
aPpp0˝u0q˝pr0˝p0q

ě r and λtpu0q ě r.

Since λt satisfies the sup property, we have there exists a0 P pp0 ˝ u0q ˝ pr0 ˝ p0q such that λtpa0q “
supλtpaq

aPpp0˝u0q˝pr0˝p0q

ě r, and so a0 P Upλt, rq. Hence, by using (2.2), we have

ppp0 ˝ pr0 ˝ p0qq ˝ u0q X Upλt, rq “ ppp0 ˝ u0q ˝ pr0 ˝ p0qq X Upλt, rq ‰ H.

Thus, there exists a P p0 ˝ pr0 ˝p0q such that pa˝u0qXUpλt, rq ‰ H. By Theorem 2.3(i), we have Upλt, rq
is a hyper BCK-ideal of T̀, and by hypothesis it is S-reflexive. Therefore, it is a reflexive HBCK-I of T̀
and, consequently, a strong HBCK-I of T̀. Since λtpu0q ě r, we have u0 P Upλt, rq.

pa ˝ u0q X Upλt, rq ‰ H , u0 P Upλt, rq ñ a P Upλt, rq

ñ pp0 ˝ pr0 ˝ p0qq X Upλt, rq ‰ H.

ñ p0 ˝ pr0 ˝ p0q ! Upλt, rq pBy Theorem 2.4(ii)q
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ñ p0 P Upλt, rq pBy Definition 2.4(ii)q

ñ λtpp0q ě r “ min

#

supλtpaq
aPpp0˝u0q˝pr0˝p0q

, λtpu0q

+

.

Put s “ min

#

supλipbq
bPpp0˝u0q˝pr0˝p0q

, λipu0q

+

. Then supλipbq
bPpp0˝u0q˝pr0˝p0q

ě s and λipu0q ě s. Since λi satisfies the

sup property, we have there exists b0 P pp0 ˝ u0q ˝ pr0 ˝ p0q such that λipb0q “ supλipbq
bPpp0˝u0q˝pr0˝p0q

ě s, and so

b0 P Upλi, sq. Hence, by using (2.2), we have

ppp0 ˝ pr0 ˝ p0qq ˝ u0q X Upλi, sq “ ppp0 ˝ u0q ˝ pr0 ˝ p0qq X Upλi, sq ‰ H.

Thus, there exists b P p0 ˝ pr0 ˝ p0q such that pb ˝u0qXUpλi, sq ‰ H. By Theorem 2.3(i), we have Upλi, sq
is a HBCK-I of T̀, and according to hypothesis it is S-reflexive. Therefore, it is a reflexive HBCK-I of
T̀ and, consequently, a strong HBCK-I of T̀. Since λipu0q ě s, we have u0 P Upλi, sq.

pb ˝ u0q X Upλi, sq ‰ H , u0 P Upλi, sq ñ b P Upλi, sq

ñ pp0 ˝ pr0 ˝ p0qq X Upλi, sq ‰ H.

ñ p0 ˝ pr0 ˝ p0q ! Upλi, sq pBy Theorem 2.4(ii)q

ñ p0 P Upλi, sq pBy Definition 2.4(ii)q

ñ λipp0q ě s “ min

#

supλipbq
bPpp0˝u0q˝pr0˝p0q

, λipu0q

+

.

Put t “ max

#

inf λf pcq
cPpp0˝u0q˝pr0˝p0q

, λf pu0q

+

. Then inf λf pcq
cPpp0˝u0q˝pr0˝p0q

ď t and λf pu0q ď t. Since λf satisfies

the inf property, there exists c0 P pp0 ˝ u0q ˝ pr0 ˝ p0q such that λf pc0q “ inf λf pcq
cPpp0˝u0q˝pr0˝p0q

ď t, and so

c0 P Lpλf , tq. Hence, by using (2.2), we have

ppp0 ˝ pr0 ˝ p0qq ˝ u0q X Lpλf , tq “ ppp0 ˝ u0q ˝ pr0 ˝ p0qq X Lpλf , tq ‰ H.

