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ABssTrRACT. In this paper, we introduce the notions of neutrosophic implicative hyper BCK-ideals and neu-
trosophic weak implicative hyper B CK-ideals in hyper BCK-algebras. We investigate their fundamental
properties and establish relationships among these new classes and previously known neutrosophic hyper
BCK-ideals. Several characterization theorems are obtained in terms of upper and lower level subsets.
Examples are provided to illustrate the concepts and to show that certain converses do not hold in general.
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1. INTRODUCTION

Marty [14] introduced the concept of hyperstructure theory, commonly known as multialgebras,
at the 8th Congress of Scandinavian Mathematicians in 1934. The notion of hypergroups was first
established by Marty, who investigated their properties and their applications to group theory and
associated algebraic structures ( [3,5,6,10,12,22]). Since then, numerous works, including articles
and books, have explored this topic, showcasing its broad applicability across various branches of
pure and applied science. BCK-algebras (briefly, BCK-A) were initially investigated in 1966 when
Imai and Iséki [8] established them in the form of a generalization of propositional calculi and set
difference operations. Subsequent to their inception, there was a significant amount of scholarly interest

in the concept of ‘BCK-As, especially with regard to studying its ideal characteristics. In their work,
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Borzooei et al. [9] developed the notion of hyper-BCK algebras (briefly, HBCK-As) by integrating
the hyperstructure framework with BCK-As. In addition, the authors proposed the concepts of weak
hyper BCK-ideals and hyper BCK-ideals (briefly, HBCK-Is).

As a generalization of classical sets, Zadeh’s fuzzy sets [23], and Atanasov’s intuitionistic fuzzy
sets [4], the neutrosophic set (briefly, NSS) was introduced by Smarandache ( [19,20]) to provide a
comprehensive conceptual framework. The theory of NSSs has found applications across several fields
of mathematics and has attracted considerable interest from researchers committed to developing,
improving, and expanding the theory ( [1,2,7,15-18,21]). As presented in [13], Borzooei, Jun, Zahedi,
and others defined neutrosophic HB CK-Is in various forms (strong, weak, and s-weak) and investigated
the associated characteristics and relationships between them.

In this article, we introduce and investigate two novel classes of neutrosophic ideals in the frame-
work of hyper BCK-algebras, namely the neutrosophic implicative hyper B CK-ideals (NIHBCK-Is) and
the neutrosophic weak implicative hyper BCK-ideals (NWIHBCK-Is). We establish their defining con-
ditions, examine their interrelations with existing neutrosophic structures, and characterize them
through level subsets. Several structural theorems are presented, along with illustrative examples and

counterexamples that clarify the distinctions between these ideal types.

2. PRELIMINARIES

In this section, we recall essential definitions and theoretical results related to hyper BCK-algebras
(HBCK-As) and neutrosophic sets, which are instrumental in formulating the new concepts introduced
in this paper. We begin by outlining the structure of HBCK-As, followed by key types of hyper
BCK-ideals and their properties. Subsequently, we review the notion of neutrosophic sets and their
applications in algebraic contexts, laying the groundwork for the definitions of neutrosophic hyper

BCK-ideals and their implicative variants.

Definition 2.1 ( [9]). By an HBCK-A (D, 0,0), we mean a nonempty set D endowed with a hyper operation

o and a constant 0 satisfying the following axioms

(po 0 ug) © (1o © ug) < po © 7o, (2.1)

(po 0 10) ©ug = (po © ug) © 7o, (2.2)

poo D« {po}, (2.3)

po K roand ro < pg = po = ro for all po,ro,uo € D. (2.4)

We can define a relation « on D by letting po < ro ifand only if 0 € poorg and for every Ay, Ay € D, Ay « Ay

is defined by for all a € Ay there exists b € Ay such that a « b. In such case, we call « the hyper order in D.
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Theorem 2.1 ( [9]). Let D be an HBCK-A. Then

(1) po o 0 « {po}, 00 py « {0} and 000 « {0}, forall pg € D,

(if) (B1o Bz2) o By = (B1 o Bs) o Bz, By 0 By « By and 00 By « {0}, for any non-empty subsets By, Ba
and By of D.

Theorem 2.2 ( [9]). In any HBCK-A D, the followings hold

(1) 000 = {0},0 < po,po < po and By < By,

(ii) B1 € Bs = B1 < Bo,

(iif) 0 o py = {0} and 0 0 By = {0},

(iv) B; « {0} = B, = {0},

(v) po € po ©0,

for all py, T, ug € D and for any non-empty subsets By and By of D.

