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AsstrRACT. In the context of hyperstructures and set—valued mappings, the naive pushforward composi-
tion of multivalued morphisms, although set-theoretically associative, often fails to provide a coherent
categorical structure, as unit laws may break down and natural classes of well-behaved morphisms are not
preserved under composition. This paper addresses these structural deficiencies by introducing a stabiliza-
tion framework based on closure operators assigned to the underlying spaces. Within this framework, a
stabilized composition of multivalued morphisms is defined via a pushforward construction, together with
a corresponding stabilized identity map. It is shown that the stabilized composition satisfies both left and
right unit laws, and that associativity holds within the class of cl-compatible multivalued morphisms. In
this manner, a coherent compositional structure is obtained in which categorical obstructions are resolved
through stabilization and compatibility. Furthermore, when the stabilization closures act trivially on
singletons and the morphisms are single-valued, the proposed framework recovers the ordinary composi-
tion of functions together with the classical identity map. These results provide a systematic approach
for restoring algebraic and categorical coherence in hyper and set-valued settings while remaining fully
consistent with the classical theory.
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1. INTRODUCTION

Set-valued and multivalued mappings play a fundamental role in variational analysis, optimization,
control theory, and differential inclusions, where nonuniqueness and uncertainty arise in a natural way.
The foundational literature in set-valued analysis established robust notions of continuity, measurability,
and selection, together with powerful analytical tools for the study of such mappings [3,4]. Despite this
extensive development, the algebraic behavior of set-valued morphisms under composition remains

subtle: although the naive pushforward composition is set—theoretically associative, it often fails to
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provide a coherent categorical structure, as unit laws may break down and natural classes of well-
behaved morphisms are not preserved under composition [7,8].

A closely related phenomenon arises in the theory of hyperstructures, where operations are intrin-
sically set-valued and the classical algebraic axioms are weakened or relaxed. Since the pioneering
contributions of Marty and Krasner, hypergroups, hyperrings, and hypermodules have been studied as
natural generalizations of classical algebraic systems [12,13,15-17]. Although hyperoperations provide
a flexible framework for modeling multivalued interactions, morphisms between hyperstructures often
exhibit unstable compositional behavior: unit elements may fail to act as identities, and associativity
may hold only in restricted or weakened forms. This instability presents a significant obstacle to the
construction of coherent compositional or categorical frameworks for hyper and set—valued structures.

The central problem addressed in the present work is the categorical incoherence of composition for
multivalued and hyper morphisms. In many theoretical and applied contexts, chains of transformations
naturally arise, and the absence of reliable unit behavior and structural closure under composition
limits both conceptual clarity and mathematical tractability. From a structural point of view, this
deficiency prevents the systematic use of categorical methods and obscures the precise relationship
between multivalued theories and their classical single—valued counterparts.

To address these difficulties, a stabilization approach based on closure operators assigned to the
underlying spaces is introduced. Using a pushforward construction that is standard in set-valued
analysis and related areas, a stabilized composition of multivalued morphisms is defined, together
with a corresponding stabilized identity map. Within this framework, categorical coherence is restored
at the level of units, and associativity of the stabilized composition is shown to hold within the class of
cl-compatible multivalued morphisms. In this manner, the structural pathologies of naive composition
are resolved without imposing restrictive conditions on the multivalued setting.

Beyond its intrinsic algebraic significance, the proposed stabilization framework offers a coherent
mechanism for chaining set-valued transformations, which may be advantageous in the analysis of
multistage models arising in optimization, control, and related fields. While the present work is devoted
to the foundational aspects of the theory, further applications and concrete models are left for future
investigation. Finally, it is shown that when the stabilization closure acts trivially on singletons and the
morphisms are single-valued, the stabilized framework reduces exactly to the classical composition
of functions together with the usual identity map. This classical recovery result confirms that the
proposed approach constitutes a genuine extension of the standard theory rather than an alternative
formulation. From a categorical perspective, restoring unit laws and associativity within an appropriate
morphism class is essential for the construction of well-behaved compositional structures in the sense

of category theory [1,2].
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2. PRELIMINARIES AND NOTATION

2.1. Hyperoperations and multivalued composition. Hyperstructures arise as natural generalizations
of classical algebraic systems by allowing the underlying operations to be set-valued. Following the

foundational ideas of Marty and Krasner, a hyperoperation on a nonempty set X is a map
@: X xX =>PX)\{o},

which assigns to each pair (z,y) a nonempty subset z & y of X [12,13]. Within this framework,
associativity and other algebraic axioms are typically interpreted in a weakened or set-theoretic sense,
most commonly through unions of values. In particular, the iterated hyperoperation is defined by
rTDYDz = U (u® z),
ucrdy
which reduces to the classical binary operation when all values are singletons [15,16]. This convention
allows hyper algebraic expressions to be evaluated unambiguously and will be adopted consistently

throughout the paper.

