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AsstrAcT. The four-dimensional extension of the extended real number operator requires a novel approach
that explicitly incorporates a time-like axis. Determining the appropriate range of the additional variables
is therefore of paramount importance. The extended real number operator for four-dimensional triangular
fuzzy numbers has been computed, and the resulting structures are visualized by introducing a time axis.
We define and compute the extended real number operator for generalized triangular fuzzy numbers in
four-dimensional space.
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1. INTRODUCTION

Triangular fuzzy numbers are among the most fundamental models in fuzzy theory and have
therefore attracted considerable attention in the literature. With the increasing complexity of real-world
phenomena, the focus of research has expanded from classical triangular fuzzy numbers to their
generalized counterparts. Generalized triangular fuzzy numbers have been studied in diverse contexts,
including fuzzy environments [ 1], Bayesian water quality evaluation [2], medical decision making [3],
fuzzy averaging [4], and aggregation operators [5], and have been widely applied in various practical
fields [6,7].

Zadeh operators have been employed in various areas of research, including dynamical systems
[8], fuzzy controllers [9], and fuzzy operators [10]. In particular, studies on extended real number
operations based on Zadeh’s extension principle have been actively pursued. Studies of one-dimensional
generalized triangular fuzzy numbers [11] have been cited in applications such as chain models [12]

and linear systems [13]. Extended real operators for two-dimensional triangular fuzzy numbers have
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also been reported [14], and studies of parameter operators for generalized triangular fuzzy numbers
in two dimensions have also been published [15].

A two-dimensional triangular fuzzy number can be visualized as a graph in three-dimensional space.
However, since a three-dimensional triangular fuzzy number has a three-dimensional domain, its
graphical representation requires a four-dimensional space. To address this challenge, the computation
and graphical representation of extended real number operations for three-dimensional triangular
fuzzy numbers have been realized within a three-dimensional framework by encoding membership
function values through color intensity [ 16]. This visualization approach has subsequently been cited
and applied in fuzzy control strategies [17].

The four-dimensional extension of the extended real number operator requires a novel approach that
explicitly incorporates a time-like axis. Determining the appropriate range of the additional variables is
therefore of paramount importance. The extended real number operator for four-dimensional triangular
fuzzy numbers has been computed, and the resulting structures are visualized by introducing a time
axis [18]. In this study, we define and compute the extended real number operator for generalized
triangular fuzzy numbers in four-dimensional space. The results obtained for generalized triangular
fuzzy numbers in three dimensions [ 19] serve as a fundamental basis for the proposed four-dimensional

extension.

2. 2-DimeNsioNAL GENERALIZED TRIANGULAR Fuzzy NUMBER

Let A be a fuzzy set on R with membership function .4 (x). We define the a-cut and the a-set of A

as follows.

Definition 2.1. An a-cut of the fuzzy number A is defined by A, = {z € R | pa(z) > a}if a € (0,1]
and Ayg = cl{z € R | pa(x) > a}, where cl(B) is the closure of B C R. For a € (0, 1), the set A = {x €
X | pa(z) = a} is said to be the a-set of the fuzzy set A, A° is the boundary of {z € R | pa(z) > a}
and A! = A;.

We define generalized two-dimensional triangular fuzzy numbers on R? as a generalization of
generalized triangular fuzzy sets on R, together with parametric operations between pairs of generalized
two-dimensional triangular fuzzy sets. To this end, it is necessary to compute operations between
a-cuts. In R, a-cuts are intervals, whereas in R? they are regions, which renders the conventional
methods for computing operations between a-cuts inapplicable. We therefore reinterpret the classical

approach from a different perspective and extend it to region-valued a-cuts in R

Definition 2.2. [15] A fuzzy set A with a membership function
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by O B 2 )2 a2y - )2 < a? B2 R,

pa(r,y) =
0, otherwise,

where a,b > 0 and 0 < h < 1is called the generalized two dimensional triangular fuzzy set and denoted by
((a7 Z1, ha ba yl))z‘

The intersections of ji4(x,y) and the vertical planes y — y; = k(z — z1) (k € R) are symmetric
triangular fuzzy numbers in those planes. If a = b, ellipses become circles. The a-cut A, of a generalized
two-dimensional triangular fuzzy number A = (a, 1, h, b, y1)? is an interior of ellipse in an zy-plane

including the boundary

— 2 — 2
A, = R2‘ Lo Y70 N L
{(x,y)e (a(h—a)) +<b(h—a)) - }
Definition 2.3. A two dimensional fuzzy number A defined on R? is called convex fuzzy number if for

all @ € (0, 1), the a-cuts

Aa = {(:an) € R2|MA(:an) > Oé}

are convex subsets in R2.