Definition 2.2 ( [9]). Let J be a nonempty subset of HBCK-A D. Then 7 is said to be
o an HBCK-I of D if for all po,ro € D, pooro « Jandrge J = po € J,
a weak HBCK-I of D if for all pg, 7o € D, pporo € Jandroe J = po € J,
a strong HBCK-I of D if for all pg, 79 € D, pooronJ # Fandroe J = po € J,

a reflexive if po o po < J forall py € D,

an S-reflexive if (pooro) N T # & = poore < J forall po,ro € D,

closed if pg <« roand ro € J = po € J forall py € D.

Definition 2.3 ( [5]). Let D be an HBCK-A. Then D is said to be a positive implicative HBCK-A if

(po ©m0) 0ug = (po ©ug) o (ro o up)

forall po,ro,up € D.

Definition 2.4 ( [11]). Let J be a nonempty subset of D and 0 € J. Then J is said to be
(i) a weak implicative HBCK-I of D if (po o up) o (roopo) < J and ug € J, then pg € J.
(it) an implicative HB CK-I of D if (po o up) o (roopo) « J and ug € J, then pg € J.

Theorem 2.3 ([11]). Let J be a nonempty subset of D. Then
(i) if J is an implicative HBCK-I of D, then J is an HBCK-I of D.
(ii) if J is an HBCK-I of D, then 7 is an implicative HBCK-I of D if and only if (po o 79) 0 po « J =
po € J, for all po, o € D.
(iif) if J is an implicative and reflexive HBCK-I of D, then J is a positive implicative HBCK-I of type-3.

Theorem 2.4. Let By, By and J be non-empty subsets of D. Then
(i) if J is an HBCK-I of Dand By « J, then By < J.
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(it) if J is a reflexive HBCK-I of D, then (pooro) T # & = poory < T forall py,ro € D.
(iii) if J is an HBCK-I of@and By o By « J and By < J, then By < J.

Definition 2.5 ( [19]). An NSS in D is a structure of the form

M = {{po; Me(po), Ai(po), Af(po)) | po € D}

where \; : D — [0,1], A\; : D — [0,1], and Af e D — [0, 1] denote the truth, indeterminacy, and falsity
membership functions, respectively.

For simplicity we use M = (A¢, Ai, A¢) for the NSS M = {{po; \e(po), Xi(Po), A (o)) | po € i)}.

Definition 2.6 ( [13]). An NSS M = (A, A\i, Af) in D is said to be a neutrosophic HBCK-I (NHBCK-I) of
D if the following conditions are met
(NHBCK-I1) pg < 9 = M(po) = Ae(10), Ai(po) = Ai(ro) and Xg(po) < Af(ro)
inf A\¢(a)

(NHBCK-I 2) A¢(po) > min M\ (70)
a€Epyory

inf \; (b
(NHBCK-I 3) X\i(po) = min{ tnf X:(%) ,)\i(ro)}
bepyorg

sup Ar(c
(NHBCK-I 4) Af(po)gmax{ pAs(e) ,Af(ro)}
CEDPoOTo

forall po, 7o € D.

Definition 2.7 ( [13]). An NSS M = (A, A, Ay) in D is said to be a neutrosophic strong HBCK-I
(NSHBCK-I) of D if it satisfies following
inf \¢(a) . sup Ay (b)
(NSHBCK-I1) > A\¢(po) = min , Ae(10)
a € po © Po bepooTU
inf A\;(c) ) sup \;(d)
(NSHBCK-I 2) > Ai(po) = min , Ai(T0)
C € Po © Po depooro

A inf A
(NsEBCK13) SPA ) A(po) <max{ o f () (o)
e € pyory fepoory

forall pg,rg € D.
Definition 2.8 ([13]). An NSSM = (A, i, Af) in D is said to be a neutrosophic weak HBCK-I (NWHBCK-
1) of D if the following conditions are met

inf \
(NWHBCK-11) A (0) > M(po) = min{ (@) , Ae(To)
aEpygoroy

inf \; (b
(NWHBCK-I 2) Ai(0) = Ai(po) = min{ nf A:(b) ,Ai(ro)}
bepygorg
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A
(NWHSBCK-I 3) As(0) < Af(po) < max { A () Af(ro)}
CEDPoOTo

forall pg,ro € D.

Theorem 2.5 ( [13]). An NSS M = (A, \i, A) be a NWHBCK-I of D if and only if the non-empty sets
UM, v),U(Ni,s), and L( g, t) are weak HBCK-Is of D for all v, s, t € [0,1].

Definition 2.9 ( [13]). An NSS M = (A, \i, Af) in D is said to be a reflexive neutrosophic HBCK-I
(RNHBCK-I) of D if the following conditions are met

inf A inf A; (b sup Ar(c
®NEBCK11) MOy BEANO g S < A(ro)
a € py o Po b€ po o po C € Po © Po
At (
(RNHBCK-I 2) A¢(po) = min Sp , At (o)
a€EpPygory
Ai(
(RNHBCK- 3) Ai(po) mln{ oip i(?“o)}
bEpooTQ

fAf(
(RNHBCK-I4) A¢(po) < max{ nf As(e ,Af(ro)}
CEPoOTY

forall pg,ro € D.

