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1. INTRODUCTION

Principal train algebras were introduced by Etherington around 1939 in the dynamics of population
genetic modeling using algebraic structures. Train algebras of degree 2 and exponent n > 3, i.e baric
algebras satisfying the w-polynomial identity (z™)% —w(x)"2™ = 0 have been partially studied in [3].The
case n = 4 has been investigated in [¢].The purpose of this paper is to study the structure of a subclass

of algebras satisfying a polynomial identity (z*)? — w(z)*x? that are principal train algebras of rank 4.

2. PRELIMINARIES

Definition 2.1. A commutative algebra A over a field K is said to be:

i) power-associative if v'z? = x** for any x in A and for all integer i,j > 1;
ii) Jordan if (z%y)x — 22 (yz) = 0, forall x,y € A;

iii) baric if it exists w : A — K a nonzero morphism of algebras;

It should be noted that every Jordan algebra is power-associative ( [6]).
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Definition 2.2. Let (A, w) be a baric algebra over a field K. The algebra A is a principal train algebra of rank
n > 2, if thereare ay,- -+ a1 € K such that ™ + cqw(z)z" 1+ + ap_qw(x)"to = 0, Vo € A, where

n is such a smallest integer.

In this paper, A is a finite-dimensional train C-algebra of degree 2 and exponent 4, i.e a commutative
not necessarily associative algebra satisfying the w-polynomial identity (z4)? — w(z)*z* = 0, where
C is the field of complex numbers, w : A — C an nonzero morphism of algebras. The authors in [3],
showed that A admits a nonzero idempotent. In this section, we give some results on the structure of

train algebra of degree 2 and exponent 4.

Proposition 2.1. ( [5, Proposition 2.2]) The algebra A has a Peirce decomposition as follows: A = Ce® Ay @
Ag © A) © Ay, where A, = {y € ker(w)/ey = ay}, with o € {0, %, A= —“j\ﬁ,X = _1‘Zi‘ﬁ}.

The products of the Peirce components are given by the following theorem.

Theorem 2.1. ( [8, Theorem 2.5])
i) A2 C Ao ® Ay j;
ii) A 1/2 C Ay @ Ay D Ay
iii) A C Ay o
iv) AX C Ay o
vi) Ajjpdo C Ay © Ay @ As;
vii) AgAx C Ayjo;
viii) AgAx C Ay
ix) AyjpA\ C Ay ® Ao @ Ax;
X) A1j2A5 C Ayjp @ Ao @ Ay
xi) AyAx C A ).

In [8], the authors showed that the dimensions of Peirce components are independent of the choice

of the idempotent in the Peirce decomposition of A and give the following definition.

Definition 2.3. Let A = Ce ® Ay /5 ® Ao ® A\ & Ax be a Peirce decomposition of A. The type of A is defined
by (1 +7,s,t1,t2) wherer, s, t1,t2 denote respectively the dimensions of the vector spaces A 5, Ao, Ax, A and

1+ 7+ s+ t1 + to is the dimension of A (see [5]).

Proposition 2.2. A train algebra of degree 2 and exponent 4 is a principal train algebra of rank 4 if and only if
its train equation is one of the following forms:
i) 2 — (14 a)w(x)z® + aw(z)?2? = 0 (1), where o € {0, \,\};
ii) ot — 3220 (2)23 + 1220 (2)22% — Gw(z)3z = 0 (2), where a € {0, 3, A, A};
iii) 2% — (1 + 2a)w(z)2® + (a? + 20)w(z)?2? — ?w(z)3z = 0 (3), where o € {\, \};
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iv) 2 — tw(z)zd — Jw(z)3z =0 (4).

Proof. Let A = Ce & Ay @ Ay 2 & A\ @ Ay, an algebra satisfying (2*)? = w(z)*z? that is principal train
of rank 4. Then the train equation of A is of the form 2% — (1 + a + B)w(z)2® + aw(z)?2? + fw(z)3z = 0
where a, 8 € C. According to Zariski’s topology, the set H = {z € A,w(z) = 1} is dense in A4, so
identity 2% — (1+a+B)w(z)z3+aw(z)?2? + Bw(z)3z = O forall z € Aisequivalentto 2% — (1+a+B)z®+
ar?+ Bz =0forallz € H.Let P(X) = X* -~ (1+a+ ) X3 +aX?+8X = X (X - 1)(X —a1)(X —az2)
be the train polynomial of A, where a1, a3 € C. Thus o = a1 + a2 + g and § = —aaa. We consider
the following four cases:

1%t Case: a # %, ar # &

According to ( [5], Theorem 5) and Proposition 2.1, A has a Peirce decomposition as follows A =

Ce® Ayj3 ® Aa, © Aay with aq, a9 € {O,)\,X}.

e Ifa; = 0and ay = A then a = A, B = 0, and A satisfies the train equation 2% — (1 + Aw(z)23 +
w(z)?z? = 0;

e If oy =0and ay = Athen a = ), B = 0, and A satisfies the train equation 2% — (1 + \)w(z)2? +
Aw(z)?2? = 0;

e Ifa; = Aand ay = Athen o = 0, 3 = —3, and A satisfies the train equation 2! — Jw(z)z® —
tw(x)Pr =0;

27 Case: a # ag and oy = %
According to Theorem 1 from ( [4]) and Proposition 2.1, A has the following decomposition A =

Ce @ A1/2 @ Aa2 Wlth a9 S {0, )\,X}

e If ap = O then @ =  and 3 = 0; thus A satisfies the train equation 2% — 3w (z)23 + tw(z)%2? = 0;

e If ay = Athen a = % and 8 = —% ; thus A satisfies the train equation z% — %w(x)ﬁ +
L8320 (2)22?% — Jw(z)3z = 0;

o If ay = Athen a = % and 8 = —% ; thus A satisfies the train equation xt — %w(ac);r3 +

—14'23Xw(:6)2x2 — gw(x)‘sx =0.

37 Case: o] = s =+ %
From Theorem 1in ( [4]) and Proposition 2.1, A has a nonzero idempotent and a Peirce decomposition
A= Ce® A ),® B, where B = ker({, — arld)? and /. : kerw — kerw, x — ex. If B = 0 then A satisfies

2

the train equation z° = w(x)z, which is a contradiction as A is of rank 4.

We then have the following possibilities:

o If a1 = ap = 0, A satisfies 2* — w(x)2® = 0;
eIfa; = az = )\ thena = A2 +2)\, 3 = —)\2, and A satisfies z* — (1 + 2\)w(z)z + (A\? +
2\)w(r)?2? — Nw(z)3z = 0;
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e Ifa; = as = ), thena = PNt 2\, B = 32, and A satisfies 24 — (1 + 2\ w(x)2® + (Xz +
20 w(z)?2? — sz(x)% =0.

—

4™ Case: oy = ap = &
. _5
In this case, o = 1

0. U

B = —1, and A satisfies the train equation 2 — 2w(z)z® + Sw(z)%2? — tw(z)3z =

3. POWER ASSOCIATIVITY

In [2], authors showed that the train equation of power-associative principal train algebra of rank 4
is of form z* — w(z)z3 = 0, 2* — 2w(x)23 + w(r)?2? = 0 or 2* — 3w(z)z3 + 3w(z)?2? — w(z)3x = 0. We

show that in our case, the equation is necessarily 24 — w(z)z? = 0.

Corollary 3.1. Any train algebra of degree 2 and exponent 4 is power-associative principal train algebra of rank

4 if and only if its train equation is * — w(z)z® = 0.

Proof. Indeed, let A be a train algebra of degree 2 and exponent 4 which is power-associative. Then, A

satisfies the train equation 7% — w(z)*z* = 0. By direct calculation, it can be shown that if A satisfies

one of the other two equations then it satisfies a train equation of rank 3. O

In [1], the authors show that such algebras are Jordan algebras because its satisfy the equation
(22)? —w(z)2z® = 0.

However, there exist train algebras of rank 4 and train equation z*

— w(x)x® = 0 which are not

power-associative as shown in the following example.

Example 3.1. [1] Let (A =<e,a,b,c>,w) wherew : A — C is a morphism of algebras such that w(e) = 1,
w(a) = w(b) = w(c) = 0, and A a commutative C-algebra with multiplication table given by: e? = e,ea =
$a,eb = ¢,b? = ¢, non mentioned products being zero. By a simple calculation, we can observe that A satisfies

xt — w(x)x3 = 0 but does not satisfy the identities (v*)? — 2* = 0 and (z)? — w(z)*z* = 0.

In the rest of the paper our study will focus on the class of principal train algebras of equation (1).