Theorem 2.4. [20] Let A be a continuous convex fuzzy number defined on R? and A® = {(z,y) €
R2|pua(x,y) = a} be the a-set of A. Then for all a« € (0,1), there exist continuous functions f{(t) and
15'(t) defined on [0, 27 such that

A% = {(f'(1), f5 (1) € R*|0 < ¢ < 2}
Definition 2.5. [15] Let A and B be convex fuzzy sets defined on R? and
A% = {(f(1), f3(1)) € R*|0 <t < 27},

B = {(g7(),95(*)) € R*[0 <t < 27}
be the a-sets of A and B, respectively. For a € (0, 1), the parametric addition, parametric subtraction,

parametric multiplication, and parametric division are fuzzy sets whose «a-sets are given as follows:

(1) parametric addition A(+),B:

(A(+)pB)* = {(f(t) + 97 (1), f5'(t) + 95(1)) € R?|0 < t < 2}

(2) parametric subtraction A(—),B:

(A(=)pB)* = {(za(t), ya(t)) € R?|0 <t < 27},

where
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() —gf(t+m), if 0<t<nw

M) — gt —m), if m<t<2m,

Q) —gS(t+m), if 0<t<m

S(t)—gS(t—m), if m<t<2m.
(3) parametric multiplication A(-),B:
(A()pB)* = {(f7(t) - g7 (1), f5(t) - 95(1)) € R*|0 < t < 2}

(4) parametric division A(/),B:

(A(/)pB)* = {(za(t), ya(t)) € R?|0 < t < 2},

where
_ ) _ T
_ 5@ _ 5
o0 Gem OISR 0= (rstsm)

Fora=0and a =1, (A(x),B)° = lim,_o+ (A(*),B)* and (A(x),B)! = lim,_,;- (A(x),B)®, where
* = +7 5 /

Theorem 2.6. [15] Let A = ((a1, 1, h1, b1, y1))? and B = ((az, 2, ha, ba, y2))? be two generalized two

dimensional triangular fuzzy sets. If 0 < hy < hy < 1, then we have the following:

(1) For 0 < a < hy, the a-set of A(+),B is
o T — X1 — To 2 Y—Y1—Y2 2
(A(+)pB) - {(m,y) 6R2‘(a1(h1—a)+a2(h2—a)> + (bl(hl—a)—i-bz(hg—a)) _1}'
(2) For 0 < a < hy, the a-set of A(—),B is
a_ T — 11+ 2 Yy—y1i+y 2
(A(=)pB)" = {(m,y) 6R2‘<a1(h1—a)+a2(h2—a)> + (51(h1—04)+b2(h2—0<)) _1}'

(3) (A()pB)* = {(za(t),ya(t)) | 0 <t < 2}, where

zo(t) = x129 + (2102(h2 — @) + 2201 (h1 — @) cost + ayaz(h; — a)(hy — @) cos’t, 0 < a < hy,

ya(t) = 1Y1Y2 + (ylbz(hQ — a) + bel(hl — a)) sint + b1b2(h1 — a)(hQ — a) sin2 t, O<a< hl.

(4) (A(/)pB)* = {(za(t),ya(t) | 0 < t < 27}, where

x1 + ay(hy — a)cost 1 +bi(hr — a)sint

Ya(t)

, 0<a<h;.

Ta(t) =

)
xz—ag(hg—o&)COSt, N yQ—bg(hg—Oé)Sint

Furthermore, we have
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(A BY = lim (AW)B)", ==+, - - /
and
(A(*)pB)hl = al_ig:_ (A(*)PB)Q7 * =4, — - /

Example 2.7. [15]Let A = ((6, 3, 3, 8, 5))?and B = ((4, 2, 2, 5, 3))%. Then by Theorem 2.6, we
have the following:

(1) For 0 < a < 3, the a-set of A(+),B is

(A(+),B)* = {(2,y) € R? (%)2 N (%)2 ).