Theorem 2.6. Let M = (A\¢, \i, Ay) is an NSS in D, then the following statements hold: If for all v,s,t € [0, 1],
the non-empty sets th(A\i; v), th(Ni; s) and £(Ay; t) are reflexive positive implicative HBCK-Is of type 2(3) and
M = (¢, Ni, Xy) satisfies sup-sup-inf property, then M is a neutrosophic positive implicative HB CK-I of type
2(3).

3. NEeutrosorHIC ImprLicATIVE HYPER BCK-IDEALS

Building upon the foundational definitions of neutrosophic hyper BCK-ideals, this section introduces
two novel classes: the neutrosophic implicative hyper B CK-ideals (NIHBCK-Is) and the neutrosophic weak
implicative hyper ‘BCK-ideals (NWIHBCK-Is). These structures are motivated by the desire to extend
implicative properties from classical and fuzzy contexts into the neutrosophic framework, within the
setting of hyper BCK-algebras.

We formally define these ideal types using neutrosophic membership functions and investigate their
structural behavior. Several fundamental theorems are presented to characterize their relationships
with existing neutrosophic ideals, particularly with respect to inclusion, level subsets, and implicative
conditions. Additionally, illustrative examples and counterexamples are constructed to demonstrate

the distinctions between the two classes and to show that certain converses do not hold in general.

Definition 3.1. Let M = (A, Ai, A¢) bean NSS of Dand M (0) = Mi(po), Ai(0) = \s(po), and Ar(0) < Af(po)
forall py € D. Then, M = (At, Ai, Ap) is called a



Asia Pac. J. Math. 2026 13:89 6 of 18

(a) neutrosophic weak implicative hyper BCK-ideal (NWIHBCK-I) of D if
(NWIHBCK-11) At(po) = min inf Ae(a) , Ae(ug)

a€(pooup)o(roopo)

(NWIHBCK-I2) \i(po) = min inf \;(b) ,)\i(uo)}
(roopo)

be(pooug)o(roopo

(NWIHBCK-I 3) Af(po) < max{ sup A (c) ,)\f(u())}
ce(

pooug)o(roopo)

(b) neutrosophic implicative hyper BCK-ideal (NIHBCK-I)

(NIHBCK-I1) At(pg) = min sup \¢(a }
a€(poouo)o Too’po
(NIHBCK-I 2) A\i(po) = min sup A ( }
be(pooug)o Toopo
(NIHBCK-I3) Af(po) < max inf Ap(c) A uo)}
c&(pooug)o(roopo)

f01’ all Po,To,Up € @
Theorem 3.1. In an HBCK-A D, every NIHBCK-I of D is a NWIHBCK-I.

Proof. Suppose M = (Ay, Ai, Af) is a NIHBCK-I of D and for po, 7o, up € D, we have

inf A\i(a) < supa)

ag(poouo)o(roopo)  ae(poouo)o(roopo)

inf \;(b) < sup\i(b)
be(poouo)o(roopo)  be(poouo)o(roopo)

infAr(c) < supAs(e)

ce(poouo)o(roopo)  ce(poouo)o(roopo)

Therefore,
At(po) = mln{ sup Ai(a) )\t(uo)} = min{ inf A¢(a) ,At(uo)}
a€(pooup)o(roopo) a€(pooug)o(roopo)
Ai(po) = mlﬂ{ sup A (b) a)\i(UO)} > miﬂ{ inf A;(b) ,)\i(uo)}
be(poouo)o(roopo) be(poouo)o(roopo)
Af(po) < max{ inf Af(c) ,)\f(uo)} <max{ sup Af(c) ,/\f(uo)}.
c&(pooug)o(roopo) ce(pooug)o(roopo)
Thus, M = (A, \i, As) is a NWHBCK-I of D. O

Example 3.1. Consider an HBCK-A D = {0, a, b} as defined in the Table 1.
Define an NSS M = (¢, Ai, Af) on D as shown in Table 2.
Then M = (A, \i, \g) is a NWIHBCK-I of D but it is not a NIHBCK-I of D, because

At(a) = 0.13 < 0.95 = \(0) = min{ sup Ay (t) ,)\t(())}
)

te(ao0)o(aoa
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TabLe 1. Hyper ‘BCK-algebra

ol 0 a b
o|{oy {0y {0}
a|{a} {0a} {04}
b {v} A{a} {0a}

TaBLE 2. Neutrosophic set

D | M(po) Xi(po)  As(po)
0 095 088  0.01
0.13 0.21 0.97
075 073 047

A RN

Ai(a) =0.21 < 0.88 = \;(0) = min{ sup A; () ,)\i(O)}
)

te(ac0)o(aca

)\f(a) =0.97 > 0.01 = )\f(()) = max{ inf)\f(t) ,)\f(O)} .
te(ao0)o(aoa)

Theorem 3.2. In an HBCK-A D,

(i) every NIHBCK-I of D is an NSHBCK-I.
(ii) every NWIHBCK-I of D is an NWHBCK-L.