4. STUDY OF EQUATION (1) FOR @ = ()

In this section, A is a train algebra of degree 2 and exponent 4 that is a principal train algebra of

4 — w(x)z® = 0. A partial linearization of identity 2% — w(z)2?® = 0 gives

rank 4 with train equation x
3y + 2(2?y) + 2z(z(2y)) — w(y)z® — w(z)(2?y + 22(zy)) = 0. Setting » = e and y € kerw, we have
(203 — %)(y) = 0 where £, := L./kerw and L, : A — A,z + ex. Therefore 2X3 — X? is the minimal
annihilator polynomial of /. and A admits a following Peirce decomposition A = Ce & A; ;o & Aj with

Ayjg = {x € kerw, 2ex = x} and A = {x € kerw, e(ex) = O}
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Using Proposition 2.1 and Theorem 2.1, we have A = Ay = {z € kerw, ex = 0} and the following

result.

Theorem 4.1. We have A = Ce @ Ai2 @ Ao and
i) A% C Ao,
ii) A7), C Ao
iti) Aj/040 C Ay

Proof. Indeed, if we consider Proposition 2.1 and Theorem 2.1, we have Aj = Ay = {z € kerw, ex = 0}
and therefore A = Ce® A, ® Ag. We have also that A% C A DAy, A%/z C Apand Ay 5 Ag C Ayjp. Let
x = e+ Bxgin Awithzg € Ag. The equality 0 = 2! —w(z)2® = —1B2ead+ B3 (exd +xo(exd) —ad) + o
implies that ex% = 0and A% C Ap. O

Lemma 4.1. Let A = Ce @ Ay, © A be a Peirce decomposition of A, we have the following identities:

i) 221 /9(w071/2) — Sﬂowf/Q =0;
ii) 931/2(131/2(550931/2)) =0
iii) @7, =0;

iv) (x%/Q)Q =0;

v) (23)? =0;

vi) 23 = 0;
vii) xo(wowy/2) = 0;
viii) 1'1/21:% =0

ix) w%x%m =0

X) (zox1/2)? =0;

xi) zo(w1/2(T0m1/2)) = 0;
Xii) mQ% (:on%) =0

xiii) @3(x1x9) = 0.
2

Proof. The proof is done by setting 2 = e + Sz + pux1 /2 respectively in identities (24)? — w(z)*z? = 0
and z* — w(x)z3 = 0. The identification of coefficients of ;'37, for 1 <i + j < 4 in each identity. [

A principal train algebra of rank 4 and equation ! — w(z)z?® = 0 that satisfies the identity (z%)? —

w(z)tz* = 0 is Jordan algebra, therefore it is power-associative as the following result indicates.

Proposition 4.1. Let A be a train algebra of degree 2 and exponent 4 which is principal train of rank 4 and

equation x* — w(z)x® = 0, then A is Jordan.

Proof. Let A = Ce ® Ao @ A, a Peirce decomposition of A. Let x = e + z¢ + 71 o be an element of A of

weight 1, i.e such that w(z) = 1. Using identities of Lemma 4.1, we have 22 = e+ry/2 +a:f/2 +x3+2x0xl/g,
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P =e+my0+ xf/z + 2071 /2 + 2z0:c%/2 and (%)% = e+ 219 + x%/Q + 2021 /2 + 2:]5055%/2, so (22)% = 23.

According to Zariski’s topology, the set of elements of A of weight 1 is dense in 4, thus (22)? —w(z)23 = 0,

Vz € A. In [1], the authors show that a such algebra is Jordan algebra. 0

Proposition 4.2. Let A = Ce @ A, )5 & Ag be a Peirce decomposition of A. If A§ = 0, then, for any x € A, we

have 3 — w(x)x? = 0.

Proof. Letx = e+ /540 in A. Suppose that A% = 0, according to Lemma 4.1, we have 71 /2(T0T1/2) = 0,
1:?/2 = 0 and zo(zoz1/2) = 0. Thus, 2% = e + x5 + x%/z + 2201 j, 22 — T = x%/Q + 2201 ;2 — 2o and

- 22 =0. O

Remark 4.1. According to Proposition 4.2, for a train algebra of degree 2 and exponent 4 that principal train

with train equation z* — w(x)x3 = 0, the condition A3 = 0 cannot be satisfied.
We give the classification in dimension at most four.

Remark 4.2. If A is train algebra of degree 2 and exponent 4 which is principal train of equation z* —w(x)z3 = 0,

the type of Ais (1 +r,s,0,0).
Proposition 4.3. Every algebra of this class is of dimension at least 3.