(2) For 0 < a < 3, the a-set of A(—),B is
(Ao, ={e € ¥ (755) + (' 5m0) =11
(3) (A()pB)* ={(za(t),ya(t)) | 0 < t < 27}, where

1
To(t) =6+ (14 — 24a) cost + 4(1 — 2a)(2 — 3a) cos’t, 0<a < 2’
86 . 2 » 1
Ya(t) = 15 + (3 —49a) sint + 20(1 — 2a)(§ —a)sin“t, 0<a< 3

(4) (A(/)pB)* = {(a(t),ya(t)) | 0 <t < 27}, where
~ 94+9(1 - 2a)cost
6 —4(2 - 3a)cost’

154+12(1 -2 int 1
yolt) = 2120 = 2a)sint 1

'
Ta(t) 9 15(2 — 3a)sint’ 2

3. 3-DimMENsIONAL GENERALIZED TRIANGULAR Fuzzy NUMBER

We define generalized three-dimensional triangular fuzzy sets on R® as a generalization of generalized
triangular fuzzy sets on R%. We then define parametric operations between two generalized three-
dimensional triangular fuzzy sets. To this end, we must compute operations between a-sets in R?.
While the a-sets in R? are regions, the a-sets in R? are ellipsoids including their interiors, which renders
the existing methods for computing operations between a-sets inapplicable. Therefore, we reinterpret
the existing method from a different perspective and extend it to a-sets in R3 that take the form of solid

ellipsoids.

Definition 3.1. [19] A fuzzy set A with a membership function p4(z,y, z) such that

h — \/(17“)2 + (y;ZI)Z + (Zle)Q, if b2c?(x —x1)% + 2a®(y —y1)? + a®b?(z — 21)? < a®b?c?h?,

a? c?

0, otherwise,
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where a,b,c¢ > 0and 0 < h < 1 is called the generalized three dimensional triangular fuzzy set and denoted

by ((h, a, x1, b, y1, ¢, z1))*.

Note that 14 (x, y) is a cone in R?, but we can not know the shape of 14 (z, y, 2) in R3. The a-cut A, of
a generalized three dimensional triangular fuzzy number A = ((h, a,x1,b,91,c, 21))? is the following

set
_ 2 — 2 2 — 21 \2
A — RO (ETILY (DI (2o )
{(:L‘,y,z)e (a(h—a)) +(b(h—a)> +<c(h—a)) - }
Definition 3.2. A three dimensional fuzzy number A defined on R3 is called convex fuzzy number if

for all « € (0,1), the a-cuts
Ao ={(z,y,2) € R®|palz,y,2) > o}

are convex subsets in R3.

Theorem 3.3. [19] Let A be a continuous convex fuzzy number defined on R and A® = {(x,y,2) €
R3|pa(z,y,2) = o} be the a-set of A. Then for all o € (0, 1), there exist continuous functions f{(s), f(s,t),
and f§(s,t)(0 < s <2m,—5 <t < ) such that

Aa:{(floé(s)>f2a(s7t)vf??é(svt))ER?"OSSSQT‘—?_ <t<

).

N
ol

Definition 3.4. [19] Let A and B are two continuous convex fuzzy sets defined on R? and

A= {(ff(5). S5 (50), f5(5,1)) € R0 < s < 2~ < < 7,
B = {(g7(s), 95 (1), 65 (5,1)) € R0 <5 <2m, —5 <1< 5

be the a-sets of A and B, respectively. For « € (0, 1), we define that the parametric addition, parametric
subtraction, parametric multiplication, and parametric division of two fuzzy sets A and B are fuzzy

numbers whose a-sets are given as follows:
(1) parametric addition A(+),B:
(A(+)pB)™ = {(f{'(s) + g (), £5'(5,0) + 65 (5,0), f3(5,1) + 95 (5,1)) € R|
OSSSZW,—gSth}
(2) parametric subtraction A(—),B:

(A(=)pB)* = {(f'(s) = g1'(s + ), f5'(s,1) — g3 (s + m, 1),

(s, t) — g5 (s + m,t)) ER3|O§ s<m——=<t<

T
§}a

|

(A(=)pB)* = {(f2(s) — g (s — ), f8(s,1) — g (s — m.t),
(s ) —g8(s—m,t) €R¥r < s < 2m —2 <t < 7}

(3) parametric multiplication A(-),B:
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(A()pB)* = {(f'(s) - gT(s), f5'(s,t)- g5 (s,1), [§'(s,t)-g5(s,t)) € R?|
ogsg%,—ggtgg}

(4) parametric division A(/),B

g SPGB e m_ 7w
A B =G ) Bl mt Gl rmp) SR OS2 STy Sts5)
S O R (C) B () B
(A(/)pB) _{(g‘f‘(s—ﬂ)’gg‘(s—ﬂ,t)’g (s—7rt)>€R| <s<2 2<t<2

Fora=0and a =1, (A(x),B)° = lim,_o+ (A(x),B)* and (A(x),B)! = lim,_,;- (A(x),B)*, where
* =4, =, /