Proof. Let M = (A\¢, Ai, Af) be an NIHBCK-I of D. By putting ro = 0 and ug = r¢ in Definition 3.1(b),
we obtain
At(po) = min { sup Ae(a) , Ae(ro) ¢ = min { sup Ai(a), At(ro)}
a€(poorp)o(0opg) a€pooro

be(pooro)o(0opo)

Af(po) < max inf >\f )
c&(pooro)o Opo)

First, we show that for pg,rg € D if pg « 70 = A (po)

Ai(po) = min sup A;(b) , Ai(ro)
o(0o

bepgoro

= max { inf A¢(c), A¢(ro)
CEPOOTQ
>

At(r0), Ai(po) =

= min { sup \;(b), )\i(m)}

(3.1)

)\i(To), and )\f(po) < )\f(T‘o).

For this let pg, o € D be such that po < 10, then 0 € py o rp and so from (3.1), we get

At(po) = min S‘;EpAgfa)’At(TO) = min {A(0), A¢(10)} = Ae(r0)
Ai(po) = min Sl;p Ai(b), Ai(ro) ¢ = min {A;(0), Ai(ro)} = Ai(ro) (32)
Ar(po) < max lni)\f( c), Af(7’0)} = max {Af(0), Ar(ro) } = As(ro)



Asia Pac. J. Math. 2026 13:89 8 of 18

Let po € D and a € pg o po. Since pp © po < po, we have a « py for all a € py o po. So, by (3.2), we have

(@) = Ae(po), Ai(a) = Xi(po), and A¢(a) < Af(po) for all a € pg o po. Hence,

inf M\(a) = Me(po), inf Xj(a) = Ai(po), and sup Af(a) < Af(po) (3.3)

agpoopo agepoopo agepoopo

Combining (3.1) and (3.3), we get

inf \¢(a) = A\e(po) = mm{sup/\t(b),/\t(ro)}

agpoopo bepporg

CEPOOPO depoorg

inf A\;(c) = N\i(po) = mm{sup&(d),&(ro)}

sup Ar(e) < Af(po) < max {mf )\f(f),)\f(ro)}
€EPoOPo fepooro
for all pg, 7 € D. Thus, M = (A, \i, \s) is an NSHBCK-L.
(ii) Let M = (A, Ai, Ay) be a NWIHBCK-I of D. By putting 79 = 0 and uy = r( in Definition 3.1(a),

we get

At(po) = mln{ (inf At(a) ),)\t(m)} = min {inf /\t(a),)\t(’ro)}

a€(poorg)o(0opg agPoOTo

Ai(po) = mln{b (inf)\i(b) ),)\i(ro)} = min {inf)\i(b),)\i(ro)}

€(pooro)o(0opg bepgoro

Ar(po) < Inax{ sup A¢(c) ),/\f(ro)}=max{sup>\f(c),)\f(rg)}.

(pooro)o(0opo CEPOOTO
Therefore,
At(0) = A(po) = min {inf At(a%)\t(ro)}
aEepooro
Ai(0) = Ai(po) = min {inf /\i(b)a)\i(TO)}
bepgory
Af(0) < Ap(po) < max {SUP)‘f( ) /\f(ro)}
CcEPpOTO
for all pg, 7 € D. Thus, M = (A, \i, As) is a NWIHBCK-I of D. O

Example 3.2. Consider an HBCK-A D = {0, a, b, c} as defined in the Table 3.
Define an NSS M = (A\¢, Ai, Af) on D as shown in the Table 4. Then M = (s, A, Ar) is an NSHBCK-I,
but it is not an NIHBCK-I of D because

At(b) = 0.32 < 0.95 = \(0) = min < sup \(¢) , At(0)
te(bo0)o(cob)

Ai(b) = 0.53 < 0.87 = \;(0) = min < sup A;(t) , Ai(0)
te(bo0)o(cob)
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TabLE 3. Hyper ‘BCK-algebra

ol 0 a b c
0} {o} f{o} {0}
a|{a} {0} {0} {0}
bl{ey {o} {0} {0}
c|{ct {e} {b,e} {0,b,¢}

TaBLE 4. Neutrosophic set

D | M(po)  Nilpo) Ar(po)
0 0.95 0.87 0.19
0.95 0.87 0.19
0.32 0.53 0.72
c 0.32 0.53 0.72

x

<

Af(b) = 0.72 > 0.19 = A\f(0) = max < inf Af(t) ,Af(0) ;.
te(bo0)o(cob)

From Example 3.2, we conclude that the converse of Theorem 3.2 is not true in general.
Definition 3.2. Let M = (A, \;, \s) be an NSS of D. We define the following sets
Ui = {poe DI Nilpo) > t}
Uhiss) = {poe D | Ailpo) > 5
LOvit) = {poe D As(po) < t}
where v, s,t € [0,1].