2.2. Set-valued mappings and pushforward. Let X and Y be nonempty sets. A set—valued (or

multivalued) mapping is a map

F:X = PY)\ {2}

that assigns to each € X a nonempty subset F'(x) C Y. Such mappings constitute central objects in
set—valued analysis, optimization, and differential inclusions [3,4]. Given a nonempty subset B C X,

the pushforward of B under F is defined by

zeB
This construction provides the natural analogue of image formation for single-valued functions and
reflects the union-based evaluation of hyperoperations. Pushforward mappings play a fundamental
role in the composition of multivalued morphisms and arise, either implicitly or explicitly, in various

contexts involving multistage or chained transformations [5,6].

2.3. Closure operators and stabilization. In order to control the structural growth and categorical
incoherence that may arise under repeated multivalued composition, each underlying space is equipped

with a closure operator. A map
cx : P(X)\ {9} = PX)\ {o}

is called a closure operator if it is extensive, monotone, and idempotent. While closure operators are
classically associated with topology, an abstract axiomatic viewpoint is adopted here, allowing for purely

algebraic or structural interpretations [9—11]. In the present work, closure operators are interpreted as
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stabilization mechanisms that regulate the behavior of multivalued composition and support categorical

coherence.

Remark 2.1 (Set-level extension of hyperoperations). Throughout the paper, whenever (X, ®x) is a
hyperstructure, we use the standard set-level extension of @ x to nonempty subsets of X. Namely, for
nonempty A, B C X we define
AoxB = |J (aoxd) CX
a€A, beB

In particular, if F': X — P(Y) \ {@} is multivalued, then for any nonempty A, B C X the pushforward
satisfies F}(A), Fy(B) C Y, and hence expressions such as F}(A) ®y F;(B) are interpreted via the above
set-level extension on (Y, @y ). This convention will be used implicitly in all subsequent definitions and

proofs.

2.4. Notational conventions. Throughout the paper, multivalued composition is expressed using the
pushforward notation F}; and set-theoretic unions. The symbol o, denotes the stabilized composition
introduced later, while id% stands for the corresponding stabilized identity. When no confusion arises,
subscripts on closure operators are omitted and the notation cl is used instead of clx or cly. All sets are

assumed to be nonempty, and all multivalued mappings take nonempty values unless stated otherwise.

3. StaABILIZATION-BASED CoMPOSITION AND MAIN REsuLTs

Definition 3.1 (Stabilized composition). Let (X, ®x), (Y, ®y), (Z, ®z) be hyperstructures equipped

with closure operators cly, cly, clz on nonempty subsets. Let
F:X—PY)\{o}, G:Y —=P2)\{o}

be multivalued morphisms. The stabilized composition of G and F is defined by

(Gos F))=cz| |J G|, =zex.
yEF ()

3.1. Derivation of stabilization—pushforward compatibility. Fix a hyperstructure (X, ®x) equipped
with a stabilization closure operator cly acting on nonempty subsets of X. We recall the set-level

compatibility condition imposed on clx:
(3.1) clx(A®x B) = clx(clx(A4) @x clx(B))  forallnonempty A, B C X.

This condition ensures that the closure operator interacts coherently with the underlying hyperopera-
tion.
Let (Z,®z) and (W, &w ) be hyperstructures equipped with closure operators cl; and clyy, respec-
tively, and let
H:Z—-PW)\{o}
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be a multivalued morphism. For any nonempty subset B C Z, the pushforward of B under H is
defined by

Hy(B):= | H(2).

2€B
This notation will be used to formulate the compatibility between stabilization and pushforward in the

multivalued setting.

Definition 3.2 (Closure-lax hypermorphism). Let (Z, ®z) and (W, @y ) be hyperstructures equipped

with closure operators clz and clyy, respectively. A multivalued morphism
H:Z—-PW)\{o}
is called closure—lax if for all nonempty subsets A, B C Z one has

(3.2) Hy(A®z B) C CIW(Hﬁ(A) Pw Hﬁ(B)).

Remark 3.3. Closure-lax morphisms encode a weak compatibility with the underlying hyperoperation.
However, this condition alone does not guarantee compatibility between stabilization and pushforward.
For this reason, associativity of the stabilized composition is established within the class of cl-compatible

morphisms.

Definition 3.4 (cl-compatible multivalued morphism). Let Z, W be sets equipped with stabilization

closure operators clz and clyy, respectively. A multivalued morphism
H:Z—->PW)\{o}
is called cl-compatible if for every nonempty subset B C Z one has
clw (Hy(clz(B))) = clw (Hy(B)),

where Hy(B) = .5 H(2).