Theorem 3.5. [ ] Let A = ((hl,al,xl,bl,yl,cl,zl))3 and B = ((hz,ag, .7}2,()2, yQ,CQ,ZQ))g be two
generalized three dimensional triangular fuzzy sets. If 0 < hq < ho < 1, then we have the following:

(1) For 0 < a < hy, the a-set of A(+),B is

(A),B)" = { @y, 2) e RY|(

T — T — T )2
al(hl — a) + ag(hg — 04)

Y—Yyr— Y2 2 zZ—21— 22 2
=15.
+ (bl(hl—a)‘l—bz(hQ—a)) + (cl(hl—a)+02(h2—a)> }
(2) For 0 < a < hy, the a-set of A(—),B is

A B = {(e0,2) €| i y:

Yy—y1+y2 2 Z—2z1+ 29 2
+ =1;.
(bl(hl — Oé) + bg(hz — Ck)> + (Cl(hl — Ck) +02(h2 — Ck)> }

(3) For 0 < a < hy, (A(-)pB)* = {(za(5),ya(s,1), 2a(s,1)) | 0 < s <271, =5 <t < T}, where

zo(8) = 122 + (z102(he — @) + x201(h1 — @) cos s + ajaz(h; — «)(he — @) cos? s,

Ya(5,t) = y1y2 + (y1b2(h2 — ) + y2bi(h1 — ) sins cost + biba(h1 — a)(he — ) sin? s cos? ¢,

2a(8,t) = 2120 + (z102(hy — @) + z2¢1(h1 — @)) sinssint + c1ca(h) — a)(he — a) sin? ssin? t.
(4) For 0 < a < hy, (A(/)pB)* = {(za(5),ya(s,1), 2a(s,1)) | 0 < s <271, =5 <t < T}, where
Ya(s.t) =

x1+ ai(h; —a)coss

To(s) =

y1 + bi1(h1 — ) sinscost
)sinscost’

w9 — az(hg — a)coss’ y2 — ba(he —

21+ c1(h1 — a)sinssint

« €)= N . .
Za(st) z9 — ca(hg — a) sin ssint
Furthermore, we have
(A(%),B)" = lim (A(x),B)*, *=+, —, -, /,
a—0t
(A(x)pB)" = lim (A(%),B)*, *=+, —, - /.

a—hj
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If h1 < e < ho, by the Zadeh's max-min principle operations, we get

4. 4-DMENSIONAL GENERALIZED TRIANGULAR Fuzzy NUMBER

We define generalized four-dimensional triangular fuzzy sets on R* as a generalization of generalized
triangular fuzzy sets on R3. We then define parametric operations between two generalized four-
dimensional triangular fuzzy sets. To this end, we must compute operations between a-sets in R*. While
the a-sets in R3 are solid ellipsoids, the a-sets in R?* are four-dimensional convex subsets containing
their interiors. Consequently, existing methods for computing operations between a-sets cannot be
directly applied. Therefore, we reinterpret the existing approach from a different perspective and

extend it to operations between a-sets in R*.

Definition 4.1. A fuzzy set A with a membership function p4(z,y, z,t) =

h— \/(35—(51)2 + (y_bgl)z + (z—cgl)2 + (t—d2521)27 if b262d2($ . $1)2
+c2d?a®(y — y1)? + d2a®b?(z — 21)% + a??A(t — )% < a®b2Pd?h?,
0, otherwise,

where a,b,c,d > 0,and 0 < h < 1is called the generalized 4-dimensional triangular fuzzy number and

denoted by ((h, a, 71, b, y1, ¢, 21, d, t1))*%

The a-cut A, of a generalized 4-dimensional triangular fuzzy number A = ((h,a,z1,b,y1,

¢, z1,d,t1))* is the following set
— 2 — 2 zZ—2 2 t — tl 2
A, = R4‘ B ymu cmAa TRV gL
{(w,y,z,t)e (a(h—a)) +<b(h—a)> +(c(h—a)) +<d(h—a)> - }
Definition 4.2. A 4-dimensional fuzzy number A defined on R* is called a convex fuzzy number if for

all « € (0,1), the a-cuts
Ao =A{(z,y,2,t) € R*pa(z,y, 2,t) > o}

are convex subsets in R?.