Definition 3.3. An NSS M = (A, \i, A¢) of D is said to satisfy sup-sup-inf property if for any subset - of D,

there exist 11, I, and l3 such that

)\t(ll) = sup /\t(p()), )\Z(lg) = sup )\i(p()), and )\f(lg) = inf )\f(po). (34)

PoEF PoEF PoEF

Definition 3.4. An NSS M = (A, \i, \) of D is said to satisfy inf-inf-sup property if for any subset [ of D,

there exist 1y, lo, and 3 such that

)\t(h) = inf )\t(po), )\1(12) = inf )\i(pg), and )\f(lg) = sup /\f(po). (35)

poEF poEF PoEF

Theorem 3.3. Let M = (A, A\, Af) be an NSS of D. Then the following statements hold
(i) M is a NWIHBCK-I of D if and only if for all v, s, t € [0, 1], the non-empty sets U, t), U(\i, 5),
and L (), t) are weak implicative HBCK-Is of D.
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(if) If Misa NIH®BCK-I of D, then for all v, s, t € [0, 1], the non-empty sets U (¢, t), U(N;i, 5), and L( A, t)
are implicative HBCK-Is of D.

(iii) If for all v,s,t € [0, 1], the non-empty sets U(A,t), U(Ni, 5), and L(As, t) are S-reflexive implicative
HBCK-Is of D, and M satisfies the sup-sup-inf property, then M is a NIHBCK-I of D.

Proof. (i) Assume M = (A, A, \) is an NWIHBCK-I of D.
Lett,s,t € [0,1] and po, ro, up € ‘D be such that (pg o ug) © (rg © po) S U(As,t) and ug € U(Ag, t). Then
a€U(N, ) forall a € (pgoup) o (roopo). Thus, A\i(a) =, forall a € (po o ug) o (ro o po) and A¢(ug) > v,

so infA(a) =rvand A\(up) = t. Thus, by the hypothesis,

a€(pooup)o(roopo)
At(po) = min { inf \y(a) /\t(UO)}
a€(pooup)o(roopo)

> min {r,t} =,
= po € U\, ).

Let po, 1o, tg € D be such that (pg o ug) o (g 0 po) < U(Ni,s) and ug € U(N;,s). Then b € U();, s) for all
be (pooug)o(roopp). Thus A\;(b) = s, forall b e (pgoug)o(roopg) and A\;(ug) =s,s0 inf A\j(b) >s

be(pooup)o(roopo)

and \;(ug) = s. Thus, by the hypothesis,
Ai(po) = min { inf \;(b) )\i(uo)}
be(pooug)o(roopo)

> min {s,5} = s,
= po € U(N;, 5).

Again, let pg, ro, up € ‘D be such that (pg o ug) o (19 © po) = L(Af,t) and ug € L(Af,t). Then c € L(Af,t)
for all ¢ € (po o ug) © (ro © po). Thus, A¢(c) < ¢, for all ¢ € (pg o ug) o (19 © po) and Af(ug) < t, so

supAf(c) < tand Af(ug) <t Thus, by the hypothesis,

ce(pooup)o(roopo)

)\f(pg)<max{ sup A¢(c) ),)\f(uo)}

ce(pooup)o(roopo

< max {t, t} = t,
= po € E()\f,f)
Therefore, U (A, t),U (N, s), and L(A, t) are weak implicative HB CK-Is of D, forallr,s, te [0,1].

Conversely, let for all v,s,t € [0,1], the non-empty sets U(\;,t), U(N;,5), and L(Af,t) be weak
implicative HBCK-Is of D. Let Do, T, Uy E D, and put

t = min { inf A\ (a) ,)\t(uo)} .
ae(

pooug)o(roopo)
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Then
inf \¢(a) = rvand A(up) >t
a€(pooup)o(roopo)
So that
At(a) = vforall a € (pooug) o (roopo) and A¢(up) = .
Hence,
a € U(M, ) forall a € (pg oug) o (19 0 po) and ug € U (A, t).