Theorem 3.5 (Associativity of stabilized composition under compatibility). Let
(X,®x), Y,®y),(Z,®z), W,®w) be hyperstructures equipped with stabilization closure operators

clx, cly, clz, clyy, each extensive, monotone, and idempotent. Let
F:X—->PY)\{o}, G:Y—=PZ)\{@}, H:Z->PW)\{2}
be multivalued morphisms. Assume that H is cl-compatible and that G and H are closed—valued, that is,
cz(G(y) =Gly) (WeY),  dw(H(z) =H(z) (Vze€2).
Then the stabilized composition o is associative:

(HosG)og F' = Hogz(Gog F).
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Proof. Fix x € X and set

By definition of stabilized composition,

((H o5 G) o5 F) () clw( U #Hos G)(y)) clw( U ch(Hﬁ(G(y)))>.

yEF(x) yEF ()

Since H is closed-valued, cly (Hy(B)) = Hy(B) for every nonempty B C Z. Hence,

((H Os G) Os F) (x) = clw ( U Hﬁ(G(y») = CIW(Hﬁ(Sx))

yeF (x)
On the other hand,
(H os (G og F))(x) = Clw(Hﬁ((G oy F)(:c))),
and by definition (G os F')(x) = clz(S;). Since H is cl-compatible,
Clw(Hﬁ(Clz(Sm))) = Clw(Hﬁ(Sx))

Therefore,
((H o5 G) o5 F)(z) = (H 05 (G os F)) ().

Since x € X was arbitrary, the proof is complete. O

3.2. Stabilized identities and classical recovery.

Definition 3.6 (Stabilized identity). Let X be a hyperstructure equipped with a stabilization closure
dx : P(X)\ {2} = P(X)\ {2},
which is extensive, monotone, and idempotent. The stabilized identity is the multivalued map

id% : X - P(X) \ {9}, id% (z) := clx({z}).

Proposition 3.7 (Unit laws for stabilized composition). Let X and Y be hyperstructures endowed with
stabilization closures clx and cly, respectively. Assume that clx and cly are extensive, monotone, and idempotent.

Assume also that for every multivalued morphism F : X — P(Y') \ {@} and every nonempty B C X one has
cly (Fy(clx (B))) = cly (Fy(B)).
Furthermore, assume that cly is generated by singletons in the sense that for every nonempty S C Y,

cM&W(Umﬁw>

yes
If F is cly—closed—valued, i.e.

cly(F(z)) = F(z) forallz € X,
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then the stabilized composition oy satisfies the unit laws
Fosidy =F and idy os F = F.
Proof. Fixx € X.

Left unit law. By definition of o, and id%,

<Fosid§<><x>cly( U F<u>)cly<Fu<clx<{x}>>>.
(z)

u€id

By the compatibility assumption with B = {z},
cly (Fy(clx({2}))) = cly (Fy({z})) = cly (F()).
Since F' is cly—closed-valued, cly (F(z)) = F(z), hence (F o5 id%)(z) = F(x).

Right unit law. Again by definition,

(idy- o5 F)(z) = Cly( U id?(y)) = cly( U cly({y})) :

yEF () yeF (x)

By the singleton—generation property of cly (applied to S = F'(x)),

Cly< U Cly({y})) = cly (F(z)) = F(),

yer(z)
where the last equality uses that F is cly—closed—valued. This proves (idy- o; F')(x) = F(z).

Since x € X was arbitrary, the proof is complete. O
Remark 3.8 (Relative nature of unit laws). The assumption

should be understood as a compatibility condition imposed on the class of morphisms under consider-
ation. In general, stabilized identities do not act as two—sided units for all multivalued morphisms.
Rather, the unit laws in Proposition 3.7 hold relative to the subclass of cl-compatible and cly—closed—
valued morphisms, and under the singleton—-generation property of the closure operator. In this sense,
the stabilized composition defines a category-like structure with identities valid within a restricted

morphism class.

Corollary 3.9 (Classical recovery). Assume that the stabilization closures are trivial on singletons, i.e.

cx({z}) ={z} and cly({y}) ={y}

forall z € X and y € Y, and that all morphisms are single—valued functions f : X — Y identified with
multivalued maps F(x) = { f(x)}. Then the stabilized composition o coincides with the ordinary composition

of functions, and id% reduces to the usual identity.



Asia Pac. J. Math. 2026 13:91 8of 11

Procf. If F(x) = {f(2)} and G(y) = {g(y)}, then

(G os F)(z) = clz({g(f(2))}) = {9(f(x))},

so G o, F coincides with the classical composite g o f. Moreover, id% (z) = clx({z}) = {2}, hence id%

is the usual identity map. O
3.3. Interval hyperoperation on R. Let X = R and define a hyperoperation by
x @y := [min{z,y}, max{x,y}].
For any nonempty bounded set A C R, one checks that
A& A= [inf A, sup 4],
and hence the associated interval-hull closure is
cl(A) = [inf A, sup A4].