Theorem 4.3. [13] Let A be a continuous convex fuzzy number defined on R* and A® = {(z,y,2,t) €
R4 pa(x,y,2,t) = a} be the a-set of A. Then, for all o € (0,1), there exist continuous functions

[ (s), f5 (s, p), f§ (s, p,q), and f(s,p,q)(0 < s <2m, -5 <p< %, -5 < q<7%),such that

A% = {(f(s), £5(5,p), 5 (s..0), f(s,p@) €ERYOS s <2m—0 <p< o —0 <qg< )

T
2

oy

v T
2 2’

Proof. Let a € (0,1) be fixed. Since A is a convex fuzzy number defined on R?, the a-cut A,, is a convex

subset in R%. Therefore, the set
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AY ={(z,y,2,t) € R4\MA(x,y,z,t) = a}
is a subset in R%. Let
Ag ={(z,y,2) € R|(z,y,2,t) € Ao}, AS ={(z,y) € R?|(z,y,2,t) € Aa}

and AY, AS, A> are the boundaries of A§, AS, A%, respectively. The upper surface of A® is the graph of
a continuous concave function kz(z, y, z), and the lower surface of A“ is also the graph of a continuous
convex function k1 (x,y, z) defined on A§. And the upper surface of Ag is the graph of a continuous
concave function hs(x, y), and the lower surface of A is also the graph of a continuous convex function

hi(z,y) defined on A§. Let
| = inf{z|(z,y) € AS} and m = sup{z|(z,y) € AS}.

The upper boundary of A is the graph of some continuous concave function g () defined on [l, m],
and the lower boundary of A§ is also the graph of some continuous convex function g; () defined on

[I,m] (see [13]). Define
Fo(s) = %(z “m)(coss — 1) +1, if sel0,n).
Then, fi*(s) moves from [ to m if 0 < s < 7. Define

75(5,0) = 5 (@2(7()) — () (sinp — 1) + 9o (5)),0 S s <m 2 <p<

Then, f5'(s,p) moves from g (f{*(s)) to g2(f{'(s)) if 0 < s < m,—F < p < 5. We then have
§ ={(f1(s), f5'(s,p) ER*|0 < s <, —
If we define

f5'(s,p,q) = %(hg(ff(S), f3(8,p)) = ha(f1'(s), f2'(5,p))) (sing — 1)

™ T T T
+h2(f1a(3),f§(8,p))70 S S S ™, == Sp S 57_5 S q S 57
then f§'(s,p, q) moves from hi(f'(s), f5'(s,p)) to ha(f{(s), f5'(s,p)) f0 < s <m,—F <p< 5,5 <
q < 5. We then have
™ T T ™
g = {(fla(s)7f2a(87p)af?(sap7Q)) € RS‘O S S S 7T7_§ S p S 57 _5 S q S 5}

If we define

k1 (f{(s), f8(s,p), [§(s,p,q)), 0<s<m—-5<p<3% -5<q<3,

ka(f2(s), f5(s,p), f§(s,p,q)), w<s<2m -5 <p<%,-5<q<73,

f(s,pq) =

then we have
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* = {(ff(s), £5(s,p), £5(5,p,0), f§(5,p,q)) € R'0 < s < 2, —

IN
i
IN
[NoR]
—

no| 3
no| N
|y

The proof is now complete. U

Remark 4.4. We proved that Theorem 4.3 is satisfied in the case that A is a continuous convex fuzzy

number. If 4 is a piecewise continuous convex fuzzy number, we can prove similarly.

Definition 4.5. Let A and B be two continuous convex fuzzy numbers defined on R?, and

* = {(f{(s), £5(s,p), 15 (5,1, q), [{ (5,0, q)) € RY0 < s < 27, —
* = {(g%(s), 95 (s,p), 95 (s,p,q), 95 (s,p,q)) € R0 < s < 27, —

be the a-sets of A and B, respectively. For « € (0, 1), we define that the parametric addition, parametric
subtraction, parametric multiplication, and parametric division of two fuzzy numbers A and B are

fuzzy numbers whose «a-sets are given as follows:

(1) parametric addition A(+),B: (A(+),B)* =

{(fT'(s) + 97(s), f5'(s,p) + 95 (5,p), f5' (s, P q
94 (s,p,q)) €RY0 < s < 27, —
(2) parametric subtraction A(—),B: (A(—),B)* =

{1 (s) — g1 (s), f2'(s,p) — g5 (s,p), 5 (s,p: ¢

95 (s,p,q)) ERYO < s <27, —

~—
Q

@o
/\

(3) parametric multiplication A(-),B: (A(:),B)* =

{7 (s) - gi'(s), f5'(s,p) - 95 (5,p), f5' (5,0, q) - g5 (s

$,P;
98 (5,0,9)) € RO < s < 27r,_§ <p< g’_

T ™
5 <qg< 5}
(4) parametric division A(/),B: (A(/),B)* =
{(ff‘(S) f5'(s,p) 15(s,p, @) f£(s,p, )) c R4‘
97(s)" 95(s,p) " 95 (s,p,9)" 95 (s,p,q)
T ™ Vs
0§8§2W7_§§p§§7 §< SE}