That is,

(po o ’LLQ) o (’r‘o Opo) - Z/{()\t, ‘C) and ug € U()\t,t)

and so, by the hypothesis, py € U (A, t). Thus,

)\t(po)>t—min{ inf \¢(a) ),/\t(ug)}.

a€(pooug)o(roopo

be(poouo)o(roopo

Puts = min{ inf \; () ,)\i(uo)}. Then
)

inf )\Z(b) > sand )\Z(UO) = 8.

be (poouo)o(roopo)
So that
Ai(b) = s forall b e (pgoug) o (rgopy) and \;(ug) = s.
Hence,
beU(N,s) forallbe (pgowug)o(roopy) and ug € U(N;,5).
That is,

(po 0 ug) o (1o o po) € U(N;,8) and ug € U (N, 5)

and so, by the hypothesis, pg € U(\;,s). Thus,

)\i(pO) =6 = mln{ inf )\l(b) ), )\Z(Uo)} .

be(poouo)o(roopo
Put t = max { sup Af(c) ,)\f(uo)}. Then
ce(pooup)o(roopo)

supAr(c) < tand Ag(ug) < t.

ce(pooug)o(roopo)



Asia Pac. J. Math. 2026 13:89 12 of 18

So that
Af(e) < tforall ce (poowug)o(roopo) and Af(ug) < t.
Hence,
ce L(Af,t) forall c e (pgoug)o (rgopy)and ug € L(Ay,t).
That is,

(po o UO) o (7“0 Opo) - £()\f,f) and ug € E()\f,f)

and so, by the hypothesis, py € L(A, t). Thus,

Af(po) < t= max{ sup A¢(c) ,)\f(uo)} .

ce(poouo)o(roopo)

Therefore, M = (A, \i, As) is an NWIHBCK-I of D.

(ii) Suppose M = (A, Ai; Ap) is a NIHBCK-I of D. By Theorem 3.2(i), M = (A, A, Af) is an
NSHBCK-I of D and, therefore, it is an NHBCK-ideal of D. By Theorem 2.5, for all v, s, t € [0, 1], the
non-empty sets U (A, t), U (i, 5) and L( A, t) are HBCK-Is of D. Now by Theorem 2.3(ii), it is sufficient

to show that if
poo(roopo) < U(A, ),
poo (rgopo) « U(N;,s), and |, thenpg € U(Ng,t) nU(Ni,5) N L(Ay, ). For this, let poo (roopo) «

po o (roopo) < L(Af,t)
U(A¢, t) for pg, o € D. Then, forall a € pg o (ro o pp) there exists b € U (¢, t) such that a « b. Then
Ar(a) = A (b) = v = MN(a) =rforallae pyo (roopo)

= sup M(a) =t
a€poo(roopo)

Hence, by the hypothesis,

a€(poo0)o(roopo

At(po) = min{ sup \¢(a) ),)\t(O)}

= sup M(a) =t
a€poo(roopo)

Thus, pp € U(M¢, t). Let pg o (rg 0 po) < U(N;,5) for pg, g € D. Then, for all c po © (ro © po) there exists
d € U(M;, 5) such that ¢ « d. Then
Ai(e) = A\i(d) =8 = \i(c) =sforall c e pyo (rgopo)

= sup \i(c) > s.
CEPQO(T’()OPO)
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Hence, by the hypothesis,
Ai(po) = min{ sup A;(c) ,)\i(O)}
ce(poo0)o(roopo)

= sup \i(c) = s.
ceppo(roopo)

Thus, po € U(N;,s). Let pg o (ro o po) « L(Ay, 1) for po, 70 € D. Then, for all e € pg o (rg o pp) there exists
f e L(Af,t) such that e « f. Then

Ar(e) < Af(f) <t= Ag(e) < tforallee pyo (roopo)
= infAf(e) <t
e€poo(roopo)

Hence, by the hypothesis,

)\f(po)émax{ inf A¢(e) ),)\f(O)}

e€(poo0)o(roopo

= infAp(e) <t

e€ppo(roopo)

= po € L(Af, 1).

Thus, for all t, s, t € [0, 1], the non-empty sets U(\;, t), U( N, s), and L( ¢, t) are implicative HBCK-Is
of D.
(iii) Assume that forall v, s, t € [0, 1], the non-empty sets U (A, v), U (N, s), and L(Af, t) are S-reflexive
implicative HBCK-Is of D. Let po, ro, up € D.
Put v = min { sup A¢(a) ,)\t(uo)}
a€(pooug)o(roopo)

=  supM(a) =rvand M\(ug) =t
a€(pooup)o(roopo)

Since )\; satisfies the sup property, we have there exists ag € (pg © ug) o (ro © pg) such that A\;(ap) =

sup A¢(a) =, and so ag € U(\, t). Hence, by using (2.2), we have
a€(pooup)o(roopo)

((po o (ro 0 po)) ocug) NU(N,t) = ((po o ug) © (ro 0 po)) MU, ¥) # .