Thus, there exists c P p0 ˝ pr0 ˝p0q such that pc ˝u0qXLpλf , tq ‰ H. By Theorem 2.3(i), we have Lpλf , tq
is a HBCK-I of T̀ and according to hypothesis it is S-reflexive. Therefore, it is a reflexive HBCK-I of T̀,
consequently, a strong HBCK-I of T̀. Since λf pu0q ď t, we have u0 P Lpλf , tq.

pc ˝ u0q X Lpλf , tq ‰ H , u0 P Lpλf , tq ñ c P Lpλf , tq

ñ pp0 ˝ pr0 ˝ p0qq X Lpλf , tq ‰ H.

ñ p0 ˝ pr0 ˝ p0q ! Lpλf , tq pBy Theorem 2.4(ii)q

ñ p0 P Lpλf , tq pBy Definition 2.4(ii)q

ñ λf pp0q ď t “ max

#

inf λf pcq
cPpp0˝u0q˝pr0˝p0q

, λf pu0q

+

.
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Hence,M “ pλt, λi, λf q is an NIHBCK-I of T̀. �

Theorem 3.4. LetM “ pλt, λi, λf q be an NSS of T̀.

(i) If M satisfies the sup-sup-inf property, and for all r, s, t P r0, 1s, Upλt, rq, Upλi, sq, and Lpλf , tq

are reflexive, and M is a neutrosophic implicative HBCK-I of T̀, then M is a neutrosophic positive

implicative HBCK-I of type-3.

(ii) Let T̀ be a positive implicative HBCK-A. If M “ pλt, λi, λf q is a NWIHBCK-I of T̀, then M is a

neutrosophic positive implicative HBCK-I of type-1.

Proof. (i) Let M “ pλt, λi, λf q be a NIHBCK-I of T̀. Then, by Theorem 3.3(ii), for all r, s, t P r0, 1s,
Upλt, rq, Upλi, sq, and Lpλf , tq are implicative HBCK-Is of T̀.

Since these non-empty sets are reflexive, then by Theorem 2.3(iii), they are positive implicative
HBCK-Is of type-3. So, by Theorem 2.6,M “ pλt, λi, λf q is a neutrosophic positive implicative HBCK-I
of type-3.

(ii) Let M “ pλt, λi, λf q be a NWIHBCK-I of T̀ and for p0, r0, u0 P T̀. Put r “

min

#

inf λtpaq
aPpp0˝r0q˝u0

, inf λtpbq
bPr0˝u0

+

. Thus, for all a P pp0 ˝ r0q ˝ u0 and b P r0 ˝ u0, λtpaq ě r and λtpbq ě r. Since

T̀ is a positive implicative HBCK-A, we have

pp0 ˝ u0q ˝ pr0 ˝ u0q “ pp0 ˝ r0q ˝ u0 Ď Upλt, rq

r0 ˝ u0 Ď Upλt, rq.

By Theorems 3.2(ii) and 2.5, we have Upλt, rq is a weak HBCK-I of T̀, then p0 ˝u0 Ď Upλt, rq. Therefore,

for all u P p0 ˝ u0, λtpuq ě r “ min

#

inf λtpaq
aPpp0˝r0q˝u0

, inf λtpbq
bPr0˝u0

+

. Put s “ min

#

inf λipcq
cPpp0˝r0q˝u0

, inf λipdq
dPr0˝u0

+

.

Thus, for all c P pp0 ˝ r0q ˝ u0 and d P r0 ˝ u0, λipcq ě s and λipdq ě s. Since T̀ is a positive implicative
HBCK-A, we have

pp0 ˝ u0q ˝ pr0 ˝ u0q “ pp0 ˝ r0q ˝ u0 Ď Upλi, sq

r0 ˝ u0 Ď Upλi, sq.