Fora=0and a =1, (A(x),B)° = lim,_o+ (A(x),B)* and (A(x),B)! = lim,_,;- (A(x),B)*, where
* = +7 Ty /
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Theorem 4.6. Let A = ((hl, ai, Ii, b1, Y1, €1, <21, dl, tl))4 and B = ((hz az, I, bQ, Y2, C2,
29, da, t2))* be two 4-dimensional generalized triangular fuzzy numbers. If 0 < hy < hg < 1, then we have the

following:

(1) For 0 < a < hy, the a-set of A(+),B is
— oy — 2 — oy — 2
£ e R4 T—T1— T2 Y= — Y
{@’y“‘“’ )€ ‘(al(hl—oz)+a2(h2—a)> +(b1(h1—o¢)+b2(h2—a))

(ot a tata—a) * Gt raim—a) =1

(2) For 0 < a < hy, the a-set of A(—),B is

{@y.2t) er!

( T — 11+ 32 >2+( Y-yt )2
al(hl — Oé) + ag(hg — a) bl(hl — a) +b2(h2 — a)

+< zZ—21+ 2 >2+< t—t1+t2 )2:1}‘
c1(h1 — a) + co(hy — @) di(h1 — a) + da(he — )
(3) For 0 < @ < h, (AC)pB)® = {(@a(s). ya(5:P)s za(5,9, ): tals,prq) € R [0 <5 < 2m,—F < p <
5, —5 < q< 5}, where
zo(s) = 122 + (z102(he — @) + x2a1(h) — @) cos s
+ ajaz(hy — a)(hy — @) cos? s,
Ya(5,0) = y1y2 + (y1b2(h2 — ) + y2b1(h1 — a)) sinscosp
+ bibo(hy — a)(hg — @) sin® s cos® p,
2a(8,p,q) = 2122 + (z102(hy — @) + z2¢1(h1 — @)) sin ssin p cos q
+ c1¢a(h1 — a)(hg — a) sin? ssin? p cos? ¢,
ta(s,p,q) = tita + (t1d2(he — a) + tadi(h; — @)) sin ssin psin g
+ dyda(h1 — a)(he — ) sin® s sin? psin? q.

(4) For 0 < o < hy, (A(/)pB)™ = {(za(5), ya(5:D), 2a(5, 0, @), ta(s,p,q) €R* |0 < s <21, —F <p <

5, —5 < q< G}, where

x1+ ay(hy —a)coss
x9 — ag(hy — a)cos s’

Ta(s) = ( )_y1+b1(h1—a)sinscosp
o ~ ya — ba(ha — @)sinscosp’

_z1+c1(h1 — a)sinssinpcosq _ t1+di(h1 — a)sinssinpsing

(0% 1 - . . ] toz 1 - . . . )
za(s:p:4) z — c2(he — a)sinssinpcosq (s2:9) ty — dy(hg — o) sin ssin psing
Furthermore, we have
(A(x),B)°” = lim (A(x),B)*, %=+, —, -, /
a—0t
and
(A(*);DB)hl = lim (A(*)pB>a’ k=4, =, /

a—h;
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If h1 < e < ho, by the Zadeh's max-min principle operations, we get

Proof. Since A and B are continuous convex fuzzy sets defined on R4, by Theorem 4.3, there exist con-
tinuous functions f{(s), f§'(s, p), 97 (s), 95 (s, p), f{*(s,p.q), and gf*(s,p. q) (i = 3,4)(0 < s < 27, —F <
p<73,—5 <q<7%),suchthat

IN
IN
IN

A% = (1), 5 (5.9), f5 (5.p.). [ (5,p.4) €RY O <5 < 2m T < p b
}.

IA
S RN

q
q

A
o3 oY
IA

oY oY

B® = {(g5'(5). 98 (5.0), 95 (5P, @), 98 (s5,p,0)) € R'| 0 < s < 2m, —Z < p
Since A = (h1, a1, =1, by, y1, c1, 21, di, t1)*and B = (ha ag, 2, ba, Yo, C2, 20, do, t2)*, we have
for0 < a < hy,