Thus, there exists a € pg o (19 0 po) such that (a oug) NU(M¢, t) # . By Theorem 2.3(i), we have U (A, t)
is a hyper BCK-ideal of D, and by hypothesis it is S-reflexive. Therefore, it is a reflexive HBCK-I of D
and, consequently, a strong HBCK-I of D. Since A;(ug) > t, we have ug € U(\y, ).

(aoug) "UN,v) # T, up e UM, t) = a€U(M,t)

= (poo(roopo)) NUN,t) # .

= pp o (19 o po) < U(Mt,t) (By Theorem 2.4(ii))
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= po € U(N,t) (By Definition 2.4(ii))

ae(pooug)o(roopo

= M(po) =t = min{ sup A (a) ; )\t(uo)} .

Put s = min { sup \;(b) ,)\i(uo)}. Then sup\;(b) = sand \;(ug) = s. Since )\; satisfies the
be(poouo)o(roopo) be(pooug)o(roopo)
sup property, we have there exists by € (pg © ug) o (19 © po) such that \;(by) = supAi(b) > s, andso
be(pooug)o(roopo)
bo € U(\;, s). Hence, by using (2.2), we have

((po © (0 ©po)) © uo) N U(Ai,8) = ((po © uo) © (ro ©po)) N U(Ni,8) # .
Thus, there exists b € pg o (19 0 pp) such that (bowug) NU(N;,s) # . By Theorem 2.3(i), we have U(\;, s)
is a HBCK-I of D, and according to hypothesis it is S-reflexive. Therefore, it is a reflexive HBCK-I of
D and, consequently, a strong HB CK-I of D. Since Ai(ug) = s, we have ug € U(\;, 5).
(bowug) "nUN;,8) # T, ug eU(N;,8) = belU(N;,s)
= (po o (roopo)) NU(N;,5) # .
= po o (19 opo) K U(N;,s) (By Theorem 2.4(ii))

= po € U(N;,s) (By Definition 2.4(ii))

= Ai(po) =5 = miﬂ{ sup A;(b) )7)\i(u0)} :

be(pooug)o(roopo

Putt = max{ inf A¢(c) ,)\f(uo)}. Then infAf(c) < tand Af(up) < t. Since A satisfies
ce(pooup)o(roopo) c&(poouo)o(roopo)
the inf property, there exists ¢y € (po o ug) © (rg © po) such that A¢(cp) = infAr(c) <t andso
c&(poouo)o(roopo)

co € L(Af,t). Hence, by using (2.2), we have

((Po o (roopo)) oug) N L(Af,t) = ((pooug) o (roopo)) N L(Ap,t) # .

Thus, there exists ¢ € py o (9 o pg) such that (coug) N L(Af,t) # . By Theorem 2.3(i), we have L(Ay, t)
is a HBCK-I of D and according to hypothesis it is S-reflexive. Therefore, it is a reflexive HBCK-I of D,
consequently, a strong HBCK-I of D. Since A #(ug) < t, wehave ug € L(Ay, t).

(COUO) N ,C()\f,f) #* O, ug € ,C()\f,t) = CcE€ ,C()\f,f)
= (po© (roopo)) N L(As, t) # .
= poo(roopg) « L(Af,t) (By Theorem 2.4(ii))

= po € L(Af,t) (By Definition 2.4(ii))

:>)\f(po)<t—max{ inf Af(c) ,)\f(uo)}.

ce(pooup)o(roopo)
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Hence, M = (\¢, \i, As) is an NIHBCK-I of D. O

Theorem 3.4. Let M = (A, i, A) be an NSS of D.

(i) If M satisfies the sup-sup-inf property, and for all v,s,t € [0,1], U(N,t), U(Ni,5), and L(Af,t)
are reflexive, and M is a neutrosophic implicative HBCK-I of D, then M is a neutrosophic positive
implicative HB CK-I of type-3.

(ii) Let D be a positive implicative HBCK-A. If M = (A, i, Ay) is a NWIHBCK-I of D, then M is a
neutrosophic positive implicative HB CK-I of type-1.

Proof. (i) Let M = (A, Ai; Af) be a NIHBCK-I of D. Then, by Theorem 3.3(ii), for all ¢,s,t € [0, 1],
U(N,t), U(Ni,5), and L(Ay, t) are implicative HBCK-Is of D.

Since these non-empty sets are reflexive, then by Theorem 2.3(iii), they are positive implicative
HBCK-Is of type-3. So, by Theorem 2.6, M = (A, Aj, Af) is a neutrosophic positive implicative HB CK-I
of type-3.