By Theorems 3.2(ii) and 2.5, we have Upλi, sq is a weak HBCK-I of T̀, then p0 ˝u0 Ď Upλi, sq. Therefore,

for all v P p0 ˝ u0, λipvq ě s “ min

#

inf λipcq
cPpp0˝r0q˝u0

, inf λipdq
dPr0˝u0

+

. Put t “ max

#

supλf peq
ePpp0˝r0q˝u0

, supλf pfq
fPr0˝u0

+

. Thus,

for all e P pp0 ˝ r0q ˝ u0 and f P r0 ˝ u0, λf peq ď t and λf pfq ď t. Since T̀ is a positive implicative
HBCK-A, we have

pp0 ˝ u0q ˝ pr0 ˝ u0q “ pp0 ˝ r0q ˝ u0 Ď Lpλf , tq

r0 ˝ u0 Ď Lpλf , tq.
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By Theorems 3.2(ii) and 2.5, Lpλf , tq is a weak HBCK-I of T̀, then p0 ˝ u0 Ď Lpλf , tq. Therefore, for

all w P p0 ˝ u0, λf pwq ď t “ max

#

supλf peq
ePpp0˝r0q˝u0

, supλf pfq
fPr0˝u0

+

. Hence, M “ pλt, λi, λf q is a neutrosophic

positive implicative HBCK-I of type-1. �

Corollary 3.1. LetM “ pλt, λi, λf q be an NSS of T̀. ThenM “ pλt, λi, λf q is an NWIHBCK-I (NIHBCK-

I) if and only if the fuzzy sets λt, λi, and λf c are fuzzy weak IHBCK-Is (fuzzy IHBCK-Is) of T̀.

Proof. Let λcf “ 1´ λf . The conditions on λt and λi are exactly the defining conditions of fuzzy weak
IHBCK-Is. Also,

1´ supλf “ infp1´ λf q and 1´ inf λf “ supp1´ λf q.

Hence the condition on λf is equivalent to the corresponding fuzzy weak IHBCK-ideal condition on λcf .
Therefore M “ pλt, λi, λf q is an NWIHBCK-I if and only if λt, λi and λcf are fuzzy weak IHBCK-Is.

The proof for NIHBCK-Is is obtained in the same way by replacing the weak conditions with the
corresponding non-weak conditions. �

Corollary 3.2. LetM “ pλt, λi, λf q be an NSS of T̀. ThenM “ pλt, λi, λf q is an NWIHBCK-I (NIHBCK-

I) if and only if the NSSs dM “ pλt, λi, λ
c
tq and dM “ pλcf , λi, λf q are NWIHBCK-Is (NIHBCK-Is) of

T̀.

Proof. By Corollary 3.1, M “ pλt, λi, λf q is an NWIHBCK-I if and only if λt, λi and λcf are fuzzy weak
IHBCK-Is.

Now
dM “ pλt, λi, λ

c
tq and dM “ pλcf , λi, λf q.

Applying Corollary 3.1 to these two neutrosophic sets shows that dM and dM are NWIHBCK-Is if
and only if λt, λi and λcf are fuzzy weak IHBCK-Is. Hence the desired equivalence follows.

The NIHBCK-I case is proved similarly. �

4. Conclusion

In this paper, we introduced the notions of neutrosophic implicative hyper BCK-ideals and neutro-
sophic weak implicative hyper BCK-ideals in hyper BCK-algebras. Several fundamental properties of
these new structures were investigated, and their relationships with previously known neutrosophic
hyperBCK-ideals were established. In particular, we obtained characterization theorems in terms of
upper and lower level subsets. Moreover, examples were provided to illustrate the new concepts and
to show that some converse statements do not hold in general.

These results extend the study of neutrosophic structures in hyperalgebraic systems and provide
a foundation for further research on implicative-type ideals under uncertainty. Future work may
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investigate other classes of neutrosophic hyper ideals and their applications to uncertain reasoning,
algebraic decision-making, and knowledge representation.
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