fi'(s) =z1+a1(h1 —a)coss, f5(s,p) =y1+bi(h1 —a)sinscosp,
f5(s,p,q) = z1 + c1(h1 — ) sin ssinpcos g,
fi(s,p,q) =t1 + di(h1 — a)sinssinpsing,
and for 0 < a < ho,
g1 (s) = x2 + az(hy — a)coss, g5(s,p) = y2 + ba(ha — o) sin s cos p,
95(s,p,q) = z2 + c2(ha — a) sinssinpcos g
94 (8,p,q) = t2 + da(he — o) sin ssin psing
(1) If 0 < a < hy, since
Ji(s) +g7(s) = 1 + 22 + (a1(h1 — @) + az(ha — a)) cos s,
I3 (s,p) + 95(s,p) = y1 + y2 + (bi(h1 — &) 4 ba(h2 — ) sin s cos p,
15 (s,0,9) + 93 (5,p,q) = 21 + 22+ (c1(h1 — @) + ca(he — «)) sinssinpcos g,
f2(s,p,9) +95(s,p,9) = t1 + t2 + (di1(h1 — a) + d2(h2 — a)) sin ssin psing,

we have the a-set of A(+),B is

{(x’y’ Zt) € R4‘(a1(h1 f;)xj— ;22322 — oz)>2 * (bl(hl i/;)yj' ;2?22 - 0‘))2

Z—Z1 — %9 2 t—tl—tg 2
+ =15.
+ (Cl(hl—a)—l-CQ(hQ—Oc)) (dl(hl—OC)—l—dg(hQ—Oc)) }
Furthermore, we have the 0-set and h1-set of A(+),B are

T — 1 —962>2 (y—yl —yz)g
a1hi + ashs bih1 + baho

zZ— 21— 22\2 t—t1 —ta \2
() s it 1)
c1hy + cohs dihy + dahs

(A(+),B)" = {(2.9,21) erY|(
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and

At = {0 | () (may)

(i) +Gm=my) — 1

respectively.

For hy < a < hg, we have (A(+),B)* = 0.

(2) If 0 < a < hy, since

fi'(s) =gt (s +m) = 21 — 22+ (a1(h1 — @) + az2(h2 — a)) cos s
f2(s,p) — g3 (s +m, p)=y1 —y2 + (bi(h1 — a) + ba(ha — a)) sin s cos p,
f'(s,p,q) = 95 (s + 7, p,q) = 21 — 22 + (c1(h1 — @) + c2(he — @)) sinssinpcos g,

f8(s,p,q) —gi (s +m,p,q) =t1 —ta + (di(h1 — ) + da(he — @)) sin ssinpsin g,

we have the a-set of A(—),B is

—x1+ 29 2 Y— Y1ty 2
R4 X I
{(x,y,z,t) € ‘(al(hl_a)+a2(h2—a)) +<b1(h1—06)+b2(h2_04)>

Z2— 21+ 22 2 t—11 + 1o 2
=1;.
+ (cl(hl—a)+02(h2—a)> + (dl(hl—a)+d2(h2—a)> }

Furthermore, we have the 0-set and h;-set of A(—),B are

o it A et TR A
(A( )pB) —{(malhz’t) €R ‘<a1h1+02h2> +(b1h1+b2h2)

+(z—z1+zg)2+<t—t1+t2 )2_1}
c1hy + coho dihy + doho a .

and

= s () (25

() +amm) — 1

respectively.

For h1 < a < hy, we have (A(—),B)* = 0.

(3) Let (A(-),B)* = {(za(s),Ya(s,D), 2a(5,0, @), ta(s,p,q)) € R [0 < s <27, -5 <p< ]

2
% }. From the definitions of f{(s), f5'(s,p), g7 (s), 95 (s,p), f{*(s,p,q), and gf* (s, p, q) (i = 3,4)(

2m, -5 <p<§,—5 <q<7F),wehavefor 0 < a < hy,
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To(s) = 122 + (x102(he — @) + 2201 (h1 — @)) cos s + ajaz(h1 — a)(he — @) cos? s,

Ya(8,0) = y1y2 + (y1b2(he — ) + yab1(h1 — «)) sinscosp + biba(h1 — &) (he — @) sin? s cos® p,
2a(8,D,q) = 2122 + (z1c2(h2 — @) + 22¢1(h1 — «)) sinssinpcos g

2 ssin? pcos? q,

+ c1c2(h; — a)(he — @) sin
ta(s,p,q) = tita + (t1da(hy — @) + tadi(hy — ) sin ssin psin g
+ dydy(hy — a)(hy — a) sin? s sin” psin? .
Furthermore, we have
xo(s) = x129 + (x102h2 + 2201 h1) COs s + ajashihs cos? s,
xp, () = x122 + x102(h2 — h1) COS S,
Yo(8,p) = y1y2 + (y1b2ha + y2b1hq) sin s cosp + bibohihe sin? s cos? p,
Yn, (8,0) = y1y2 + y1b2(ha — hy) sin s cos p,