In particular, cl is extensive, monotone, and idempotent.

Define a multivalued map H : R — P(R) \ {@} by
H(t):=[t—1,t+1].
For any nonempty bounded set B C R we have

Hy(B) = | J[t — 1,t + 1] = [inf B — 1,sup B + 1].
teB

Therefore, H is cl-compatible. Consequently, Theorem 3.5 applies and the stabilized composition o, is

associative in this model.

3.4. A finite example showing the necessity of compatibility. Let X = {a,b,c} and consider a

nontrivial closure operator cl on the family of nonempty subsets of X, defined by

BuU{b}, ifac€ B,
cl(B) = o #BCX.
B, ifa ¢ B,
Thus, explicitly,
d({a}) = {a,b}, d({a,c}) =X, d({a,b}) ={a,b}, d(X)=X,

while cl fixes all subsets not containing a. It is straightforward to verify that cl is monotone and
idempotent.

Define multivalued maps F, G, H : X — P(X) \ {@} by
Fa) =A{a}, F()={b}, F(c)={c},
G(a) ={a}, G(O)={b}, G(c)={c},
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H(a) ={a}, H®)={c}, H(c)={c}.

The two stabilized composites are computed explicitly at the element a € X.

Step 1: Computation of G o, F' at a. By definition,

(G o, F)(a) = U G(y)) = el(G(a)) = cl({a}) = {a, b},

yEF (a
Step 2: Computation of H o, (G o5 F') at a. Using Step 1,

(H o5 (G o5 F))(a) = c1( U H(y)) = cl(H(a) U H(b)).
ye(GouF)(a)

Since H(a) = {a} and H(b) = {c}, it follows that

H(a)UH(b) ={a,c}, and hence (H o5 (Gog F))(a) =cl({a,c}) =X

Step 3: Computation of H o, G at a.

(H o5 G)(a) = cl( U H(z)) — cl(H(a)) = dl({a}) = {a,b}.

Step 4: Computation of (H o, G) o5 F at a. Since F(a) = {a}, Step 3 yields

(H oy G) oy F)(a) =l |J (Ho,G)(y)) = cl((H o, G)(a)) = cl({a, b}) = {a,b}.

yeF ()
Conclusion. Combining Steps 2 and 4, one obtains
((H o5 G) o5 F)(a) = {a,b} # X = (H o5 (G o5 F))(a).

Therefore,
(HOSG)OSF#HOS (GOSF)7

and the stabilized composition fails to be associative in this model.

This failure is explained by the fact that the morphism H is not cl-compatible. Indeed, for B = {a}

one has

cl(B) ={a,b},  Hy(B)=H(a) ={a},  Hy(cl(B)) = H(a)UH(b) = {a,c},
and consequently
cl(Hy(B)) = {a,b} # X = cl(Hy(cl(B))).

Hence, H does not satisfy the defining condition of cl-compatible morphisms, and associativity of the

stabilized composition o4 breaks down in this example.
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4. CONCLUSION

In this paper, the compositional behavior of multivalued and hyper morphisms was investigated from
a structural and categorical perspective. Although the naive pushforward composition of multivalued
maps is set—theoretically associative, it generally fails to provide a coherent categorical framework, as
unit laws may break down and natural classes of well-behaved morphisms are not preserved under
composition.

To address these issues, a stabilization framework based on closure operators assigned to the underly-
ing spaces was introduced. Using a pushforward construction, a stabilized composition of multivalued
morphisms and a corresponding stabilized identity map were defined. Within this framework, cate-
gorical coherence is restored at the level of units and closure—preserving behavior. It was shown that
associativity of the stabilized composition holds precisely within the class of cl-compatible morphisms,
rather than being a universal property.

A finite counterexample was provided to demonstrate that this compatibility condition is essential:
in the absence of cl-compatibility, stabilized composition may fail to be associative. This example
clarifies that stabilization alone is insufficient, and that compatibility between pushforward and closure
is a genuine structural requirement.

It was further established that the proposed framework is fully consistent with the classical theory.
When stabilization closures act trivially on singletons and morphisms are single-valued, the stabilized
composition reduces exactly to the ordinary composition of functions, and the stabilized identity coin-
cides with the classical identity map. This classical recovery result confirms that the present approach
constitutes a genuine extension of standard composition rather than an alternative formulation.

Beyond its theoretical contribution, the stabilization mechanism introduced here provides a coherent
tool for chaining set-valued transformations in contexts where closure effects are intrinsic. Potential
applications include multistage models in optimization, control theory, and related areas. Further
investigation of such applications, as well as of alternative notions of stabilization and compatibility, is

left for future work.
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