Proof. According to Proposition 4.2, Ay # 0 and s > 1, therefore the dimension of Ais 1 +r 4 s> 2.
Suppose that A is two-dimensional, thus r = 0. We can set A =< e,v > where €2 = e and 4y =< v >.
Then, ev = 0, v? = av where a € C. We have 0 = v3 = a?v, thus @ = 0 and v? = 0 which contradicts the

Proposition 4.2, A is of dimension at least 3. O

Theorem 4.2. Up to isomorphism, there exists only one three-dimensional train algebra of degree 2 and exponent

4 2

4 that is principal train of equation z* —w(z)2® = 0: A =< e, ey, e2 > with multiplication table e* = e, €3 = es,

the other products being zero.

Proof. Assume that A is three-dimensional. Since the dimension of Ay is at least 1, then the type of
Ais (1,2,0,0) or (2,1,0,0). If type of A is (2,1,0,0), setting A =< e,u,v > with e? = ¢, Ag =< v >
and A,/ =< u >. We have v? = Bv with B € C. Then 0 = v3 = $%v, 50 3 = 0 and v? = 0 which is
impossible according to Proposition 4.2 Therefore, the type of A is (1,2,0,0). Setting A =< e, vy, v2 >

where €2

= eand Ay =< v1,v2 >. We have ev; = evg = 0, v% = a1v1 + asvsy, v% = byv1 + bovo,
VU2 = €1v1 + cav3 Where aq, as, by, ba,c1,co € C. We have 0 = U:lg = Q%Ul + ai1a9v9 + agci1v1 + ascova,

0= vg’ = bobivy + bgvg + bicivy + bicgvg, 0 = ’U%UQ + 2v1(v1v2) = (3c1a1 + 2¢1¢0 + agby)vy + (c2a1 +
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26% + a2b2 + 2@201)1)2, 0 = v%vl + 21)2(7)11)2) = (blal + Clb2 + 26% + 262()1)1)1 + (35262 + a2b1 + 26162)7)2,

(

a? + azcy =0 (1)
ajaz + asca =0 (2)
boby + b1y =0 (3)
b% +bicoa =0 =0 (4)
SO

3c1a1 + 2c1¢9 + asby =0 (5)
coal + 26% + agby + 2asc¢ =0 (6)
ai1by + bocy + 20% + agby +2c0b; =0 (7)
3baco + agby + 2c1c9 =0 (8)

From (2), we have ag = 0 or a; = —cs.

e Suppose that ay = 0, then (1), (4), (5), (6), (7) and (8) imply thata; =0, c2 =0,b2 =0, ¢; = 0.
Therefore v? = 0, v3 = bjvy, vive = 0. by a change of variable, the multiplication table of A
becomes: ¢ = ¢, v5 = v1, non mentioned products being zero.

e Ifay # 0, v? # 0. Then (v, v?) is a basis of Ag. We can set v = v?. Thus vivy = v§ = 0,
v3 = (v})? = 0 and the multiplication table of A becomes: e? = e, v? = vy, non mentioned

products being zero.

g

Theorem 4.3. Up to isomorphism, we have six four-dimensional train algebras of degree 2 and exponent 4 that

are principal train of equation z*

— w(x)x® = 0. Their multiplication tables are as follows, where the products
not mentioned are zero:
T().Q_ _ 1 2 _ 2 - T ~ T (a /. —1 C*Q.
1(a) : e® = e,ee1 = 5e1,e5 = e3,ef = ae3, a € C*, T1(a) ~ T1(d') & d'a™ € (C*)%;
D2 _1 2 ..
Ty :e” =e,ee; = 5€1,€5 = €3;
Ty : e? :e,e% = e;
Ty(a) : e? = e, €2 = eg,e3 = aey, a € C*, Ty(a) ~ Ty(d') & d'a™ ! € (C*)%
D2 02 o
T5 :e” =e,ef = eaz,e1e3 = €2;

Ts(a) : €2 = e, €2 = e9,e3 = aea, e1e3 = €9, a € C*, Tg(a) ~ Ts(a') & a'a™! € (C*)2

Proof. Assume that A is four-dimensional. Since the dimension of Ay is at least 1, then the type of A is
(3,1,0,0), (2,2,0,0) or (1,3,0,0). If the type of Ais (3,1,0,0), then A2 = 0, that is impossible. Let us

examine the two remaining cases.