(ii) Let M = (M, A\i,Af) be a NWIHBCK-I of D and for pg,70,u9 € D. Putt =

min { inf A\;(a) ,inf A\¢(b) p. Thus, forall a € (pgorp) ougand b € rg o ug, A¢(a) = vand \i(b) = t. Since
. ae(pooro)oug  beETpouUg
D is a positive implicative HBCK-A, we have

(po o ug) o (ro o ug) = (poore)oug U, )

ro 0 ug S UM, t).

By Theorems 3.2(ii) and 2.5, we have U (), t) is a weak HBCK-I of D, then pg oug S U()y, t). Therefore,
for all u € py o up, A¢(u) = v = min { inf A\¢(a) ,inf )\t(b)}. Put s = min { inf \;j(c) ,inf \;(d) p.
ag(poorp)oug  beETQOUQ ce(pooro)oug  dergoug

Thus, for all ¢ € (pg o 79) o ug and d € g o ug, \i(c) = s and \;(d) = s. Since Disa positive implicative

HBCK-A, we have

(po o ug) o (ro o ug) = (pooroe) oug S UN;, )

Tooug S U()\i,ﬁ).

By Theorems 3.2(ii) and 2.5, we have U();, s) is a weak HBCK-I of D, then pooug S U(Ai,s). Therefore,
for all v € pg o up, A\;(v) = s = min { inf \;(c) ,inf )\i(d)}. Put t = max { sup Af(e) ,sup )\f(f)}. Thus,
ce(poorg)oug  dergoug e€(poorg)oug  fergoug

forall e € (pg o rp) o ug and f € 79 o up, A¢(e) < tand Ag(f) < t. Since D is a positive implicative
HBCK-A, we have

(po o ug) o (ro o up) = (po o ro) 0o ug S L(Ay,t)

ro o ug S L(Af, ).
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By Theorems 3.2(ii) and 2.5, £L(Ay, t) is a weak HB CK-I of D, then py o ug S L(A¢,t). Therefore, for

all w € pg oug, A\p(w) < t= max{ sup A¢(e) ,sup Af(f)}. Hence, M = (A, \i, Af) is a neutrosophic
e€(poorg)ouy  fETQOuUQ

positive implicative HBCK-I of type-1. 0

Corollary 3.1. Let M = (\¢, Ai, Af) be an NSS of D. Then M = (A, \i, Ar) is an NWIHBCK-I (NIHBCK-
1) if and only if the fuzzy sets Ay, \i, and ) ;€ are fuzzy weak IHBCK-Is (fuzzy IHBCK-Is) of D.

Proof. Let Ay =1 — Ay. The conditions on A; and ; are exactly the defining conditions of fuzzy weak

IHBCK-Is. Also,
1 —supAy =inf(1 —Ay) and 1—infA; =sup(l—Ay).

Hence the condition on ) is equivalent to the corresponding fuzzy weak IHBCK-ideal condition on A%.
Therefore M = (A, i, Ay) is an NWIHBCK-IL if and only if A;, A; and A; are fuzzy weak IHBCK-Is.
The proof for NIH*BCK-Is is obtained in the same way by replacing the weak conditions with the

corresponding non-weak conditions. O

Corollary 3.2. Let M = (A, Ai, Ay) be an NSS of D. Then M = (A, A, Ar) is an NWIHBCK-I (NIHBCK-
I) if and only if the NSSs [IM = (Ai, Ai, Af) and OM = (XG, Ai, Ay) are NWIHBCK-Is (NIHBCK-Is) of
D.

Proof. By Corollary 3.1, M = (A, Ai, A¢) is an NWIHBCK-I if and only if s, A; and X]i are fuzzy weak
IHBCK-Is.

Now
EM = ()\t,)\i,Af) and @M = ( sc,)\i,Af).

Applying Corollary 3.1 to these two neutrosophic sets shows that [JM and ©M are NWIHBCK-Is if
and only if A¢, A; and A} are fuzzy weak IHBCK-Is. Hence the desired equivalence follows.
The NIHBCK-I case is proved similarly. O

4. CONCLUSION

In this paper, we introduced the notions of neutrosophic implicative hyper B CK-ideals and neutro-
sophic weak implicative hyper BCK-ideals in hyper BCK-algebras. Several fundamental properties of
these new structures were investigated, and their relationships with previously known neutrosophic
hyper BCK-ideals were established. In particular, we obtained characterization theorems in terms of
upper and lower level subsets. Moreover, examples were provided to illustrate the new concepts and
to show that some converse statements do not hold in general.

These results extend the study of neutrosophic structures in hyperalgebraic systems and provide

a foundation for further research on implicative-type ideals under uncertainty. Future work may
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investigate other classes of neutrosophic hyper ideals and their applications to uncertain reasoning,

algebraic decision-making, and knowledge representation.
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