20(8,p,q) = z122 + (21c2ha + z2¢1h1) sin s sinp cos ¢ + c1cahha sin? s sin® p cos? q,

2h, (8,p,q) = z122 + z1¢2(ha — hy) sin ssin p cos g,
to(s,p,q) = tita + (t1dahe + todyhy) sin ssin psin g + dydahihe sin? ssin? psin? ¢,

th, (s,p,q) = tita + t1da(ha — h1) sin ssin psing,

and

(A(~)pB)a = (Z), h1 < a < hs.

IN

(4) Let (A(/)pB)a = {<xa(8)7ya(37p)aza(37p7 Q)ata(37p7 Q)) € R* ‘ 0<s<2m, _% <p< %7 -
7 }. Similarly, we have if 0 < o < hy,

<q

I

x1+ay(hy —a)coss _ y1+bi(h1 —a)sinscosp

To(s) = , 5.p) = .
o(5) x9 — ag(he — a) cos s Yo (5-P) y2 — ba(ho — a)sinscosp’
21+ ¢1(h1 — «) sin ssin p cos q t1 + dy(h1 — «) sin ssin psing
Za(5.p,q) = —— , ta(s.p,q) = ———.
29 — ¢a(he — @) sin s sin p cos q to — da(he — @) sin s sin psin g
Furthermore, we have
(s) 1+ arhycoss (s) T
ro(8) = ————————  xp,(s5) =
0 9 — aghg cos s’ h x9 — az(hg — hy)cos s’
(5,p) y1 + b1hysin scosp (5.p) Y1
S = S —
Yois:p Y2 — bohg sinscosp’ Ym \S, P y2 — ba(hg — hy)sinscosp’
( ) z1 + c1hi sin ssinpcos g ( ) 21
zZo\S = z S =
015 P, 9 29 — cohg sin ssinpcosq’ hai8: Py d 29 — ca(hy — hy) sinssinpcosq’
t1 4+ dihy sinssinpsing t1
tO(Svpa Q) = thl(sapa Q)

~ ty —dohgsinssinpsing’ - to — da(hy — hy)sinssinpsing’
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and

The proof is complete. O
Example 4.7. Let A = ((3,6,3,8,5,4,7,2,5))" and B = ((,4,2,5,3,6,4, 3,2))%. Then by Theorem 4.6,
we have the following;:
(1) For 0 < a < 3, the a-set of A(+),B is
3r —15\2 3y — 24 \2 z—11\2 t—7\2
t) e RY(—1— —_— =17.
{(x’y’z’ )€ (17 - 30a) * (22 - 39a> + (6 - 10a) + (3 - 5a> }
(2)For0 < a< %, the a-set of A(—),B is
3r—3 \2 3y —6 \2 z—3 \2 t—3\2
R4 X - =15.
{ewn e®|(Fg0) + (5 ma) * (wa) +(G2a) Y
(3) For (A(-)pB)* = {(za(): Ya(s,0): 2a(5, 0, @) tals,p,q)) ER* [0 < s < 27, —F <

7}, where

To(s) = 6 + (14 — 24a) cos 5 + 4(1 — 20)(2 — 3a) cos? s,
86 : 2 L2 o2
Ya(s,p) =15+ (E —49a) sinscosp + 20(1 — 2a)(§ — a)sin® s cos” p,
2 (8, p,q) = 28 + (36 — 58a) sin s sin p cos ¢ + 4(1 — 2a)(2 — 3a) sin? ssin’ p cos? ¢,
to(s,p,q) = 10 + (12 — 19a)) sin s sin psin g 4 (1 — 2a)(2 — 3a) sin? ssin? psin? g.

(4) For 0 < a < 3, (A(/)pB)* = {(za(5), ya(5,P), 2a(5,0,0), ta(s,p,q)) ER* |0 < s <21, —F < p <

g> _% < q < E}v where
(s) 94 9(1 — 2a) cos s (5.p) 15+ 12(1 — 2«) sin s cos p
x Ss) = 9y 87 = . )
“ 6 —4(2 — 3a) cos s Yol P 9 — 15(2 — 3a) sin s cos p
7+ 2(1 — 2a) sin s sin p cos 5+ (1 — 2a) sin ssinpsin
Za(5,p,q) = ( ) PERA T ta(sp.q) = : ) —

4—2(2—3a)sinssinpcosq’ ~ 2—(2—3a)sinssinpsing’
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