i) Case 1: type of Ais (2,2,0,0). Then, A =< e, u,v1,v2 > with A} ) =< u >and Ag =< vy, v2 >.
Since A% # 0, it exists a basis (v1,v2) of Ay such that v% % 0. We can set vp = v% and we
have eu = %u, ev; = evy = 0, u? = YU1 + NU2, UV = pu, uvy = uv% =0, v% = (v%)Q =0,
vive = v§ = 0,7, 1,1 € C. We have, 0 = v (uv1) = pu, so u = 0. Since 0 = (u?)? = ~2vy, then

v = 0. Therefore, the multiplication table of A is one of the following:
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e’ = e,eu = $u,v} = vy, the others products being zero;

e? = e,eu = 3u,v} = vo, u? = nuy, the others products being zero;

ii) Case 2: type of Ais (1,3,0,0). Then A =< e,v1,vq,v3 > with Ay = 0and Ay =< vy, v2,v3 >.
Since A2 # 0, It exists a basis such that v} # 0. Setting v = v3. We have ev; = evy = evs = 0,
v? = vg,v3 = (V)% = 0, viv2 = v} = 0. Setting v3 = a1v1 +agve+azvs, V1vs = b1vy +bova +bzvs,
VU3 = €101 + CoV2 + c3v3, a;, by, ¢; € C for i € {1,2,3}. Using the equalities v3 = 0, (v3)? = 0,
vivs + 201 (v1v3) = 0, v303 +2(v1v3)? = 0, v2(v1v3) = 0, v2(v2v3) = 0, v1(v2v3) = 0,03 (v1v3) = 0,
v3(vov3) = 0, v3vy + 203(v3vy) = 0, V3V2 + 2v3(v3v2) = 0, (vav3)? = 0, 2(v1v3)? + vav3 = 0, we

obtain a; = as = bl = bg =C] = Cy =C3 = 0 and ’U% = agV2, V1V3 = bQUQ, VU3 = 0.

5. STUDY OF EQUATION (1) FOR @ € {\, A}

In this section, A is a train of degree 2 and exponent 4 that is principal train algebra of rank 4 with train
equation z* — (1 4+ a)w(z)z® + aw(z)?2? = 0, where o € {\, \}. A partial linearization of identity (1)
gives 23y +z(2%y) +2z(x(zy)) — (1+a)w(y)z® — (1+a)w(z) (z2y +22(2y)) + 20w(7) 2y + 20w (2y) 22 = 0.
Setting » = e and y € ker w in this last identity, we have [2¢3 — (1+2a)¢2 +al.|(y) = 0 where £, : ker w —
ker w, z > ex. Therefore 2X3 — (2a + 1) X? + aX is the minimal annihilator polynomial of /. and A
admits a following Peirce decomposition A = Ce & Ag © Ay ® A, where A, = {r € kerw, ex = pr}
with © € {0,1/2,a}. The assertion ) of the following result is obtain by direct calculation. Using

Proposition 2.1 and Theorem 2.1, we obtain assertions i) to vi).

Corollary 5.1. We have A = Ce ® Ao ® Ay ® An and
i) A(Q) =0;
ii) A 1/2 C A D A,
iii) A2 c Ay
iv) AgAijy C A1) @ A
v) AoAa C Ay
vi) Ajjpda C Ao ®© Ay

Lemma 5.1. Let A = Ce® A/ ® Ao ® Ay be a Peirce decomposition of a train algebra of degree 2 and exponent
4 which is train of rank 4 and equation x* — (1 + a)w(z)23 + aw(z)?2? = 0. If A, = 0, then, for all z9 € Ag
and 1 /5 € Ay 5, we have the following identities:
i) 23 =0;
ii) x1/2 =0;
iti) zo(woz1/2) =0;
)

iv) z1/9(z0m1/2) = 0;
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V) (z0w1/2)* = 0.

Proof. The proof is done by setting © = e + Sz + px1/2, 3,1 € C respectively in identities (z*)? —
w(z)*z* = 0 (see )and z* — (1 + a)w(z)x® + aw(z)?z? = 0. The identification of coefficients of y’37,

for 1 <14+ j <4in each identity. O

Lemma 5.2. Let A = Ce® Ay /o ® Ao ® Aq be a Peirce decomposition of a train algebra of degree 2 and exponent
4 which is train of rank 4 and equation x* — (1 + a)w(z)2>® + aw(x)?z? = 0. If Ag = 0, then, for all z, € A,
and 1,5 € Ay /5, we have the following identities:
i) 22 =0;
ii) z3,, =0;
iii) (27,)* =0;
iv) z19(zam1/2) = 0;

V) Za(TaTy/2) = 0.
Proof. These identities follow by the same argument as in the previous lemma. 0

Proposition 5.1. Let A = Ce © Ao ® Ag © Ay be a Peirce decomposition of a train algebra of degree 2 and
exponent 4 which is principal train of rank 4 and equation z* — (1 + a)w(z)23 + aw(z)?2? = 0.

i) If Ag = 0, then A satisfies the identity 23 — (1 + a)w(x)2? + aw(x)?x = 0.

ii) If A, = 0, A satisfies the equation x® — w(z)z? = 0.

Proof. By direct calculation, using Lemma 5.2, we establish the assertion i) and Lemma 5.1 allows us to
obtain 7). O
We give now the classification in dimension at most four.

Remark 5.1. If A is train algebra of degree 2 and exponent 4 which is principal train of equation x* — (1 +
a)w(r)rd + aw(z)?z? = 0, the type of Ais (1 + r,5,t,0) or (1 + 7, s,0,t) where r, s, t are respectively the
dimensions of Ay /5, Ao and A. We can verify that the results obtained in the case of the type (1 +r, s,t,0) are
similar to those in the case (1 + r,s,0,t). Assuming that the type of Ais (1+r,s,t,0).

Proposition 5.2. Every algebra in this class is of dimension at least 3.
Proof. Since A, # 0and Ap #0,thent>1lands>1,so0l+r+s+t>3. O

Theorem 5.1. There exists, up to isomorphism, only one 3-dimensional algebra: e? = e, eey = ey, the other

products being zero.

Proof. Suppose that A is three-dimensional, then r + s + ¢t = 2 and the type of Ais (1,1, 1,0). Setting

A =<e,ey,ex) with Ay =0, Ag =< e; > and A, =< ez >, then e? = e,een = aeg,ee] = €2 = €3 =

eres = 0. O
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Theorem 5.2. Up to isomorphism, the four-dimensional train algebras of this class are, where non mentioned
products being zero:

Algy : €2 = e, ees = e, ee3 = aes;

Algy : €2 = e, ee3 = aes;

Algg : 62 = e,eep = %61,663 = a€3,6% = €3,€1€3 = €39,

Alg4 . 62 = e,eep = %61,663 = a€3,6% = €3,€1€y = €3,

Algs : €2 =e,ee; = %61,663 = aey;

Algﬁ e =e,ee1 = %61,663 = (xe3,e1€e9 = €3,

Alg7 . 62 = e€,ee1 = %61,663 = (xe3,e1€3 = €9,

Algg(a) : €* = e,ee1 = e, ee3 = aes, e = aey,a € C*, Algs(a) ~ Algs(d) < d'a™t € (C*)%
(a) :

Algg(a)
(5

e’ = e,ee; = %el,eeg = ae3, el = aeg,e1e3 = eg,a € C%, Algg(a) ~ Algy(d') < a'a™t €

Algio(a) : €? = e,ee; = %61,663 = aes3, €2 = aeg,e1ey = e3,a € C*, Alg10(a) ~ Alg:0(a’) & d'a™' €
(C*)Q;
Algi1 - €2 =e,ee; = eq,ee3 = 0563,6% = ey + e3;

Al912 : 62 = €,€ee1 = 5€1,€€3 = 0563,6% =e9 + €3,€1€3 = €9,

= Nl Nl

Alglg : 62 = €,€ee1 = 561,663 = 0563,6% =e9 + €3,€1€2 — €3.

Proof. Suppose A is four-dimensional, then r + s +t = 3 with ¢ > and » + s > 1. The type of A is
(1,1,2,0), (1,2,1,0) or (2,1,1,0).
i) Type A = (1,1,2,0),i.e A =< e, e1,e2,e3 > where A 5 =0, Ag =< e; >and A, =< ez, e3 >.
Then, ¢? = e,ee; = 0, ees = aeo, ee3 = aes, e% = e% = e% = e1eg = e1e3 = egeg = 0.

ii) Type A = (1,2,1,0) i.e A =< e,e1,e2,e3 > where 4y, =0, Ag =< e1,e2 > and 4, =< e3 >.
Then 2 = e,ee1 = 0,ees = 0, ee3 = aes, e% = e% = e% = e1eg = e1e3 = egeg = 0.

iii) Type A = (2,1,1,0),i.e A =< e, e1, €2, e3 > where Ayjp =<er >, Ag=<ez>and A, =< e3 >.
Then e? = e, ee; = %el,eeg = 0,ee3 = Ck€3,€% = ajez + ageg,eg = O,e§ = biej,e1e0 =
cie1 + cae3, e1ez = dieq + daea, eez = baey.

1%case: A2 # 0, we can suppose b; = 1. Since e% = 0, then d; = 0 and d2b2 = 0. We have by
using the fact that el =0, ascidy = 0, da(arcy + cada) = 0, ay(aiey + cady) = 0.
—Ifdy # 0and ay = 0, then e? = ¢, ee; = %61,662 =0,ee3 = 0563,6% = (1162,6% =0, e% =
e1,e1ex = cieq + cges, erez = does, ezez = 0. We show that A not satisfies the equation
ot — (1 + a)w(z)2® + aw(z)?2? = 0.
- Ifdy = 0, then €? = e,ee; = %61,662 = 0,ee3 = 0163,6% = ajes + a263,€% = O,eg =
e1,e1ex = cieq + caes, erez = 0, eae3 = baer. We show that A not satisfies the equation

t — (1 + a)w(z)23 + aw(z)?2? = 0.
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ond case: A2 = 0,thenb; =0, ¢e? = e,ee; = %61,662 = 0,ee3 = aeg,e% = ajes + ageg,e% =
0, 6% =0,e1e9 = c1e1 + c2e3,e1e3 = dieg + dses, eseg = 0.
— Suppose a; = 0 and az # 0. we can set ag = 1, then di = ¢1dy = ca2dy = 0. We have the
following multiplications tables:
2 _ _1 _ _ 2 _ 2_0 .2 _ _ _ —0-
e” =e,ee; = e1,eex = 0,ee3 = aeg,ef = ez, e5 = 0,e5 = 0,e162 = 0, €163 = e3,e9e3 = (;

e’ =e,ee1 = %61,662 =0,ee3 = aeg,e% = 63,6% = 0,6% =0,e1ea = e3,e1e3 = 0,e2e3 = 0;

— If a1 = az =0, then ¢; = d; = cadz = 0, thus we have the following multiplications tables:

e‘ =e,ee1 = %61,662 =0,ee3 = aeg,e% = 0,6% =0, e% =0,e1e2 =0,e1e3 =0,e0e3 = 0;

e‘ =e,ee1 = %61,662 =0,ee3 = 0463,6% = O,e% =0, e% =0,e1ea =e3,e1e3 =0,e9e3 =0

e‘ =e,eer = %61,662 =0,ee3 = 0663,6% = 0,6% =0, e% =0,e1ea =0,e1e3 =e2,e9e3 =0

— Suppose that a; # 0 and az = 0. Then we have ¢; = d; = cady = 0 and therefore, the
following multiplication tables:

e‘ =e,eep = %61,662 = 0,ee3 = oze;),,e% = aleg,eg =0, e% =0,e1e9 = 0,e1e3 = 0,e0e3 =
e =e,ee; = %61,662 =0,ee3 = 0563,6% = CL1€2,6% = O,e% =0,e1e2 = 0,e1e3 = e2,e9€3 =
e =e,ee; = %61,662 =0,ee3 = 0563,6% = aleg,e% = O,eg =0,e1e2 = e3,e1e3 = 0,e9e3 =

— Suppose that ajas # 0. We can set a1 = a2 = 1 and therefore ¢; = dy = cadys = 0. Thus

we have the multiplication tables:

e = e ee; = %61,662 = 0,ee3 = 046376% = ey + 63,6% = O,e% = 0,e1e0 = 0,e1e3 =
0,e0e3 = 0;

2 _ _ 1 _ _ 2 _ 2 _ 2 _ _ _
e” = e,ee; = jej,eeg = 0,ee3 = aes,ef = ez +e3,e5 = 0,e3 = 0,e1e0 = 0,163 =

ez, eze3 = 0;
2 _ _ 1 -0 _ 2 _ 2_0 2_0 — —
e” = e, ee; = 3€1,€e2 = ,663—0463,61—62+€3,€2— ,€3 = U,e162 = €3,€1€3 =
0,626320.
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